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Abstract

In this article we obtain point-wise asymptotic estimates for solutions to

—div (w|Vu[P"?Vu) = w|u|? " ?u  in Q,
u € D"P(Q; wdx)

for a critical exponent g > p in the sense of Sobolev. To do so, we firstly study
the quasi-linear equation

div A(z, u, Vu) = B(z,u, Vu) in Q,
w € H-P(Q; wdx)

loc

where A and B are functions satisfying A(z,u, Vu) ~ w(|Vu|P"?*Vu +
|w|P~2u) and B(z,u, Vu) ~ w(|VulP~! + |u|P~!) for p > 1 and a p-
admissible weight function w. We fill a gap in the literature and we establish
interior regularity results of weak solutions to this kind of quasi-linear equations.
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1 Introduction

We are interested in obtaining some qualitative and quantitative properties of weak
solutions to the following equation

—div (w VP~ Vu) —wlu/%u inQ

(1)
u € DV (Q),

for ¢ > p > 1 critical for a weighted Sobolev embedding and D''P*(Q) a weighted
Sobolev space that will be made precise later. The main motivation behind studying
this problem comes from the results in [8] where the existence and non-existence to
extremals to a Sobolev inequality with monomial weights was analyzed (see [4, 7]). It
is known that extremals to a Sobolev inequality can be viewed as positive solutions to
(1) for an appropriate weight function w, and our goal is to obtain as much information
as possible regarding said extremals and, in general, of solutions to (1).

Equations like (1) have been studied in the past. The most studied case is without
a doubt the unweighted linear /semi-linear case, meaning w = 1 and p = 2, but also
significant progress has been done for the case w = 1 and p # 2. The literature is vast in
both cases and we do not intend to cover everything that has been done (the interested
reader could check [6, 11, 12, 19, 20, 25, 26, 32, 33, 35], a list which is nowhere near
exhaustive).

Among the previously mentioned results we would like to single out one that it is
relevant for this work. Cao, Peng and Yan [6] studied for 1 < p < N the equation

—Apu = |u\p*_2 u—+ \u|p_2u in ©
u=0 on 012,

where A, is the p-Laplace operator and p* = ]év—f is the critical Sobolev exponent.

The main result of that work deals with the existence of infinitely many solutions to
said equation, however we would like to point out a result from the Appendix of that
work. There it is shown that weak solutions to

—A — p—2 : RN
{ pU = |u u in @)

u € WhHP(RY)

satisfy the following decay estimate

@) ¢ (377) - )

for any 6 > 0. This result almost captures the behavior satisfied by positive solutions
(e.g. extremals U(x) to the Sobolev inequality): it has been shown by [32, 35] that any




positive solution to (2) must be of the form

N-p

1 - Nop

c ar’ C( ! > T for large |of
~ I am—— or large |x
M\ it +\:E—330|p31 1+ |z] & ’

for some a > 0 and o € RY. One of our main goals is to obtain a result similar to (3)
for the weighted equation (1).

To achieve the aforementioned goal, we firstly need some local regularity results for
solutions to (1). Regarding that let us mention a few relevant results. In the unweighted
case w = 1, Serrin [33] studied, among other things, the local regularity of solutions to
the unweighted quasi-linear equation

divA(z, u, Vu) = B(z,u, Vu) in Q CRY,
where 4: QO xR x RY = RN and B: Q x R x RY — R are functions satisfying

|A(z,u, 2)| < alzlP ' +bulf~! +e,
\B(z,u,2)| < clzP~" +duff~" + f,
A(m,u,z) "z 2 a’_l |Z|p - d|u|p -9

for a constant ¢ > 0 and measurable functions b, ¢, d, e, f, g : 8 — [0, c0) satisfying suit-
able integrability conditions. In his work, Serrin proved that under suitable integrability
conditions of the functions b, c,d, e, f,g the solutions are locally bounded and they
satisfy a Harnack inequality, which allow him to show Holder regularity of solutions.

The weighted case w # 1 has also been studied and there has been important
progress in this situation. As before, we do not plan to give an exhaustive list of such
works but the interested reader might want to look at the following list of papers
[3, 10, 14-16, 18, 21, 27-31, 34, 36]. As with the unweighted case we would like to single
out a few of the works dealing with weights that we think are relevant. One line of
progress that we would like to follow regarding weighted quasilinear equations perhaps
begins with the works of Muckenhoupt and Wheeden [29, 30] who characterized the
weights w for which one has the boundedness in the LP(RY, wdx) space (1 < p < 00)
of two important operators: the Hardy’s maximal function defined as

M f(x) = sup )\(B)_l/ fde,
B B

where the supremum is taken over all balls containing x, and the singular integral
operator

(@) = [ w)le =™ da

In [29] it was shown that Hardy’s maximal operator M is bounded in the weighted
LP(Q,wdz) if and only if the weight w belongs to the class A, that is if there exists a



constant C' > 0 such that

(/deg:> (/B w T dx)pl < CA(B)? (4)

holds for every ball B. And in [30] it was proved that the singular integral operator T’
is bounded in the weighted LP space if w is in A, for some ¢ > 1.

From the results of [29, 30] we can then look at the work of Fabes, Kenig and
Serapioni [14] who obtained local regularity results (for instance a Harnack inequality
and Holder regularity of weak solutions just as in Serrin’s work) for the operator
div(A(x)Vu) where A(z) is a matrix valued function with eigenvalues behaving like
w(z) for some w € As. The main tool used in [14] is De Giorgi variable truncation
method [13], and a rather important insight from [14] is that for De Giorgi’s method to
work the key ingredient is having a local Sobolev inequality: there must be constants
k > 1 and C' > 0 such that

3% 3
<][ |u|2kwdx) <Cr <][ |Vu|2wdm> Yu € C°(B), (5)
B B

where B is a ball of radius 7 > 0 and {5 fw = w(B)~! [5 fw. In [14] it is shown that
inequality (5) holds true for w € As (and other weights) and suitable k > 1 depending
on w.

As we mentioned above, a necessary tool to analyze (1) is to establish local regularity
of solutions for weighted quasi-linear equations of the type

divA(z, u, Vu) = B(z,u, Vu) in Q C RV,

Although the scientific community expects that local regularity results regarding
this problem are true for the weighted case w # 1, to the best of our knowledge
there are no references in the current literature that addresses the problem in the
following generality: to make a bridge between the work of Serrin [33] and the work of
Fabes-Kenig-Serapioni [14].

Making that bridge is a secondary goal of this work, and to do so let us make
precise the hypotheses we will be using throughout this article. The function w will be
a weight function, meaning a locally Lebesgue integrable non-negative function over
an open set Q C RY satisfying at least the following two conditions: if we abuse the
notation and write w(B) = fB w dx we require that w satisfies the doubling property
in 2, meaning that there exists a doubling constant ~v > 0 such that

w(2B) < yw(B) (6)

holds for every (open) ball such that 2B C €, where pB denotes the ball with the
same center as B but with its radius multiplied by p > 0. The smallest possible v > 0
for which (6) holds for every ball will be denoted by ~,, > 0 from now on. Additionally



we will suppose that
0<w< oo A — almost everywhere (7)

where A denotes the N-dimensional Lebesgue measure. Observe that these conditions
ensure that the measure wdz and the Lebesgue measure A are absolutely continuous
with respect to each other.

We will also use weighted Sobolev spaces, so we need to say a few words about
them. Theses spaces are defined as subspaces of the following weighted Lebesgue space

LPY(Q) = {u: Q — R measurable : / |ul” wdz < oo}
Q

equipped with the norm

||u||p7w :/ Jul” wda.
Q

In order to work with weighted Sobolev spaces one needs to establish some conditions
over the weights so that the corresponding spaces have sufficient structural properties.
In addition to the basic conditions (6) and (7), we will suppose that the weight w
satisfies a Poincaré inequality: it is known (see for instance [24, Chapter 20]) that if w
is a doubling weight satisfying
(PI) Local weighted (1, p)-Poincaré inequality: There exists p > 1 such that if u € C1(£2)

then for all balls B C Q of radius {(B) one has

1 1 »
— U —Uup.w|wdr < CiI(B 7/ Vupwda:)
A 15 (45m) ol

where w(B) = [, wdz and

is the weighted average of u over B,
then w is automatically p-admissible, that is, it also satisfies the following properties
(PI) Uniqueness of the gradient: If (up)nen € CH() satisfy

/ |un|” wdz — 0 and / Vu, — v’ wdz — 0

n—oo
for some v : Q@ — RY, then v =0,

(PII) Local Poincaré-Sobolev inequality: There exist constants C3 > 0 and x > 1 such
that for all balls B C Q2 one has

<w(15’) /B o= w0l d’”) * <o) (w(lB> /B Vul? wdw) %



for bounded u € C'(B),
(PIV) Local Sobolev inequality: There exist constants Cy > 0 and x > 1 (same as above)
such that for all balls B C Q) one has

(lu(lB)/B|u|XPwdx>X1p < Cyl(B) (w(lB)/BVupwdx>P

for u € C(B).
Remark 1.1. Suppose for a moment that the weight w verifies the following: there
exist constants C, D > 0 such that

D
w(Br(y)) §C<R> ) for all0 < r < R < co with B.(x) C Br(y) CQ. (8)

r

It follows from [22, Theorem 5.1 and Corollary 9.8] and [1, Theorem 4] that

1 Dp DD_”p
- _ D—p < p oS}
(w(B) /B lu — uB,wl wdx) Cyl(B ( / |Vul wdx) Yu e C>(B)

9)

and as a consequence we also have

D—p
1 / _Dp_ D 1 v
— u|P-r wdx) < Csl(B) </ |Vu|pwdx) Yu e CX(B).
(10)
On the one hand, observe that this is precisely what happens for the N -dimensional
Lebesgue measure A as one can see that it satisfies

ABr) (R\"
-(5)
so in the unweighted case one has D = N and the classical local Poincaré-Sobolev and
local Sobolev inequalities are readily recovered.
On the other hand, (8) is automatically satisfied for any doubling weight w because
one can iterate (6) to obtain

w(Br) _ (R)“’gz "

r

With the above observation in mind it is appropriate to denote by D, = logs Yuw
and to call D,, the dimension of the weight w (this is related to the Assouad dimension
of the measure wdzx, see [2, 17, 23]). Also we will use the notation X, = DD%

As mentioned at the beginning, the above properties are useful in the deﬁnltlon

of weighted Sobolev spaces: for an open set  C RY we define the weighted Sobolev



space HYPv(Q)

0
HP™(Q) = the completion of {u € C*(Q) : u, 5‘% € LP"(Q) for all i } (11)
equipped with the norm
N
ou ||
el oy = eall) o+ D (12)
i=1 tip,w

Observe that property (PII) guarantees that functions in this space have a unique
gradient (see [24, Section 1.9]).

Having established the ambient space we can now give the main results of this
article. As we mentioned before the goal of this work is to obtain qualitative and
quantitative properties of weak solutions to (1). To do so we firstly study the local
regularity of weak solutions the following quasi-linear problem

{diV.A(a:,u7 Vu) = B(z,u, Vu), in Q CRY (13)

u€ Hllo,f:),w(Q)v

where 4: Q x R x RY — RY and B: Q x R x RV — R are functions verifying the
Serrin-like conditions

.A(.Z‘,U,Z)'ZZU}(.%) (|Z‘p_d‘u|p_g)7 (Hl)
\A(z,u, 2)| < w(z) (|,z|ff’*1 Fhlufft + e) , (H2)
|B(z,u, 2)| < w(z) (c|z|p_1 + d|u|p_1 + f) , (H3)

for measurable functions b, ¢, d, e, f, g :  — RT satisfying suitable integrability con-
ditions that will vary from theorem to theorem. With the above into consideration,
throughout the rest of this article the function w will be a non-negative locally integrable
weight functions satisfying (6), (7) and the local weighted (1, p)-Poincaré inequality
(P1).

The first result deals with the local boundedness of weak solutions, namely we have
Theorem 1.1. Suppose that 1 < p < D,, where D,, is the dimension of the weight w
defined at Remark 1.1, additionally suppose that for 0 < e < 1 one has

bec Liti™(Q), ceLT%Y(Q), and d,f,ge L™ (Q). (14)
For fized 2o € Q and R > 0 such that Byg (o) C Q suppose w € HVP™ is a local weak

loc
solution to
divA(z, u, Vu) = B(z,u, Vu) in Bagr(zo)



then

1
el o 5oy < Cr f WP wds |+ k|
Bar(zo)

where Cr > 0 depends on e, D,,, N,a,p and the quantities

1

pP—1 1—e
b Dw b Dw
br == RP~! 7[ [b]P=T w , cr:=R ][ le| == w ,
BZR(J;U) B2R($o)
p—€ p—1
D, Dw D Dy
dp = RP ][ ld|>=% w , epi=RF! ][ le| 7T w ,
B2R(zq) Bar(ag)
p—e bp—¢
Day Puw Dy Pw
Jr:=RP ][ |flP=F w , 9gr:=RF ][ 9|7~ w .
BaR(zg) BaR(z¢)

The constant kg is defined by

1 1
kr=(er+ fr)" ' +9gp-

The above result requires that € > 0 in (14). If we consider the case ¢ = 0 we no
longer have local boundedness, but we do obtain that u is L** integrable for all s < oo
as the following results shows

Theorem 1.2. Let 1 < p < D,, where Dy, is the dimension of the weight w defined at
Remark 1.1. Suppose that one has

bec Li™(Q), ce LP»v(Q), and d,fge L7 "(Q). (15)

For fized o € Q and R > 0 such that Bap(zo) C Q suppose u € Hllo’f’w is a local weak
solution to

divA(z, u, Vu) = B(z,u, Vu) in Bar(zo)
then for all 1 < s < oo we have

1 1
][ lul*wdr | < Crg ][ lul’ wdz | +kgr|,
Br(z0) Bar(zo)

for some constant Cr s > 0 depending on s, D,,, N and the structure of A and B,
namely p, a > 0 and the quantities

p—1 1

D Dy Dy

w

bp = RP~! ][ b7=Tw| , cp=R ][ le[Prw |,
BaR(zg) Bar(zg)

j2 —1

Dw Dw
Dy 1 D
dr == RP ][ |d| ™ w , erp:=RP 7[ le]=T w )
Bagr(zq) B2r(z0)




D D

Dy P Dy Pu
fr=RP ][ Ifl 7 w , 9gr:=RF ][ lgl > w .
Bar(zg) BaR(xg)

The value of kg is

1 1
kr=(er+ fr)" 7" + gp-

If we keep relaxing the integrability conditions on the structural parameters
b,c,...,g we still are able to obtain some integrability of u as the following result shows
Theorem 1.3. Let 1 < p < D,, where D,, is the dimension of the weight w defined at
Remark 1.1. Suppose that one has

D D Dw
be LPw(Q), ce LPev(Q), de L% (Q),

Dur (16)
e€ Loe=m"(Q), felL™(Q), and ge L""(Q),
where r,t verify
LI (Y A N
p— 1 T Dw o P t Dw N S
for some s > DDw’i"fp. For fized xg € Q and R > 0 such that Bar(xg) C Q suppose

u € Hllo’f’w is a local weak solution to
divA(z, u, Vu) = Bz, u, Vu) in Bag(xo)

then we have

1 1
f lul*wdxr | < Crs ][ lul’ wdz | +kg|,
Br(zo) Bar(zo)

for some constant Crs > 0 depending on s, Dy, N and the structure of A and B,
namely p, a and the quantities

p—1

1

Diw Dy IS Dy
br = RP™! <][ |b| =1 w) , ¢cr: =R (7[ le| 7 w) )
BaR(zq) Bar(zg)
p+te
Dy
dgr := RP <][ |d| ™ w)
BaR(xg)

Duw
1 1
kr = (eR + fR)”_l + 9k,

The value of kg is

where

1

Dagr XwT ‘
er = RP7! ][ le| Pw=" w , frR:=RP ][ [f]"w ]
BaR(ag) BaRr(xg)

3=



1
T
t
gr = R? ][ ol w
B2R(1'0)

Next we show the validity of the Harnack inequality, that is we have
Theorem 1.4 (Harnack inequality). Under the same hypotheses of Theorem 1.1 with
the additional assumption that u is a non-negative weak solution of divA = B in Bsgr
then

< .
maxy < Cr (né;nqu kR) (17)

where Cr and kg are as in Theorem 1.1.

And as it is usual in this context, once one is able to obtain the Harnack inequality,
then a local Holder regularity result readily follows
Theorem 1.5. Suppose that 1 < p < D,, and that the hypotheses of Theorem 1.1 are
satisfied, but in addition we suppose that

be Lt (Q)
for some € > 0. If u € H*P¥ s a (local) weak solution of
divA(z, u, Vu) = B(z,u, Vu) in §,

then u is locally Holder continuous.

Remark 1.2. As we mentioned before, Theorems 1.1 to 1.5 are to be expected as they

naturally connect the results of Serrin [33] with the work of Fabes-Kenig-Serapioni [14].
With the above local regularity results we are now able to study (1), that is we

now turn to the equation

—div (w |VulP~? Vu) —wlu|!*u inQ,

(18)
ue DI (Q),

where ¢ = D’i"f’ is the local weighted Sobolev exponent associated to the weight w
9= 5, g p g

and D17 (Q) is the closure of C°(Q) under the (semi) norm [Vull, - If we further
suppose that the weight w is such that the global weighted Sobolev inequality

Sp.w </ u|qwdm> ’ < (/ |Vu|pwdm) ’ (19)
Q Q

is satisfied for all u € C2°(Q) then one has DV'P*(Q) < L% () and we are able to
prove the following decay estimate for weak solutions to the critical equation (18).
Theorem 1.6 (Decay estimate of weak solutions). Suppose w satisfies (19) in addition
to (6), (7) and (PI). If u € DYP*(Q) is a weak solution of

—div(w |[VulP 7> Vu) = w |u|"* u in €,

10



there exist R > 0, C > 0 and XA > 0 such that if x € Q satisfies |x| > R then

C

< — .
(o) € s

Remark 1.3. If we know specifics about the weight w, then Theorem 1.6 can be
improved to obtain that weak solutions satisfy

for large |x| and any € > 0. To obtain such result one uses Theorem 1.6 together
with a comparison principle. We will show this later for the case of monomial weights
w(z) = z? and power type weights w(z) = |z|* in Section 4.

The rest of this article is dedicated to the proofs of the above results. In Section 2
we study (13) and obtain the proofs of Theorems 1.1 to 1.5 whereas in Section 3 we
turn to the proof of Theorem 1.6. Finally in Section 4 we exhibit specific examples of
weights for which our results apply and how the specificity of each weight allows us to
improve on Theorem 1.6 to obtain sharper results.

2 Local estimates

To prove the local regularity of solutions we follow the works of Serrin [33] and Kenig-
Fabes-Serapioni [14]. The main ingredient in these proofs is Moser’s iteration technique
which relies on using a suitable version of ©” as a test function for (13). To do so we
consider a > 1 and 0 < k <[ and we define F : [k,00) — R as

% ifk <z <l,

1°Vax — (= 1)1) ifx>1 (20)

F(l’) = ka,l(x) = {

Observe that F' € C'([k,00)) with |F'(x)| < al®~!. We also consider z = |z| + k and
G : R — R defined as

G(2) = Gapalx) = sign() (F@) [P @) = ar~1k7) (21)

where 8 =14 p(a — 1). Then clearly G is a piecewise smooth function which is linear
if x| > | — k and that both F' and G satisfy

G(z)| < F(z) |F' ()"
TF'(Z) < aF(7)

F'(z) < aF(z)" =

11



and
§|F’(5;)|” if |z| <1—F,
|F'(z) if x| >1—k.
Observe that as I — oo we have F(Z) ~ Z* and G(z) ~ gfﬁ so the function G(x)
will play the role of 7. Finally, observe that if 7 € C2°(Q) and if u € H " () then
p =nPG(u) is a valid test function in

G'(z) =

/ Az, u, Vu)Vo + B(z,u, Vu)p =0
Q

thanks to the results in [24, Chapter 1] regarding weighted Sobolev spaces for p-
admissible weights we can now prove the local boundedness of weak solutions.

Since no confusion is present, throughout the proofs in this chapter we will write
D =D, andX:Xw:%>1.

Proof of Theorem 1.1. For the case R = 1 and xg €  such that Bs(xg) C Q we follow
the proof of [33, Theorem 1] with a few modifications: recall that for such x then the
local Sobolev inequality (10) is valid, and by using (H1)-(H3) we can write

|A(x,u, 2)| <w (\z|p*1 + I_)ﬂp*1> ,
|B(z,u,z)| <w (c|z:|p_1 + ciﬂp_1> , (22)

Az u,z) - 2 > w (|2 — da”),
where

b=>b+ k' Pe,
d=d+k"Pf+kPg,

and @ = |u| + k for k > 0 defined as’

() ()T () )

where to simplify the notation from now on we use By to denote Ba(x). Observe that
this choice of k together with the assumptions over the functions b through g imply that

-, _D_ _, _D
P— w < , P—€ w < ,
][ b|"Tw<C ][ \d| <C (23)
Bz B2

for some constant C' > 0 depending on b,d, e, f, g and w(Bs).

If e = f = g = 0 we can take any k > 0 and at the very end we can pass to the limit k — 0%.

12



As we mentioned at the beginning of this section for the local weak solution u
and arbitrary non-negative n € C2°(B;) we can consider ¢ = nPG(u) as a valid test
function and with the aid of (22) one can obtain the a.e. estimate

A-Vo+Bp =nPG (u)A - Vu+ pnP~ G(u)A - Vi +nPG(u)B
> PG (w)w (|Vul? — da?) — pnP~" | VG (u)|w (|VU|ZF1 + Eﬂp_l)
— P |G ()| w (c IVuPt 4 d’apfl)
> [nF'(@)Vul” w — p| F(@) V| [nF' (@)Vul”™" w — pb| F (@) V| [naF’ (@)~ w
— enP (@) [nF'(@)Vul”™ w — d (a8 lpaf" (@)]” + nF (@) lpafF (@) ) w

so that if v = F(@) one reaches

AV + B = [nVol” w = ploVa| [nVol” ™ w — pa?~"b [o¥| o]~ w
—enu nVulP " w — (1+ B) o |pulP w. (24)

After averaging the above inequality over By we obtain

][ \Wv\pwﬁp][ Bl Ian\p_1w+pa”‘1][ b vV oy’ w
B> B By

+][ con Vol w+ (14 B)aP~! ][ dlonf" w, (25)
B2 B2

and each term on the right hand side can be estimated using (10), (14), and (23) as

follows:
:
f o wwnneer o< (f weire) (£ wwors) (26)
Bs Bo Bo

]{32 bV oy’ w < C ((7{92 loVn|? w) n <]i2 e w)p (]{92 P w>1_;}>
(27)

-
][ con [nVolP " w < C (][ |on[? w) ((][ |vV77pw> (][ InVol? w)
Bo Bo Bo B
=3
+ (][ InVol? w) > (28)
B>

13



][ dlvon|Pw < C’(][ |v77|pw)P ((][ er]|pw> T4 (f |77VU|pw> ’ >
Ba Ba Ba B

therefore if one considers

S

(f32 [nVul|P w)
(JCB2 [v¥n[? w)

z =

S

and
1

)
(fB2 lvVn|? w) v

then, because o > 1, (25) becomes
P LC (P P (142 + CEPTT 2P 4 (T4 B)aP I (14 2P79))
which with the aid of [33, Lemma 2] gives
z < Cag(l + ).

The above translates to

(ﬁbMVvo);fgcai((ﬁbmva>;4(ﬁhwv”Fw);> (30)

and because of (10) we obtain

(]i nv|xpw>><1” < Ca* ((]i [mof” w>; + (]i2 Ivvnpw>;> . (31

To continue one considers a sequence of cut-off functions as follows: we take
Nn € CZ(By,,) such that n, = 1in By, ., and |Vn,| < C2" where h,, =1+ 27" If
one recalls that the weight is doubling so that w(Bj,) < Yww(Bp we deduce from
(31) that (after passing to the limit I — 00)

1 1
xXp p
f @ P w gm%?f [afPw | (32)
Bh,, 11 Bh,

14

n+1)



which is valid for all & > 1. We observe that using (32) for o, = x™ > 1 gives

1 1
Sn+1 Sn
3 —-n —-n —n .
][ [ w < Ox Ty E ][ jal"w |
B By,

where s, = px". Because x > 1 then Y ;- kx =% and Y 77, x~* are convergent series
so we can iterate the above inequality to obtain

1 1
Sn41 r
][ S+l <C <][ W‘p ’LU> 7
B B>

which after passing to the limit n — oo yields?

1
p
ull Lo (5, SCK][ |Upw> +k
B2

and the result follows in the case R = 1.

If R # 1 a standard scaling argument allows us to reduce the situation to the case
R = 1. We include this argument as it will be used a few more times in the following
proofs. If we consider @(y) = u(Ry) where u is a weak solution of div/A = B in Bag(zo),
then 7 is a weak solution of div.A = B in Bs (yo) where yo = R~ 12y and

hn+1

|@

hng1

bl

A(y,@,2) = RP-YA(Ry, @, R™'2), B(y,a,%) = R°B(Ry, @, R™'2).

It is clear that if A and B satisfy (H1),(H2),(H3) then A and B satisfy

Aly,@,2) -2 = w(y) (12 - dJal’ - ). (F1)
Ay, 2)| < @(y) (7" +blal”" +é), (F2)
1By, @, 2)] < y) (¢lz" +dfaf’ ™ + ), (I13)

where

w(y) = w(Ry), ¢é(y) = Re(Ry)
b(y) = RP'b(Ry), &(y) = R" 'e(Ry),
d(y) = RPd(Ry), fly) =Rf(Ry), §(y) = R’g(Ry),

2Note that L°°"(B1) = L°°(Bj) because 0 < w < oo a.e. in Q.
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hence we can apply the case R =1 to u to obtain
1l oo (B (woy) = Nl Lo (B, (o)) < € <][
B2 (yo)

where

pT?l D D
~ _D “lp—e ~
k= ][ |e]P=T w + ][ f W

B2(yo) B2(yo)

and the result follows if we observe that

p—1 p—1

D D o D
~|p—1 =
][ ‘b” i = Rr1 ][ |b]7T w ,
Ba(yo) Bar(z0)
1

—€

1—e¢
D

b D
|é| = =R ][ le| ™= w ,
BZ(yo) Bar(zo0)
<]{32(y0)
A B e N S B
( Bar(zo)

2 \'7 p ) ”
Foie) —r(f in
B Bar(zo)

p—e

D
p—¢
D

D
_D_
—r (gl
Bar(z0)

D

D
p—s ~ _D_
w = RP 7[ |d|P== w ,
Bar(z0)

-

p—

)

Remark 2.1. If the global Sobolev inequality (19) is satisfied then there is no need to
average the integrals in the above proof. For instance, to obtain (29) we used Hélder’s

inequality to write

pP—¢

d|on|Pw < ( dprw> (][ |m7|pw)p (][ lom| P w> v
Bs B>

16




and then we used the local Sobolev inequality (10) to estimate the last term as

P—¢ P

(F o) s (f,mre) ™ s (fwmere) ™+ (f )]

However, if the global Sobolev inequality holds then the same follows without averaging,

that is we would have
[ awaresc(f nlw)<</ wwarw) T (] |nwv’w)p>
Bs B> Ba Bs

and similarly for (26)-(28) and (31). In particular when the global Sobolev inequality
holds we have a version of Theorem 1.1 where the following estimate holds

el ey < Cr [l o (8o + Fr]

and the integrals defining kr are also not averaged.

Proof of Theorem 1.2. 1t is enough to consider the case R = 1 because the scaling
argument remains the same. Additionally, thanks to the interpolation inequality in

L*" it is enough to find a sequence s,, —> 400 for which one has
n—o0

(f |a|s"w)ﬁ" <c, (][ |u|pw)”,
Bl B2

where @ = |u|+k. As in the proof of Theorem 1.1, by using the test function ¢ = n?G(u)
we reach to the inequality

][ \Wv\pwﬁp][ oVl In VP~ w + par~! ][ BVl o~ w
Bs B> B2

—|—][ con |17V11|p_1 w+ (14 B)apfl][ d |vn|? w,
BQ BZ

but because ¢ = 0 we cannot repeat (28)-(29). For the terms involving ¢ and d we can
write for M > 0 the following

_ 1 - -
7[ con [nVulP " w = / con [nVol? 1w+/ con [NVl w
Bo w(Bo) Ban{c<M} Ban{c>M}

1 1—1
<M (][ lom|? w) (][ InVol? w>
B, B,

1

1 N % o
+ / Pw <][ vy ¥ w) (][ nVov pw)
(w(Bg) Ban{ce>M} ) Ba for Bs | |

17




b 1-3
<M (][ lom|P w) (][ InVoul? w)
Bz BZ

1 1-1
+C (][ loVn|? w) <][ InVul? w)
Bz BQ

1

1 D
+C 7/ Pw (7[ anpw)
(w(BQ) Ban{c>M } > Bz| |

and

_ 1 _ -
dvnP w = / d|v77|pw—|—/ d|von|? w
][BQ w(Ba) Bon{d<M} Bon{d>M}

B

1
1 - L X
<M+ JonfPw+ / dvw (f Ivnlxpw)
Bo w(B2) Jp,n{asny Bs

<M lon|P w+ C (7[ |’UV77|pw)
Bg BQ

1 / o \7 ( ][ » )
+ drw nVol w | .
(w(B2) Ban{d>M} > Bs | |

Because ¢ € L2 and d € L7 ™ then for any § > 0 we can find M > 0 such that

D

1 v 1 b \”
C / Pw + / d»w <6,
<w(32) Ban{e>M} ) (’LU(B2) Bon{d>M}

therefore for any o > 1 we can find é > 0 sufficiently small and a constant Cy, > 0

such that
: ; 1-3
(£, 109 w) "+ (. 1onto) ] (. 1ol )
Bs Boy Bs
+ Cy (f lvVn|? w) + C, (][ lom|P w) .
Bg BQ

The above inequality allows us to use [33, Lemma 2] once again and obtain an inequality
analogous to (30), namely

(imers) < (L) - (L)) o

the main difference being that the constant C,, is no longer explicit. Nonetheless we
can continue the argument from the proof of Theorem 1.1 by choosing appropriate

][ InVolP w < C,
B>

18



cut-off functions 7 to reach

(f |uw> §0n<][ |u|pw>p,
B B2

hn

where s, = px™ and h,, = 1+ 27", where now we do not obtain a uniform estimate
for C,. Finally, because 1 < h < 2 we know that

w(Bp)
<
so that
(][ a)*" w) " <o, <7[ |al? w) ’
Bl B2
and the result is proved. |

Remark 2.2. Similar to Remark 2.1, if the global Sobolev inequality holds then there
s mo need to average the integrals in the above proof and as a consequence we obtain
the following estimate in Theorem 1.2

[[u] Lo (Br(zo)) = CR,s [HUHLPWJ(BQR(rO)) + kR} y

where once again kr needs to be changed to the non-averaged version.
Proof of Theorem 1.3. This is similar to the proof of Theorems 1.1 and 1.2 and [33,
Theorem 1’]. As before, we only do the case R = 1. For F and G as in (20) and (21)
respectively we take ¢ = nPG(u) as test function for some n € C°(Bz) with 0 < n < 1.
The main difference here is that we take @ = |u| as we need to keep track of the terms
involving e, f, g instead of including them in b and d through the use of £ > 0. With
that in mind and using that F' (i) < oF (@)~ = we have
AV + Bp = 1G (wpw (Vul” = du? — g) = pi™* [ViG(w) w (|9ul’™ + bur " + )

— |G w (e[ Vul ™+ dur 4 f)

> [nF (@) Vul” w —p[VnF (@)] [nF (@) Vul"™" w
_ _ _\yp— _ _ —1
—pa? b |F(@) V| [nF(@)]"~" w — cnF (@) [nF" @)V’ w
8
— (14 B)a?~ d[nF(@)]" w — pa?~'e |F(@)Vn| [nF (@)~ w
B _ _ype=t
— a7 fInF(a)| [nF ()|~ w — BaP~ g [nF(@)[" = w

which after averaging over By gives

][ InVolP w < p][ lvVn| |77VU\p_1 w 4 paP~? b vV |vn|p_1 w
B> B By
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_ B_
+][ con [nVolP " w4+ (1+ 5)04”*17[ d lon|? w +pa”*1][ elvVn||nvle ™" w
B B, B3

B p(a—1)
art fl® w ot far ][ gl * 2w, (39)
32 B2

where v = F(a).

With an inequality similar to (30) or (33) as our goal we estimate each term in the
above inequality. The terms involving b, ¢, d are bounded exactly as in Theorem 1.2,
that is we obtain

p][ V| [ 9u" " w + pa?=) f bloVal [on w + f con Vol w
By B> B3

1 1 -1
(£ 1)+ (f, o) | (£, woere)
B, Bs B
+ Cq (][ lvVn|? w> +C, (][ lom|? w) ,
BQ B2
for some constant C,, > 0.

For the other terms let s, so, 83 > 1, and consider a > 1 such that i +5 L4 ixz =

=+ '6 5 = 1 then for any ¢ > 0 small we can use Holder’s 1nequahty and (10) to
obtaln a constant Cs > 0 such that

L 1 B—o
f el |nv|§1ws(][ |e|51w) 1 (f Ivanpw) (f an’w)
Bs Bs Bs By
1 1 B
<o(f )" (£ wware)” (£ 19ore)
Bo Bo B
oD
ga;((f |e|81w) +<][ |vV77|Pw>>
Bg B2
—|—(5<][ |V(nv)|pw>.
B

+<1+5)a1’*1f dlon’w < Ca

B

Similarly

B

vl w 52 & v XP w o
 fim <( 7 ) (]i2|n| )
1 B
(][ I ) : (]i IV(nv)lpw)
S C(S ((]i ‘f|32 w) sgp(p—1) i (][g |vV77|pw)> —|—(5 (ﬁ |nvvlpw) ,
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e 1 (a=1) _
andlfg—kpaT—l

1 pla—1)
pla—1) s3 axp
F oot ws (£ wlow) ™ (£ orro)
Bs> B2 Bo
1 p(a—1)
S3 °s p o
<C 91> w V()" w
Bs By

< Cj ((é lg]* w) + (][B wm%)) +6 (7{3 |77VU|pw) .

If we put the above estimates in (34) for § > 0 small enough we obtain a constant

Cy > 0 such that
: :

][ [nVol’ w < Cq (7[ Wnlpw> +(][ Ivnlpw) 1(][ InW”w>

B Bs B, B,

+C, {(7[ [vVn|P w) + (7[ lom|? w>}
Bz BZ
o oD . 56-D 5 )\

(f o)™ (f 1 0) ™7 4 (f 1o w)
B, B, B,

which with the aid of [33, Lemma 2| one more time gives

(7[ an|pw> ’ < C, (f |an|pw) Ty <f |77v|pw> "M
Bs B By

+Co¢

where

1

s S1(1[177*1) s 52(5*1) s 53
M= f o™ w + f 1 w + ][ ol w)
Bo By B2

We can proceed as in the previous theorems by using (10), selecting 7 and passing
to the limit [ — oo to obtain

_1 1
pax pa
][ WP w) < Cun ][ Wt w)| 4 M|, (35)
B,y Bh,,

where h,, =1+ 27" and « > 1 is chosen so that

1 1 —a 1
LB-a_1, 8

s1 P axp 52 axp
1 ~1
1yple-h_y (37)
53 axp

—1 (36)
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Observe that (36) implies that s; = xs2 and as a consequence M is finite if so < r
and s < t. Therefore we can iterate (35) by selecting a = «,, > 1 satisfying (36)-(37).
Recalling that x = Diﬂg we note that the iteration can be done provided

1 1 1 1
s9 < r and (36) : ><—p>:

M_p—l r D s

1 _1/1 1
s3<tand (37): — >-(--2)==2

pax — p\t D s

which mean that after a finite number of steps we will obtain

1 1
(7[ |usw) < Came (][ |u|pw> + M
Bl B2

for some ng € N. [ |

)

Proof of Theorem 1.4. As before, we only consider the case R = 1. Theorem 1.1 says
that u is bounded on any compact subset of B3 hence for any § € R and any § > 0
the function ¢ = nPu” is a valid test function provided @ = u +k +  and € C°(Bs).
Here k£ is defined exactly as in Theorem 1.1.

We begin with the case which differs the most from the proof of [33, Theorem 5].
Suppose that v = loga and by following the idea of the proof in [33] we reach to

(r-1) / Vol w < p / I InVolP ™ wep / Bnpﬂvmw/ en|nVol " w
Bs Bs

Bs Bs

—I-p/ dnPw, (38)
B3

1
P

for any n € C°(B3). To continue denote by z = (IBS InVol? w) and with the aid of
Holder’s inequality (38) becomes

Zp S C’lzp_l + 027

where

1 1

s 1 P

cl_p(/ Ianpw) +(/ Icnlpw> ,
p—1\Jg, p—1\Jg,

P

Cy = L/ b” [Vl w + dnPw,
p—1Jpg, P

—1 ./,
which thanks to Young’s inequality implies

2P < C(CF + Cy),
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for some constant C. To continue we estimate C7 and Cs using appropriate 1. For any
0 < h < 2 such that B, C By (not necessarily concentric) we have that B an C Bs and

we consider 7 € Cgo(B%) such that =1 in By, and |[Vn| < Ch~!. We use such 7 in
(38) and we perform the following estimates

A;@%gcmaw<$§$>D(idﬂﬂw>D
QMBg)(éJﬂ;1w>%7

h
2
SC—=
where we have used (8) repeatedly. Therefore one obtains

1
vawgi/ nVo|’ w

1 P
< m(c1 +02)

< 2’ (p~p 4 p— (=) 4 p—(p—e)
*wam( + + )
<C (h*P 4+ d=ep ¢ h*(P*@) ’

where now € depends on f33 ‘B|p% w, fBa |C|% w and fB3 H‘,;% w.
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Finally, the local Poincaré-Sobolev inequality (9) tells us that

1

P
][ |v—vBh|w§<][ |v—UBh|pw>
By, By

)

< Ch (f [Vo|P w) ’
Bh

<C(1+hP"+h%)P,

=

and because h < 2 for any ball B;, C By we conclude that

][ v —vp, |w < C
By,

where C' > 0 is a constant not depending on h, in other words, v € BMO(Bs, w dx)
and the John-Nirenberg lemma for doubling measures [24, Appendix II] tells us that
there exists constants pg, C > 0 such that

][ epolv—uvml,, <C
B

for all balls B C Bs, in particular this gives

<][ epovw) . <][ epovw) < 02’
B2 B2

and because v = log u we have obtained

1
][ uPow < C (][ u_pow) .
Bz B2

If we denote by ¥(p,h) = (th apw) then the above becomes

=

U (po,2) < CV(—po,2). (39)

The rest of the proof consists in using ¢ = nPa? for § # 1 —p,0 as test function. If
v =au® for « given by pa = p+ 8 — 1 then following the ideas from [33] leads to
o If 5> 0 then

(7{33 |nv|Xpw) v <Caf(1+B7Y)¢ l<]{33 |nv|pw> Ty (]{33 |Vnol? w) p] .



If n € C2°(By,) is such that n = 1 in By for 1 < k' < h < 2 with |[Vn| < C(h—h')~!
then

(f, o) s (H2)F () f0e0l (1)

but since 1 < b/ < h < 2 we have

|=

w(Bs) _ w(Baw) _ - w(Bn)
< < and <1
w(Br) = w(Br) = w(Bg) ~
hence . -
= (1 )=
wp ) < U g ), (40)
e Similarly, for 1 — p < 8 < 0 one has
1— 314
wep ) < 0P ), (a1)
e [f 3 < 1— p then one obtains
1 =
(xp' h') < C%‘P(z), h). (42)

If we observe that U(s,r) — max@ and ¥(s,r) — min@ we can repeat the
s—00 B, s——o0 B,

iterative argument from the proof of [33, Theorem 5] to deduce that (40) and (41) imply

maxu < C¥(pg,2)

for some py < po chosen appropriately, whereas (42) will give

mina > C~ 1 (—py, 2).
B1
Finally we can use (39) to obtain a constant C' > 0 depending on the structural

parameters such that

maxu < C'minu
By Bq

and because @ = u + k + § we conclude by letting § — 0. |

Remark 2.3. Observe that kr in Theorem 1.1 can be further estimated as follows: if
one supposes that solutions are defined in B, for some Ry > 0 then because of (8) we
can write

(o) () (£, o) seneo (f, )
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for any s > 0 and 0 < 2R < Ry then one can give a better estimate on Cg and kg in
D
terms of R > 0 because for example one can see that if b € Lr=1-=""(Q) then

p—1l—e p—1
D "D
br = RP™! b7 < CRY™'°Ff b7t < CronR°
R = 0] w = ChRy |67~ w < Cro It
BaR(ag) Br,

stmilarly we obtain that

fR < CRo,fRsv gr < CR079R67

so that if
p—1l—¢ p—¢ plﬁ p—¢
D

D D P D br
ko= (f |w> +<f pr—fw> +<f |gp—fw>
BRU BRO BRO

then kr < ko maX{RP%l,R% }. Therefore if Ry <1 we have that

kr < koR7.

Proof of Theorem 1.5. This is standard once we know the Harnack inequality is valid.
We just highlight the main steps. For x¢ € ) by a suitable scaling we can suppose that
By = Ba(xg) € Q and we can consider for 0 < r < 1 the functions

M(r) =maxu m(r) =minu

T s

If we define up; = M — u then uy, is a weak solution of an equation of the form
divA =B in B,

for suitable A and B which satisfy the same structural hypotheses as A and B because
u is bounded in By. The only thing to keep in mind is that b, ¢, ..., g also depend on
maxp, |u|. The Harnack inequality then implies that

M(@r) —m (g) < Cmaxuy < C (n};i}luM +12) =C (M) - (5)+).

3

The same situation occurs for the function w,, = u — m(r) as it can be shown that

Br
3

M (%) —m(r) = WAxX Uy, <C (minum + l?:) =C (m (f) —m(r) + k)
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and if w(r) = M(r) — m(r) denotes the oscillation of v in B, we are led to

w(%) < g_i_iw(r)—l— 20 k,

but Remark 2.3 tells us that if 7 < 1 then k = /;T < /%07"5 for some ]~€0 depending

solely on b, ¢, ..., g and maxp, |u|. Also by increasing its value one can suppose that
1< C =C, <(Cy so that we have

w (g) <40 (w(r) + Tr%>

for constants 6,7 > 0. The rest of the argument to conclude that u is Hélder continuous
at xg is exactly as in the proof of [33, Theorem 8] thus we omit it. |

3 Behavior at infinity

In this section we obtain a decay estimate for weak solutions to the equation
—div(w |Vu|’ > Vu) = wu|"?u inQ (43)
u € DM (Q)

where ¢ = xup = DDU j‘fp and the set Q C RY (bounded or not) is such that there exists
a constant Sy, ,,(2) = Sy, > 0 for which the global weighted Sobolev inequality (19)
holds.

With the aid of the results regarding the equation div.A = B we are able to prove
that weak solutions to (43) are locally bounded.
Lemma 3.1. Let ¢ = xup and u € DYP¥(Q) be a weak solution of

—div(w |Vu|’ "> Vu) = wu|"? u in Q.

Then for every R > 0 such that Byr(xg) C Q then there exists C > 0 depending on
R >0 and on ||ull p1.p.w o) such that

[l oo (B (20)) < C-

Proof. Observe that equation (43) can be written in the from divA = B for b=c =

e=f=g=0andd=|ul?". We first use Theorem 1.2 in the version mentioned in
Dy

Remark 2.2 as from that result we know that if d € L™» »*(Q) then for every s > 1
and R > 0 the weak solution u satisfies

[l

L5 (Bag(z0)) < CRs ”uHLT”“’(BALR(fO)) ’
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and Cr s depends on s and on RP (me(m) |d|DTw w) ” But because u € DLPw(Q)

D

the Sobolev inequality (19) tells us that u € L%*(Q), hence d € L » **(Bygr(xo)) &

g = Xwp- In particular, this shows that u € L*"(Bagr(zg)) and as a consequence
Dy
d=|ul"" € Lv—="(Bag(xg)) for every 0 < € < p therefore we can use Theorem 1.1

in the version mentioned in Remark 2.1 to conclude that

lull oo (BR(z0)) < C

where C' depends on R > 0 and the norm of u in D*P%(Q). |

Now we would like to estimate the decay of the L?"™ norm of weak solutions outside
balls of large radii in €.
Lemma 3.2. Suppose ¢ = xup. If u € D¥P*(Q) is a weak solution of (43), then
there exists Rg > 0 and T > 0 such that if R > Ry then

Ro\"
ull o) < (R) el a2y, -

Here Bg denotes an arbitrary ball of radius R.
Remark 3.1. Observe that in the case of unbounded ) the above gives an estimate
near infinity of the LT norm of u.

Proof. Because u € D7 () then the function ¢ = nPu for n € WH(R¥) is a valid
test function in

/|Vu|p72VuV<pw:/|u|q72ug0w.
Q Q

On the one hand, using ts < Cpe PP + st for suitable small € > 0 (depending only
on p), we obtain that

[VulP~? VuVeow = / [VulP ™2 VuV (nPu)w
Q Q
= / [VulP ™ Vu - (" Vu+ pp?~'uVn) w
Q
:/ |77Vu|pw+p/ P [ VulP T V- uVnw
Q Q

> / InVul|P w fp/ (e InVul’ + Cpe' P [uVn|?) w
0 0

v

(1 —ps)/ InVul? w— Cpelfp/ |uVn|P w
Q Q
1
5/ |77Vu|pw—0p/ [uVn|” w.
Q Q
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On the other hand, since ¢ > p we can write

/ ™2 g = / ] 7P
Q Q
= [l
Q

1-2 »
q q
< </ |u|qw> </ |nu|qw> .
supp 7 Q

Hence
[ v@arw= [ n9u it
Q Q
§2p*1/ |r]Vu|pw—|—2p71/ [uVn? w
Q Q

< or~t (2 |VulP~? VuV(pw—FCp/ luVn|? w> —|—2p71/ luVn|” w
o Q Q

- :
<6 [wvapose ([ ) ([ )
Q supp n Q

and the global Sobolev inequality (19) tells us that there exists a constant S, ,, such

that .
Sp ([ 1mttw) < [ w0l
Q Q
therefore we obtain

P 1—P P
St ([ o) <6, [wonpore ([ ) ([ mre) 0
Q Q supp 7 Q

We now choose 7. First of all, because |[|ul|, , is finite for any given € > 0 we can
find Ry = Ro(e) > 0 such that if R > Ry then

/ lulw < e.
Q\BR

With this in mind we choose Ry > 0 such that

q SP
2P / lu|? w < B
Q\Bg, 2

and we suppose that R > Ry from now on. We consider n € W1>°(R¥) such that
n(z) =0 for z € Bg, n(z) =1 for ¢ Bag, and |Vn| < CR™!. If we use such 7 in (44)
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we obtain a constant C' > 0 independent of R such that

(f Inqu>é <o [ )" (45)

Additionally, by the choice of  we can suppose that |[Vn| < CR™! and we obtain

/ [uVn|P w < C’R_p/ lul” w
Q QﬁBgR\BR
, ]
< CR™" (w(Bar))' " / Jul " w
QQBQR\BR
1-2 2
2 Dy, q q
<CR7? <w(BRO) (R> ) (/ [ul? w)
0 QQBQR\BR
1_2
:C(’w(iRo)) " pDu(-2)-p / | w
RO w QOBQR\BR

b

q
< CRP»(-5)p / fuf? w
QOB‘ZR\BR

p

- ( / |u|qw> (46)
QﬂBgR\BR

where we have used (8) and the fact that ¢ = x,,p. From (45) and (46) we obtain

/ Inu|?w < C [u|? w,
Q QﬂBzR\BR

for some constant C' > 0 depending on p, q, Ry but independent of R. To continue,
observe that since n =1 on B5, we can write

/ ol w < / il w
Q\BQR Q

<C lu|? w
QﬂBgR\BR

Qs

thus, if § = -&= € (0,1) then we obtain

C+1
/ lu|w < 0/ lu|? w. (47)
O\Bag O\Bg

30



Counsider now f(R) = fQ\BR |u|?w, then (47) tells us that there exists 6 € (0,1)
such that for every R > R( one has

f(2R) < 0f(R),

in particular one could take R = R,, = 2" Ry for n > 0 and conclude that f(2"Ry) <
0f(2" 1Ry), or after iterating

f(2"Ro) < 0" f(Ro).

Observe that if R > Ry then one can find n > 1 such that 2" 'Ry < R < 2" R, then
n > log,(RRy ") and as a consequence we obtain

F(R) < f(2"Ro) < 0" f(Ro) < 0°°%2(FRs D) £(Ry).

and because z!°82Y = y°%2% 50 we have shown

—log, 0
Lo me (3™ o
Q\BR Q\BRO

and the result is proved for 7 := —% log, 6 > 0. ]
Lemma 3.3. Suppose that ¢ = x,p and that u € DVP*(Q) is a weak solution of
—div(w |Vu|’ "2 Vu) = wu|" u in Q.

Then for each s > q there exists Ry > 0 (depending on s) such that if R > Rg then
there exists C = C(p,q,w; s) > 0 for which

C
ll o\ Byr) < =) [ull oo @\ BR) »

where 05(1) is a quantity that goes to 0 as s — co.

Proof. Firstly notice that thanks to the L*" interpolation inequality it is enough to

exhibit a sequence s,, — 400 for which one has
n—00

C
[ull om0\ By < R —on D) [tll o\ ) -

Then we observe that in the context of (13) we can view the equation as
divA =B

where b=c=e= f =g=0and d = |u|?” ?. The assumption u € D () tells us
that ¢ = nPG(u) is a valid test function and we can follow the notation of the proof
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Theorem 1.1, in fact, since e = f = g = 0 we can further suppose that k > 0 is arbitrary
in the definition of both F' and G. Starting with (24) we now integrate over 2 to obtain

/ Vol w < p / oVl [0V w + (B + 1)aP~? / donl w,
Q Q Q

where v = F'(u) and 8 = 14+ p(a—1). From the above and the global Sobolev inequality

(19) we obtain
([imlw)" <o ([ wvarus [ ).
Q Q Q

for some C,, = O(aP). We can pass to the limit | — oo the above inequality to deduce

that .
( / Inu"lqw> <c. ( [rwn aer o+ [l |u|p“w),
Q Q Q

where we have used d = |u|?"". If we pass to the limit ¥ — 0" then we reach

alq “ <C \V/ p ap D q+p(a—1)
mu®fw ) < Cq IVol™ [ul ™ w+ [ 7P [u] w ).
Q Q Q

Observe that because ¢ > p we can do the following estimate

[ oo [ ey
Q

Q

1_2 P
<([ ) " (fmera)
supp Q
therefore we have
: . -
(Limera) <ca [ 1warurrorca ([ o) " ([ el o)
Q Q supp”n Q

We now select 7. Because v € D% (Q) and that (19) holds then we know that
u € L9 (Q), therefore for any given v > 0 we can find Ry = Rg(v) > 0 such that

/ lul?w < v, VR > Ry.
Qn{|z|>R}

With this in mind we choose Ry = Ry(a) > 0 such that

1_2

? 1

C, / lu|? w <=,
Qn{ |z|>Ro } 2
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and we suppose that R > Ry.
For n > 0 we consider R,, = R(2 —27") and a smooth non-negative function n

such that n(z) = 0 for |z| < Ry, n(z) =1 for |z| > R,+1 and satisfies |Vn| < CI%",

suppn C Q\ Bg,
suppVn C QN Bg, ., \ Br

n )

therefore so that

a1 B
ag B P
([ mer) ™ <2scd ([ )
Q Q
n
and if for n > 1 we take «,, = (%) then we obtain

pn
( a1 )W“ gt et ;w( T
/ lu] P w <2 a (Cy5 R @ / |u] P =T w ,
O\Br Q\Br,,

n+1

n

or equivalently, if s,, = pg—,l and U, = ||ul Lonw(Q\Br, )’
pr—1 p":Ll
27 q
Upiy < =20 gy
Ra™
which after iterating gives
i1 ptTt
1 B i
U, < H?:l 2 Caz'q U
n = n— i 1
Rzz:ll(%)

If we observe that C, = O(aP) so that for every large ¢ we have

pi=1 i1 iL:
afl g Cpqi (q> B
p

gy
for some constant C' > 0, and thus the product H;’;ll 2 & (O, is convergent because
q > p, then the result follows by noticing that i, < Hu”quw(Q\BR)a Uy, > |ul

1—1

LS"L’w(BgR)’
and that
N g (p\" _ »p
B0 =22 =y
“~\q) a-p a-»\4g q—p
because ¢ = #"f’p > p. |

Now we are in position to prove Theorem 1.6:
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Proof of Theorem 1.6. Consider the value of Ry > 0 given in Lemma 3.2, and suppose
that © € Q\ Bap,. Fix 0 <r < £2 50 that B, (z) C Q and use Lemma 3.1 to obtain

[w(@)] < ull o (B, @) < Cr lullzos, )y < Crs 1l e (B ) »

for any s > p. If we consider R = m, then by geometric considerations we deduce that

1
By, (x) € Q\ Bag hence

[l

L% (Ba(z)) < ||u| Lsw(Q\Bz2gr) *

Now we select s > ¢ large enough so that o,(1) < 7 in Lemma 3.3, where 7 > 0 is
taken from Lemma 3.2, by doing that we obtain

C
[l Low(Q\Bag) = 73/&,05(1) ||U||Lq,w(Q\BR)
C
S BE% l[ull Law o\ B

<O (B
= R5-5 \ R ) Mo @)

therefore, by putting all together we obtain

CR] C

s Ml = s

u(z)] <

for some constant C' > 0 independent of || > 2Ry, and the result is proved for R = 2Rj.
|

4 A better decay estimate for some particular weights
w

The result from Theorem 1.6 can be improved if one knows two facts regarding the
weighted p-Laplace operator Ly, (u) = —div(w |Vul"~* Vu):
e The operator satisfies a comparison principle, meaning that if L, (u) < L, (v)
weakly in Q and u < v over 0f2 then v < v in Q.
® There exists a constant C' > 0 such that

Lu(|2[") = Cw a|™

for suitable s1, s2 and large |z|.

The first condition is easily verified in general (and in a stronger version for particular
weights) as one can see in Appendix B, however the second condition depends heavily
on the type of weight. In this section we discuss some particular cases that have been
of interest recently.
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4.1 The unweighted case w =1

As we mentioned in the introduction, the decay estimate we have obtained is an
adaptation of a result from [6] in the unweighted case, namely in that work they prove
Proposition 4.1 (Lemma B.3 in [6]). If u € W1P(RY) is a weak solution of

—Ayu = [uf’ u
then there exists A > 0 such that

C
u(@)| € ——==—
SR A
L fa] 7

The above result is improved by using the comparison principle for A, to obtain
Proposition 4.2 (Proposition B.1 in [6]). If u € WP (RY) is a weak solution of

—Ayu=|uf’ u

then o
ule)] € ——
1+ |z 72
for every e > 0.
4.2 Monomial weights: w = x4
In the case of monomial weights
wy(z) =z = |z|™ - |z

we can also improve the decay estimate from Theorem 1.6. It is clear that w4 verifies
(7) and that w;(z) := |z;|* belongs to L}, .(R) for a; > —1. Also w; is doubling (see for
instance [24, Corollary 15.35]), moreover, if a; > 0 one can obtain the best doubling

constant -y, as follows: observe that for Br(xo) = (vo — R, z¢ + R) we have

Lo

wi(Br(w0)) = R w; (B ( 7

);

therefore
w;(Bar(z0)) — glta w;(B1(3%))
wi(Br(zo)) wi(Bi(
because of the following
Lemma 4.1. For any xg € R and a > 0 we have

S 21+ai

= |3
o

We (B1(z0)) < wq(B1(2x0)),

with equality if xg = 0.
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We will prove this lemma in Appendix A, but observe that as a consequence we
deduce that for the cube® Bp = Hi\;l(ﬂfo,i — R,z + R) one has

wa(B2r(70)) _ v,
wa(Br(zo)) =

for No = N+a;+as+ ...+ ay and that N4 is the smallest possible choice for the
exponent on the right-hand side. This shows that D4 = N4, which agrees with [4, 7]
where it was proved that for every A = (ay,...,ax) € RY with a; > 0 there exists a
constant S, 4 > 0 such that

Sp. A (/ |u|? 24 dx) < (/ |Vu|P 24 dx) ) Yu € C(RY) (48)
RY RY

A A

where ¢ = J\jf\i AP and RY is defined as

RX:{(ZEL---,IN)GRN:a;i>0Wheneverai>0}7

therefore the Sobolev exponent ¢ from (48) coincides with the local Sobolev exponent
obtained in Remark 1.1 from the doubling constant 4 = 2/V4.
Observe also that [9, Section 5] tells us that the weight w,4 verifies

/ |u—upa|” 2t da < Cl(B)p/ \Vaul? 2 dz for all balls B ¢ RY,
B B

so that (PI) is readily satisfied for w4.

If HyP*(RY) denotes the closure of C2°(RY) then the results of Section 3 are valid,
and with the aid of the comparison principle Proposition B.1 we obtain the following
Theorem 4.1. Suppose A = (a1, az,...,ay) € RN, Nao > p with a; > 0 for all i. If
ue HyP*(RY) is a weak solution of

—div(z? |[VulP 7> Vu) = 24 [u|" P u  in RY,
u=0 on (RY),

where ¢ = 1\],\;/“‘_”1). Then

()| < — S

S lfa] P

for every e > 0.

Proof. From Theorem 1.6 we know that there exists A > 0 and constants Ry > 1,
C1 > 0 such that
u(@)] < Crlz|™" ¥ |2| = R,

380 far we have worked with balls, but the geometry of RN allows us to work with cubes instead by only
including a geometric constant when needed.
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where t = % — 14+ X. We notice that there exists ¢ > 0 such that

t+2+0+(p—-2)t+o+1)<t(g—1),

Na—p

we have
p—1

and we observe that for any 1 < s <

—div (zA ‘V <|x\_s) v

where Cy = s|s|" > (Na — (p — 2)(s + 1) —2 — s) > 0. Hence for |z| > Ry and
uy = max {u,0} we have

¥ (Jel7) ) = Can o202,

—div (IA Vg P72 Vu+) < ztud!

< Cle ‘xrt(Q*l)
< Cle ‘1,|—(t+0)—2—(1ﬂ—2)((t+0)+1)

- —%div (f“ ’v (|x|—<t+a>> ”_QV (z|_(t+0))) .

Because uy = 0 over 9(RY) the comparison principle tells us that

uy(z) < Cslz|™""7 ¥ |z| > Ry,

for some sufficiently large constant C3 > 0. We can iterate this process for t =t 4 o

provided we can find & > 0 such that t +2+6 + (p—2)(f +5 + 1) < ]\;“__1", hence we
deduce that
N4 —
us(z) < Clz|~ 5T V2| > Ro.
for every € > 0. The above can be repeated for (—u); and the result is proved. [ |

If we use Proposition B.2 instead of Proposition B.1 we obtain the following variant
of Theorem 4.1. If we observe that

N

U{wGRN:m:O}

i=1

= U{xERN:mi:0}UU{:EERN:@:O}
ieh el

ZF1UF2,

O(RY)

where I1 = {i:0<a; <1} and I = {i:a; > 1} then we have
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Theorem 4.2. Suppose A = (ay,az,...,an) € RN, Na > p with a; > 0 for all i. If
u € HYPARY) is a weak solution of

{—div(xA [VulP 2 Vu) = 2 ju|"?u  in RY,

u=0 OnFla

where ¢ = ]\],VT"“‘_I’[) Then

C
lu(@)| € ———F=—
A= _¢
14 fo| 7
for every e > 0.

Proof. The proof goes exactly as the previous proof, the only difference being that
Proposition B.2 tells us that we do not need u (z) < Cs|z|~*~7 over the set I’y to
obtain said inequality all over the set {z € RY : |z| > Ro}. We omit the details. B

4.3 Power type weights: w = |x|”

In the case of the power type weights w(z) = |z|* we can also improve the decay
estimate from Theorem 1.6. First of all we recall that the result of Caffarelli-Kohn-
Nirenberg [5] which tells us that for every a € R there exists a constant .Sy, , > 0 such
that

Spa (/ ] |2]° dx> s(/ IVl 2" da:) , (49)
RY RY

where ¢ = Jév‘f’p, N, = N +a and R} is the punctured plane R} = RN\ {0}.

Moreover, the weight w,(z) = |z|* satisfies w,(Br(z0)) = RN Tw,(B1(%)) so that

M — 2N+a%

)) N+a
wa(Br(ro) wa(Br(22) =7

SEINE

because we have
Lemma 4.2. For any o € RY and a > 0 we have

wa(B1(w0)) < wa(B1(210)),
with equality if xo = 0.
We prove this lemma below in Appendix A, and because the operator

—div(|z|* |[Vu|P~? Vu) also satisfies the comparison principle Proposition B.2 we have
Theorem 4.3. Suppose a > 0 and N, > p. If u € H*P*(RY) is a weak solution of

. —2 -2
—div(ja]* [Vul" " Va) = o] [ul"u,

where ¢ = ]\J[V‘:pp. Then



for every e > 0.

Proof. This is analogous to the proof of Theorem 4.1. We again deduce the existence
of A > 0 and constants Ry > 1, C7 > 0 such that

lu(@)] < C1lz[™" ¥, |a] = Ry,

No—p

we have
p—1

Wheretz%—1+/\.NOWforany1<s<

—div (|2 V (2] ™) ) = s[s" 7 (Vo = (p = 2)(5 + 1) = 2 = 5) [a 0DV

=Cy |x‘a—(p—2)(s+1)—s—2 :
where Cy > 0. Hence for |z| > Ry and vy = max {u,0} we have
_div (|x|a IV, P2 VU+> - 7%div <|w|a ’v (|x|*(t+a)) ‘p—z o (|x|(t+a))> ’
where o > 0 verifies

t+2+0+(p—-2)t+o+1) <t(g—1).

We use the comparison principle Proposition B.2 and the same iterative argument
from the proof Theorem 4.1 to obtain a constant C' > 0 for which

N,

up(z) < Clz|" 7T Vx| > Ro.

holds for every € > 0. Finally, because the same estimate can be obtained for (—u)+
the proof is completed. |
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A Doubling constant of power type weights

Observe that Lemma 4.1 is just Lemma 4.2 for the case N = 1, so we only need to
prove the latter.
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Proof of Lemma 4.2. We separate the proof into two cases: |zo| > 2 and 0 < |zg| < 2.
Observe that

x € Bi(zg) = |z| <1+ |zg],
x € B1(2x0) = |z| > 2|xo| — 1,

so 1+ |zg| < 2]xg| — 1 & |xg| > 2 then By(zp) and B;(2x) are disjoint and we can
write

wq(B1(x0)) = / |z|* da

Bi(z0)
< (1+ |z0])*A(B1 (20))
< (2[0] — 1)"A(B1 (220))

< / |z|* dx
B1 (QIQ)

= wq(B1(220)),

due to the invariance of the Lebesgue measure with respect to translations. If 0 <
|zo| < 2 then E = By(xg) N B1(220) # & and we have

Wa(B1(20)) = wa(B1(z0) \ B1(220)) + wa(E)
= wq(B1(220)) + wa(B1(wo) \ B1(220)) — wa(B1(270) \ Bi(70)),

and if © € By(xg) \ B1(2z0) then | — z9| < 1 with | — 22¢| > 1 therefore
|z < 14 2]z,

Similarly, if © € B1(2x0) \ Bi(zo) then |x — 2x¢|] < 1 with | — z¢| > 1 so that
|z > 14 2]a0]?,

and by the invariance of the Lebesgue measure under reflections we see that

wa(B1(0) \ B1(270)) < (14 220l*)EA(B1(x0) \ B1(220))
= (1+2]xo|*) 2 A(B1(220) \ Bi(z0))
< wa(B1(220) \ Bi(wo)),

A(
A(

—_~ o~

so that
wq(B1(70)) < wa(B1(270)),
and the proof is completed. ]
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B Comparison principles

A simple comparison principle can be easily obtained for the operator L., (u) =
—div(w |Vu|[’”? Vu) as it can be seen in the following
Proposition B.1. For a connected open set Q suppose u,v € DVP(Q) satisfy u < v
over 0) and

—div (w |VulP~? Vu) < —div (w |VolP? V’U) ,

weakly, that is
/ (|Vu|p72 Vu — |[VoP~? Vv) Vowdz <0 Yo e HyP"(Q), ¢ >0,
Q

then u < v in Q.

Proof. The function ¢ = (u — v)4 is a valid test function hence we obtain
/ (\Vu|p_2 Vu — |[VoP~? Vv) - (Vu—Vo)w <0,
o+

where QT = {z € Q : u(x) > v(z) }. However the integrand is non-negative due to the
convexity of the function s — |s|”, so there are two possibilities, either Q* = @ in
which case we obtain that u < v and the result is proven, or Vu = Vv in which case
u = v+ C on QF for some constant C. But since v = v on Q" we conclude that
u = v on Q1 which is impossible. [ |

This proposition is enough for the proof of Theorem 4.1 but it is not enough
for Theorem 4.2. A standard comparison principle for an operator L could be: If
Lu < Lvin ©Q and u < v over 99 then u < v in 2, however if the operator Lu is

—div (xA (VP2 Vu) then it is only needed to impose the condition v < v over a

portion of the boundary. Recall that the monomial weight is defined as

N
= H |
i=1

where a; > 0 for all i € {1,2,..., N} and that the study made in [7, 8] pointed out
that the cases where i is such that a; > 1 might require a different treatment, therefore
we consider the following partition of the set {1,2,..., N }:

a;
)

L={ie{1,2,...,N}:0<a; <1}, L={ie{1,2,....,N}:a;>1},
and define
1“1:{:UE]RN:oci:0f0rsomei€1'1}7 FQZ{.%'ERN:xiZOfOrSOmeiGIQ}.

The following result says that in order to have a comparison principle it is enough to
impose the inequality u < v over the portion of 92 not intersecting I's.

41



Proposition B.2. For a connected open set ) suppose u,v € DVPA(Q) satisfy u < v
over OQ\T'y and

—div (:CA |VulP~? Vu) < —div (wA IVolP~? VU) ,

weakly then u < v in .

Proof. Consider n. € C*®(RY) defined as n.(z) = [Licz, pe(w:) where p. € C(R)
satisfies

plx) =0ifx <e, plx)=1ifz>2, |p(z)]<Cet

Observe that ¢ = n.(u—v)7T is a valid test function because u —v < 0 over 9Q \ T’y
and 7. = 0 over I's. Hence one obtains

/ (\Vu|p72 Vu — |Vo|P ™2 Vv) (Vu — Vo) nez? dz
o+

+ / (|Vu|p_2 Vu — |VolP ™2 Vv) Ve (u—v)ztdz <0
O+
where QT = {z € Q: u(z) > v(x) }. As a consequence we get

/ (\Vu|p_2 Vu — |Vo|P? Vv) (Vu — Vo) nez? dz
o+

< ‘/ (\VU\VQ Vu— |Vv\p72 Vv) Ve (u—v) 2? da
O+

However

1 1—1
< (/ luVn.|P 2t dz) </ \Vau|? 24 dx)
ot supp Ve
» L -2
§C</ ‘E’ xAd:c> (/ Vu|p:cAda:>
supp Vne € supp Vne

but if € supp V7, then z;, < 2¢ for some iy € I and as a consequence

u P
/ ‘f‘ A dx < C Z /
supp Vne € supp V1.

i€ly
by the weighted Sobolev-Hardy inequality [7, Theorem 1]|. Hence

-}
A
<Clullypa </ |Vul|’ z dx) .
supp Vne

42

/ u|VulP " Vu - Voo da
o+

P
Ade < C ull} A

UpA
— J:deC'Z/
Q

T
v i€ly

U
X

‘/ u|VulP? Vu - Viez? da
O+




Similarly we have

1

1_17
<C ||v\|1}p}A (/ |Vu|P A da:)
supp V7.

17
A
<Cllullypa (/ |Vol? x dx)
supp Vne

1

1713
A
<Clolly, n ( I dx)
supp Vne

/ v |VulP 7 Vu - Vieat dz
O+

=

/ w|VolP? Vo - Vier? d
O+

/ v |VolP? Vo - Viez? da
Q+

In summary we have obtained

/ <|Vu|p_2 Vu — |[VoP~? VU) - (Vu — Vo) n.z? d
o+

1—1 1—
<C (Jull ya + 10l 0 [( [ wratas) T ([ varetad)
supp V1. supp V1.

and as ¢ — 01 we deduce that
/ (|Vu|p_2 Vu — |Vo|P? VU) (Vu — Vo) z?tde <0
Q+

so we can proceed as in the proof of Proposition B.1 to conclude. |
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