Coloquio IMAFI

Instituto de Matematica y Fisica
Universidad de Talca

Camino Lircay S/N, Campus Norte, Talca-Chile

On the Pierce—Birkhoff conjecture and related
problems.

Mark Spivakovsky*
Institut de Mathématiques de Toulouse, Université Paul Sabatier

Abstract. Let B = R[zy,...,z,] be a polynomial ring over R in n variables.

Definition 0.1 A function g : R" — R is said to be piecewise polynomial if R™ can
be covered by a finite collection of closed semi-algebraic sets Py, i € {1,...,s} such that
for each i there exists a polynomial g; € B satisfying g|Pi = g

P
Piecewise polynomial functions form a ring, containing B, which is denoted by PW (B).

Consider the ring (contained in PW(B)) of all the functions obtained from B by
iterating the operations of sup and inf. The Pierce-Birkhoff conjecture was stated by M.
Henriksen and J. Isbell in the early nineteen sixties ([1] and [3]):

Conjecture 1 (Pierce-Birkhoff) If g : R" — R is in PW(B), then there ezists a finite
family of polynomials g;; € B such that f = supinf(g;;) (in other words, for all x € R,
I J

f(z) = sup ir;f (9i5(2)))-

In this talk, we will discuss our partial results (joint with F. Lucas, J. Madden and
D. Schaub) on the Pierce-Birkhoff conjecture and related problesm. We will recall the
definition of the real spectrum of a ring X, denoted by Sper ¥. We will describe our
approach to the problem using valuation-theoretic methods. Time permitting, we will
discuss our recent result that, given a real closed field R and a connected semi-algebraic
set D C R"™, if the number of real roots of f, counted with or without multiplicity, is
constant for all z € D then these roots are represented by continuous semi-algebraic
functions ¢; : D — R.
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