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Resumen (en castellano)

A partir del trabajo realizado por Kolmogorov, Petrovski, Piskunov [32] y Fisher
[19] las soluciones en forma de ondas viajeras han jugado un papel importante en la
descripciéon de la dindmica generada por una gran variedad de modelos de evolucion,
incluyendo las ecuaciones de reaccion difusion, ecuaciones sobre reticulados, sistemas
de ecuaciones integro-diferenciales entre otros. En general, cada una de las clases de
ecuaciones mencionadas requieren un acercamiento y métodos muy especificos para
poder analizar los regimenes de transicion que toman la forma de ondas viajeras. Sin
embargo, un estudio minucioso de una amplia variedad de trabajos anteriores nos
ha demostrado que las preguntas tan esenciales como la existencia/no existencia de
ondas viajeras, unicidad y descripcién analitica de sus perfiles, pueden ser tratadas
desde un unico punto de vista muy general, unificado y abstracto. Esta idea nos ha

conducido a analizar la siguiente ecuacion de convolucion

o) = [ [ Kis.mig(ot — o). rydsdur (*
x JR
donde el espacio X con medida pu, el nicleo K y la no linealidad g reflejan las
particularidades de cada modelo de evolucién que se estudia.
En nuestro trabajo, bajo las condiciones minimas sobre todos los componentes de

la ecuacién (x) hemos establecido:

(a) las condiciones necesarias dadas en términos del nicleo K para la existencia de



los semifrentes viajeros para la ecuacion (x);

(b) la relacién entre las raices de la ecuacién caracteristica en el equilibrio 0

() = 1— /X /R K(s,7)g/(0, 7)e=**dsdp(r) = 0

y la existencia de los frentes viajeros;

(c) las férmulas asintéticas para los perfiles de semifrentes en los extremos donde

estos se anulan;

(d) la propiedad geométrica de dicotomia de perfiles, la cual implica, en particular,

la ausencia de los pulsos viajeros en la ecuacion monoestable (x);
(e) un teorema abstracto de existencia de semifrentes para la ecuacién (x).

A modo de ejemplo, los resultados abstractos descritos en los puntos (a)-(e) se
aplicaran a dos modelos provenientes de la dinamica de poblaciones. De hecho,
como muestran las referencias [1, 14, 16, 24, 26, 31, 44, 53|, el campo de las apli-
caciones de los resultados abstractos obtenidos en (a)-(e) es realmente muy amplio.
Ademas, nuestro andlisis abstracto (no relacionado con ningtin modelo en particu-
lar) nos permite revelar las razones de fondo que obligan a los diferentes sistemas
monoestables de evolucién a tener ondas viajeras de similares caracteristicas.

El teorema de dicotomia, la propiedad de persistencia (uniforme) de semifrentes y
las formulas asintéticas dan una descripcion geométrica general y no muy detallada de
los semifrentes. Esto no es muy satisfactorio desde el punto de vista de aplicaciones.

Ahora, durante los ultimos anos se han realizado muchas simulaciones numéricas,
las cuales muestran que los perfiles de ondas monoestables pueden exhibir una amplia

gama de tipos de comportamiento, desde muy regular (mondtono) hasta oscilaciones



cadticas. Sin embargo, son pocos los resultados analiticos que establecen de man-
era rigurosa las propiedades geométricas mas finas de los perfiles. En este trabajo
nosotros contribuimos al estudio geométrico de perfiles dando una respuesta afirma-
tiva a la conjetura (propuesta en el trabajo Slowly oscillating wave solutions of a sin-
gle species reaction-diffusion equation with delay, por E. Trofimchuk, V. Tkachenko
y S. Trofimchuk, Journal of Differential Equations, 2008) acerca de la existencia de
ondas no mondétonas pero eventualmente mondtonas en las ecuaciones monoestables
de tipo Mackey-Glass con retardo.

Los resultados principales de ésta tesis estan desarrolados en los siguientes articulos:

1, 24, 31].



CHAPTER I

Introduction

1.1 Asymmetric monostable evolution systems and an abstract
convolution equation
This study is motivated by an increasing interest in understanding the geomet-
ric and dynamics properties of traveling wave solutions for asymmetric monostable
evolution systems. A classical example of such a system is the nonlocal delayed

reaction-diffusion equation

(1.1) ur(t, ) = uge(t, ) — fult,z)) + /RK(:E —y)g(u(t — h,y))dy, u >0,

in which, in order to introduce an existence theorem, we will suppose that the func-
tion f satisfies the condition

(F) locally Lipschitzian function f : Ry — Ry, f/(0) > f(0) = ¢g(0) = 0, s
strictly increasing and f(400) > sup,sq g(s). In addition, f'(0) < ¢'(0) < 400 and
g(t) > 0,t > 0. The Kernel K > 0 is generally asymmetric and is normalized by
Jo K(s)ds = 1.

In the particular case of equation (1.1), traveling wave propagating with the speed
¢ is by definition a solution of the following general form u(x,t) = ¢(z+ct), z,t € R.
The waves also should be non-negative, and we will avoid the trivial situtation by

assuming that ¢(t) # constant and ¢(—oo) = 0. More exactly, in the symmetric



case, the following two equivalent definitions have been commonly used:

e wavefront u(x,t) = ¢p(x — ct) is a positive classical solution of (1.1) satisfying

d(—o0) = K, ¢(+00) =0, e.g. see [4, 26];

e wavefront u(z,t) = ¥(x + ct) is a positive classical solution satisfying

(—00) = 0,9(+00) = K, e.g. see [16, 44].

If K(s) = K(—s), both definitions define the same object since wavefront ¢(x —ct)
generates wavefront (x + ct) := ¢(—(x + ct)). Moreover, the propagation speed ¢
should be positive in each of the above definitions if K is an even function. Therefore,
from the biological point of view the both type of wavefronts can be interpreted as
the expansion fronts: they converge to the positive equilibrium at each fixed position
x ast — +oo.

Now, in view of a possible spatio-temporal asymmetry of equation (1.1), it is
convenient to introduce several changes in the usual definition of a semi-wavefront.
The above discussion suggests the following general concept adapted to the possible

asymmetry of equation (1.1):

Definition 1 A bounded positive classical solution u(z,t) = ¢(x + ct) of equation

(1.1) is a semi-wavefront if either ¢(—o0) = 0 or ¢(400) = 0.

The prefix semi means here that, contrary to the wavefronts, the convergence of
¢(t) at the complementary end of R is not mandatory.

Now, the spatio-temporal asymmetry of equation (1.1) is due to the presence of
positive delay h > 0 and to an asymmetric (non-even) kernel K. In particular, this
type of asymmetry occurs naturally in the modelling of a stage structured population

in which the juveniles (larvae) move by advection as well as diffusion, but the adults



move by diffusion alone!. Such populations could include certain marine species that
lay their eggs in water, so the larvae may be carried considerable distances by ocean
currents, but the adults are land based. A derivation of such a model is given below.

Let u(t,a,z) denote the density of the population of the species under consid-
eration at time t, location x € R, age a > 0. Suppose the species reaches sexual

maturity at age h > 0, so the total numbers of adults and juveniles are given by

400 h
Uq(t, x) :/ u(t,a,z)da, u;(t,x) :/ u(t,a, z)da,
h 0

where the subscripts @ and j mean adult and juvenile. Since the juveniles are subject
to both advection and diffusion, u(t, a, x) satisfies

ou  Ou 0*u u
1.2 —+ —=d;— +v,— — pju, fora<h,
(1.2) ot " 9a o2 Yor M
where d;,v;, u; are respectively the diffusion rate, the advection velocity and the

death rate for juveniles. Since the adults diffuse but they are not subject to advection,

we obtain the following equation for them:

ou Ou 0%u

— 4+ — =dy= — fau, f h.
o fa  T0pgz Mot M7
From the definition of w,(t, x),
Ouq(t, ) 0%ua(t, )
(13) T = U(t, h, I) + daT — ,uaua(t, Q?)

Introducing the function u*(a, z) = u(a+¢&, a, z), with £ being a nonnegative param-

eter, we have from equation (1.2) that, for a < h,

out(a, ) 0*ut(a, ) ous(a, )
e UTgE T, T Hen)
Solving this gives
e Hid +0c0
ut(a, 1) = ——— ut(0,y) exp (—(z — y + v;a)?/(4d;a)) dy.

2\/rdja J -

1This biological argument and subsequent derivation of a stage structured population model are due to the referee
of our work [24].



Setting a = h and £ =t — h, we get
e—ujh +oo
2\ / deh —00

Note that u(t — h,0,y) is the birth rate at time ¢ — h at position y. If we take this

u(t, h,x) = u(t —h,0,y) exp (—(z — y + v;h)?/(4d;h)) dy.

to be a function of the total number of adults at that point in space at that time, so

that
U(t - h7 Oa y) - g(ua(t - h7 y))
for an appropriate birth function g : Ry — R, then equation (1.3) becomes

ou 0%u L +oo
= = do—— —Hallat ———= g(uq(t—h —(x — N2/ (Ad:R)) d
ot 9p2  Halt +2 = G(ua(t—h,y)) exp (—(z — y + v;h)?/(4d;h)) dy,

which has the form of equation (1.1), with a non-even kernel. The Figure 1.1 below
presents the graph of a typical birth function g, observe that g has the following

properties:
(G) There are 0 < (; < (3 such that
(1) g € C(R4,Ry) is positive for s > 0 and there exists ¢'(0+) > 1;
(2) 9([G, ¢]) € G, Gf and g(R+) € [0, GJ;
(3) minger, ¢ 9(s) = g(¢1) while g(s) > s for s € (0, G].

Now, it is clear that u(x,t) = ¢(z + ct) is a semi-wavefront if and only if ¢(t) is

a positive bounded C%-solution of the integro-differential equation

(1.4) y'(t) —cy'(t) — fy(t) + /RK(S)Q(y(t — s —ch))ds =0,

which vanishes either at —oo or at +00. By abusing the notation, we still call such

a solution y = ¢(t) a semi-wavefront. Equation (1.4) can be written as

y"(t) — ey’ (t) = By(t) + fa(y(t)) + /Rkh(w)g(y(t —w))dw =0, t €R,



G &

Figure 1.1: Graph of the nonlinearity g with properties (1)-(3).

where ky(w) = K(w — ch) and fs(s) = Bs — f(s) for some > 0. Then the wave

profile ¢ solves the equation

o) = 2 ( / w (Go) s)is + [ - e“<t-8><g¢><s>ds) ,

where o(c) = \/c2 + 483, v < 0 < u are the roots of 2> —cz — =0 and
G0)0) = [ Eals)a(o(t = ))ds + F(6(0),
e.g. see [1]. In other words,

(1.5) O(t) = (K kn) x g(0)(t) + K+ f3(¢)(1),

where K(s) = e¢”*/o(c) for s > 0, K(s) = e**/o(c) for s < 0, and consequently
Je K(s)ds = 1/B. In consequence, ¢(t) satifies the following nonlinear convolution

equation,

o(t) = /X dy(r) / K(s,7)g(plt — ), 7)ds, tER,



where

Kxkp)(s), 7=, s), T =To,
K(sr) = ( )(s) o7 = 9(s)

K(s), T =", fs(s), T=m.

1.2 The Diekmann-Kaper theory re-visited

The above discussion explains our interest to develop a version of the fundamental
Diekmann and Kaper theory [9, 10, 11] (the DK theory for short) for a nonlinear

convolution equation

(1.6) <p(t):/Xd/L(T)/RK(S,T)g(go(t—5),7’)d5, FeR,

in the case of monostable nonlinearity g (see Figure 1.1) and when X contains more
than one point. There are various motivations to study the above equation, mainly
from the theory of traveling waves for nonlinear models (e.g. reaction-diffusion equa-
tions with delayed response [2, 22, 44, 46, 52], equations with non-local dispersal
13, 5, 7, 8, 32, 42], lattice systems [6, 14, 28, 36]). Only a few of these models take
the simplest form when X has cardinality 1 (#X = 1) of equation (1.6) like in [11].
Therefore our first goal is to show that the framework of the Diekmann-Kaper theory
(when #X = 1) can be extended to include much broader class of convolution type
equations than it was initially intended.

Hence, in our work (X, u) will denote a measure space with finite measure p,
K(s,7) > 0 will be integrable on R x X with [, K(s,7)ds >0, 7 € X, while mea-
surable g : R, x X — R4, ¢(0,7) = 0, will be continuous in ¢ for every fixed 7 € X.
The existence of semi-wavefronts to equation (1.6) is investigated in chapter III under
slightly more restrictive conditions on nonlinearity g. We would like to emphasize

that the nonlinearity ¢ and semi-wavefronts are generally non-monotone [17] (e.g.
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see Figure 4.1). The possible non-monotonicity of waves complicates considerably
their analysis.

We begin our studies of equation (1.6) in Chapter II after assuming the existence
of a semi-wavefront solution. Our main goal will be the description of its asymptotic
behavior at —oo. This information is quite important in various aspects, in particular
it constitutes a key part of each proof of the wave uniqueness. Similarly to other
authors, we work mostly with the first positive eigenvalue \; of the linearization of
equation (1.6) at zero. By definition, these eigenvalues coincide with the roots of

characteristic equation

(1.7) x(z):=1-— /Xg,(O,T)d,U,(T)/RK(S,T)BZSdS =0.

As a consequence, our analysis excludes from the consideration so called ”pushed”

fronts [21, 43, 47, 48, 51] associated to the second positive eigenvalue A,..

Observation 1 In our work, we are making the first step in order to create a general
direct extension of the Diekmann-Kaper theory. It would be interesting to consider
further generalizations of equation (1.6) in order to include more applications (for
example, equations with distributed delays considered in [14], see also [27, 42, 52]).
However, we do not pursue this direction in the thesis. It is worth to mention that our
work is not the first attempt to expand the DK theory. Schumacher has mentioned,
while studying equation

cp'(t) = g, pe * g()),

the impossibility of transforming it into the form to which the DK theory could be
applied [42, p.54]. Instead, Schumacher has developed an approach which is based on
guidelines of the DK theory and, at the same time, which is technically rather differ-

ent from that in [11]. In particular, in order to extend the DK uniqueness theorem,
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Schumacher has used a comparison method for differential inequalities combined with
Nagumo-point argument. In this respect, his work [42] is very close to the recent

contributions [6, 7, 8, 28].

Similarly to [42], the present studies also follow the mainstream of the DK ide-
ology. Now, from the technical point of view our approach to equation (1.6) differs
from the methods used by Diekmann and Kaper, Schumacher and Carr and Chmaj
[5] in many key points. Even though the logical sequence of results here basically
is the same as in the Diekmann-Kaper theory, our proofs are essentially different.
In particular, we do not use the Titchmarsh theory of Fourier integrals [11, 14] nor
we use the Tkehara Tauberian theorem [5, 8, 52] in order to obtain asymptotic ex-
pansions of solutions. We have found more convenient for our purpose the use of a
suitable L?—variant of the bootstrap argument (as it was suggested by Mallet-Paret
in [37, p. 9-10]).

Hence, our first main result concerns the properties of the kernel K which is
proved to satisfy exponential convergence estimates (called the Mollison’s condition
[8]). Here the fulfillment of the Mollison’s condition means that the characteristic
function (1.7) is well defined for all z from some maximal non-degenerate interval

(which can be open, closed, half-closed, finite or infinite):

Theorem 1.1 (see Theorem I1.1) Let continuous ¢ : R — [0,+00) satisfy (1.6)
and suppose that p(—oo) = 0 and p(t) Z 0, t <t for each fired t'. If g(v,s,T) >
p(T)v holds, for some measurable p(1) >0, § >0, s > 0, with v € (0,0), s<S§, 7€

X, and

(1.8) /X/RK(S,T)])(T)deM(T) € (1,00),

then fi)oo @(s)e*ds and [, [ K(s,7)p(T)du(t)e > ds are convergent for an appro-
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priate T > 0. Furthermore, supp K N (Ry x X) # 0.

Observation 2 The equations with ‘fat-tailed’ (i.e. exponentially unbounded) ker-

nels were recently considered by Garnier [20], Medlock and Kot [38].

Now, let ¢, K, g,Z be as in Theorem 1.1 and sup,g ¢(s) < co. Set

0 = [ e=os)ds, K = [ [ Ksprautrye s,

and denote the maximal open vertical strips of convergence for these two integrals as
o4 < Nz < 74 and ox < RNz < vk, respectively. Evidently, 04,0 < 0 and 4, 7 >
z > 0. Since ¢, K are both non-negative, by [54, Theorem 5b, p. 58], V4, Yk, 04, Ok
are singular points of ®(z), (z) (whenever they are finite). Furthermore, we prove
that KC(v,) is always a finite number.

The second key results of our theory says that, under rather mild additional as-
sumptions of the existence of ¢'(0+, 7), the presence of a semi-wavefront ¢, p(—o0) =

0, guarantees the existence of a minimal positive zero \; to x(2):

Theorem 1.2 (see Theorem I1.2) Assume x(0) < 0. Let ¢ : R — [0, 4+00) be a
semi-wavefront to equation (1.6). If p(—o0) =0 and p(t) Z0, t < t' for each fized

t', then x(z) has a zero on (0,74] C (0,7x] C RU {400}.

Observation 3 Theorem 1.2 can be also viewed as a non-existence result: if the
equation x(z) = 0 has not real solutions, then the equation (1.6) can not possess
any semi-wavefront. Let us also mention here a new type of non-existence theorem
proposed not long ago by Yagisita [55] for a nonlocal analogue of the KPP equation.
Yagisita introduced the concept of a periodic traveling wave solution with average
speed ¢ and his version of the non-existence result (given in terms of these solutions)

is stronger than the standard one.
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Observation 4 In Chapter III, after assuming two additional mild conditions (C)
and (P), we also prove that the conclusion of Theorem 1.2 remains true even if we

replace the assumption ¢(—oc) = 0 by a weaker one: liminf, , . ¢(t) = 0.

As a consequence of the proof of Theorem 1.1, p(—oc) = 0 implies that
P(t) = ffoo ©(s)ds satisty ¥(t) = O(e), with z in the positive interval (0,7,). Our
next result presents an exact asymptotic formula for the increasing function . In

order to prove it, we will assume the following conditions:
(SB) 74 < 7k and, for some measurable C'(7) > 0 and a, 0 € (0, 1],

lg'(0,7) — < C(r)u®, u e (0,0),

g(u77)|

(1.9) ((z) = /X RC’(T)K(S,T)e_S‘”de,u < 400, z € (0,7k).

(EC,) For some p < =, and for every x € (0, p), there exists some positive C,

such that

(1.10) 0 < (t) < Cre™, t<0.

and supposing that there is measurable d € L'(X), such that
(1.11) g(u,7) < d(1)u, u>0.

Theorem 1.3 (see Theorem I1.3) In addition to (1.11), (ECs), (SB), assume
that [ K(s,7)p(1)e **duds converges for all x € (0,7vx) and for some (technical)
measurable p(T) (see Lemma 5 in Chapter II). Then x(v4) = 0 and, for appropriate

g1 >0, a,m R, k € {0,1}, and continuous r € L*(R), it holds that

Y(t+m) = (a —t)kerst 4 eDoteVle () ¢t € R
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Hence, Theorem 1.3 says that, under the mentioned conditions, ~, is a zero of

x(2z). Remarkably, in some cases we can show that 7, is the leftmost positive zero
of x(2):
Theorem 1.4 (see Theorem I1.4) Assume conditions (SB), (ECy) and (1.11)

except vy < Yi. If

1 — x1(xo) == // K(s,7)d(T)dp(r)e **ds < 1,
RJx
for some xo € (0,7k), then 4 coincides with the minimal positive zero A; of x(z).

Important consequences of Chapter II concerning the wave uniqueness are stated
as Theorems 3 and 4 in [1]. Similarly we get the following asymptotic formula for

the profile p(t):

Theorem 1.5 (see Theorem I1.5) Assume (SB) except 74 < vx as well as (EC. )
and suppose further that x(0) < 0, x(vx—) #0, g(u,7) < ¢'(0,7)u, u > 0.
Then vy coincides with the minimal positive zero N\, of x(2) and such a solution

(if exists) has the following representation:
ot +m) = (a —t)*eM + N (1) with continuous € L*(R),

for some appropriate a,m € R, 6 > 0. Here k = 0 [respectively, k = 1] if \; is a

simple [respectively, double] root of x(z) = 0.

1.3 Existence of semi-wavefronts for the convolution equation

The principal research objective in the Chapter II is the asymptotic formulae for
semi-wavefronts, so that the problem of their existence was not addressed there. In
contrast, our main goal in Chapter III is to establish a satisfactory criterion for the
existence of semi-wavefronts to equation (1.6). We will be assuming the following

additional mild conditions on g and K:
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(C) For each § > 0 there is a measurable Cs(7) > 0 such that
g(u,7) < Cs(r)u  for all u € [0, J]; / Cs(7)du(T) / K(s,T)ds < 4o0;
b R

(P) Bounded continuous solution ¢(t) > 0 of equation (1.6) vanishes at some point

only if ¢(t) = 0.

(N) N1. There exists 7o € X, u(m) = 1, such that g(v,7) is increasing in v € R

for each fixed 7 # 7 and g(v,79) > 0, v > 0. Consider the monotone function
i) = [ gt [ K(sras
X\{mo} R

N2. There exists (» > 0 such that ©(v) := v — §(v) is strictly increasing on

0, (2], and ©(¢y) > C' max,>0 g(v, 79) where C' := fR K(s,10)ds,

Let us also define an auxiliar function G(v) := ©7(Cg(v, 7)) with G(0) =0, 0 <
G(v) < (2, v > 0. Obviously G(v) and g(v, ) have the similar geometrical shapes,
and same local extremum points.

Then the existence criterion (our main result in Chapter III) is given by the

following

Theorem 1.6 (see Theorem II1.3) Assume (IN), (P) and (G), and let G'(0) be
finite and g(s,7) < ¢'(0,7)s for all s > 0, 7 € X. If x(2), x(0) <0, is well defined
and changes its sign on some open interval (0,) [respectively, on (—w,0)], then
equation (1.6) has at least one semi-wavefront ¢ with sup,ep ¢(s) < G, ¢(—o0) =0,
and liminf, ,, o &(t) > (1 [respectively, with ¢(+o00) = 0, liminf, , o ¢(t) > (/.
Moreover, if the equation G(s) = s has exactly two solutions 0 and k on R, , and the

point K is globally attracting for the map G : (0,(] — (0, (s] then ¢(4+00) = k.

In order to show the broad applicability of Theorem 1.6, we will apply our crite-

rion to the nonlocal and asymmetric monostable evolution equations introduced in
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Section 1.1. Observe that additional real parameter ¢ (the wave velocity) then will
appear naturally in equation (1.6). Considering ¢ € R as a bifurcation parameter,
we prove the existence of two critical speeds ¢; < ¢ (which can be of the same sign)
partitioning R into two intervals of admissible speeds (for either forward- or back-

ward semi-wavefronts) and the open interval Z = (¢, , ¢) of non-admissible speeds.

The latter means that equation (1.6) does not have any semi-wavefront if and only

if the parameter ¢ belongs to Z. As a consequence, the following result clarifies and

further develops several ideas from [46]:

Theorem 1.7 (see Theorem IIL.5) Assume (F) and g(s) < ¢'(0)s, f(s) >
f'(0)s for all s > 0. Then equation (1.4) has at least one semi-wavefront u =
de(x + ct) < (o for each ¢ € (—o0,c;] U [¢f,+00). Moreover, if ¢ < ¢, then
¢e(+00) = 0 and liminf, , o ¢.(s) > (. Similarly, if ¢ > ¢f then ¢.(—o0) = 0
and liminf, ,, . ¢.(s) > (1. Next, if equation f(s) = g(s) has only two solutions: 0
and k, with k being globally attracting with respect to the map f~'og : (0, ) — (0, (),

then each of these semi-wavefronts is in fact a wavefront,

In order to prove Theorem 1.6, we first establish the separation of semi-wavefronts

¢ : R — (0,400) from zero at one of the ends of the real line:

Theorem 1.8 (see Theorem III.1) Assume that the hypotheses (C) and (P) are
met and x(0) < 0. Then the following dichotomy holds for each bounded solution
o(t) > 0 of equation (1.6): either liminf, ,, &(t) > 0 or ¢(+o0) = 0. A similar

alternative is also valid at —oc0.

The monotone semi-wavefronts satisfy trivially the above principle: to some ex-
tent, this explains why the existence of monotone waves is considerably easier to

prove. As we show in the thesis, the underlying reason for the dichotomy is the
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convexity properties of the characteristic function (1.7).

Corollary 1 Let all assumptions of Theorem 1.8 hold. If x(z) does not have any
positive [negative] zero and ¢ is a positive bounded solution of equation (1.6), then

liminf ¢(t) > 0 [respectively, liminf ¢(t) > 0].
t——o00 t—+00

As a consequence, equation (1.6) can not have positive pulse solutions (i.e. solu-
tions satisfying ¢(—o0) = ¢(+00) = 0).
Finally, some conditions assuring the uniform separation from 0 can be found in

the following assertion:

Theorem 1.9 (see Theorem II1.2) Assume (IN) along with all the hypotheses of
Theorem 1.8 and choose ¢; > 0 as in (G) (or Lemma 7 below). Let ¢ be a positive
bounded solution of equation (1.6). If m = infser ¢(s) < (1 then limy, ¢(t) = 0 and

liminf; ,_, ¢(t) > (1 for some w € {—00,+00}.
We notice that an analog of Theorem 1.9 holds when ¢(400) = 0 (see Section 3.2
(step 2) below).

1.4 Non-monotone and non-oscillating wavefronts for a Mackey-Glass
type equation

In the last chapter of this thesis, we consider the following local version of equation

(1.1) when f(u) = w and K(s) = d(s) (the Dirac delta function)
(1.12) u(t, ) = Au(t,x) —u(t,z) + glu(t — h,x)), wu(t,z) >0, v € R™.

This equation was also intensively studied during the last decade, e.g. see [23, 26,
39, 40, 49] and references therein.
If g is as in Figure 1.1, then the diffusive Mackey-Glass type equation (1.12)

is of the monostable type, and in that particular case when g is monotone on the
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interval [0, k], there exists a quite satisfactory description of all its traveling fronts
u(t,z) =¢(ct+v-z),c>0, v =1
As we already know, the wavefront profile ¢ defines a positive heteroclinic solution

of the delay differential equation

(1.13) 2" (t) — ca'(t) — z(t) + g(x(t — ch)) =0, teR.

In fact, we have the following

Proposition 1 /34, 47] Suppose that g : [0,k] — Ry is monotone. Then there is
¢ > 0 (called the minimal speed of propagation) such that equation (1.12) has a
unique (up to a translation) wavefront u(t,x) = ¢(ct+v-x) for each ¢ > ¢, and each
h > 0. In addition, the profile ¢ is a strictly increasing function. Finally, if ¢ < ¢,

then equation (1.12) does not have any traveling front.

Observation 5 The stability of monotone fronts in equation (1.12) was successfully
analysed in [39, 40].

Now, if ¢ is not anymore monotone on [0, x|, much less information on the traveling
fronts to equation (1.12) is available. In particular, as far as we know, for a general

function ¢ satisfying the hypothesis (UM)

(UM) ¢ : R, — R, is continuous and has only one positive local extremum point
x =0 € (0,r) (global maximum point). Furthermore, ¢(0) =0, g(k) = x and

there exist ¢'(0) > 1, ¢'(k),

neither of the three aspects (the existence of the minimal speed c,, the uniqueness,
the monotonicity properties, the front stability) mentioned in Proposition 1 had
obtained a satisfactory characterisation. In this chapter, we would like to shed some

new light on the description of possible geometrical shapes of the front profiles ¢.
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Due to the biological interpretation of solutions to equation (1.12), the geometric
properties of leading (invading) parts of front profiles characterise the ‘smoothness’

of the expansion (invasion) processes.

A first picture of the front monotonicity properties was obtained in [49] under the

following additional condition

(FC) The restriction ¢ : [g(maxg),maxg] — R, has the positive feedback with

respect to the equilibrium & (i.e. (g(z) — k)(x — k) <0, x # K).

Proposition 2 [}9] Consider the case when (UM) holds and ¢'(k) < 0. Letu(z,t) =
o(v-x+ ct) be a wavefront to Eq. (1.12). Then there is 71 € RU {+o0} such that
¢'(s) > 0 on (—o0,11). Furthermore, 1 is finite if and only if ¢(m) > k. If, in
addition, the birth function g satisfies (FC), then ¢ is eventually either monotone
or slowly oscillating around k. Finally, if T is the leftmost point where ¢(m9) = 6

then 11 — 19 > ch.

It should be observed here that the existence of oscillating traveling fronts in the
delayed reaction-diffusion equations is by now a well-known fact confirmed both
numerically and analytically. The subclass of slowly oscillating profiles is defined

below:

Definition 2 Set K = [—ch,0]U{1}. For any v € C(K) \ {0} we define the number

of sign changes by

sc(v) = sup{k > 1: there are ty < --- <ty such that v(t;_1)v(t;) <0 for i > 1}.
We set sc(v) = 0 if v(s) > 0orv(s) <0forse K. If p:[a—h,+00) - Risa
solution of Eq. (1.13), weset (@;)(s) = ¢(t+s)—rif s € [=h,0], and (@) (1) = ¢'(t).
We will say that ¢(t) is slowly oscillating about & if ¢(t) — & is oscillatory and for

each t > a, we have either sc(¢;) = 1 or sc(@;) = 2.
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The studies realized in [49] have left open the conjecture about the existence
of non-monotone but eventually monotone traveling fronts in the equation (1.12)
(and, in particular, in the important diffusive Nicholson’s blowflies equation when
g(x) = prexp(—z)). The new facts that have appeared after the publication of
[49] did not give an unconditional support to this conjecture. From one side, the
numerical simulation of wavefronts for more general non-local equations (e.g. the
non-local KPP-Fisher equation [4]) indicate, in certain cases, the presence of non-
monotone but eventually monotone traveling fronts. See also [30, 41]. On the other
hand, the recent work [30] establishes analytically that the KPP-Fisher equation
with a finite discrete delay can have wavefronts only with profiles which are either
monotone or slowly oscillating around k.

The main result of the third chapter consists in a rigorous analytical justification
of the existence of the non-monotone and eventually monotone wavefronts (see Fig.
1.2) to the equation (1.12). In fact, we have established the following much stronger

result:

Theorem 1.10 (see Theorem IV.1) There is a piece-wise linear unimodal function
g (see Fig. 4.2) satisfying (UM), (FC) and the positive numbers h, c, < ¢* such that

equation (1.12)

(i) has a unique wavefront u(t,z) = ¢(x - v+ ct), |v| =1, for each ¢ > ¢, and does

not have any wavefront propagating with the speed ¢ < c,;

(ii) for each c € ey, c*], the profile ¢ is non-monotone but eventually monotone (see

Fig. 1.2, where the minimal front is represented);
(iii) for each ¢ > c¢*, the wavefront profile ¢ slowly oscillates around k.

In particular, this gives an affirmative answer the conjecture proposed in [49].
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Figure 1.2: Heteroclinic solution eventually monotone

Finally, we would like to note that the main results of the thesis can be found in

the references [1, 24, 31].



CHAPTER II

Positivity implies exponential convergence

First, we recall that in a biological context, ¢ is the size of an adult population, so
we are interested in positive solutions of equation (1.12). Following the introduction,
we call a bounded continuous non-constant solution ¢ : R — R, semi-wavefront if
either ¢(—o00) = 0 or p(+00) = 0. In fact, we can always assume that ¢ to satisfies
p(—00) = 0, since the other case can be easily transformed to this one via the change

of variables ((t) = ¢(—t), with equation (1.12) assuming the form
¢(t) = /Xdu(T)/RKl(s,T)g(C(t— s),T)ds, Ki(s,7):=K(—s,T).

2.1 Mollison’s condition

Hence, assuming that ¢(—o0) = 0, we consider somewhat more general equation

(2.1) o(t) = /X du() / K (s, 7)g(p(t — ).t — 5,7)ds,

where measurable g : R x R x X — R, is continuous in the first two variables for
every fixed 7 € X. We suppose additionally that, for some measurable p(7) > 0 and

0 >0, §<0, it holds

(2.2) g(v,s,7) > p(T)v, veE(0,0), s<s5 7€X.

22
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First, we present a simple proof of the necessity of the following Mollison’s condition

(cf. [8]) for the existence of the semi-wavefronts:

(2.3) / / K(s,7)p(T)dpu(T)e **ds is finite for some z € R\ {0}.

Theorem II.1 Let continuous ¢ : R — [0,+00) satisfy (2.1) and suppose that

o(—00) =0 and ¢(t) £ 0, t <t for each fized t'. If (2.2) holds and

(2.4) //K 5,7 )p(r)dsdu(r) € (1,00),

then fi)oo o(s)e™*"ds and [, [ K(s,7)p(T)du(r)e **ds are convergent for an appro-

priate T > 0. Furthermore, supp K N (R; x X)) # 0.

Remark 1 Looking for heteroclinic solutions of the simple logistic equation x’ =
—Bzr+x(14 [ —x) with § > 0, we obtain an example of (1.6) where supp K N (R_ x

X) = 0 under conditions of the above theorem.

Proof. Since the support of K generally is unbounded, we will truncate K by choosing

integer N such that
/1—// K(s,7)p(t)dsdu(r) > 1, and 0 < ¢(t) <6, t <5—2N.

Integrating equation (2.1) between t' and ¢t < s — N, we find that

/tlt p(v)dv > /Xdu(T) /_]]VVK(S,T) /t/tg(gp(v_s),v_w)dvds
> / p(r)du(r) / Y K / o — s)duds
_ / Pdu(r /KST/ / / v)duds,
from which

/ o < 2 S [ 81K (5, 7)p(r)dsdps(7)

< i .t <t<§—2N.
fX f_NK s, 7)p(T)dsdu(T) — 1
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Hence, the increasing function
t
25) v = [ ols)ds
is well defined for all ¢ € R and
N
o(t) = / p(T)du(T)/ K(s,7)¢(t = s)ds > kp(t = N), t<5—2N.
X -N
Consider h(t) = ¥(t)e " where k = "V, cf. [5]. For all t < 5 — 2N we have
1
h(t — N) =t — N)e =N < Ez/j(t)eﬂtew = h(t)

and v = N™'Inx > 0. Hence sup,.,h(t) < oo and ¢(t) = O(e"), t — —oco. After

taking z € (0,7) and integrating by parts, we obtain

/ p(s)e " ds = ¢(t)€_ﬂ+j/ P(s)e "ds

that proves the first statement of the theorem. Finally,

e (1) = /X du() /R e B K (5,7)e Sy (1 — 5, 7)ds,

where ¢y (u,7) := [ g(p(s),s,7)ds > p(1) [*_¢(s)ds, u < 5—N. The latter yields

5-N s—N
/ e " p(v)dv = / dp(T) / emsK(S,T)/ e TNy (v — s, 7)dvds >
—00 X R —00

/X p(7)du(T) / (; e K (s, 7)ds / iN e~ T4(v)dv

(2.6) K_(z) := /Xp(T)du(T) /0 e " K(s,7)ds <1, (note that ¢(s) >0, s € R),

—00

0= [ striutr) [ Ks.ris <1< [ printr) [ Ko,

which completes the proof of the theorem. n
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Remark 2 Suppose that |g(¢(s), s, )] < C where C' does not depend on s, 7. Then
(e ) = p(0)] < C [ [Kuls + b) = Kufs)lds,
R

where K,(s) = [, K(s,7)dp(r) € Li(R). Since the translation is continuous in
L (R) [12, Example 5.4], we find that ¢(t) is uniformly continuous on R. It is easy
to see that the convergence of the integral f p(s)ds < oo combined with the
uniform continuity of ¢ gives p(—o0) = 0. In this way, fi)oo ©(s)ds < oo implies that

[° e *p(s)ds < oo for small positive .

Remark 3 1t is easy to see that the global non-negativity of g is not necessary in the

case of K having bounded support (uniformly in 7 € X).

Now, let ¢, K, g,Z be as in Theorem II.1 and sup,cp ¢(s) < 0o. Set

B(z) = /R ea(s)ds, K(z) = /R /X K (s, )p(r)dp(r)e=*ds,

and denote the maximal open vertical strips of convergence for these two integrals
as 0, < Nz < 74 and ox < Rz < 7k, respectively. Evidently, 04,0 < 0 and
Yo, Yk > T > 0. Since ¢, K are both non-negative, by [54, Theorem 5b, p. 58],
Yo, VKOs, Ok are singular points of ®(2), K(z) (whenever they are finite). A simple

inspection of the proof of Theorem II.1 suggests the following

Lemma 1 Assume ¢, g, K are as in Theorem II.1. Then ox < 04 < 75 < VK.

Furthermore, K(vs) is always a finite number.

Proof. For all z € (0,7,), t <0, we have

t 0
v) = [ (eeeras <t [ ps)e s
so that fi)oo Y(s)e”**ds < oo for each 2’ € (0,74) and, due to (2.6), we get

@ i= [ o) [ <

—00
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for all z € (0,7,). Hence, using the Beppo Levi monotone convergence theorem, we

obtain that K£_(v,) < 1. As a consequence, K(7) is finite and yx > 7. O

Corollary 2 Assume that

lim //K(S,T)p(T)d,u(T)e_szdS:+OO.
FEYET JRJX

Then 4 is a finite number and vy < Y.
2.2 Abscissas of convergence

In this section, we investigate the abscissas of convergence for the bilateral Laplace
transforms of K and bounded non-negative ¢ satisfying ¢(—o00) = 0, p(t) Z0, t < t/,
for each fixed ¢', and solving our main equation (1.6). Now we are supposing that
the continuous ¢(-,7) : Ry — R, is differentiable at 0 with ¢’(0+,7) > 0 for each

fixed 7. Then the non-negative functions

/\(J{(T) ‘= sup g(u,7)7 A (7)== inf g(u,T)’ 0>0, 7€ X,

ue(0,8) U ue(0,0) U

are well defined, measurable, monotone in ¢ and pointwise converging:

lim A\ (7) = ¢'(0+,7).

6—0+
The characteristic function y associated with the variational equation along the

trivial steady state of (1.6) is defined by

=1 /R /X K (s,7)g (04, 7)dpu(r)eds.

It is supposed to be negative at z = 0: x(0) < 0. Since condition (2.2) is obviously

satisfied with p(7) = Ay (7) and

lim//KST T)dp(T ds—//KST "0+, 7)du(r)ds > 1
6—0+

by the monotone convergence theorem, all results of Section 2.1 hold true for equation

(1.6). Furthermore, we have the following
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Theorem I1.2 Assume x(0) < 0. Let ¢ : R — [0,400) be a semi-wavefront to
equation (1.6). If p(—o0) =0 and ¢(t) £ 0, t <t for each fized t', then x(z) has a

zero on (0,7,] C (0,v7x] C RU {400}.

Remark 4 1) If p(+00) = 0 then a similar statement can be proved. Namely, in
such a case x(z) has a zero on [0k, 0). 2) It should be noted that Theorem I1.2 also
provides a non-existence result: if x(z) < 0 for all z € (0,vx] then equation (1.6)

does not have any semi-wavefront vanishing at —ooc.

Proof. For real positive z € (0,7,) we consider the integrals

B(z) = / e o(s)ds, Gz, 7) = / e~ g(ip(s), T)ds, K(2,7) = / e K (s, 7)ds.

R R R

Since ¢ is non-negative and bounded, and since ¢’(0+, 7) > 0 exists, the convergence
of G(z,7) (for positive z) is equivalent to the convergence of ®(z). Applying the

bilateral Laplace transform to equation (1.6), we obtain that

(2.7) @(z)z/XlC(z,T)g(z,T)du(T).

Obviously, IC, G, ® are positive at each real point of the convergence.
Let us prove that x(z) has a zero on (0,7,]. First, we suppose that ®(vy,) =

lim, ,,, - ®(2) = co. In such a case, we claim that

lim G(z 1)
2V CI)(Z)

= gl<077-)'

Indeed, let Ts be the rightmost non-positive number such that ¢(s) < ¢ for s < Ts.

Then

(S9]

A5 (7) /n e “p(s)ds < /Té e g(p(s), 7)ds < Aj () /T(S e p(s)ds,

—0o0 —00 —0o0

e (g(p(s), 1) + p(s))ds <

/+OO sup,er(9(p(s), 7) + 90(8))6_%%.



28

As a consequence, for each positive § > 0,

~ .Gz G(z,7)
A ()=l oy < mse g )

<A (7),

that proves our claim.

Now, by using the Fatou lemma as z — 74— in

/X K(z, T)gq()z;)—)du(ﬂ ~ 1,

we obtain
1=x(7s) = /X/C(%M)g’(oﬁ)du(f) <L
Therefore x(v4) > 0, and since x(0) < 0 we get the required assertion.
Hence, we may suppose that ®(v,) = lim.,,, ®(z) > 0 is finite. Since p(t) Z

0, t <t for each fixed ¢, in such a case v, < co. Due to Lemma 1, the value KC(~,)

is also finite. Set
C(t) = 90(25)6_’%7 K1(87 T) = G_WSK(Sv T)a where Y=Y
Then, for t < Ts — N, we have from (1.6) that ffoo C(v)dv =

/t o(v)e Vdv > /Xd,u(T) /]; Ki(s,7) /t 9w — ), 7)e ) duds >

—00 —00

/X () / A (E(s) / ; C(v— $)dvds >

-N
N t—N
([ aun) [ N @miGsni [ o
X N oo
Suppose now on the contrary that the characteristic equation

x(z):=1- /R/XK(s,T)g’(O—i-,T)du(T)e_szds =0

has not real roots on [0,7,]. Then x(0) < 0 implies x(v) < 0. As a consequence, in

virtue of the monotone convergence theorem,

lim /Xdu(T) /_N s (1)K (s, 7)ds = 1= x(7) > 1.

6—0+,N—~+o00
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Hence, for some appropriate 6, N > 0, increasing function £(t) = ffoo ((s)ds satisfies
E(t) > ke&(t— N), t < Ts — N with k5 > 1. Arguing now as in the proof of Theorem
I1.1 below (2.5) we conclude that the integral ffoo ((s)e **ds converges for all small

positive z, contradicting to the definition of ~,. n

Remark 5 A natural question is whether there exists ¢ satisfying assumptions of
Theorem I1.2 and such that ®(+,) is finite. Actually, it is well known that ®(v,) = oo
under some additional conditions on K, g. For example, this happens if g(u,7) <
g (0,7)u, u > 0 (other conditions can be found in Theorem II.3), also, that is a
condition for assure existence of semi-wavefronts for equation (1.6, to see theorem
I11.3). Indeed, due to the above proof, the only case to be examined is when x () > 0

and ®(v) < oo, 7 := 4. We have

(2.8) (t)e " < /Xdu(T)/RKl(s,T)g’(O,T)gp(t —5)e""9ds, t € R,

where both sides of the inequality are continuous® functions of ¢. If either (i) x(v) > 0

or (ii) inequality (2.8) is strict at some point ¢y, we will integrate (2.8) over R to get

a contradiction: ®(y) < ®(v)(1—x(v)) (case (1)), ®(y) < (7)(1 —x(7)) (case (ii)).

In consequence we are left to assume that

o(t)e " = /R {/X Ki(s,7)g'(0,7)dp() | p(t — s)e " =9ds, t € R,

and [; [ Ki(s,7)g'(0,7)du(r)ds = 1. However, after integrating the latter equal-
ity over (t,4o00) and then using Lemma 7 with Remark 7 in [1], we get again a

contradiction.

It is clear that x(z) is concave on (ok,7vk), where x”(z) < 0. Since x(0) is

negative, y can have at most two real zeros, and they must be of the same sign. We

IThis property becomes obvious if we rewrite (2.8) without exponential factors.
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will denote them (if they exist) by A; < A.. Under assumption of the existence of a
semi-wavefront ¢ vanishing at —oo, x has at least one positive root );. Finally, it is

clear that x is analytical in the vertical strip Rz € (0, yx).

Notation At this stage, it is convenient to introduce the following notation:
Aq, if A, exists,

)\rK =
Vi, otherwise.

Lemma 2 FEquation x(z) = 0 does not have roots in the open strip ¥ = Rz €

(A1, \vic). Furthermore, the only possible zeros on the boundary ¥ are A, A,

Proof. Observe that if x(zy) = 0 for some zy, € 3, then x(Rzy) > 0 since x is concave,

X(A) =0 and Rz € (A, min{\,,7x}). On the other hand, 1 =

|// K(s,7)g' (04, 7)du(r)e**ds| <// K(s,7)g (04, 7)du(r)e " ds

and therefore y(Rzy) < 0, a contradiction. Now, if x(\; + iw) = 0 for some w # 0

then similarly
l=1—-x(N+iw)=]1—xN+iw)| <1—-x(\)=

so that
// K(s,7)g (0+, 7)du(T)e™** (1 — cosws)ds = 0.

Thus K (s,7)(1—cosws) = 0 for almost all 7 € X, so that K(s,7) =0 a.e. on X xR,

a contradiction. O

2.3 Asymptotic formulas
2.3.1 A bootstrap argument and the asymptotic behavior of (t) f p(s)ds at —oo
The main purpose of this section is to prove several auxiliary statements needed in

the studies of the asymptotic behavior of solutions () at ¢ = —oo. Usually proofs
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of the uniqueness are based on the derivation of appropriate asymptotic formulas
with one or two leading terms (at ¢ = —oo as in [5, 11, 14, 52] or at t = 400 as
n [22]). Our approach is based on an asymptotic integration routine often used in
the theory of functional differential equations, e.g. see [29], [37, Proposition 7.1] or
[18]. Thus we use neither the Titchmarsh theory of Fourier integrals [45] nor the
powerful Ikehara Tauberian theorem [5, 11]. First we will apply our methods to
get an asymptotic formula for the integral ¥ (t) := ffoo ¢(s)ds. Since 1 € C*(R) is
strictly increasing and positive, this function is somewhat easier to treat than the
solution ().

Here and everywhere in the sequel, the functions ¢, K, g, x satisfy all conditions
of Section 3. In particular, x(0) < 0. We also will use the following hypotheses (SB),
(EC,):

(SB) 74 < vk and, for some measurable C'(7) > 0 and a, 0 € (0, 1],
9(u,7)

9/(0.7) = T < O, w e (0,0),

(2.9) ((z) == C(T)K(s,T)e **dsdp < +o0, x € (0,7k).

XxR

(EC,) For every = € (0,p), p < 7, there exists some positive C,, such that
(2.10) 0 < p(t) < Cre™ t<0.
There are several situations when (EC,) can be easily checked:
Lemma 3 Condition (EC,) is satisfied in either of the following two cases:
(i) ¢ € C'(R) and the integral [, e **¢'(s)ds converges absolutely for allz € (0, p);
(ii) (cf. [11]) p < vy and there exist measurables dy,dsy, didy € L*(X), such that

0< K(s,7) <di(1)e”, seR, 7€ X,



(2.11) lg(u, )| < do(T)u, u>0.
Proof. (i) For each z € (0, p) we have that

t t
o(t) :/ ©'(s)ds :/ e’ (s)e ™ ds < emt/ e "¢ (s)|ds =: Ce™.

—0o0 —00 R
(i) Since p < 74, the integral [, e "¢(s)ds converges for all z € (0,p]. If z €

(0,p], ¢ <0, then
p(t)e ™ < p(t)e " = / dp(7) / K(s,m)e e =) g(p(t — s),7)ds <
X R

C = /Xdl(T)dg(T)du(T)/Re_psgo(s)ds, teR.

The following simple proposition will be used several times in the sequel:

Lemma 4 Assume that h(s)e™** € L'(R) for all z € [a,b]. Then

H(z,y) = / h(s)e™s*"Vds, y € R,
R
is uniformly (with respect to y € R) continuous on |a, b.

Proof. Take an arbitrary € > 0 and let N > 0 be such that

/ |h(s)|e”*"ds < 0.25¢, x € [a,].
R\[-N,N]

Since e’ is uniformly continuous on compact sets, there exists § > 0 such that |z, —

xo| <0, s € [-N, N] implies |[e=** — e~"2°| < 0.5¢/|h|;. But then
N
[Hiowy) — Hrag) <052+ [ (s)e = elds <=, y e &
-N

]

Corollary 3 With h as in Lemma 4, we have that lim,_,., H(x,y) = 0 uniformly on

x € [a,b].
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Proof. Due to Lemma 4, for each € > 0 there exists a finite sequence a := r¢ < 1 <
Ty < --- < Ty, =: b possessing the following property: for each x there is x; such that
|H(z;,y) — H(z,y)| < 0.5¢ uniformly on y. Now, by the Riemann-Lebesgue lemma,
limy o H(z;,y) = 0 for every j. Therefore, for all j and some M > 0, we have that

|H (z;,y)| < 0.5¢ if |y| > M. This implies that
|H (2, y)| < |H(xj,y) — H(z,y)| + |H(zj,9) <6 |y =M, x €la,b],

and the corollary is proved. O]

As we know, the property p(—o0) = 0 implies the exponential decay ¥ (t) = O(e*)
at —oo for each z € (0,74). It is clear also that ¢(t) = O(t) as ¢ — +o00. Hence,
for each fixed z € (0,7,), we can integrate equation (1.6) twice, to find that ¥(z) :=

J €2 (v)dv satisfies

U(2) / du(r / K(s,m)e / ¢ 09) / " glo(w), )dudvds =

/ dyu(7) / K(s,7) / / Pdudvds —
( / du(r / K(s,7)g/(0, 7)e sts) / e~ (v)dv + R(2), where
R(2) /du /K 5,7) sts/ / 70, 7)p(w))dud.

Therefore x(2)¥(z) = R(2). Set now

G(z,71):= /RG_ZUG(U,T)CZU, G(v,7):= /v (g(p(u), 7) — ¢'(0,7)p(u))du.

—0o0

Lemma 5 Assume (2.11), (SB), (ECs.) for some small 2¢ € (0,vx — v4). Then

gwen a,b € (0,7, + ae) there exists p > 0 depending on ¢, a,b such that

G(z,7)| < p(7)/2] == p(C(7) + do(7) + 4'(0,7)) /2], Rz € [a,b] C (0,7 + ae).
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Proof. For z := Rz € (0,74 + ae), v <0, we have

eI < e 0 [ (pw) e < e CeC(rue

—00

so that e |G(-,7)| € LY(R) N L*(R). After integrating by parts, we obtain

N . ZzZN —zN
/ e G0, 7 — G(—N,T)e G(N,7)e N
_N .
1 [N
+; /N e_Zu(g(gp(u)v T) - g/(07 T)QO(U))CZU
This yields
1 /
| [ =G nanl = ] [ e (gtetu)r) = g0, 7Yolu))dul <
R |Z| R
1 / T
m ceC(r) / 6’(%Z’a€)“g0(u)du + ¢l (g'(0, 7) + da(7)) / e du

]

Theorem I1.3 In addition, assume that [,  K(s,7)p(T)e **duds converges for all
x € (0,vk). Then x(v4) =0 and, for appropriate ¢1 > 0, a,m € R, k € {0,1}, and

continuous r € L*(R), it holds that
Y(t+m) = (a —t)kerst 4 eDotele () ¢t € R

It should be noted that depending on the geometric properties of g, the value
of 74 can be minimal (the case of a pulled semi-wavefront [51, 21, 43]) or maximal
(the case of a pushed semi-wavefront, ibid.) positive zero of x(z). Observe that, due
to the monotonicity of ¢, we can also use here the Ikehara Tauberian theorem [5].

However it gives a slightly different result.

Proof. Set z := x +1y. For a fixed 0 < x < 7, + ae we have

RE) =1 [ ) [ K e =dsul < o [ o) [ (s rie s
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so that R(z) is regular in the strip 0 < Rz < v, + ae. Thus we can deduce from
U(z) = R(z)/x(z) that 74 = v, (e.g. see [11, Lemma 4.4], the definition of 7, is
similar to that of 7,) must be a positive zero of x(z) and ¥(ys) = co. It is clear
that R(x + ¢-) is also bounded and square integrable on R (for each fixed x). Take
now 7/,y"” such that 0 < v < v4 < v < 74 + ae. Then we may shift the path of
integration in the inversion formula for the Laplace transform (e.g. see [37, p. 10])

to obtain

. o tico zt vt ‘oo
P(t) = —/ W (2)dz = —ResZ:%6 R(2) + < ‘ {/ GZStCll(S)dS} ;
, _

2700 ) ioo x(z) 27 -
where the first term is different from 0 and a;(s) = R(y” +is)/x (7" + is) is square
integrable on R. Here we recall that, by Corollary 3, lim,_,, x(z+iy) = 1 uniformly
on x € [v,v"]. Since x"(z) > 0, = € (0,7k) , for some a,m € R we get ¢(t +m) =

(a — t)Fert 4 "tr(t). O

Theorem I1.4 Assume all conditions of Lemma & except vy < Vi. If

1 —x1(xo) == // K(s,7)do(T)dp(r)e™**ds < 1,
RJX
for some zg € (0,7k), then 4 coincides with the minimal positive zero N, of x(z).

Proof. Since dy(1) > ¢'(0,7), we obtain that xy € [\, \r k] and A, < k.
Case I: 74 < k. Then, by Theorem I1.3, we have x(7,) = 0 so that v, € {\, A\ }.

Suppose that 4 > A, this implies zy < 74 = A,. We have

U(z) = (/ du(r /K 5, 7)do(7)e zm)/ e (v)dv + Ra(2), where

Ra(z) /du /K 5,7) sts/ / — do(7) o)) dud,

or, in a shorter form,

(2.12) X1(2)¥(2) = R1(2).
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It is clear that xy = 74 = A, > A; implies immediately that ¢'(0,7) = da(7) a.e. on X
and that x1(2) = x(2), R(2) = Ri(z). As we have seen in the proof of Theorem II.3,
this guarantees that Ry (zo) is a finite number. Of course, R () is also well defined
if zg < 4. Now, it is clear that Rq(xg) < 0 because of g(u,7) < da(7)u, u > 0.
We claim that, in fact, Ri(x¢) < 0. Indeed, otherwise g(u,7) = da(7)u, u > 0, for
almost all 7 € X that yields do(7) = ¢/(0, 7) and R4(z) = 0 leading to a contradiction:
U(z) =0 and ¢(t) = 0.

Now, from R4 (zg) < 0,¥(xg) > 0, x1(x0) > 0, we deduce that ¥ must have a pole
at T9g = 7y < vx. But then xi1(75) = x(7s) implies x1(2) = x(2), R(z) = Ri(2).
Hence, \; < A\, = 29 < vk and 74 = w9 is a simple pole of W. Therefore we can
proceed as in the proof of Theorem I1.3 taking 0 < 7' < 75 = A, <" < 7, + e to

obtain

]_ ’\/Jrioo €ZtR(Z) 7
1) = — P (2)dz = —Res,— e (t) =
W(t) oy /Wl_ioo e (z2)dz €S,—x, ) + €7 'y (t)

R(A)
X' (Ar)

= Ae™t + "t (t), where A = — <0, r € L*(R),

contradicting to the positivity of .
Case II: 74 = vk. Since zg < 7k = 74 and Rq(zo) < 0, we similarly deduce from

(2.12) that xg is a singular point of U(z), a contradiction. O

2.3.2 Asymptotic behavior of ¢(t) at —co

The approach developed in the previous sections allows also to obtain the asymp-

totic formulas for the profiles ¢:

Theorem IL.5 Assume (SB) except 74 < vi as well as (EC,,) and suppose further

that x(0) <0, x(vg—) #0, g(u,7) < ¢'(0,7)u, u > 0.

Then 7y, coincides with the minimal positive zero N, of x(z) and such a solution
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if exists) has the following representation:
(if g rep
ot +m) = (a —t)keM + N (1) with continuous r € L*(R),

for some appropriate a,m € R, 6 > 0. Here k = 0 [respectively, k = 1] if \; is a

simple [respectively, double] root of x(z) = 0.

Remark 6 By Theorem I1.4, x(yx—) # 0 yields 7, = A < 7x. We assume this
stronger assumption instead of v, < 7k since it is more easy to use. Recall that we

need 74 < vk to apply the bootstrap argument.

Proof. 1t is clear that equation (1.6) can be written as the linear inhomogeneous

equation

(2.13) o(t) = /Xd,u/RK(s,T)g’(O,T)go(t—s)ds—i—D(t), {ER,

where all integrals are converging and

D(t) := /Xd,u/RK(s,T)(g(gp(t —5),7)—¢'(0,7)p(t —s))ds <0, t € R.

Take C(7),0,((z) as in (SB). Observe that without restricting the generality, we can
assume in (SB) that (1 4+ a)vy, < vk. Since equation (1.6) is translation invariant,
we can suppose that p(t) < o for t < 0. Applying the bilateral Laplace transform to

(2.13), we obtain that

X(2)®(2) = /Re_ZtD(t)dt =: D(z).

We claim that, due to conditions (SB) and (EC,,), function D is regular in the

strip I, = {z : Rz € (0, (1 + a)7p)}. Indeed, we have

D(z +iy) = /Re_iyt[e_“D(t)]dt.
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Given z := Rz € (0, (1 + a)v,), we choose 2’ sufficiently close from the left to -, to

satisfy —x + (1 + a)a’ > 0. Then

—+o00o
le™™D(t)] < e ™ [/ C(7)du K (s,7)CL etz (t=s) g
X

t

t
+2|80|oo/ g'(O,T)d,u/ K(S,T)d8:| <
X —00

t
e ™ {e(Ha)m/tCﬁaC((l+a)x’)+2[<p[oo/ g’(O,T)d,u/ K(S,T)d8:| =:

X
et |:e(1+o<)m’tA1 + 2|90|oo/

t
g/(07 T)d,u/ K(S, T)e—(1+a)x’se(1+a)z/sd8} <
X —00

N4, 4 9] (1= X((1+ a)a))] = Ape T+t R

Since clearly D(t) is bounded on R, the above calculation shows that e **D(¢)
belongs to L*(R), for each k € [1,00] once x € (0, (1 + a)v,). As a consequence, for
each such x the function d,(y) := D(x + i - y) is bounded and square integrable on
R.

By our assumptions, x(z) is also regular in the domain I1,,, while ®(z) = D(2)/x(z)
is regular in Rz € (0,7,) and meromorphic in II,. In virtue of Lemma 2, we can
suppose that ®(z) has a unique singular point 7, in II, which is either simple or
double pole.

Now, for some 2" € (0, ,), using the inversion theorem for the Fourier transform,

we obtain that for an appropriate sequence of integers N; — 400

1 x'' +iNj #t)
p(t) = — lim ¢’ D()

dz
271 j—+oo @/ —iN; X(Z)

almost everywhere on R, e.g. see [37, p. 9-10]. Next, if € (74, (1 + ay,)) then
" +iN et z+iN x—iN x+iN et 2t
D D(z)d= D
[ ([ )R 220
" —iN ' —iN "+iN X(Z X(Z)
Since, by Corollary 3,

(2.14) lim max (ID(2)] + |1 — x(2)]) =0,

j—+o0 z€ [.Z//iiNj ,IiiNj]
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we conclude that, for each fixed t € R

x+iN; 2t
ie*D
lim ¢’ D(z) dz = 0.
IO J 44N, x(z)
Observe also that due to Lemma 2 and Corollary 3 (cf. (2.14)), the function x(z)
does not have zero other than \; = 4 in a small strip centered at Rz = \;. Therefore

e*'D(z) N e”/ e¥'d,(y) .

p(t) = —Res,—,, ————— + — :
() @) T on Jox(@ tiy)

It should be noted here that D(7,) < 0 since otherwise D(t) = 0 implying x(2)®(z) =
D(z) = 0 so that ®(z) = 0, a contradiction. Since

eD(z) _ D3y
&) X

Res.—,

) if >\l < >\TK7

e”'D(z)  2e! ) B
Res.—, NORREACH (tD(%) +D'(75) — D(70)

X" (7g)
3X" (79)

we get the desired representation. O]

), if \ = A,



CHAPTER III

Separation dichotomy and existence of wavefronts

3.1 Main results

In this chapter, we will assume the additional mild conditions (C) and (P) stated

in the Introduction:

(C) For each § > 0 there is a measurable Cs(7) > 0 such that
g(u,7) < Cs(r)u  for all u € [0, J]; / Cs(7)du(T) / K(s,T)ds < 4o0;
b R

(P) Bounded continuous solution ¢(t) > 0 of (1.12) vanishes at some point only if

We note that assumption (P) can easily be verified in view of the following statement.

Lemma 6 Assume that there are X C X, u()z) > 0, and a measurable A : X -
(0, +00) such that T € X implies (i) g(u,7) = 0 if and only if u = 0; (ii) K(s,7) > 0
for all s € (—A(7),A(T)) =: I.. Let ¢(t) > 0 be a bounded continuous solution of

(1.6). Then ¢(0) = 0 implies ¢(t) =0 on R.

Proof. Let 0 = ¢(0) = [ du(7) [z K(s,7)g(¢(—s),7)ds. This implies that the non-
negative K(s,7)g(¢(—s),7) = 0 almost everywhere on X x R. Then g(¢(—s),7) =0

almost everywhere on the measurable set S = {(7,s) : 7 € X, se I.} C X xR and

40



41

thus
A(7) -
/~G(T)du(7') =0, where G(7) ::/ g(p(—s),m)ds, T € X.
X —A(T)
Hence, G(7p) = 0 for some 7y € X that yields g(¢(—s), 7o) = 0 for all s € I,,. Thus
¢(—s) =0, s € I,. Similarly, if ¢(tg) = 0 for some ¢ty € R, then ¢(t) = 0 for all

t in an open neighborhood of #y. In consequence, the nonempty set of zeros of the

continuous ¢ is open and closed in R implying that ¢(t) = 0 for all ¢ € R. O
Let also recall our first result:

Theorem II1.1 Assume that the hypotheses (C) and (P) are met and that x(0) < 0.
Then the following dichotomy holds for each bounded solution ¢(t) > 0 of (1.6):
either iminf, ,, . ¢(t) > 0 or ¢p(+o0) = 0. A similar alternative is also valid at

—0Q.

An easy combination of results from Theorem I1.2 and Theorem III.1 leads to the

following

Corollary 4 Let all assumptions of Theorem III.1 hold. If x(z) does not have any
positive [negative] zero and ¢ is a positive bounded solution of (1.6), then I%m inf ¢(t) >
——00
0 [respectively, ltierinf o(t) > 0]. As a consequence, equation (1.6) can not have pos-
——+o0

itive pulse solutions (i.e. solutions satisfying ¢p(—o0) = ¢(+00) = 0).

Proof. The first statement of Corollary 4 is a straightforward consequence of Theorem
I1.2 (the remark below this proposition can be also helpful) and Theorem III.1. In
order to prove the last statement, it suffices to observe the following: since x(0) < 0
and x is concave on its maximal domain of definition, all real zeros of y should be

of the same sign (whenever they exist). O
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Let w denote either +00 or —oo. Then from Corollary 4 we have the following
point-wise persistence property: for each bounded positive solution ¢(t) of Eq. (1.6)
satisfying ¢(—w) = 0 there is some §(¢) > 0 such that liminf, ,, ¢(t) > §(¢). This
fact allows us to exclude the latter inequality from the definition of semi-wavefronts
(cf. with boundary conditions (1.6) in [4]). Now, in order to prove the uniform
persistence (this means that the above mentioned §(¢) can be chosen independent
of ¢) as well as the existence of solutions to equation (1.6), we impose additional

conditions on the nonlinearity g:

(N) N1. There exists 19 € X, u(79) = 1, such that g(v,7) is increasing in v € R,

for

each fixed 7 # 19 and g(v,79) > 0, v > 0. Consider the monotone function

g(v) = /X\{TO}Q(U,T)CZ[L(T)/RK(S,T)CZS.

N2. There exists (o > 0 such that ©(v) := v — §(v) is strictly increasing on

[0, ¢, and ©((2) > C' max,>o g(v, 7o) where C' := [, K (s, 70)ds.

Set G(v) :== ©7Y(Cg(v, 1)) It is clear that G(0) = 0, 0 < G(v) < (3, v > 0, and that
the graphs of G(v) and g(v, 7p) have the similar geometrical shapes. In particular,
they share the same local extremum points.

If ¢(t) = c is a constant solution of (1.6), then ¢ = G(c) because of the relation

c=g(c) + g(c, o) / K(s,m)ds = g(c) + Cg(c,70) = ¢ — O(c) + Cyg(c, m0).
R
Several additional important properties of GG are listed below:

Lemma 7 Let the assumptions (C) and (N) be satisfied and x(0) < 0. Then, for

some (1 € (0,(2), the following holds:
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K
G &
Figure 3.1: Nonlinearity G under hypotheses (IN) and x(0) < 0.

1. G € C(Ry,Ry) is positive for s > 0 and there exists G'(0+) > 1;

2. G([C1,G]) € [, Go] and G(Ry) C [0, G5
8. minge(e, o) G(s) = G(¢1) while G(s) > s for s € (0,¢].

Proof. Let us show, for instance, that G'(0+) > 1. In view of (C), this derivative
exists and is equal to C'¢’(0,70)/(1 — §’(0)). Thus G’(0) > 1 if and only if x(0) < 0.
Observe that §'(0+) < 1 since ©'(0+) > 0 and we do not exclude the case G'(0+) =
+00. Due to the boundedness of GG, the proof of the other statements of Lemma 7

is straightforward. m
Using the above framework, we can improve conclusions of Theorem III.1:

Theorem II1.2 Assume (N) along with all the hypotheses of Theorem III.1 and
choose (1 > 0 as in Lemma 7. Let ¢ be a positive bounded solution of equation (1.6).
If m = infyer 4(s) < ¢ then limy_,, ¢(t) = 0 and liminf, ,_, ¢(t) > ( for some

w € {—o0,+00}.
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The next statement is the main result of this chapter. It can be considered as a
further development of Theorem 6.1 from [10] which was proved for a single-point

space X and with more restrictive assumptions on the nonlinearity g:

Theorem II1.3 Assume (N), (P) and let G'(0) be finite and g(s,7) < ¢'(0,7)s
for all s > 0, 7 € X. If x(2), x(0) < 0, is well defined and changes its sign on
some open interval (0,w) [respectively, on (—w,0)/, then equation (1.6) has at least
one semi-wavefront ¢ with sup,cg ¢(s) < (2, ¢(—o00) =0, and iminf, ,  P(t) > G
[respectively, with ¢(4+00) = 0, liminf,, - ¢(t) > (1]. Moreover, if the equation
G(s) = s has exactly two solutions 0 and k on Ry, and the point k is globally

attracting for the map G : (0, (] — (0, (2] then ¢(400) = k.

Remark 7 Tt is worth noting that the existence of ¢’(0, 7) (and consequently of G'(0))
is not at all obligatory for the existence of semi-wavefronts. Indeed, suppose that

there is a measurable (1) satisfying g(s,7) < {(7)s,s > 0, and consider

xi(z) i=1— /X /R K (s, 7)l(T)du(r)e~*ds, §| = /X - /R K (s, 7)(1)du(r)ds.

We also assume that (IN) holds, that G possesses the second and the third properties
of Lemma 7, and that §; < 1 (the latter generalises assumption G’(0) € R). Then all
conclusions of Theorem III.3 remain valid if we replace x with x; in the statement

of this theorem. See the second part of Section 3.4 for more details.

3.2 The proof of the dichotomy principle (Theorem III.1)

1. Let ¢(t) be a bounded solution of (1.6). Then it is not difficult to see that ¢(t)
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is uniformly continuous on R. Indeed, setting § = ||, we find that

wu+m-¢@mzL@MﬂA@K@+mrwJaaﬂmw@—@mm5
< 9] /X Cs(r)du(r) / K (s + h,7) — K (5,7)|ds = |8lacos(h).

where limy,_,o 05(h) = 0 because of the continuity of translation in L; (R) and Lebesgue’s
dominated convergence theorem.
2. Next we prove an analog of Theorem I1.2 when ¢(+o00) = 0 and ¢ is bounded

and positive. We have

o(—t) = /Xd,u(T)/RK(S,T)g(qb(—t— s),T)ds, teR.

Set ¥(t) := ¢(—t), then (—o0) = 0 and

(3.1) b(t) = /X dy() / K(—s,7)g($(t — 5),7)ds.

Let x(2) [x1(2)] be characteristic equation for Eq. (1.6) [Eq. (3.1), respectively]. We

have

wi) = 1- /X /R K(—s,7)g(0, 7)dpu(r)e="ds
= 1—/R/XK(S,T)g'(O,T)dM(T)eszds:X(—z)

and thus x1(0) = x(0) < 0. By Theorem II.2, x;(2) has at least one positive root.
Therefore x(z) has at least one negative zero.

3. Now, let suppose that limsup,_, . ¢(t) = S > 0 and liminf, ,, ¢(t) = 0.
Since x(0) < 0 and x is concave on its maximal domain of definition, all real zeros
of x should be of the same sign (if they exist). Suppose that y does not have
any real negative [respectively, positive] root. For a fixed j > S~! there exists a
sequence of intervals [p;, ¢;], limp; = +oo, such that ¢(p;) = 1/j, limé(qg;) = 0

[respectively, ¢(¢;) = 1/j, imé(p;) = 0] and ¢(t) < 1/4, t € [p;,q;]. Note that
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limsup,_,, (¢ — pi) = +o0o. Indeed, otherwise we can suppose that lim; ;. (¢; —
pi) = o > 0. By the pre-compactness of {¢(t + s);s € R} in the compact-open
topology of C'(R), the sequence w;(t) := ¢(t + p;) [respectively, w;(t) := ¢(t + ¢;)] of
solutions to Eq. (1.6) contains a subsequence converging to a nonnegative bounded
function w,(t) such that w.(0) = 1/j, w.(o)w.(—c) = 0. Since, due to Lebesgue’s
dominated convergence theorem, w,(t) satisfies (1.6) as well, this contradicts to (P).
Thus ¢; — p; — 400 and we can suppose that w;(t) has a subsequence converging
to a bounded positive solution w,(t) of (1.6) satisfying 0 < w.(t) < 1/j for all
t > 0 [respectively, for all £ < 0]. Since w,(+00) = 0 [respectively, w,(—oc) = 0] is
impossible due to Theorem II.2 and the second step of the proof, we conclude that
0 < §* = limsup,_, , , wi(t) < 1/7 [respectively, 0 < S* = limsup,_,_ w.(t) < 1/j].
Let r; — 400 [respectively, r; — —oo] be such that w,(r;) — S*, then w,(t + ;) has
a subsequence converging to a positive solution ¢; : R — [0,1/j] of (1.6) such that

maxer (j(t) = (;(0) = S* < 1/j. Now, consider y,(t) = (;(t)/(;(0). Each y; satisfies

(3.2) %wzéwmémewﬂnmw@m

where a;(t, 7) = g(;(t), 7)/¢;(t). We claim that {y;(¢)} has a subsequence converging

to a continuous solution y, : R — [0, 1], v.(0) = 1, of the equation

(3.3) %®:Ay@ﬂwmAK@ﬂwwww.

+o0

Indeed, the sequence {y;(t)},=] is equicontinuous because of

e+ - w0l < [

X

< /Xdu(T)/Raj(t—s)|K(s+h,T)—K(s,7’)|ds§01(h),

() [ as(t = e = (s +h.7) — K(s,lds

where o5 was defined in step 1. In addition,

/]R K (s, 7)a;(t — 5, 7)y;(t — 5)ds| < Ci () /R K(s,7)ds € Ly(X),
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so that, by Lebesgue’s dominated convergence theorem, we can pass to the limit (as
Jj — 00) in (3.2). Hence, our claim is proved.
4. To finish with the proof of Theorem III.1, we will show that (3.3) cannot have

any nontrivial continuous solution g, > 0. We notice that

/Xg,<077_)d/1(7')/RK(S,T)d8 > 1.

But then there exists N > 0 such that

p::/Xg/(O,T)d,u(T) /_]:[K(s,r)ds> 1.

Integrating equation (3.3) between ¢’ and ¢ > t, we obtain that

Lty*(v)dv > / (0, 7)dp(T K (s,7) /ty*(fu — $)dvds

= [ g0t /KH/ //y \duds,

from which we obtain that

t < t.

/ty( o 2fo ~ || K (s,7)g' (0, 7)dsdp(T)
v T SN K (s,m) g (0, 7Y dsdp(T) — 1

Therefore y, € Li1(R). Now we easily get a contradiction by integrating (3.3) over

the real line:

0< /R Y (v)dv — l /X ¢(0, 7)dp(7) /R K(S,T)ds] /]R () dv.

Hence, the dichotomy principle of Theorem III.1 is established at 4+o00. A similar
conclusion can also be drawn for ¢(t) at —oo. Indeed, the latter case can be reduced
to the previous one by doing the change of variables ¥ (t) := ¢(—t) and considering

equation (3.1) with y; instead of equation (1.6) with x. O
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3.3 The uniform permanence property

3.3.1 The uniform boundedness of solutions.

Notice that, in general, equation (1.6) can have unbounded continuous solutions.
The corresponding examples can be constructed by taking appropriate linear g(u, 7).
Nevertheless, as we show in the continuation, with conditions (N) and x(0) < 0
being assumed, it is easy to avoid the possible problems with unbounded solutions
in the following two ways:

Modification of the convolution equation. Consider

g(uv 7—) = min{g(uvT)>g(C2>7—)}v T 7é 70, g(uv 7—0) = g(U,T())
and
o) = [ gten)dutr) [ K(sras
X\{70} R
Then O(s) := s — g(s) is a strictly increasing function. Indeed, O(s) = O(s),

0

IN

s < (s, and we know that O(s) strictly increases in [0, (3]. Furthermore, for

> (5, we have O(s) = s — g(s) = s — g((s) where g((s) is a constant. Hence

V2)

O(s) is strictly increasing on R,. If we set G(v) = ©71(Cg(v, 7)), we find that
G(v) = G(v) < ( for v > 0.
Now we consider a modified convolution equation

¢®=L@@éﬂwwww@ﬂw

Each solution ¢(t) of it is bounded;

P(t) < g(Ca) + Cf{gg(g(% 70) < §(C2) + O(C) = Co.

The latter estimate assures that ¢(t) also satisfies (1.6).

Subexponential solutions. Assume additionally that

(3.4) g(u,7) < ¢'(0,7)u, u >0, for each 7 # 7.
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If a continuous function ¢ satisfies (1.6) then we obtain that

(3.5) olt) < /X ) / K (s,7)g'(0,7)(t — 5)ds + p

in which p := sup,>q g(u, 70) [ K(s,70)ds < ©((2). Suppose, in addition, that

0 ::/ du(T)/K(s,T)g/(O,T)e’\Sds <1
X\{70} R

for some A > 0 and 7 := fX\{ro} du(r) [p K(s,7)g'(0,7)ds < 1. The first inequality
holds automatically if x(A) = 0 because of [; K(s,70)g'(0, T0)e **ds > 0. Similarly,

since v = §'(0), the second inequality holds whenever G’(0+) is finite.

Lemma 8 Assume (N), (P) and let (3.4) hold, G'(0) be a finite number and x(\) =
0 for some positive \. Let also solution ¢ of (1.6) satisfy the inequality ¢(t) < et

for some 6 > 0 and for allt € R. Then ¢ is bounded on R. In fact,

0 < 6(t) < min {@, sup i) 0 } . teR

Proof. Using the inequality ¢(t) < de in (3.5) and arguing by induction, we find
that

o(t) <6eM0" +p+py+py .+ py"h
Then, by passing to the limit as n — oo, we obtain the required estimate. We recall
here that v = §'(0), G'(0) = Cg¢'(0,7)/(1 — §'(0)) and C = [, K(s,79)ds. The
inequality ¢(t) < ¢, follows from Lemma 9 proved in continuation. ]

3.3.2 The proof of the uniform persistence (Theorem III.2)

Let ¢ a bounded positive solution of the equation (1.6). Set

0 <m:=inf¢(t) <supo(t) =2 M < 4o0.
teR teR

First, we will prove the following simple result:
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Lemma 9 Assume that hypothesis (N) holds, then [m, M] C G(|m, M]).

Proof. Let {t;} be such that M; := ¢(t;) — M. We have

o(t;) = M; < max. gdeu /KST

X’UE[

:max/ g(v, T)du(T /Ks¢ds+ man’UTo/KSTQ
vE[m,M] X\{ro} vE[m,M

=g(M)+ max gUTO /KSTO

v€[m,M

Thus M < max,cpm,y G(v). Similarly, m > ming,epn, 1 G(v). O

Now we are ready to complete the proof of Theorem III.2. First, we observe
that the hypothesis (IN) and assumptions G'(0) > 1 and m < (; yield m = 0, cf.
Fig. 3.1. Hence, due to the positivity of ¢(t), there exists w € {—o0,+00} such
that liminf; ., ¢(f) = 0. Then, applying Theorem III.1 and Corollary 4, we find
that ¢(w) = 0 and p := liminf, , , ¢(¢) > 0. Making use of our standard limiting
solution argument (cf. Section 3.2 (step 3)), we see that, for some t; - —w, the
sequence ¢(t + t;) is converging in the compact-open topology of C'(R) to some
function ¢y(t), p := infier @1(t) < sup,eg ¢1(t) < M solving equation (1.6). By

Lemma 9, we have [, M] C G([u, M]) which implies p > (5. O

Remark 8 The last argument in the proof of Lemma 9 also shows that [m/, M'] C

G([m', M']), where m’ := liminf,_,, ¢(t) < limsup,_,, ¢(t) =1 M’ and w € {—o0, +00}.

3.4 The proof of the existence of wavefronts
Throughout all this section, we are assuming that (IN) holds, x(0) < 0 and that
(3.6) g(s,7) <¢'(0,7)s forall s>0, 7€ X.

The proof will be divided into two steps.
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Step I. For a moment, suppose additionally that

(L) g : (0,400) x X — (0,+00) is bounded and uniformly linear in some right

neighborhood of the origin: ¢(s,7) = ¢'(0,7)s for all s € [0,4), 7 € X.

Let A € (0,w) be the leftmost positive solution of equation x(z) = 0, and set

B = {¢€CRR): || = Sli%) e 09 (s)| + SL>1%) e lo(s)] < +o0};

R = {p€ X197 (H) = 0M(1 - e)xr_(1) < o(t) < 0™ = ¢ (t),t € R},

where € > 0 and v := A + € < w are such that y(v) > 0. We want to prove the

existence of fixed points ¢, ¢ € R, sup,cp ¢(s) < +00, to the operator

Ag(t) = /X dy() / K (s, 7)g(é(t — ), 7)ds.

A formal linearization of A along the trivial steady state is given by

Lo(t) :/Xdu(T)/RK(s,T)g’(O,T)qb(t—s)ds.

We have that Lo (t) = /dﬂ(T)/K(S,T)g’(O,T)(Se’\(tS)dg
X R

= 56>\t/ g'(0,7)du(T) / K(s,7)e ds = 6eM = 7 (t).
X R
On the other hand, Lo~ (t) > ¢~ (t), t € R. Indeed, we have, for a fixed ¢ < 0, that

0L (1) = /X dur) [ K(s.m)g/ (0,7 — -9

> /X dy() /R K (5,7) (0, 7) (09 — ")) ds

= M —e"(1—x(v) =M -+ (V) > M — et =61 (1)

Lemma 10 R is a closed, bounded, convex subset of B and A : & — R is a completely

continuous map.
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Proof. Tt is clear that K is a closed, bounded, convex subset of B. To prove that

A(R) C R, we observe first that, for ¢ € R,

Ag(t) < /Xdu(T) /RK(SJ)Q'(O,TW(I? —s)ds = Lo(t) < Lo (t) = ¢ ().

Next, if for some u we have that 0 < ¢~ (u) < ¢(u), then u < 0 so that ¢(u) < der <
d, which implies that g(¢(u),7) = ¢'(0,7)d(u). If ¢~ (u) = 0 then g(o(u),7) >
g (0,7)¢" (u) = 0. In either case, we obtain that g(¢(u),7) > ¢'(0,7)¢~ (u) for all

u € R and therefore

Ad(t) > /X dy(r) / K(s,7)9/(0.7)¢~(t — s)ds = Lo (£) > (1),

Now, we claim that AR is a precompact subset of R. Indeed, the convergence in K
is the uniform convergence on compact subsets of R. On the other hand, the set
of functions from AR restricted on every fixed compact interval [—k, k| is obviously
uniformly bounded and is also equicontinuous in virtue of the estimation (uniform
with respect to t € [—k, k], ¢ € R):

(3.7)

Ao(t-+h)—Ao(o)] < 5 [

¢(0, 7)du(7) / K (s-+h, 7)— K (s, 7)|eds — 0, h — 0.
X R

Finally, the continuity of A in & can be easily established by applying the domi-
nated convergence theorem and the compactness property of A. Indeed, if ¢; — ¢g
in &, then Lebesgue’s theorem guarantees the point-wise convergence A¢;(t) —

Agy(t), t € R, while the compactness property of A assures that this convergence is

actually uniform on each compact subset of R. O]

Lemmas 8, 9, 10 and the Schauder’s fixed point theorem yield

Theorem II1.4 Assume that the hypotheses (N), (L), (P) hold and that G'(0) is

a finite number. Let X be the leftmost positive zero of x. Then A has at least one
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fized point ¢ in K. Moreover, || := supyep ¢(s) < (o and if the point k is globally

attracting with respect to the map G : (0, (] — (0, (o] then ¢(+00) = k.

Note that the last statement of this theorem is a straightforward consequence of
Remark 8 (see also [25] where various conditions assuring the global stability property
of G are given).

Step II. Next we show how to reduce the general situation to the case studied in

the first part of this section. Consider the following sequence of measurable functions

g/<0a7—)37 for s € [07 1/77,]’
Tn(s,T) =
max{g'(0,7)/n,g(s,7)}, whens>1/n,
all of them are continuous of s for each fixed 7 and satisfy hypothesis (L) with

d = 1/n. Note that 7, (s, 7) converges uniformly to g(s,7) on Ry for every fixed 7.

Next, set X' := X \ {7p} and consider continuous and increasing on R functions

() ::/ %(U,T)dw)/f((s,f)ds, n=123. ..
X/ R
Since Yp41(8,7) < (s, 7), n=1,2,3..., the sequence {g,} is monotone. Now, for
each fixed v > 0, we have that lim, ,, gn(v) = g(v) where g was defined in N2.
Observe that g is also continuous and therefore, by Dini’s monotone convergence

theorem, g, converges to g uniformly on compacts.

Lemma 11 Let G'(0) > 1 be a finite number. Then ©,(v) := v — gn(v) is strictly
increasing in v. Furthermore, there exists an integer ng such that functions G,(v) :=
0,1 (Cyn(v, 1)) are well defined for all n > ng and converge to G(v) uniformly on

0, (). Finally, for all large n, equation G,(c) = ¢ does not have solutions on (0, (1]

while GI,(0) = G'(0) > 1.

Proof. Set w(r) := |,

g K (s,7)ds. Since G'(0) is finite, we have that

q(0) = //g,<0,7')w(7')d,u(7') < 1.
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Now, if v € [0,1/n] then g,(v) = §'(0)v and therefore g, (ve) — Gn(v1) = §'(0)(v2 —
v1) <wvg—vy for 0 < vy <wy <1/n.

Next, for 1/n < v; < vy we consider the following measurable subsets of X'

A= {r €X' glvy,7) < g/(O’T)}, B, = {T €X' glvy,7) > M}

n n

Clearly, B; = X'\ A;, Ay C A;,B; C By and By \ By = A; \ A;. We have

o) = a0 = [ (o(em) = L0 ur)autr)+

Bo\B1 n

| (6toam) = st m)u)in(r) < [ (a2, m) = glon, )u(r)dutr) <

/X/(Q(Uz; 7) = g(vr, 7))w(T)dp(T) = g(v2) — g(v1) < vz — vy

Finally, consider v; < 1/n < vy. Then

Gn(V2) = Gn(v1) = Gn(v2) = Gu(1/n) + Gu(1/n) = Gu(v1) < v2—=1/n+1/n—v) = vy —v1.

This proves that ©,, are strictly increasing. Moreover, since clearly 6,,(¢2) > maxs>o Cv,(v, 7o)
for all large n, the functions G, are well defined. The third conclusion of the
lemma follows now immediately from the uniform convergence of the sequences
{vn(v,70)}, {Gn(v)}. Note also that G,(v) = G'(0)v in some small neighborhood
U, of v = 0. Finally, to prove the last conclusion of the lemma, we observe that

G, (c) = c implies

c= /X (e, Y w(r)dp(r) > /X g(e, TYw(r)du(r) = §(c) + gle; oyw(ro).

In this way, O(c) > g(c¢, 7o)w () so that ¢ > G(c). Since G(s) > s on [0,¢] (see
Lemma 7.3), G/ (0) = G'(0) > 1 we conclude that G,(s) > s for s € (0,(;] and

therefore ¢ > (;. O

As an immediate consequence of Lemma 11, we get the following
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Corollary 5 For all sufficiently large n, and with the same (; and (3 as in Lemma

7, each G, possesses all three properties listed in Lemma 7.

Hence, for each large n, Corollary 5, Theorems II1.4 and II1.2 guarantee the exis-
tence of a positive continuous function ¢, (t) such that ¢, (—oc) = 0, liminf, , . ¢, (%)

Ci, $n(t) < G, t €R, and

ou(l) = /X du() /R K (5, 7)1 (0n(t — ), 7)ds.

Since the shifted functions ¢, (s+a) satisfy the same integral equation, we can assume
that ¢,,(0) = 0.5¢;. Furthermore, similarly to (3.7) we can show that the sequence
{¢n} is equicontinuous on R. Consequently, there exists a subsequence {¢y,,} which
converges uniformly on compact sets to some bounded element ¢ € C(R,R). By
Lebesgue’s dominated convergence theorem, ¢ satisfies equation (1.6). Finally, notice
that ¢(0) = 0.5¢; and thus ¢(—o0) = 0 and liminf, , | ¢(t) > ¢; (by Theorem II1.2).
This finalises the proof of Theorem II1.4 when x(z) has a positive zero. A similar
statement for x(z) having a negative zero follows easily after applying the change of

variables ¥ (t) = ¢(—t). O

3.5 Non-local asymmetric equations

Considering the characteristic equation of 1.1 we can do some observations about

speed c of the wave,

X(e) = ;4=

_ h _ 2 ! / —zch K —zsd ]
et where x1(z,¢) = 2* —cz — f'(0) + ¢'(0)e /R (s)e *ds

Analyzing the mutual position of real zeros of xi(z,¢) and their dependence on the

parameter ¢, we establish in Section 3.6 the existence of two real extended numbers

Cyx

< ¢f called the critical speeds such that, for every ¢ € (—oo,c;] U [¢f, +0),

equation xi1(A,c) = 0 either (i) has exactly two real roots Ai(c) < Ag(c) or (ii) has

Y
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exactly one real root Aj(c). Furthermore, each \;(c) is positive if ¢ > ¢ and is
negative if ¢ < ¢, . If ¢ € (¢, ¢f), then x1(z,¢) > 0 for all admissible z. The critical

speed ¢ [ ¢;] is finite if and only if ;1 (A, ¢) is finite for some A\ > 0 [respectively,

with some A < 0]. If the integral in x; diverges for all z > 0 [for all z < 0], we set

¢ = 400 [respectively, ¢, = —o0].

Remark 9 The above definition of ¢ generalizes the concept of critical speeds
Ci,Cy > 0 from [46]. In particular, it holds that ¢, = ¢f, ¢y = ¢ if ¢ > 0
and ¢y = 0, ¢, = max{0,c '} if ¢; < 0. Thus Theorem IIL.5 below gives a global

(i.e. including all ¢ € R) perspective on the existence/persistence results in [46].

Applied to equation (1.4), Theorem II1.3 yields the following extension of [44,

Theorem 4.2b], [35, Theorem 1.1] and [46, Theorem 4]:

Theorem IIL.5 Assume (F) and g(s) < ¢'(0)s, f(s) > f'(0)s for all s > 0. Then
equation (1.4) has at least one semi-wavefront w = ¢.(x + ct) < (o for each ¢ €
(—o0, ¢, |U[ch, +00). Moreover, if ¢ < ¢, then ¢.(+00) = 0 and liminf,,_ ¢.(s) >
G- Similarly, if ¢ > ¢f then ¢.(—o0) = 0 and liminf, ,, o ¢.(s) > (. Neat, if
equation f(s) = g(s) has only two solutions: 0 and k, with k being globally attracting
with respect to the map f~ o g: (0,(] — (0,(], then each of these semi-wavefronts

15 in fact a wavefront.

Proof. For a fixed ¢ € R\ [¢;, ], this result follows from Theorem IIL.3 since the
equation xi(z,c) = 0 has at least one real root in the interior of the domain of
definition of x1(-,¢). Now, if ¢ € {¢,¢[} is finite, we obtain a semi-wavefront ¢,
as a limit of profiles ¢., where either ¢; 1 c; or ¢; | ¢f. See Section 3.4.2 above or

[46, Section 6, Case II] for more details. O

We observe that each possible mutual position of ¢; < ¢ and 0 is possible.
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For instance, if K(s) = e 6+’ /\/dx, h = 2, ¢(0) = 2 > f/(0) = 1, then

= 0.79 for p = 0 (symmetric case), while ¢f = 2.7, ¢, = 0.7... for

*

cf = —c;
p =5 (asymmetric case). In particular, if p = 5 then equation (1.4) has at least one
stationary (i.e. propagating at the velocity ¢ = 0) semi-wavefront. In the case when
¢, ¢l are of the same sign, an interesting (by its possible biological interpretation)
phenomenon occurs: equation (1.4) can possess the extinction waves. Indeed, if
0 < ¢ < ¢, then the wave u(z,t) = ¢(x + ct) converges to 0 at each position x
as t — +oo. Analogously, for each x € R, we have lim;, . u(x,t) = 0 when the
velocity ¢ is such that ¢ < ¢ < 0. As far as we know, this kind of extinction waves
was for the first time mentioned by K. Schumacher as backward traveling fronts in

[42, p. 66: Example and Figure 3]. See also [8, 15, 57].

Finally, under weaker conditions on ¢, f, we get from Theorem III.1 the following

Theorem III.6 Assume (F) and let uw = ¢(x + ct) be a positive bounded solution
of equation (1.4) satisfying lim_inf ¢(s) = 0. Then ¢(—o0) = 0, the critical speed cf
is finite and ¢ > ¢f. A similar result holds when 1;%25 ¢(s) = 0. Hence, equation
(1.4) does not have neither pulses nor semi-wavefronts propagating at the velocity

c€ ()

3.5.1 Nonlocal lattice equations

Here we consider semi-wavefronts w;(t) = u(j+ct) of the nonlocal lattice equation
(see e.g. [1, 14, 35, 36, 47, 53, 56])

w)(t) = Dlwjs(t) — 2w;(t) + wi—1(8)] — dw;(t) + Y _ B — k)g(wi(t — 1)), j € Z,
kEZ

where (k) >0, > .., B(k) = 1. Let ++4% > 0 be extended real numbers such that

> wez B(k)e ** converges when z € I'* := (v*,~%) and is divergent when +z >
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++%. By Cauchy-Hadamard formula, 7¥ = — limsup,_,, . k=" In 8(—k), where by

convention In(0) = —oo. A similar formula also holds for v*. The wave profile u

satisfies

(3.8) cu/(x) = D[u(x + 1) + u(x — 1) — 2u(x) (x) + > Blk)g(u(z — k — cr)).
keZ

Take now ¢ # 0. Then each positive bounded solution u of (3.8) satisfies (1.6) with

X = {T(],Tl} and

K(sr) = D(H_1(s) + Hi(s)), T =10, o(5,7) = s, 1=,
Y owez BR)Hyyor(s), 7=, gls), T=m,
H.(t) = |c|—16_Lf‘i(t—T)XR+((signc)(t — 7)), x(z,0¢):=x(2,¢)(2D +d+ cz)_l,

X(z,¢) :==d+2D+cz—D(e* +e7) — ¢'(0)e” " Z B(k)e™ d+2D + cz > 0.
keZ
The following statement can be proved analogously to Lemma 13 in 3.6:

Lemma 12 Assume that £7F > 0 and that g'(0) > d. Then there exist real numbers
¢, < c¢f such that, for every ¢ € € := (—o0,c;| U [cf,+00), equation x(A,¢) = 0
either (i) has ezactly two real roots A\i(c) < Aa(c) or (ii) has exactly one real oot
Ai(c). Furthermore, each \;(c) is positive if ¢ > ¢f and is negative if ¢ < ¢, . If

c € (¢, cf), then x(z,¢) > 0 for all z € (v¥,~47).

Proof. See the proof of Lemma 13 below where it suffices to consider, instead of (3.9),

the equation

d+2D+cz—g'( CTZZB D(e*4e7%).

keZ

]

A formal computation shows that g(s) = 2Ds/(2D + d), 0(s) = ds/(2D + d),
G(s) = g(s)/d. Therefore, in complete analogy with the previous subsection, Theo-

rem II1.3 yields the following
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Theorem II1.7 Let G(s) = g(s)/d have properties 1-3 listed in Lemma 7 and g(s) <
g (0)s for all s > 0. Then, for every ¢ € €\ {0}, the lattice equation has at least
one semi-wavefront u;(t) = ¢.(j + ct) < (. The profile ¢. shares every property

mentioned in the conclusion part of Theorem III.5 (with f = id).

Theorem II1.7 extends [53, Theorem 3.1], [36, Theorem 2.1], [33, Theorem 5.4]

and [13, Theorem 4.1] for non-monotone g and asymmetric 5.

3.6 Analysis of the characteristic function

Consider ¥(z,¢) = 2* — cz — q + pe *" [, K(s)e **ds, where p > ¢ and K > 0,

Jo K (s)ds = 1.

Lemma 13 Assume that p > q > 0 and that ¢(z,c) is defined for all z from some
mazximal open interval (a,b) > 0. Then there exist real numbers ¢, < ¢ such that,
for every ¢ € (—oo,c; ] U ¢, +00), equation (A, c) = 0 either (i) has exactly two
real roots Ai(c) < Aa(c) or (ii) has exactly one real root A\i(c). Furthermore, each
A;j(c) € (a,b) is positive if ¢ > ¢f and is negative if ¢ < ¢, . If ¢ € (¢, cl), then

W(z,¢) >0 for all z € (a,b).

Proof. Since ¢! (z,¢) >0, z € (a,b), we conclude that 1(z, ¢) is strictly convex with

respect to z. Consequently, the equivalent equation

(3.9) (H(z,¢) :=)(q+ cz — 22)e*" = p/Re_ZSK(s)ds (:=G(2)).

has at most two real roots. Since ¥(0,¢) = p — g > 0, the convexity of ¢ guarantees
that these roots (whenever exist) are of the same sign. Next, we have that G(0) =
p>0, G"(z) >0, G(z) >0, z € (a,b). The left hand side of (3.9) increases to +oo
[converges to 0 | at each z € (0,b) when ¢ tends to +oo [to —oo respectively] and the

right hand side does not depend on ¢. Moreover, the left hand side of (3.9) increases
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with respect to ¢ at every positive point z where g 4+ cz — 22 > 0. In consequence,
if equation (3.9) has a positive root for some ¢ = ¢, then it has a positive root for
each ¢ > /. All this implies the existence of ¢ such that the equation (3.9) have
either two positive roots Ai(c) < Ay(c) or a unique positive root A;(c) if and only if
¢ > ¢f. In fact, an easy analysis of (3.9) shows that the positive \;(c) exists and
depend continuously on ¢ from the maximal open interval (¢, 00).

Similarly, the left hand side of (3.9) increases to +oo [converges to 0] at each
z € (a,0) when ¢ tends to —oo [to +00 respectively]. Moreover, the left hand side
of (3.9) decreases with respect to ¢ at every z < 0 where ¢ + cz — 2% > 0. This
implies the existence of ¢, such that the equation (3.9) has either two negative roots
A1(c) < Ag(e) or a unique negative root A\y(c) if and only if ¢ < ¢, . Again the
negative \y(c) exists and depend continuously on ¢ € (—o0, ¢} ).

The above considerations also shows that ¢, and ¢} are finite, and ¢, < ¢f. O

Remark 10 With the unique exception (¢, = —o0), all conclusions of Lemma 13
hold also true in the case when (a,b) = (0,b), b > 0. To prove the finiteness of ¢/, it
suffices to observe that for every positive d there exists ¢; < 0 such that H(z,¢) <0
for all z > 0, ¢ < ¢; and H(z,c) < p for all z € (0,0), ¢ < ¢;. A similar assertion

(with ¢} = 400 ) is valid when (a,b) = (a,0), a < 0.



CHAPTER IV

On the existence of non-monotone non-oscillating wavefronts

4.1 Main result

Throughout all the chapter we assume that g satisfies the unimodality condition

(UM) ¢ : R, — R, is continuous and has only one positive local extremum point
x = 6 (global maximum point). Furthermore, ¢g(0) = 0, g(k) = s and there

exist ¢'(0) > 1, ¢'(k).

Q)

Figure 4.1: Profile of a minimal, non-monotone and non-oscillating wavefront solution of equa-
tion (1.12) .

We recall the main result of this chapter:

61
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Theorem IV.1 There is a piece-wise linear unimodal function g (see Fig. 4.2)

satisfying (UM), (FC) and the positive numbers h, c. < ¢* such that equation (1.12)

(i) has a unique wavefront u(t,x) = ¢p(x - v+ ct), |v| =1, for each ¢ > ¢, and does

not have any wavefront propagating with the speed ¢ < ¢, ;

(ii) for each c € e, c*], the profile ¢ is non-monotone but eventually monotone (see

Fig. 4.1, where the minimal front is represented);
(iii) for each ¢ > c*, the wavefront profile ¢ slowly oscillates around k.

The proof of this result combines several ideas from [22, 23, 49]. Tt is given in the

next section.

4.2 Proof of Theorem IV.1

A direct analysis of (1.13) shows that each local maximum M of the front profile
¢(t) should satisfy the inequality M; < g¢(6). Therefore it suffices to consider g
defined on the interval [0, g(¢)] only. In the simplest ‘unimodal’ case, the graph of
g consists from two linear segments. This nonlinearity was already analysed in [49].

Since, in such a case, g satisfies the following sub-tangency condition at x:
(4.1) g9(x) Sk +g (k)@ — k), zel0,x],

each eventually monotone wavefront is in fact a monotone front, see [23] for more
detail. Therefore, if we want to construct a piece-wise linear birth function g suitable
for Theorem IV.1, its graph must contain at least three linear segments and do not

satisfy the inequality (4.1), see Fig. 4.2:

(4.2) 9(x) == kox + G2, 0 <ux <0,
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Here real numbers ¢; are chosen to assure the continuity of g.

0.8

0.6 1

y=9(s)

0.4 4

0.24

0 02 ©o04 Kog 0.8 1 1.2

Figure 4.2: Graph of the unimodal birth function ¢ from Theorem IV.1

Hence, in what follows, we will seek for the appropriate parameters k;,6; and
(h,c) to obtain the desired behaviour of the front. Actually, the main restriction on
(h,c) was already given in [23], where it was proved that an eventually monotone
wavefront in the Mackey-Glass type equation can appear only for (h, ¢) belonging to

the connected closed domain D¢ defined below:

Definition 3 (h,c) € Dg if and only if each of the equations xo(z) 1= 2% — cz —

1+ ¢ (0)e " =0, xu(2) == 22 — cz — 1 + ¢/(k)e*" = 0, has exactly two real roots
(counting the multiplicity) of the same sign: the positive roots 0 < pg < uy for the

first equation, and the negative roots Ay < \; < 0 for the second one.

The following result (established in [23, Lemma 1.1] and [49, Lemma 21]) partially

describes the structure of the set D¢ and other properties of eigenvalues A;:

Lemma 14 Suppose that ¢'(k) < 0. Then there exists ¢* = c¢*(h) € (0,+00] such
that the characteristic function x.(z) has three real zeros Ay < Aa < 0 < A3 if and

only if ¢ < c*. If ¢* s finite and ¢ = c*, then x, has a double zero A\ = Ay < 0,
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while for ¢ > c* there does not exist any negative zero to x,... Moreover, if \; € C is

a complex zero of x, for ¢ € (0,c*] then RN} < Ao and |I\;| > 27w/(ch).

By [50, Theorem 4.5], for each (h,c) € Dg, equation (1.13) has at least one
semi-wavefront solution (i.e. positive bounded solution ¢(t) such that ¢(—o0) =
0. Note that each semi-wavefront automatically satisfies the separation condition
liminf ¢(t) > 0 at +00). To oblige this semi-wavefront to converge to x at o0, we
will impose one of additional extra conditions on g, h, ¢ given in the next proposi-

tion. These conditions are given in terms of g and a new piece-wise linear unimodal

function o : [¢%(0), 9(0)] — [¢%(0), g(0)] defined as o(z) = ("*((1 — &)g(x)), where

22 — 21

§=¢&(hc) = €le™ 1], ((z) =2 — (),

ZQG_Chzl _ Zle—ChZQ
¥z [g%(0),9(0)] — [01,9(0)] is the inverse of g restricted on [0, g(0)], and 2 (c) <

0 < 23(c) are the roots of the equation 2% — cz — 1 = 0.
Proposition 3 [50] Assume the following global stability condition

(GA) &k is the globally attracting point of one of the following one-dimensional maps
9.0 : [g%(0), 9(0)] — [9°(6), 9(0)].
Then, for each semi-wavefront solution of (1.13), there exists the limit ¢p(+00) = K.

We remark that, for the birth functions ¢ defined by (4.2), the assumptions of
Proposition 3 can be easily verified since the continuous graphs of o or g consists of
a finite number of line segments.

The above discussion leads to our first auxiliary result:

Lemma 15 Suppose that the hypotheses (UM), (FC) and (GA) are satisfied and
that (h,c) € Dg. Then there exists at least one traveling front u(t,x) = ¢(x - v +

ct), |v| =1, to equation (1.12) and its profile ¢ must be eventually monotone.
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Proof. Tt is clear that we only have to prove the eventual monotonicity of ¢. Suppose,
on the contrary, that ¢(t) is oscillating around x. Since the feedback condition (FC)
is satisfied, Proposition 2 shows that these decaying oscillations should be slow. In
addition, we claim that the convergence of ¢(t) to k is not super-exponential. Indeed,
by our construction, the difference y(t) := ¢(t) — k satisfies the linear homogeneous

equation

(4.3) y'(8) = ey () — y(t) + kay(t — ch) =0,

for all sufficiently large positive t. Therefore, if y(t) is a small (i.e. super-exponentially
decaying) solution of (4.3), it should be identically zero for all large positive ¢, see
Theorem 3.1 in [29, p. 76]. In this way, there exists a leftmost 7" such that ¢(t) = «
for all ¢ > T'. But then, by using equation (1.13), we easily get a contradiction since
¢(t) =k for all t > T — ch.

Now, since y(t) is not a small solution of (4.3), it can be approximated by a finite

linear combination of the eigenfunctions
y(t) = are™’ + age™t + aj€§R>\3t sin(SNjt + aq) + O(eP®s =0ty

where ay,ay,a; € Rand a; # 0,0 > 0 is sufficiently small. Now, from our assumption
about the oscillatory behaviour of ¢, we deduce that actually a; = ay = 0. Recalling
now that §|\;| > 2m/(ch), we obtain that ¢(t) = k + a;e™'sin(SNt + ay) +

O(eMs=91) is rapidly oscillation about x, a contradiction. O

Before announcing our next result, we recall that, by Proposition 2, the leading
part of the wavefront is monotone between the equilibria. Since, in addition, ¢4(t) :=
¢(t + s) solves (1.13) for each fixed s, there is no loss of generality in assuming that

#»(0) = 0 € (0,x) and that ¢'(t) > 0 for all t < 0. As a consequence, ¢(t) satisfies
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the linear homogeneous equation

(4.4) y'(t) = cy'(t) —y(t) + kry(t — ch) = 0,

for all ¢ < ch. This fact allows us to find an almost complete representation of ¢ for

t < ch:

Lemma 16 Suppose that ¢(0) = 0, ps < pq, and that the unimodal continuous
function g is defined by (4.2) and has the shape presented on Fig. 4.2. Then, for all

t < ch, it holds

(4.5) ¢(t) = pe'®' + (0 —p)e"t  if puy < pun,  P(t) = —qte' + 0"t if py =,

for some p, q satisfying the inequalities

a6 16
C0<g< M7
fi1 — pige=chlmn—nz) =17 pich

(4.6) 0<p<

Proof. Since ¢(—o0) = 0 and ¢(t) is not a small solution at —oo by Theorem 3.1 in

[29, p. 76], we find that ¢ can be represented by a finite sum

o(t) = Z ciett 1 <0, ifpuy < p1, @(t) = cote!'+ Z cjeldt <0, if po = p,
Rpu; >0 Rpu; >0

where 1; are roots of the characteristic equation 22 — cz — 1 + ¢/(0)e™*" = 0 with

the positive real parts (it is a well known fact that the set of all such roots is finite).

Now, since Ru; < po < iy for each j < 2, we find that, in fact,
O(t) = et f et <0, if po < gy, O(t) = cote! +eret <0, if py = .

Indeed, otherwise ¢(t) will oscillate at —oo. Taking into account that ¢(0) = 0, we
obtain the formulas (4.5).
Next, in order to prove the first inequality for p in (4.6), we observe that the

coefficient ¢; := 6 — p can be calculated explicitly (e.g. see [22, Lemma 28]) with the
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help of the bilateral Laplace transform:

e

zt +o0
(0 — p)e"' = —Res,—,, [X—(Z)/_ e‘zsf(s)ds} :

with f(s) := ¢'(0)é(s — ch) — g(é(s — ch)) > 0, s € R, satisfying f(+00) = (¢'(0) —
1)k > 0 and y,(2) = 22 — cz — 1 + kje~*". In consequence, since y; is a simple zero

of xx and x'(u1) > 0, we find that

1 [
0—p=— / e M f(s)ds < 0.
Xf{(:ul) —00 ( )

Finally, [49, Lemma 10] guarantees that ¢'(t) > 0 for all ¢ € [0,ch]. In particular,
¢'(ch) > 0 that amounts to the second inequality for p in (4.6).

Using the obtained restrictions on p, we easily find that, if ps < pq, then

g9(0)

4.7 inf max ¢(t,p) = inf ¢(ch,p) = ————,
(4.7) 0(tp) = inf olch,p) = =

p t€[0,ch

where ¢(t, p) := pe’?' + (6 — p)e”! and inf is taken over the admissible interval for p
indicated in (4.6). In particular, each non-minimal wavefront should satisfy (4.7).
Similarly, if u1 = uo, we obtain

zt

(—qt + 0)e"t = —Res,—,, [Xe—(z) /+oo €_Zsf(s)ds} :

and therefore

2 toe
q= / e M3 f(s)ds > 0.
Xf«f(/ﬁl) ch ( )

Now, the right inequality for ¢ in (4.6) is equivalent to the above mentioned property

¢'(ch) > 0 satisfied by each wavefront. O

Corollary 6 Let all assumptions of Lemma 16 be satisfied and ¢ > c,. Then

9(9)
(4.8) o(ch,c) > T ()
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Proof. To prove (4.8), it suffices to use the left-hand side relations in (4.5) and (4.6):

9(9)
L+ (c)pa(c)

0
Blch, &) = plebach —eeh)  gemeh > 11

> (6ugch_eu1ch)+06ulch —
H1 — MQQ*Ch(M*NQ)

]

Corollary 7 Assume, in addition to conditions of Lemma 16, that each admissible

wavefront to equation (1.12) is unique (up to translation). Then

9(0)
L+ pi(e)’

0 — g(0)e D1/ (1 + i (c.)

(4.9) plesh,c) > c.h

0<qg<

Proof. Let u(t,x) = ¢(x + ct,c), ¢(0,c) = 0, be the wavefront propagating at the
velocity ¢ > ¢,. It is easy to see that each profile ¢(¢, ¢) satisfies the integral equation

(4.10)

oit.0) = g ([ atots = oo+ [ S g(ots —chas)

where & < 0 < & are roots of the equation 22

—cz — 1 = 0. Take some strictly
decreasing sequence ¢; — c,. Since |¢/(t,c)| < k/Vc +4 and |¢(t,c)| < K, the
sequence ¢(t,c;) has a subsequence ¢(t,c;, ) wich converges, uniformly on compact
subsets of R, to the monotone continuous bounded function ¢o(t), ¢o(0) = 6. By
the Lebesgues dominated convergence theorem, ¢ satisfies the equation (4.10) with
¢ = ¢, and therefore ¢ is positive profile of a wavefront propagating with the velocity

¢«. In consequence, due to the uniqueness assumption, we have that ¢g(t) = ¢(t, c.)

and that

(—geh + 0)et ™" = ¢(cuh,c.) = golcih, c) = lim ¢(cjh, c;)

J—+00
> lim g(0) _ 9(62) .
i=too L4 pi(cy)palc;) 14 pi(cs)

The inequalities (4.9) follow easily from these relations. O

The above considerations yields the following conclusion:
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Theorem IV.2 Let the unimodal continuous function g be defined by (4.2), where
ky < k3 < 0 < ky. In addition, suppose that the hypotheses (UM) and (FC) are
satisfied, that (h,c) € Dy and that k is the global attractor of at least one of the

following one-dimensional maps g,0 : [g*(6), g(0)] — [g2(0), g(0)] while

_ 9(0)
1+ pui(e)pa(c)

(4.11) v(c) : > K.

Then equation (1.12) has a non-empty set of traveling fronts propagating with the
speed ¢ (which can be the minimal one). Next, each such wavefront is eventually
monotone and non-monotone. Furthermore, if either max{|ks|, |k3|} < ki or the
characteristic equation 2> —cz — 1+ |kg|e™*" = 0 has two real positive roots (counting
multiplicity), then there exists a unique (up to a translation) wavefront propagating

with the velocity c.

Proof. By Lemma 15, there exists at least one traveling front u(t,z) = ¢(z - v +
ct), |v| =1, to equation (1.12) and its profile ¢ must be eventually monotone. On the
other hand, Corollaries 6, 7 and (4.11) assure that ¢(ch) > k and therefore the profile
¢ is non-monotone. Finally, since |g(s1) — g(s2)| < max{ky, |ka|}|s1 — s2|, s € [0, 1],
the uniqueness (up to a translation) of the wavefront propagating with the given

velocity ¢ follows from [1, Theorems 7,8]. O

Proof of Theorem IV.1: Take ky = —ky = 3, ks = —0.25, § = 1/3, h =
2, k = 0.53. Then the minimal speed c, = 0.71227871925... and the critical speed
¢ = 0.751303971089 . .. can be found from the characteristic equations 22 —cz — 1+
3e72% =0, 22 —cz — 1 —0.25e7%* = (. Recall that, by definition, {2} X [c,, "] =
De N {2} x Ry. We also have that pi(c.) = pa(c) = 0.92268222867.... Next, a
straightforward (but a little bit tedious) evaluation of v(c¢) shows that the inequality

(4.11) holds for each ¢ € [e,, ¢*]. For the completeness, the proof of this fact is given
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below:

Lemma 17 Consider the above defined g and h = 2. Then

1+ 1.53¢2

I L GO T
955+ 1532~ " !

7(e) >mn(e):
¢ € [ci, ] = [0.71227871925 ... ,0.751303971089 . ...
The graph of the function 71 : [c., ¢*] — R is shown on Fig. 4.2.

Proof. Set zj(c) = cpj(c), then 0 < z1(c) < 23(c) are the unique real roots of the
equation 1+ z — ¢ ?2? = 3e?*. A direct computation shows that z1(c.) = 23(c,) =
0.6601479161 ... and z(c*) = 0.5359537814 ..., 25(c*) = 0.867.... Now, for each
fixed z € R the function p(c) := 1+ z — ¢ 22? is strictly increasing on (0, +00),
and therefore z;(c) is strictly decreasing and z5(c) is strictly increasing on [c,, ¢*]. In
particular, z;(c), z2(c) € [z1(c), 22(c*)] C [0.537...,0.868] for all ¢ € [c,, c*]. Next,

let us consider the quadratic polynomial
q(z) = 3- e 21 (1 —2.04(z — z1(c.)) + 1.9(z — 21(cv))?)

which is a small deformation of the second order Taylor approximation of the function

% at z = 2z(c,). It can be easily verified that g(z) > 3e™% for all z €

y = 3e”
[0.521, 21(c,)) and ¢(2) < 3e™% for all 2z € (21(c.),0.885]. As a consequence, for each

2

¢ € [cs, ¢*], the equation 1+ 2 —c™22% = ¢(z) has exactly two real roots Z;(c) > z(c),

Zy(c) > 2z2(c). Therefore

o, e q)=1 1549
Hi(eale) = € 7a(e)z(e) < TA(O)Z(e) = 1+ 5.7c2e=271(ex) 1 4 5.7c2e—271(cx)

and y(c) > 1/(1+c 221 (c)Z2(c)) > m(c) :== (1+1.53¢%)/(2.55+1.53¢?), ¢ € [c., ¢*] =

(0.71...,0.751. . .]. O
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Figure 4.3: Graph of v1(c)

Next, the graph of g on Fig. 4.2 was drawn by taking the above mentioned data,
it is clear from it that x is the global attractor of g. Indeed, the second iteration
g% : [6%(0),9(0)] — [¢%(0),9(0)] is a piece-wise linear map, which slopes can not
exceed |koks| = 0.75 in the absolute value. Thus all the assumptions of Theorem

IV.2 are satisfied for all ¢ € [c., ¢*] that proves statements (i), (ii) of Theorem IV.1.

Finally, the part (iii) follows from [49, Theorem 3]. O

Remark 11 It is comforting to observe that the conclusions of Theorem IV.1 agree
with the statement of [22, Remark 2] which says that, in the case of the existence of
non-monotone and non-oscillating wavefronts, the equation 22 —c,z—1—gl.e 2* = 0,

where

g = inf (g(z) —g(k))/(x —K)=—-2.69...,

z€(0,k)
can not have negative real roots.
To illustrate our theoretical results, on Fig. 4.1 we are presenting the graph of
minimal wavefront. In order to find it, we have used the estimation ¢ < 0.1314...

which follows from (4.6), (4.9). The graph exhibits only one local extremum, we
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believe that it is possible to find g defined by (4.2) such that the associated wavefront
will have two critical points. It seems that the number of the critical points cannot

exceed 2 (at least for piece-wise linear ¢ defined by (4.2)).
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