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Abstract

In 1938, Delone proved that (x? 4 3y?, x% + xy + y?) is the unique
pair of non-isometric positive definite integral binary forms
representing same integers. In this talk, we find all pairs of positive
definite binary integral forms representing same integers in the set
Ap.k = {pn+ k : n> 0} for any prime p and any non-negative
integer k less than p.
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Some notations

o Let f(x,y) = [a, b,c] = ax?® + bxy + cy? be a (positive
definite integral) binary quadratic form with discriminant
df := b® — 4ac < 0. We always assume that f is primitive,

that is, (a, b,c) = 1.
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Some notations

o Let f(x,y) = [a, b, c] = ax® + bxy + cy? be a (positive
definite integral) binary quadratic form with discriminant
df := b® — 4ac < 0. We always assume that f is primitive,
that is, (a, b,c) = 1.

@ The binary Z-lattice corresponding to f is denoted by
L = Zx + Zy. It satisfies [Q(x),2B(x,y), Q(y)] = [a, b, c].
We always assume that the norm ideal of any binary lattice is
7.
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Some notations

o Let f(x,y) = [a, b, c] = ax® + bxy + cy? be a (positive
definite integral) binary quadratic form with discriminant
df := b® — 4ac < 0. We always assume that f is primitive,
that is, (a, b,c) = 1.

@ The binary Z-lattice corresponding to f is denoted by
L = Zx + Zy. It satisfies [Q(x),2B(x,y), Q(y)] = [a, b, c].
We always assume that the norm ideal of any binary lattice is
7.

e For two binary forms f and g, f is (properly) equivalent to g
r

if there is a T = (t 3) € GLy(Z) (SLy(Z), respectively)
such that f(rx + sy, tx + uy) = g(x, y).
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Some notations

o Let f(x,y) = [a, b, c] = ax® + bxy + cy? be a (positive
definite integral) binary quadratic form with discriminant
df := b® — 4ac < 0. We always assume that f is primitive,
that is, (a, b,c) = 1.

@ The binary Z-lattice corresponding to f is denoted by
L = Zx + Zy. It satisfies [Q(x),2B(x,y), Q(y)] = [a, b, c].
We always assume that the norm ideal of any binary lattice is
7.

e For two binary forms f and g, f is (properly) equivalent to g

if thereisa T = ( 3) € GLy(Z) (SLy(Z), respectively)

such that f(rx + sy, tx + uy) = g(x, y).

e If f is (properly) equivalent to g, then we write f ~ g
(f ~ g, respectively).
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Composition law

@ Let &4 be the set of all proper equivalence classes of primitive
binary forms with discriminant d. h(d) = |&4|.
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Composition law

@ Let &4 be the set of all proper equivalence classes of primitive
binary forms with discriminant d. h(d) = |&4|.

e For two classes €1, &, € Gy, there are [a1, b, c1] € €; and
[a2, b, 2] € € such that (a1, a2) = 1.
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Composition law

@ Let &4 be the set of all proper equivalence classes of primitive
binary forms with discriminant d. h(d) = |&4|.

e For two classes €1, &, € Gy, there are [a1, b, c1] € €; and
[a2, b, 2] € € such that (a1, a2) = 1.

@ The composition €5 - €, is the class in G4 containing
[3122, b, *]
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Composition law

Let &4 be the set of all proper equivalence classes of primitive
binary forms with discriminant d. h(d) = |&4|.

For two classes €1, &, € &y, there are [a1, b, c1] € €1 and
[a2, b, 2] € € such that (a1, a2) = 1.

The composition €5 - €, is the class in G4 containing
[3122, b, *]

@ Under this composition law, G4 forms an finite abelian group.
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Composition law

Let &4 be the set of all proper equivalence classes of primitive
binary forms with discriminant d. h(d) = |&4|.

For two classes €1, &, € &y, there are [a1, b, c1] € €1 and
[a2, b, 2] € € such that (a1, a2) = 1.

The composition €5 - €, is the class in G4 containing
[3122, b, *]

Under this composition law, &, forms an finite abelian group.

The identity class J4 is the class containing a form
representing 1.
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Composition law

Let &4 be the set of all proper equivalence classes of primitive
binary forms with discriminant d. h(d) = |&4|.

For two classes €1, &, € &y, there are [a1, b, c1] € €1 and
[a2, b, 2] € € such that (a1, a2) = 1.

The composition €5 - €, is the class in G4 containing
[3122, b, *]

Under this composition law, &, forms an finite abelian group.

The identity class J4 is the class containing a form
representing 1.

@ A class € is called an ambiguous class if ¢7! = €.
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Composition law

@ Let &4 be the set of all proper equivalence classes of primitive
binary forms with discriminant d. h(d) = |&4|.

e For two classes €1, &, € Gy, there are [a1, b, c1] € €; and
[a2, b, 2] € € such that (a1, a2) = 1.

@ The composition €5 - €, is the class in G4 containing
[3122, b, *]

@ Under this composition law, G4 forms an finite abelian group.

@ The identity class Jq is the class containing a form
representing 1.

@ A class € is called an ambiguous class if ¢7! = €.

@ For binary forms f; € &€; and f, € &, fi - f» denotes a form in
the class €7 - €5.
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Some notations

@ The isometry group O(f) of f is defined by

o(f) = {(; z> € GLy(Z) : F(rx + sy, tx + uy) = f(x,y)} .
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Some notations

@ The isometry group O(f) of f is defined by

o(f) = {(; 451) € GLy(Z) : F(rx + sy, tx + uy) = f(x,y)} .

@ The proper isometry group of f is denoted by O™ (f).
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Some notations
@ The isometry group O(f) of f is defined by
o(f) = {<; z> € GLy(Z) : f(rx + sy, tx + uy) = f(x,y)} .
@ The proper isometry group of f is denoted by O™ (f).

e Note that o' (f) :=|O™(f)| = 2 unless dr # —3, —4. In the
exceptional cases, 07 ([1,1,1]) = 6 and 0™ ([1,0,1]) = 4.
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Some notations

@ The isometry group O(f) of f is defined by

o(f) = {(; 451) € GLy(Z) : F(rx + sy, tx + uy) = f(x,y)} .

@ The proper isometry group of f is denoted by O™ (f).

e Note that o' (f) :=|O™(f)| = 2 unless dr # —3, —4. In the
exceptional cases, 07 ([1,1,1]) = 6 and 0™ ([1,0,1]) = 4.

@ We define

R(a,f) = {(x,y) € Z? : f(x,y) = a}.
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Some notations

The isometry group O(f) of f is defined by

o(f) = {(; Z) € GLy(Z) : F(rx + sy, tx + uy) = f(x,y)} .

The proper isometry group of f is denoted by O (f).

Note that o™ (f) :=|O™(f)| = 2 unless df # —3, —4. In the
exceptional cases, 07 ([1,1,1]) = 6 and 0™ ([1,0,1]) = 4.

@ We define

R(a,f) = {(x,y) € Z? : f(x,y) = a}.

Note that R(a, f) is a finite set. We define r(a, f) = |R(a, f)|.
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Some notations

The isometry group O(f) of f is defined by

o(f) = {(; Z) € GLy(Z) : F(rx + sy, tx + uy) = f(x,y)} .

The proper isometry group of f is denoted by O (f).

Note that o™ (f) :=|O™(f)| = 2 unless df # —3, —4. In the
exceptional cases, o1 ([1,1,1]) = 6 and 0™ ([1,0, 1]) = 4.

o We define

R(a,f) = {(x,y) € Z? : f(x,y) = a}.

Note that R(a, f) is a finite set. We define r(a, f) = |R(a, f)|.
Q(fy={acZ:r(ar)+#0}.
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Some notations

The isometry group O(f) of f is defined by

o(f) = {(; Z) € GLy(Z) : F(rx + sy, tx + uy) = f(x,y)} .

The proper isometry group of f is denoted by O (f).

Note that o™ (f) :=|O™(f)| = 2 unless df # —3, —4. In the
exceptional cases, o1 ([1,1,1]) = 6 and 0™ ([1,0, 1]) = 4.

o We define

R(a,f) = {(x,y) € Z? : f(x,y) = a}.

Note that R(a, f) is a finite set. We define r(a, f) = |R(a, f)|.
Q(fy={acZ:r(ar)+#0}.
For a binary lattice L, R(a, L) and Q(L) are similarly defined .



Q>



Well known results Repns of binary forms When k # 0 When k =0 Ternary case
000@00 000000 0000000000000 000000 o

Some known results

e For any positive integer k with (k,d) =1,
d
> k@) =wa) <n> :
eSSy n|k

where (+) is the Kronecker’'s symbol and w_3 = 6, w_4 = 4,
otherwise wy = 2.
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Some known results

e For any positive integer k with (k,d) =1,

> f(kvg)zwdz<;l>7

eSSy n|k

where (+) is the Kronecker’'s symbol and w_3 = 6, w_4 = 4,
otherwise wy = 2.

e If h(d) =1, then we can explicitly compute the number
r(k, f) for the binary form f with dr = d.
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Some known results

e For any positive integer k with (k,d) =1,

> f(kvg)zwdz<;l>7

eSSy n|k

where (+) is the Kronecker’'s symbol and w_3 = 6, w_4 = 4,
otherwise wy = 2.

e If h(d) =1, then we can explicitly compute the number
r(k, f) for the binary form f with dr = d.

e h(d)=1ifand only if d = —3,—4,-8,—11, —19, —43, —67,
163,12, 16, —28, —27.
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o f~gifandonlyif L~ L, ifand only if f ~ g or f ~ g1,
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Some remarks

o f~gifandonlyif L~ L, if and only if f ~ g or f ~ g~ 1.
@ For a binary lattice L, the corresponding binary form f, is well
defined only up to equivalence.
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Some remarks

o f~gifandonlyif L~ L, if and only if f ~ g or f ~ g~ 1.

@ For a binary lattice L, the corresponding binary form f, is well
defined only up to equivalence.

@ For two binary lattices L and M, f; - iy is NOT defined.
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Some remarks

(]

f~gifandonlyif L~ Lg if and only if f ~ g or fo~g L

For a binary lattice L, the corresponding binary form f; is well
defined only up to equivalence.

For two binary lattices L and M, f; - fyy is NOT defined.

If either f; or fp; is contained in an ambiguous class, then
fL - fpy is well defined up to equivalence.
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Some remarks

(]

f~gifandonlyif L~ Lg if and only if f ~ g or fo~g L

For a binary lattice L, the corresponding binary form f; is well
defined only up to equivalence.

For two binary lattices L and M, f; - fyy is NOT defined.

If either f; or fp; is contained in an ambiguous class, then
fL - fpy is well defined up to equivalence.

r(a, fi - fu) + r(a, fL - f,;') is independent of the choices of
proper equivalences. Hence it is well defined.
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Some remarks

f~gifandonlyif L~ Lg if and only if f ~ g or fo~g L

(]

@ For a binary lattice L, the corresponding binary form f, is well
defined only up to equivalence.

@ For two binary lattices L and M, f; - iy is NOT defined.

o If either f, or fy is contained in an ambiguous class, then
fL - fpy is well defined up to equivalence.

o r(a,f, - fu) +r(a, f - f,;*) is independent of the choices of
proper equivalences. Hence it is well defined.

@ For a class € € &4 and a prime p, if r(p, &) # 0, then
r(p,®) =0 forany ® € &4 — {¢,¢71} .
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Watson transformations

@ For any prime p, the Watson transformation A,(L) of a lattice
L is defined by

No(L)={xeL:Q(x+2z)=Q(x) (modp)Vze L}
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Watson transformations

@ For any prime p, the Watson transformation A,(L) of a lattice
L is defined by

No(L)={xeL:Q(x+2z)=Q(x) (modp)Vze L}

e Define H = [0, 1, 0].
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Watson transformations

@ For any prime p, the Watson transformation A,(L) of a lattice
L is defined by

No(L)={xeL:Q(x+2z)=Q(x) (modp)Vze L}

e Define H = [0, 1, 0].
@ Note that

Lo,=L®Z,#H ifandonlyif Q(L)NPpZ= Q(Ns(L)).
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e We write (L,M) ~ (L', M")if L~ L' M~ M or
LM M~
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Problem

o We write (L,M) ~ (L', M')if L~L"M~>~M or
LM M~

@ (Delone, Watson) Q(L) = Q(M) if and only if L >~ M or
(L, M) ~([1,0,3],[1,1,1]).
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Problem

o We write (L,M) ~ (L', M')if L~L"M~>~M or
LM M~

@ (Delone, Watson) Q(L) = Q(M) if and only if L >~ M or
(L,M) ~([1,0,3],[1,1,1]).

@ For a prime p and an integer k (0 < k < p — 1), define
Apk ={pn+k:neZ"U{0}}.
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Problem

o We write (L,M) ~ (L', M')if L~L"M~>~M or
LM M~

@ (Delone, Watson) Q(L) = Q(M) if and only if L >~ M or
(L, M) ~([1,0,3],[1,1,1]).

@ For a prime p and an integer k (0 < k < p — 1), define
Apk ={pn+k:neZ"U{0}}.

@ (Problem) Find all non-isometric pairs (L, M) of binary
lattices such that

Q(L) N Apk = QM) N Ay i # 0.
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Remarks

@ In the representation point of view, it is convenient to consider
“lattices” rather than “forms”. However if we use the group
structure, we have to consider the proper equivalence classes.
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Remarks

@ In the representation point of view, it is convenient to consider
“lattices” rather than “forms”. However if we use the group
structure, we have to consider the proper equivalence classes.

@ There is NO composition law between equivalences classes of
lattices.
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Remarks

@ In the representation point of view, it is convenient to consider
“lattices” rather than “forms”. However if we use the group
structure, we have to consider the proper equivalence classes.

@ There is NO composition law between equivalences classes of
lattices.

@ Let p be an odd prime and a be any integer such that —a is a
quadratic non-residue modulo p.
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Remarks

@ In the representation point of view, it is convenient to consider
“lattices” rather than “forms”. However if we use the group
structure, we have to consider the proper equivalence classes.

@ There is NO composition law between equivalences classes of
lattices.

@ Let p be an odd prime and a be any integer such that —a is a
quadratic non-residue modulo p.

o If L=11,0,a] and M = [1,0, p?a], then

Q(L) N pZ = QM) N pZ = Q(p*x* + ap®y?).



Well known results Repns of binary forms When k # 0 When k =0 Ternary case
000000 0®0000 0000000000000 000000 o

Remarks

@ In the representation point of view, it is convenient to consider
“lattices” rather than “forms”. However if we use the group
structure, we have to consider the proper equivalence classes.

@ There is NO composition law between equivalences classes of
lattices.

@ Let p be an odd prime and a be any integer such that —a is a
quadratic non-residue modulo p.

o If L=11,0,a] and M = [1,0, p?a], then
Q(L) N pZ = QM) N pZ = Q(p*x* + ap®y?).

@ Therefore there are infinitely many such pairs if kK = 0.
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Useful Lemmas

@ (Weber) For any (primitive) binary lattice L, there are
infinitely many primes that are represented by L.
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Useful Lemmas

@ (Weber) For any (primitive) binary lattice L, there are
infinitely many primes that are represented by L.

o (Meyer) For any binary lattice L, L represents infinitely many
primes in the set A, x if Q(L) N Apx # 0.
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Useful Lemmas

@ (Weber) For any (primitive) binary lattice L, there are
infinitely many primes that are represented by L.

@ (Meyer) For any binary lattice L, L represents infinitely many
primes in the set A, x if Q(L) N Apx # 0.

o (Pall's Lemma) Assume that L, ~ H. Let T be the binary
lattice such that r(p, T) > 0 and dt = d|. For any integer n,

r(pn, L) = r(n,fL - fr)+ r(n, f - fT_l) —r <Z, L> .
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o Note that €_193 = {[1,0,27],[4,2,7],[4,—2,7]}.

«O>» «F»r « >

« =

DA



o Note that €_193 = {[1,0,27],[4,2,7],[4,—2,7]}.
o Let n =223k with (k,6) = 1.
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Example

e Note that €_j08 = {[1,0,27],[4,2,7],[4,—2,7]}.
o Let n=223bk with (k,6) = 1.
@ Ifa>0o0rb>0, then

r(n,x* +27y%) = wz <%3>,
m|k

where

ifa=0and b>2o0ora>2and b=0,

2
w=1+46 if a is positive even integer and b > 2,
0

otherwise.

Ternary case
o



Q>



@ Assume that (n,6) = 1.
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Example

@ Assume that (n,6) = 1.

o If we define
P={p:p=1(mod 3),2 is a cubic residue modulo p},

then r(p,[1,0,27]) > 0 if and only if p € P.
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Example

@ Assume that (n,6) = 1.

o If we define
P={p:p=1(mod 3),2 is a cubic residue modulo p},

then r(p,[1,0,27]) > 0 if and only if p € P.

o Let @Q be the set of primes that are congruent to 1 modulo 3
and are not represented by [1,0,27].
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Example

@ Assume that (n,6) = 1.

o If we define

P={p:p=1(mod 3),2 is a cubic residue modulo p},

then r(p,[1,0,27]) > 0 if and only if p € P.

o Let @Q be the set of primes that are congruent to 1 modulo 3
and are not represented by [1,0,27].

o Let

r S p t
_ €; j 8k
n=[]r"11a/ I]
i=1 1

j=1 k=

where p; € P and gj € Q and r, =2 (mod 3).
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Example

Assume that (n,6) = 1.

If we define
P={p:p=1(mod 3),2 is a cubic residue modulo p},

then r(p,[1,0,27]) > 0 if and only if p € P.

Let Q be the set of primes that are congruent to 1 modulo 3
and are not represented by [1,0,27].

Let

r

s ] t
_ € 'j Bk
n= p;’ H q; res
=1  j=1 k=1

where p; € P and gj € Q and r, =2 (mod 3).
If gk is odd for some k, then r(n,[1,0,27]) = 0.
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@ Assume that g is even for any k.

«0O)>r «Fr «

>

« =

DA



Well known results Repns of binary forms When k # 0 When k =0 Ternary case
000000 00000e 0000000000000 000000 o

Example

@ Assume that gy is even for any k.
@ Then we have
r s
rn x4 27%) = 2 [Jer + DT + 1) + ),

3
i=1 j=1

where

S
0 fJ[(f+1)=0 (mod3),
j=1

2 if[[(f+1)=1 (mod 3),
j=1

—2 otherwise.
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o Let L = Zx + Zy be a binary lattice.
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Sublattices with index p

o Let L = Zx + Zy be a binary lattice.
@ The set of sublattices of L with index p is denoted by I',(L).
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Sublattices with index p

o Let L = Zx + Zy be a binary lattice.
@ The set of sublattices of L with index p is denoted by I',(L).
e Every lattice in [',(L) is of the form

L1 :=Z(px)+Zy and L, :=Z(x+ uy)+Z(py),

where 0 < u<p-—1.
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Sublattices with index p

o Let L = Zx + Zy be a binary lattice.
@ The set of sublattices of L with index p is denoted by I',(L).
e Every lattice in [',(L) is of the form

L1 :=Z(px)+Zy and L, :=Z(x+ uy)+Z(py),

where 0 < u<p-—1.
@ Assume that p is odd.
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Sublattices with index p

e If L, is isotropic unimodular, then each lattice in [',(L) is
locally isometric to

1) (50) @) (P51) o oon) @
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Sublattices with index p

e If L, is isotropic unimodular, then each lattice in [',(L) is
locally isometric to

1) (50) @) (P51) o oon) @

e If L, is anisotropic unimodular, then each lattice in [5(L) is
locally isometric to

(1,—0pp%) (,;;1) or (Ap,—p°) <p—;—1>
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Sublattices with index p

e If L, is isotropic unimodular, then each lattice in [',(L) is
locally isometric to

1) (50) @) (P51) o oon) @

e If L, is anisotropic unimodular, then each lattice in [5(L) is
locally isometric to

(1,—0pp%) (’);Ll> or (Ap,—p°) <p—;—1)

o If L, = (€1, e2p") is not unimodular, then each lattice in ['p(L)
is locally isometric to

t+2> (

(€1, €2p p) or <61p2,fzpt) (1).
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Sublattices with index p

e For any binary lattice K with p | dk, up(K):
ac Q(K)—pZ

= (%) for any

DA
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Sublattices with index p

e For any binary lattice K with p | dk, up(K) = (%) for any
ac Q(K) — pZ.
o We define two subsets ', +1(L) of I',(L) by

Mp+1(L) :={K eTp(L): up(K) = =£1}.
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Sublattices with index p

e For any binary lattice K with p | dk, up(K) = (%) for any
ac Q(K) — pZ.
o We define two subsets ', +1(L) of I',(L) by

Mp+1(L) :={K eTp(L): up(K) = =£1}.

@ The number of equivalence classes in [ £1(L) :=vp +1(L).
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Sublattices with index p

e For any binary lattice K with p | dk, up(K) = (%) for any
ac Q(K) — pZ.
o We define two subsets ', +1(L) of I',(L) by

Mp+1(L) :={K eTp(L): up(K) = =£1}.

@ The number of equivalence classes in [ £1(L) :=vp +1(L).
@ (Lemma) For the action ® : O(L) x I'p +1(L) — ['p+1(L)
defined by ®(o, M) = o(M), each orbit ob(M) consists of all

lattices isometric to M. Furthermore |ob(M)| = 5((AL/,)).
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Number of equivalent classes

@ Assume o(L) =4 and 7, € O(L) for a primitive vector x € L.

DA
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Number of equivalent classes

@ Assume o(L) =4 and 7, € O(L) for a primitive vector x € L.
o If (_TdL> =1, then

i (3) ()

4

)
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Number of equivalent classes

@ Assume o(L) =4 and 7, € O(L) for a primitive vector x € L.
o If (_TdL> =1, then

i (3) ()

20 (3)

Ypa(L) = yp-1(L) =1+ 2
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Number of equivalent classes

@ Assume o(L) =4 and 7, € O(L) for a primitive vector x € L.
o If (_TdL> =1, then

i (3) ()

o2 ()
/YP,l(L) = ’Yp,—l(L) =1+ —
e Finally, if p divides the discriminant of L, then

p—1
’Yp,up(L)(L) =1+ T and FYp,fup(L)(L) =0.
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Number of equivalent classes

o If L=11,0,1], then

P
rYPy]-(L) = 2 + 8

and
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Repns of binary forms When k # 0
000000

When k =0
000000

00000e®0000000 O00000

Number of equivalent classes

o If L=11,1,1] and p # 3 then

PRICRECYS

and

Ternary case
o
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Number of equivalent classes

o If L=11,1,1] and p # 3 then

PRICRECYS

and

() +o0)-6)

FYP,*l(L) = 2 + 12

e Finally, if L =[1,1,1] and p = 3, then 7, 1(L) =1 and
Yp,~1(L) = 0.

Ternary case
o
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R R
When k # 0,p # 2

o Let L and M be binary Z-lattices such that L 2 M and
(L, M) % ([1,1,1],1,0,3]).

DA
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When k # 0,p # 2

@ Let L and M be binary Z-lattices such that L % M and
(L, M) #([1,1,1],[1,0,3]).

e (Main result for k # 0, p # 2) Two lattices L and M satisfy
the condition

Q(L)N Apk = QM) N Apk 7 0

if and only if

P

Ly, ~ M, and every lattice in I'p (k)(L) is isometric to M,

or L =11,0,3] and the pair ([1,1,1], M) instead of (L, M)
satisfies the above condition. Furthermore in the former case,
it is equivalent to the conditions given in Table I and II:
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Table |

pl k |o(L) di (ng)) M

3 1] 2 [1(mod3) | x [[L:M=3 u(M=1
31 2| 2 | 1(mod3) X |[L:M] =3, up(M)=-1
301 4 [1(mod3) | x | [L:M=3, u(M)=1
31 2| 4 | 1(mod23) x |[L:M] =3, up(M)=-1
301 4 [2(mod3) | —1 | [L:M=3, u(M)=1
32 4 [2(mod3) | 1 [[L:M=3, u(M)=-1
5(1,4] 4 [£1 (mod5)| —1 | [L:M]=5, u(M)=1
5/2,3] 4 |£1 (mod5)| 1 [[L:M]=5, up(M)=-1

Table I (x € L is a primitive vector such that 7, € O(L))
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Table Il

p k L M | p k L M

3 1 [1,1,1]] [1,1,7] || 5 1,4 [1,1,1]][1,1,19]
5 2,3 1,1,1]| [3,3,7] || 7| 1,2,4 |[1,1,1]|[1,1,37]
7 3,5,6 [1,1,1]][3,3,13]||11|2,6,7,8,10|[1,1,1]|[7,1,13]
13/2,5,6,7,8,11|[1,1,1]{[7,5,19]|| 3 1 [1,0,1]| [1,0,9]
3 2 [1,0,1]] [2,2,5] || 5 1,4 [1,0,1]|[1,0,25]
5 2,3 [1,0,1]|[2,2,13]|| 7 | 1,2,4 |[[1,0,1]|[1,0,49]

Table II
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e Assume that Q(L) N Apx = QM) N Ay # 0.

«O» «Fr « =>»

« =
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e Assume that Q(L) N Apx = QM) N Ay # 0.
@ Then Lg ~ M, for any q # 2, p.

«O» «Fr « =>»

« =
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Sketch of proof

o Assume that Q(L) N Ay x = QM) N A,k # 0.
@ Then Ly ~ M, for any g # 2, p.
o Ly~ My or (L, Mr) ~([1,1,1],[1,0,3]).

Ternary case
o
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Sketch of proof

o Assume that Q(L) N Ay x = QM) N A,k # 0.
@ Then Lg ~ M, for any q # 2, p.

@ [y~ M or (L2> M2) = ([17 1, 1]7 [17073])'

@ Assume that Ly ~ M.
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Sketch of proof

o Assume that Q(L) N Ay x = QM) N A,k # 0.
@ Then Lg ~ M, for any q # 2, p.

@ [y~ M or (L2> MZ) = ([17 1, 1]7 [17073])'

@ Assume that Ly ~ M.

°

If L, >~ M), then there is a prime q € Q(L) N Ap k. Since
dL = d/w, L~ M.



Well known results Repns of binary forms When k # 0 When k =0 Ternary case

000000

000000 0000000008000 000000 o

Sketch of proof

Assume that Q(L) N Apkx = Q(M) N Apk # 0.
Then Ly ~ M, for any q # 2, p.

Ly ~ My or (Lz, Mp) ~ ([1,1,1],[1,0,3]).
Assume that Ly ~ M.

If L, >~ M), then there is a prime q € Q(L) N Ap k. Since
dL = d/w, L~ M.

Therefore we may assume that
Lp =~ [e1,0, e2p°] and M, ~ [el,O,egp’g],

where €; € 2%, f —a € 2% and exk € (Z})?.
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B . R
Sketch of proof

@ The discriminant of each sublattice of L with index p e
equal to that of M

B=c)
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Sketch of proof

. . . (B—a)
@ The discriminant of each sublattice of L with index p~ 2

equal to that of M.

@ By Meyer's theorem, the number of sublattices of L with
. B—a) .
index p( 2 is 1 up to isometry.
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Sketch of proof

. . . (B—a)
@ The discriminant of each sublattice of L with index p~ 2

equal to that of M.

@ By Meyer's theorem, the number of sublattices of L with
. B=a) .
index p~ 2 is 1 up to isometry.

e From this, we have 7p7(5)(L) =1

p
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Sketch of proof

. . . (B—a)
@ The discriminant of each sublattice of L with index p~ 2

equal to that of M.

@ By Meyer's theorem, the number of sublattices of L with
. B=a) .
index p~ 2 is 1 up to isometry.

e From this, we have VP,(k)(L) =1

P
e To consider the case when (Lo, M) ~ ([1,1,1],[1,0,3]), we
need some modification of the above argument.



Q>



Well known results Repns of binary forms When k # 0 When k =0 Ternary case
000000 000000 0000000000080 000000 o

When k #0,p =2

e (Main result for k # 0, p = 2) For two binary Z-lattices L, M,

Q(L) N A271 = Q(M) N A271

if and only if
(i) (L, M) ~([a,b,a),[a,2b,4a]), where a=1 (mod 2) and b=0
(mod 2) or;
(i) Ly ~ H, and M is the unique primitive sublattice of L with
index 2.



Q>
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Corollaries

@ Let p be a prime greater than 13 and let gcd(k, p) = 1. For
two binary lattices L and M,

QIL)NApk = Q(M) N Apk

if and only if L ~ M or (L, M) ~ ([1,1,1],[1,0,3]).
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Corollaries

@ Let p be a prime greater than 13 and let gcd(k, p) = 1. For
two binary lattices L and M,

QIL)NApk = Q(M) N Apk

if and only if L ~ M or (L, M) ~ ([1,1,1],[1,0,3]).
@ For two binary lattices L and M such that Q(L) N Ap « # 0,

r(pn+ k,L) = r(pn+ k, M) for any non-negative integer n

if and only if (p, k) =(2,1),(3,1),(3,2), L, ~ H, and M is
the unique primitive sublattice of L with index p such that

up(M) = (%) only when p = 3.



Q>
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Necessary conditions for k = 0

@ Let L and M be non-isometric binary lattices such that

| Q(L) N pZ = Q(M) N pZ. |

Then we have
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Necessary conditions for k = 0

@ Let L and M be non-isometric binary lattices such that

| Q(L) N pZ = Q(M) N pZ. |

Then we have

° Ly~ M, forany q # 2, p;
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Necessary conditions for k = 0

@ Let L and M be non-isometric binary lattices such that

| Q(L) N pZ = Q(M) N pZ. |

Then we have
° Ly~ M, forany q # 2, p;
o If p#2, then Ly ~ M, or (Lp, Mp) ~ ([1,1,1],[1,0,3]);
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Necessary conditions for k = 0

@ Let L and M be non-isometric binary lattices such that

| Q(L) N pZ = Q(M) N pZ. |

Then we have
° Ly~ M, forany q # 2, p;
o If p#£2, then Ly ~ My or (Lo, My) ~ ([1,1,1],[1,0,3]);
o [, ~Hif and only if M, ~ H.
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Necessary conditions for k = 0

Let L and M be non-isometric binary lattices such that

| Q(L) N pZ = Q(M) N pZ. |

Then we have

Lg >~ Mg for any q # 2, p;

If p# 2, then L, ~ My or (Lo, Mo) ~([1,1,1],[1,0,3]);
L, ~ H if and only if M, ~ H.

If L, 2 H, then Q(Ap(L)) = Q(Ap(M)).
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Necessary conditions for k =0

Let L and M be non-isometric binary lattices such that

|Q(L) N pZ = Q(M) N pZ. |

Then we have

Lg >~ Mg for any q # 2, p;

If p# 2, then L, ~ My or (Lo, Mo) ~([1,1,1],[1,0,3]);
L, ~ H if and only if M, ~ H.

If L, 2 H, then Q(Ap(L)) = Q(Ap(M)).

Conversely, if neither L, nor M, is isometric to IH and
QUAs(L)) = Q(A,(M)). then Q(L) N pZ = Q(M) N pL.
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When L, ~ M,

@ For two non-isometric binary lattices L and M, assume that
Lp~ My, ~Hand Ly ~ M, if p#2.

DA
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When L, ~ M,

@ For two non-isometric binary lattices L and M, assume that
Lp~M,~Hand Ly ~ M, if p#2.
@ Let T be the binary lattice s.t. r(p, T) > 0 and dr = d;.
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When L, ~ M,

@ For two non-isometric binary lattices L and M, assume that
Lp~M,~Hand Ly ~ M, if p#2.
@ Let T be the binary lattice s.t. r(p, T) > 0 and dr = d;.

e (Main result for k =0, Ly ~ M) Under the above
assumptions,

Q(L)NpZ = Q(M)NpZ if and only if |fr| = 4and fi ~ fiy-F2.

Furthermore, if the above holds, then —4p4 +1<d; <0.
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When L, ~ M,

@ For two non-isometric binary lattices L and M, assume that
Lp~M,~Hand Ly ~ M, if p#2.
@ Let T be the binary lattice s.t. r(p, T) > 0 and dr = d;.

e (Main result for k =0, Ly ~ M) Under the above
assumptions,

Q(L)NpZ = Q(M)NpZ if and only if |fr| = 4and fi ~ fiy-F2.

Furthermore, if the above holds, then —4p4 +1<d; <0.

@ Since f% is contained in the ambiguous class, fj; - f% is well
defined up to equivalence.
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When L, ~ M,

@ For two non-isometric binary lattices L and M, assume that
Lp~M,~Hand Ly ~ M, if p#2.
@ Let T be the binary lattice s.t. r(p, T) > 0 and dr = d;.

e (Main result for k =0, Ly ~ M) Under the above
assumptions,

Q(L)NpZ = Q(M)NpZ if and only if |fr| = 4and fi ~ fiy-F2.

Furthermore, if the above holds, then —4p4 +1<d; <0.

@ Since f% is contained in the ambiguous class, fj; - f% is well
defined up to equivalence.

@ The above lower bound for d; is extremal. In fact,
(L, M) = ([1,1, p*], [p?, 1, p?]) satisfies the above condition.
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@ Assume that Q(L) N pZ = Q(M) N pZ.

«O» «Fr « =>»

« =
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Sketch of proof

@ Assume that Q(L) N pZ = Q(M) N pZ.
@ Note that for any integer n,

f(pn 1) = (- Fr) 4 oo - ) = r (2,0)

r(pn, fir) = r(n, fuo- 1)+ r(n,fur- £77) = r (2.M)).

Ternary case
o

and
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Sketch of proof

@ Assume that Q(L) N pZ = Q(M) N pZ.
@ Note that for any integer n,

r(pn, fL) =r(n,fL-fr)+r(nfL-fr) —r (g, L) and
r(pn, fir) = r(n, fuo- 1)+ r(n,fur- £77) = r (2.M)).

@ Using Weber's Theorem, one may prove that (f. - fr,f - fT_l)
is properly equivalent to

(fu - frofu - f70), (Fu-frofigt - fr), (fg" - 7t fu - f7) or

(fat - h - ).
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Sketch of proof

@ Assume that Q(L) N pZ = Q(M) N pZ.
@ Note that for any integer n,

r(pn, fL) =r(n,fL-fr)+r(nfL-fr) —r (g, L) and
r(pn,fpm) = r(n fp - 1)+ r(n, fy - ffl) —r (” M) .

57

@ Using Weber's Theorem, one may prove that (f. - fr,f - fT_l)
is properly equivalent to

(fu - frofu - f70), (Fu-frofigt - fr), (fg" - 7t fu - f7) or

(fat - h - ).
@ Therefore we have

foos fu- 2o fy-f7 or fio ft - fr2 e~ fil e f7
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@ Assume that L, >~ M, ~H and L, ~[1,1,1], M> ~ [1,0, 3].

«O» «Fr « =>»

« =
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When L2 ¢ M2

@ Assume that L, ~ M, ~H and L, ~[1,1,1], M> ~ [1,0, 3].

e (Main result for k =0, Lo % My) Under the above
assumptions, Q(L) N pZ = Q(M) N pZ if and only if there are
odd integers a, b such that

1-d
L~ [a,b,a], M~ [a,2b,4a] and r (pz, [4’2’ ; L:|) >0

Furthermore, if the above holds, then —4p% +1 < d; < 0.
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When L2 ¢ M2

@ Assume that L, ~ M, ~H and L, ~[1,1,1], M> ~ [1,0, 3].

e (Main result for k =0, Lo % My) Under the above
assumptions, Q(L) N pZ = Q(M) N pZ if and only if there are
odd integers a, b such that

1-d
L~ [a,b,a], M~ [a,2b,4a] and r (pz, [4’2’ ; L:|) >0

Furthermore, if the above holds, then —4p% +1 < d; < 0.

@ The above lower bound for d; is extremal. In fact,
L=p,1,p] and M = [p, 2, 4p]| satisfies the above condition.
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When p =3
fi, ftm fi, ftm fi, ftm
L3~ Ms~Hs, Ly~ M| [1,0,17],[2,2,9] || [1,0,32],[4,4,9] || [1,0,56],[8,8,9]
Ly~ M;~Hs, Ly ~ M, | [7,0,8],[4,4,15] || [1,0,65],]9,8,9] || [5,0,13],[2,2,33]
L3~ Ms~Hs, Ly~ M| [1,0,77],[9,4,9] ||[7,0,11],[2,2,39] || [1,0,80],[9,2,9]
L3 ~ M3 ~ Hjs, L, ~ My | [5,0,16], [4,4,21] || [1,1,39],[5,5,9] [1,1,51],[7,7,9]
L3~ Ms~Hs, Ly~ M| [1,1,69],[9,7,9] || [1,1,81],]9,1,9] || [5,1,15],[7,3,11]
Ly~ Ms~Hs, Ly~ M| [1,1,75],[9,5,9]
Ly~ Ms~Hs, Ly & M| [3,1,3],[3,2,12] || [1,1,9],[4.2,9] || [1,1,7],[4,2,7]
L3~ Ms~Hs, Ly My | [1,1,3],[4,2,3]

Table Q(L) N3Z =

Q(M)N3Z

Ternary case




Q>



Well known results Repns of binary forms When k # 0 When k =0 Ternary case
000000 000000 0000000000000 [eYololeleY ] o

Corollaries

@ (Corollary) Let p be a prime and let L, M be non isometric
binary lattices. Then r(pn, L) = r(pn, M) for any integer n if
and only if neither L, nor M, is isometric to IH and
Ap(L) = Np(M).
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Corollaries

e (Corollary) Let p be a prime and let L, M be non isometric
binary lattices. Then r(pn, L) = r(pn, M) for any integer n if
and only if neither L, nor M, is isometric to IH and
Ap(L) = Np(M).

o (Corollary) If Q(L) N Apk # Q(M) N Ap ., then
(Q(L) — Q(M)) N Ap k is an infinite set.
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Kaplansky's conjecture

Let L and M be (positive definite integral) ternary Z-lattices.

DA
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Kaplansky's conjecture

Let L and M be (positive definite integral) ternary Z-lattices.
@ (Schiemann) L ~ M if and only if r(a, L) = r(a, M) for any
integer a.
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Kaplansky's conjecture

Let L and M be (positive definite integral) ternary Z-lattices.
@ (Schiemann) L ~ M if and only if r(a, L) = r(a, M) for any
integer a.

@ (Cervifio-Hein) There are infinitely many counterexamples for
the quaternary case.
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Kaplansky's conjecture

Let L and M be (positive definite integral) ternary Z-lattices.
@ (Schiemann) L ~ M if and only if r(a, L) = r(a, M) for any
integer a.

@ (Cervifio-Hein) There are infinitely many counterexamples for
the quaternary case.

e What happens if Q(L) = Q(M)?
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Kaplansky's conjecture

Let L and M be (positive definite integral) ternary Z-lattices.

@ (Schiemann) L ~ M if and only if r(a, L) = r(a, M) for any
integer a.

@ (Cervifio-Hein) There are infinitely many counterexamples for
the quaternary case.

e What happens if Q(L) = Q(M)?

e (Kaplansky's conjecture) Q(L) = Q(M) if and only if either

(i) both L and M are regular and L € gen(M), or
(i) (L, M)~ ((a) L [b,b,b],(a, b,3b)), or
b

(i) (L, M) ~ ,la,2b,2a+ b] L (2a — b>) :
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