BIFURCATION ANALYSIS OF A SINGULAR NON-LINEAR
STURM-LIOUVILLE EQUATION

HERNAN CASTRO

ABSTRACT. In this paper we study existence of positive solutions to the fol-
lowing singular non-linear Sturm-Liouville equation

—(22%u) = Xu4uP in (0,1),
u(l) =0,

where @ > 0, p > 1 and X are real constants.
Weprovethatwhen0<o¢§%andp>10rwhen%<a<1and1<

p < g;z‘;, there exists a branch of continuous positive solutions bifurcating

to the left of the first eigenvalue of the operator Lou = —(22%u’)’ under the
boundary condition lilrn0 x2@y/(z) = 0. The projection of this branch onto its
T

A component is unbounded in two cases: when 0 < o < 1 and p > 1, and

2
when % <a<landp< g;iol‘ On the other hand, when % < a<1and

p> g;i(i , the projection of the branch has a positive lower bound below which

no positive solution exists.
When 0 < a < % and p > 1, we show that a second branch of continuous
positive solution can be found to the left of the first eigenvalue of the operator

Lo under the boundary condition lirn0 u(z) = 0.
T—

Finally, when o > 1, the operator L, has no eigenvalues under its canonical
boundary condition at the origin, and we prove that in fact there are no positive
solutions to the equation, regardless of A € R and p > 1.

1. INTRODUCTION

We are interested in the problem of existence of a function u satisfying the non-
linear singular Sturm-Liouville equation

—(z*u) = Xu+uP in (0,1),
(1) w>0 in (0,1),
u(l) =0,

where a > 0, p > 1 and A € R are parameters. A motivation for studying equation
is presented in detail in section Also, we would like to mention that a more
general general class of singular Sturm-Liouville equations have been studied using
different techniques in the past, and we refer the interested reader to the following
papers [17,27,/28,30-32] for further reading.

In our work, it is important to remark that by a solution to equation we will
mean a function u belonging to C?(0, 1] which solves equation . This will become
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specially relevant when proving non-existence results, as no a priori assumption
about the behavior of u near the origin is being made.

As it will be seen later, it is convenient to divide the exposition of our results
into the following five cases:

(A) 0<a<ilandp>1,

(B) %§a<1and1

(C) : <a<1landp=322,

(D) 3 <a<1landp> 3=2% and

(E) a>1andp> 1.

The exponent

3—2a 2

2 201:: 1:
) 2a—1+ 200 — 1

plays an important role, as it is critical in the sense that the weighted Sobolev space
(introduced in [22])

X§ = X5%(0,1) = {u € HL.(0,1) : u, 20’ € L*(0,1), u(1) =0}

is embedded into L9(0,1) if and only if ¢ < 2, (this follows from the Caffarelli-
Kohn-Nirenberg (CKN) inequality [15]; see also [22, Appendix] for the treatment
of this particular case).

When dealing with cases @ andour approach to prove existence results
for equation will be to minimize the energy functional

3) Ialu /|$ )2 dz — A /\u )2 da

over the manifold
M= Moz,p = Xg n {u < Lp+1(05 1) : HUHP-H - 1} '

The solutions obtained by this method turn out to be bounded solutions and they
bifurcate to the left of the first eigenvalue of the linear problem

—(x?*¢') = Ap in (0,1),
(4) p(1) =0,

lim 22%¢/(z) = 0.

z—0t
We refer the reader to [22, Theorem 1.17] for a complete analysis of the spectrum
of the linear operator
EQQO = (zZa (pl)/
but in particular, the first eigenvalue of equation (4 , hereafter denoted by A1, can
be characterized by

fo E )|2d:c fo |z (z)|? da
weXo‘ f lp(x 2 da fO |301 | dx

Further details about A; and ¢ will be given later in section [2| l

The above is in sharp contrast with the case « > 1, as the operator £, has
only essential spectrum (no eigenvalues) and bifurcation becomes a delicate issue,
in fact, we prove that no positive solutions exist in this case.

(5) )\1 =

IWhen o = % we are abusing the notation and consider that 3;201‘ = +o00.
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1.1. The case 0 < a < 1 and p > 1. In this case the embedding X§ — LP+1(0,1)
is compact for all p > 1, hence a standard variational method allows us to prove
the existence of a minimizer for I , in M and as a consequence the following

Theorem 1 (Existence for the Neumann problem). Suppose 0 < av < % andp>1,
then for every A < Ay there exists a solution uyn to equation satisfying the
following properties:
(i) uy € C[0,1], with un(0) > 0,

(ii) z**~ 1)y € C[0,1], in particular uy € C1[0,1] and u/\(0) = 0,

(iii) z**ul € C0,1].
Remark 1.1. The solution uy to equation obtained in Theorem 1| turns out to
be the unique solution of equation [1] satisfying x2*~1u’ € C[0,1]. This, together
with other uniqueness results related to equation , will be the content of the
forthcoming paper [21].

As we mentioned earlier, bifurcation only occurs to the left of A1, and this is the
content of the following

Theorem 2 (Non-existence for the Neumann problem). Suppose 0 < o < %, p>1
and that X > X\i. Then equation has no solution satisfying lim+ %%/ (z) < 0.
z—0

Observe that the above non-existence theorem requires the additional assumption

hm+ 2?%u’(x) < 0. The reason behind this extra assumption comes from the fact
x—0

that equation does have (bounded) solutions satisfying lim+ 2%/ (x) > 0 for
z—0

some A > Ay. This phenomenon occurs because, when 0 < o < %, one can minimize
the energy functional I, » over My, the sub-manifold of M defined by

Mo = Moo = Xgo 1 {u € 910.) ¢ [ul,, = 1}

where X&) = {u € X§ : u(0) =0} is a well defined (closed) subspace of X§ for
each 0 < a < % (see |22, Appendix] for further details about this space). This
allows us to prove a second existence theorem: For 0 < a < %, let A1 o be the first
eigenvalue of

(6) p(1) =0,
(z) =0

which can be characterized by

1 1 o 9
(7) A1 = inf Jo le°¢' (@) dz _ Jo [z%¢ho(@)| dx
s LpEX(‘)"O j‘ol |SD(.’E)|2 dl’ fol |90170(Qj)|2 dl-

We have the following

Theorem 3 (Existence for the Dirichlet problem). Suppose 0 < a < % and p > 1,
then for every A < A1 there exists a solution up to equation satisfying the
following properties:
(i) up € C[0,1], with up(0) =0,
(ii) 2> lup € C[0,1], and
(iii) z**uly € C10,1].
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Remark 1.2. The solution up from Theorem is the unique solution of equation
satisfying u(0) = 0 (see [21]).

Remark 1.3. Observe that property in Theorem 3| above only says that z2“u’
belongs to C[0,1]. This does not mean that each term in

($2au%10) A,xQQUN( )+72ax2a71u%x)

is continuous in [0, 1]. This can be seen even for the linear equation (@], as for the
eigenfunction ¢y one has that 2271} o(x) ~ z7! and 2**¢! o (x) ~ 7! near
the origin, but due to some cancellation of the non-integrable term, one can obtain

that 22*¢} , € C'[0,1].

Remark 1.4. It turns out that Ao > Ay for all 0 < a < % This implies that
when A < Ay we have the existence of at least two distinct continuous solutions
to equation (I): one satisfying u(0) > 0 - the solution given by Theorem [1] - and
another solution satisfying u(0) = 0 - the solution given by Theorem [3| (see Figure
below). However, these two solutions can be considered as part of a continuum
of bounded solutions to equation . See section for further comments.

As a counterpart we have the following non-existence result, which does not
require any assumptions on the behavior of the solution near the origin.

Theorem 4. Suppose 0 < a < %, p > 1 and that A > A\ 9. Then equation has
no positive solution.

1.2. The case % < a < 1. As explained earlier, in this range of a’s the embedding
X§& < LPT1(0,1) is compact if and only if 1 < p < 3;301‘,
divide the results into three cases:

<>1<p<2C¥ T

3—2a
© p=5=7 and

3—2a
o p> 51"

1.2.1. The sub-critical case 1 < p < 5=2%. The embedding X§ < LP*(0,1) is

compact, so we can use a standard variational method to prove

so it is convenient to

Theorem 5 (Existence for the sub-critical “Canonical” problem). Suppose % <
a<landl <p< 3;301‘, then for all A\ < Ay there exists a solution uc to equation
satisfying the following properties:
(i) uc € C0,1], with uc(0) > 0,
(ii) z**~tuy, € C[0,1], in particular Iligl+ z**u(z) = 0, and
(iii) x>l € C[0,1].

Remark 1.5. This solution is the unique solution to equation satisfying the
regularity condition 22~ tuy, € C[0,1] (see [21]).

Bifurcation also occurs to the left of A\; in this case, and this is proved in the
following

Theorem 6. Suppose % <a<l1,p>1and that A > A\;. Then equation has
no solution.

Remark 1.6. Unlike Theorem[2} no a priori behavior of u near the origin is required
in the above result. The reason behlnd this is that When a> 1 5 one can show that
all C%(0, 1]-solutions of equation (1)) satisfy hm 22/ (z) <0 (see Corollary.
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1.2.2. The critical case p = g;fol‘ In order to prove existence in this case, we
still look for minimizers of I , over the manifold M. The difficulty in doing so
comes from the fact that X§ < L2(0,1) is not compact and as a consequence
the standard variational approach does not work. To overcome this issue, we will
follow the approach taken by Brezis and Nirenberg in [10] and we will show that it
is enough to prove that for suitable \’s

8 inf I o <inf Iy -
( ) 1}\1/1 A« 1/1\1/[ 0,
To do so, notice that
(9) Sa 1= ifr\l/lffo,a
corresponds to the best constant in the CKN inequality
2 2
Sa [[ullz2a 1) < ||xaulHL2(o,1) :
The key ingredient in proving is to evaluate I , at functions of the form
ue(z) = ¢(2)Ue(2),

where ¢ is a suitable chosen cut-off function and

1-2

U.(z) = (e +a®72%)2 2
corresponds to the basic extremal profile for
2 2
Sa IUN| 20 (0,00) = ||xaU/HL2(o,oo) ‘
More details about S, and its extremal functions will be given in section [2] below.

Theorem 7 (Existence for the critical “Canonical” problem). Suppose % <a<l

and that p = 3;301‘ Then there exists A¥, € [0, A1), such that if A € (A%, A1), then

equation has a solution uc satisfying:
(i) uc € C0,1], with uc(0) > 0,
(ii) z**~luy, € C[0,1], in particular lim x**ul(z) =0, and

20, 11 e
(iit) x**uf € C[0,1].

Remark 1.7. The solution given by Theorem [7] is the unique solution to equation
satisfying z2*~1u/ € C[0,1] (see [21]).

Remark 1.8. The number A}, can be defined by

LY | 3
AL:{& if L <a<d,

Tl if2<ac<,

3

where A7, > 0 is a continuous function of o for all 3 < o < 2,

explicitly computed by

and A} can be

1) ae i hETV@Pde fy eev@)] do
T pexi e M) Pde ) 020, () da

We will show that AY — 0 thus making A, a continuous function of «, and that
a—37

|AY — A1 — 0 (see Figure |1 below). Further properties of A% and ¢, will be
1

a—3

given later in section [2}

On the other hand, we have the following non existence result
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FIGURE 1. Ay and A}, when % <a< %.
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Theorem 8. Suppose % <a<l p= g;z’} and that A < A}. Then equation
has no solution.

1.2.3. The super-critical case p > 3;3‘31‘ In this case, we can no longer use the

previous approach to prove existence of positive solutions. The reason is that the
space X§ is not even embedded into LP*1(0,1). Instead, we have available the
global bifurcation result of Rabinowitz [45, Theorem 1.3] which tells us that there
exists a branch of bounded positive solutions (A, u) emanating from (A1,0) and
going to infinity in R x C[0, 1], but no further information is obtained from this
abstract result of Rabinowitz.

One thing that can be easily seen is that the branch emanating from A; must be
bounded below in its A component, and this is the content of the following

Theorem 9. Suppose % < a <1 and that p > g;zol‘ Suppose A < 5\&7,,, where

1 1
5\ =\ aiiiip-i-l
a,p - 1 1 1 ’
2 pF1

then equation has no solution.

Remark 1.9. If one defines a regular solution as a function u solution to equation

so that both u and 22~ !u/ belong to C[0,1], and let
Aap = inf {A > 0 : Equation (I has a regular solution},

then Theorem |§| shows that /_\am < 5\a,p. However, numerical computations indi-
cate two things: that the inequality is strict, i.e., Xa’p < Aa,p and that for every

S\Q,p < A < A at least one solution to equation exists (see figures and|§|
below). This leads us to raise

Question 1. Is it true that for 5\044, one has that for each 5\@7,, < A < )Aq there
exists a regular solution u) to equation ? More precisely, we believe that for
A= ;\%p a unique regular solution exists, and that there exists € > 0 small enough
such that for 5\,111, <A< /A\(M, + ¢ exactly two regular solutions exist.



BIFURCATION OF A SINGULAR NON-LINEAL STURM-LIOUVILLE EQUATION 7

Question 2. If one defines

Xa,p :=inf {\ > 0 : Equation has a solution},

that is, we drop the regularity assumption, we have that by definition }a,p < Aap-
A natural question is to determine whether the inequality is strict or not.

1.3. The case a > 1. Before presenting the main result for this case, it is important
to emphasize the distinction between o < 1 and @ > 1. As seen in [22], the main
difference that can be observed between these two cases is that the spectrum of the
linear operator L, under the homogeneous boundary conditions given in equation
(4) consists only of isolated eigenvalues when o < 1, but, because of the lack of
compactness of the operator T, := (L,)~!, the spectrum becomes a continuum
when « > 1, in fact, the spectrum has no eigenvalues in this situation.

As we have established, the solutions obtained when 0 < « < 1 are solutions
that bifurcate from the first eigenvalue of the operator L£,. This phenomenon is
in concordance with results about global bifurcation from isolated points in the
spectrum (see for instance [26/45]). However, when o > 1, the spectrum of L, is
purely essential and has no isolated points:

o 0(L1) =0e(L1) = [4,00), and
o 0(Ly) =0e(Ly) =[0,00) for a > 1,
hence, the results mentioned above do not apply.

Besides the lack of compactness and the lack of isolated eigenvalues of the oper-
ator L, one has that for every p > 1 we are dealing with what can be considered
a super-critical equation. All these conditions seem to be very restrictive and as
a result we obtain that there are no positive solutions, as the following theorem
shows.

Theorem 10 (Non-existence when o > 1). Let « > 1, p > 1 and X\ be real
constants, then equation has no solution.

Remark 1.10. In fact one can prove a stronger result. Indeed, our proof of Theorem
allows us to show that the equation

—(@2u) = Xu+ [ulf " u in (0,1),
u(1l) =0,
u > 0 near 0,

has no solution for any > 1, A € IR and p > 1. See section for further
comments about this.

It is worth mentioning that when o = 1, Theorem [10]is in sharp contrast with
the work done by Berestycki and Esteban in [§]. In that article, the authors study
the model equation

—2%u" () = Mu+uP  in (0,1),
u>0 in (0,1),
u(0) =u(l) =0,
which can be regarded as a simplified version of the Wheeler-DeWitt equation. In
[8], the authors prove, among other things, that the above equation has uncountably

many solutions when 0 < A\ < %. Their result put alongside Theorem |10[shows that
the first order term —2zu/(z) plays a crucial role in the existence question.
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Even though we did not use general tools from bifurcation theory, it is important
to remark that bifurcation from the essential spectrum is a topic that has been
greatly studied in the past. One of the founders of the research in this area is C.
Stuart who started studying such phenomenon in the ’70s. The interested reader
might want to check the nice papers written by Stuart himself [47,/48] and the
references therein. We also refer to the series of papers published by Stuart and
Vuillaume [49-51] where bifurcation from the essential spectrum of a non-linear
Sturm-Liouville equation is studied.

1.4. Connection with an elliptic equation in the ball. The results from The-
orems [5] and [7] suggest that equation (I is closely related to the elliptic equation

—Av =X v+v” in B(0,R) C RV,
(11) v>0 in B(0,R),
v=0 on 9B(0, R),

where A € R, p > 1, R > 0 and B(0, R) denotes the ball centered at the origin with
radius R. In their celebrated work [10], Brezis and Nirenberg proved, among other
things, that for the critical exponent p = %, the dimension plays an important
role in the existence/non-existence question. They showed that when N > 4 a
solution to equation is guaranteed to exist if and only if? 0 < A < A;(—A); but
when N = 3, they proved that existence only occurs if \* < A < A\;(—A), where
A* = i)\l(fA) > 0.

The phenomenon described above is exactly the same as the one occurring for
equation when p = g:ﬁ?, as if % < a < 1, existence only occurs when 0 <
A < A, and if % <a< %, solutions only exist when A}, < A < A;, with A%, > 0.
An explanation for this connection can be seen by means of a change of variables.
Recall that by the result of Gidas, Ni and Nirenberg [35], all solutions to equation

are radially symmetric, hence v(r) = v(]z|) satisfies the ODE

- — N_lv’ =Xv+v” in (0,R),
(12) v>0 in (0, R),
v(R) = 0.
Now, for 0 < a < 1, let u be a solution to equation and consider r = (1 —
a)~lzl=®  Define w(r) = u(z), then a direct computation shows that w is a
solution to
—w" — Nari 1w' = w+w? in (0,R,),
(13) w>0 in (0, Ra),
w(Ra) =0,

where N, = (1 —«a)~! and R, = (1 — a)~!. Hence, when N, is an integer (that is
when o = %, %, %, ...) the ODE satisfied by w is exactly equation .

The literature about equation (12| is extensive. For instance, regarding the
existence of solutions to equation n the sub-critical case (p > 1 when N = 1,2
and 1 < p < % when N > 3), we can mention the works of Berestycki [7],

2The number A1(—A) denotes the first eigenvalue of —A in B(0, R) under Dirichlet boundary
condition.
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Castro and Lazer [20], de Figueiredo, Lions and Nussbaum [29], Esteban [34] and
Lions [36] among others. Most of these results are quite general as they apply
to general bounded domains and a large class of non-linearities with sub-critical
growth. However, it is apparent to us that the case of non-integer dimension for
equation has not been covered in the literature, and the results from Theorems
[} B] and [f] seem to close that gap in this case. In particular, when 1 < N < 2 we
have the existence of at least two bounded solutions satisfying equation , one
of them satisfies v(0) > 0 and v'(r) ~ r for » ~ 0 and the other satisfies v(0) = 0
and v'(r) ~ r*= for 7 ~ 0: notice that since 1 < N < 2, this second solution has
a singular derivative at 0 (see figures [2[ and .

llualloo lleex [l o

1
2 0 A1 0 A1,0

1 1

5
(A) Neumann: a = 7 and p = 4. (B) Dirichlet: a = § and p = 4.

X

0 A A1,0

|
2
(c) Figures |2al and [2b| together.
3—2a

FiGURE 2. Bifurcation diagrams when 0 < a < % and p < 555

For the critical case, N > 3 and p = %, the behavior of the branch of solutions
emanating from A;(—A) has been fully understood in the case of the ball. We
have already mentioned the result of Brezis and Nirenberg [10], and the interested
reader might want to check the works of Atkinson and Peletier [1,[2], Bandle and
Benguria [3], Bandle and Peletier [4], Benguria, Frank and Loss [6], Brezis and
Peletier [11}/12], Cao and Li [18], Capozzi, Fortunato and Palmieri [19|, Cerami,
Fortunato and Struwe [24] and Cerami, Solimini and Struwe [25], Mancini and
Sandeep [37] for further reference on related problems. However, to our knowledge,
the fact that the bifurcation picture when N = 3 is different from the case N > 4
has not been fully generalized to cover the case of non integer dimension N in
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lleall oo llealloo

2 0 A 2
(A) a =% and p=6. (B) =2 and p = 3.
FiGURE 3. Bifurcation diagrams when % <a<landp< %

equation . In [44], Pucci and Serrin suggest that the non-existence part of their
result should hold for any dimension, but an improved version of the identity shown
in [43] was required to support their claim; nonetheless, if one formally extends the
identity from [43] to cover non-integer dimensions, the result that one obtains is not
sharp. Theorem |7| provides a sharp answer to both the existence and non-existence
questions in any dimension N > 2. In fact, our result implies that the sharp lower
bound for which solutions to equation exist is given by a continuous function
A* = A*(N) which is identically 0 for all N > 4, positive when 2 < N < 4 and
IA*(N) — M (=A)[ = 0 as N — 2% (see figures 1] and [4).

lluxlloo i lluall oo
10/ | 35
|
|
|
|
|
|
|
|
|
|
|
|
14 i
1 ) 1 -
0 AL A 0 o
(A) a=2and p=>5. (B)a=%2andp=1.
FIGURE 4. Bifurcation diagrams when % <a<landp= ‘;’;E‘Jl“

For the super-critical case, N > 3 and p > %, Rabinowitz [46], Brezis and
Nirenberg [10] and Pucci and Serrin [43] proved that there exists a constant Ay, > 0
such that equation has no solution when A < X ~N,p- Their proofs are general
enough to work on any bounded domain 2, but the case of a ball was not considered
separately and as a consequence non-integer dimensions were not studied. To our
knowledge this gap has not been closed, and Theorem [J] provides a proof of that,

in fact, S\Nyp > 0 is defined for all N > 2 and all p super-critical. However, as
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mentioned earlier, we strongly believe that his lower bound is not sharp (recall
Question 1} see figure [5| below).

luall oo | el oo |

1 |

15 } 10 }

\ \

| |

| |

\ \

\ \

| |

\ \

\ \

\ \

\ \

\ \

| il
" ‘ | ‘

0 j\a,p )\1 0 5\04,;,, )\1
(A) a =2 and p =6. (B) =1 and p = 3.

FIGURE 5. Bifurcation diagrams when % <a<landp> g;zal

On the other hand in terms of the existence question, a complete understanding
of the branch of solutions emanating from A;(—A) has not been fully developed
in the super-critical case. Among the interesting results that can be found in the
literature, it is worth mentioning the work of Budd and Norbury [13], who, for
N = 3 and p > 5, describe the behavior of the branch for large values of ||v]|
and show that the branch oscillates about a unique value A* > 0, which is also
the asymptotic value of the branch. They also characterize A* as the unique A for
which a singular H{ solution to equation exists (|13, Lemma 4.1]). Later, Merle
and Peletier [38] showed that such A\* > 0 can be found for every (not necessarily
integer) dimension N > 2, and Peihao and Chengkui [41] fully generalized the result
of Budd and Norbury for any dimension 2 < N < 6 and only partially in the case
N > 6. Other interesting results about the super-critical case can be found in the
works of Budd and Peletier [14] and of Merle, Peletier and Serrin [39].

We would like to emphasize that our proofs do not rely in the change of variables
introduced before, instead we work directly with equation . This approach allows
us to study the cases 0 < o < 1 (or N > 1 if one thinks of equation (12)) all at
once, and most importantly, it allows us to go beyond the o = 1 barrier (notice
that the change of variables does not work for a = 1). When o > 1 one could
still use the change of variables, but the nature of equation would change, as
the coefficient N, — 1 becomes negative and the domain becomes the unbounded
interval (—oo, R, ). By avoiding the use of the change of variables we were able to
prove that equation has no solutions when a > 1, regardless of A and p > 1
with no major effort (Theorem. Also, by treating equation directly, we shed
some light into what might happen for more general degenerate elliptic operators
in higher dimensions.
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1.5. Shooting for solutions and some questions. Fora > 0,p > 1, A € R and
0 < 0, consider the “final” value problem
—(@*u) =Au+ [uftu in (0,1),
(14) u(1) =0,
W(1) =0,
and denote by u(z;6) = u(z; a, A\, p,0) its unique solution, which is guaranteed to

exists in a left neighborhood of 1. Moreover, it is not difficult to prove that such
solution satisfies

(15) lu(x;0)| < C(0,a,p, )2 forall0 <z <1,
and
(16) |u'(z;0)] < C(0,,p, )z 172 forall 0 <z < 1,

from which we deduce that blow up, if any, can only occur at the origin.

Given that, we would like to have a better understanding of the properties of
u(x;0), in particular, since we are interested in equation , we can consider the
sets

St ={0<0:u(z;0) >0forall 0 <z <1},
and
S_:={0<0:u(z;0) =0 for some 0 < T < 1}.

We have the following questions:
Question 3. Can we describe the sets Sy and S_7 How do the parameters o > 0,
p>1and A € R affect their description?
Question 4. Suppose § € S;. How does u(x;0) behave near the origin?
Question 5. Suppose 6 € S_. How do the parameters affect the number of zeros
and the behavior near the origin of u(x;80)?

This questions have been partially answer in a paper of Benguria, Dolbeaut and
Esteban [5], as one can consider the change of variables that transforms equation
into equation 7 then, after a suitable scaling, one could apply [5, Theorems

4.1, 4.2, 4.3] for the sub-critical case 1 < p < £+2; [5, Theorem 3.4] for the critical

N—2’
%; and [5, Theorem 5.3] for the super-critical case p > % However,

case p = 5
in [5] the results seem more qualitative than quantitative in the description of the
sets S1 and S_, as the authors define such sets in an almost implicit fashion.

To fix ideas, as a consequence of the result of Budd and Norbury [13] about
equation , we have that for o = % and p > 5, there exists 0 < A* < A1, such
that for A = \*, equation has a an infinite sequence {uc,i(z)} .-, of positive
solutions satisfying u, z2*~1u’ € C[0,1], and numerical computations suggest that
in a small neighborhood of A\* one can find several such solutions as well (See figure
[6] below). The work of Budd and Norbury [13| (Peihao and Chengkui [41] in more
generality) seems to describe part of situation, however, it seems to us that in order
to have a better understanding of the set Sy, it would be desirable to know the
precise values of A for which the branch turns to one side or another, because it
would allow us to precisely count the number of regular positive solutions that exist
for each A . In particular, as we raised in Question [I} it would be nice to know the

value of 5\047,,.
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Serp A* A
FIGURE 6. Oscillation of the branch of regular solutions near \*

One comment that is worth making is that for A = A* one has the inclusion

o0
{U/C,k(l)}kzl g S+7
but a complete characterization of the set S; would be desirable in this situation.
Some numerical computations seem to indicate that in fact

oo
NEES {U'/CJc(l)}k:l'
Concerning the case o > 1, to our knowledge there is no literature on Questions

[Bl @] and [} Theorem [I0] shows that there are no positive solutions of any kind,
regardless of A € R and p > 1, in other words we have shown that

S, =0.

Moreover, our proof says more, namely that there are no solutions to equation
that are positive near the origin (a fortiori we can also rule out solutions that are
negative near the origin). This means that for § € (—o0,0), the only possibility is
that u(z;6) is defined in the whole interval (0, 1) (recall estimates [15] and [16]), and
that it has an infinite sequence of zeros

{Zk}oo C (O, 1),

such that zp — 0 as k — oo. However, estimates and are very rough
(are they sharp?), so it remains to obtain a better understanding of the behavior
of u(x;0) as x — 0. In particular we would like the answer to two questions:
Question 6. Do bounded (regular) solutions exist to the equation? If so, how
many?

Question 7. How fast does the sequence of zeros z; accumulate as k — oo?

The rest of this paper is organized as follows: in section [2] we introduce some
preliminary results needed to prove our theorems. Section [3| deals with the proof of
Theorems and [6] Next in section [4] we prove Theorems [7] and [§] In section
we handle the super critical case and prove Theorem [0} In section [6] we prove
the non-existence result for & > 1 given in Theorem [I0} and finally in section [7] we
prove Theorems [3] and
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2. PRELIMINARIES

. Eigenvalues and Eigenfunctions. We begin this section by giving some
propertles of A1 and ¢ defined at . Notice that pu; : ()\1) corresponds to the
first eigenvalue of the operator T, : L?(0,1) — L?(0,1) defined by T, f = u, where
u is the unique solution of

1
/ 2o (x dw—/f x)dzx, for all v € X
0

The operator Ty, := Ty, + I was studied in [22], where it was shown that T, is
compact if and only if « < 1, and in that case the eigenvalues and eigenfunctions
of T, are completely determined (see [22, Theorem 1.17]). From that result it is
easily deduced that when 0 < a < 1,

(17) M= (1= a)j,

where j,1 is the first positive zero of J, : (0,400) — R, the Bessel function of the
first kind of order v (see [52] for a complete treatment of Bessel functions and its
properties), and v is defined in terms of « by

20— 1
18 = .
(18) T 2%
The corresponding eigenspace is generated by ¢1(z) := z2=*J,(j,1z'~%), and

about this function we have
Lemma 2.1. For 0 < a <1, A\ and ¢y as above. Then @1 satisfies
—(@**¢) = Mg in (0,1),

(19) p(1) =0,
lim 2*¢'(z) = 0,

z—0t
together with the following properties:

(i) ¢1 € C¥2722[0,1],
(ii) x2*~tph € C[0,1],
(iii) z**¢! € C[0,1], and
(iv) 1 > 0 in [0,1).

Proof. The fact that p;(x) = x%_aJl,(jl,lacl_a) solves equation follows from
[22, Theorem 1.17]. We have the following series expansion of J, (y) near the origin

& —1 m T 2m-—+v
20) W= 3 e (3)

which can be found for instance in [52, p. 40], from here we deduce that

() = i (—71)7” Ji S p2m(l=a)
a1 S=mll(m+1+v) \ 2 '

The regularity properties are readily deduced from this series expansion. Finally,
the positivity of 1 can be obtained from the explicit formula and the fact that A\
is given by . We omit the details. [



BIFURCATION OF A SINGULAR NON-LINEAL STURM-LIOUVILLE EQUATION 15
On the other hand, when 0 < a < %, one can also define A\ and ¢, as in
. In this case p1, := ()\1,0)_1 corresponds to the first eigenvalue of the operator
Too: L?(0,1) — L%(0,1) defined by T, 0f = u, where u is the unique solution of

1 1
/ 22/ () (z)dx = / f(x)v(z)dx, for all v e X§.
0 0

The operator T, ¢ = Ta,o + I was also studied in [22], and it was shown that T, o
is compact for all 0 < a < %, and that the eigenvalues and eigenfunctions of T, o
are fully determined (see [22, Theorem 1.16]). From that result we obtain that for

0<a<i,

(21) Ao =(1-a)sy,

where, as before, j,,1 denotes the first positive zero of J,,, the Bessel function of
the first kind of order vy, and v is defined in terms of a by

1—2«
22 = .
(22) T 9 T a

Notice that —% <v<0<uy < %, where v is the value used to define \;. From this
observation one can see that Ay < A\ for all 0 < a < % Now the corresponding
eigenspace is generated by @1 0(z) := x%*aJyo (Juo12'~%), and about this function
we have

Lemma 2.2. For0 < a < %, A1,0 and 1,9 as above. Then 1,9 satisfies

—(:z:zago/)/ =Ai0p in(0,1),
(23) ¢(1) =0,

li =0

A3 £

together with the following properties:

(i) p1,0 € CH17220,1],
(’LZ) 1'20671@1’0 S Cl [0, 1],
(ii) x**¢) o € C'[0,1], and
(iv) ©1,0 >0 in (0,1).
Proof. The fact that @1 o(z) = 227 ], (juo121 ™) solves equation follows from

[22, Theorem 1.16]. Using the series expansion for J,,(y) given in we deduce
that

( ) _ 12« i (_l)m Juol 2 2m(l—a)
vro\r) == — m!T(m + 1+ 1) 2 v '

The regularity properties and the positivity of ¢1 o can be obtained from the explicit
formula and the definition of A g. We omit the details. ([l

As announced in the introduction, we need to study A} and v, defined by .
We have the following
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Lemma 2.3. Let % <a< % and define X}, as in , then the infimum is achieved
by a function ¥, € Xé_o‘ which satisfies the following equation

_(x2—2aw/)/ _ )\2%‘2_4(11# in (07 1),
(24) ¥(1) =0,

li 2—2a,/ —0.
A TE)

Moreover, %, = j2,,(1 — )2, and o (x) = 22 2J_,(j_12'~%), where j_,1 de-
notes the first positive zero of J_,, and v is defined by . About ., we have
the following properties
(i) o € C*722(0,1],
(it) =>4y, € C0,1], and
(iii) 1o >0 in [0,1).

Proof. Notice that the embedding
Xo = {¢ € L, (0,1) : ||a' 2|, < o0}

is compact (this follows from [22, Theorem A.2], because X}~ < C%*~3[0,1] cC
C°[0,1]). With that in mind, it is easy to see that the infimum defining A} is
achieved by a function v, which must satisfy equation . Now, a direct com-
putation shows that if f solves Bessel’s equation

VI +uf + =) f =0,

. _ _1 VAL 1
with parameter v = 30‘21, then x*~z f (ml O‘) solves
—2a -«

_(x2—2aw/)/ _ )\21,2—4aw.
Since % <a< %, we have that 0 < v < 1, hence the general solution to Bessel’s
equation is given by
fly) = Adu(y) + BJ_,(y),

where J,(y) is defined in . The above implies that 1, is given by

AJV (\/ /\2 xl—a) +BJ7V <1V)\(*;[$1_a>

Ya(z) = 273

11—«

for some constants A and B. The series expansion tells us that in order to meet
the boundary condition x2~2%)/ (x) — 0 one has to set A = 0. The condition
z—0

1o (1) = 0 implies that
)\Z = (1 - a)zjzylv
where j_,1 is the first positive zero of J_,. Without loss of generality, we fix the

solution to be the one with B = 1. The regularity properties are obtained from the
series expansion (deduced from (20]))

w (.13) _ i (_1)m <.j—V1>2m_V me(l—a)
“ mT(m+1—-v) \ 2 ’

m=0

we omit the details. The positivity is readily obtained from the definition of A}
and Y.
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About A}, notice that j,1 depends continuously on v (in fact the dependence is
analytic as one can see in [33] or in [52, p. 507]), then A} depends continuously on
«a; also, from [42] we deduce that

AL =2(1-a)(3—4a)+ O ((3—4a)?),

therefore A}, — 0 as o — %_. Also, since j_,1 < j,1 for all 0 < v < 1 we deduce

that A%, < A1. Finally, notice that when o — %Jr one has v — 07, hence it is easily
seen that [A; — A\ — 0. This proves the conclusion of Remark O
1

a—3
2.2. Best Constants and extremals. Another topic that needs to be addressed

before proving our results concerns the best constant and extremals for @, or in
general for inequalities of the form

Cllull 2o (0,0 < Hxau/”L?(O,a)’

where a > 0. Let X§(0,a) be the set of functions u € H}, (0, a] such that u, z%u’ €

L?(0,a) and u(a) = 0 (when £ < a < 1, one could also define this space as the
closure of C§°(0,a) under the norm [|z“u’||,, this follows from [22, Theorem A.4]).

Define 5
a o,/ d
Sul@) = nf o TW@ITde

uweX§(0,a) a o % .
FOT (5 )P de)
Concerning S, (a) we have the following

Lemma 2.4. Let 3 <a <1, a> 0 and Sa(a) as above. Then Sy (a) = Sa(1) for
all a > 0; the infimum in the definition of Sa(a) is not achieved unless a = 400,
in which case the basic extremal profile is given by

1-2a
U(x) =C (1 4 1:27204) 2—2a ,
or after scaling, for every e > 0 by
1-2a
(25) Udc(z) = Cc (e +2®72%) 2

where C and C. are normalization constants. Moreover, we have that

9 1 2—2«
1 r (2—2a)

Q—QOZ.F(L) ’

l—a

(26) So = (2a—1)

where I denotes the Gamma function.

Proof. To see that S(a) = S(1), notice that the quotient ||a:au’H§ / Hu||§ is invariant
under the scaling u,(z) = u(ax). To prove that the infimum is not achieved when
0 < a < +00, notice that it is enough to prove it for a = 1, and in that case the
proof will be done later when proving Theorem [§] (also check [16, Section 4] where
a different approach is taken).

To prove that the infimum is achieved when a = 400, we use a result from
[23, Section 7.1], where the authors study best constants and extremals for the
Caffarelli-Kohn-Nirenberg inequalities

(/R|xbu(z)|pdg;)§ SC(a,b)/]R|fa“/(f”)|2d%
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for a < —%, a+ % <b<a+landp= 2(})_% Using their result it is easily

deduced that the extremals are of the form (25). Finally, is just a direct

evaluation of ||xO‘U'||§ / ||UH§@ using the definition of the Gamma function. We
omit the details. 0

2.3. A Pohozaev type identity. The purpose of this section is to establish a
family of Pohozaev type identities satisfied by all solutions of

{ —(@*u) = u+ [u’"tu in (0,1),

27) u(1) = 0.

To do this, for each 5 € R, let us define the “energy” functional

(28) Exg(u)(z):= %m2°‘+1+ﬁu'(x)2 + mxﬁﬂ lu(z) [P + %xﬁHu(aj)Q
+ % (2a — 1 — B) 2% P/ (z)u(x) — g (2a — 1 — B) 2?1 H0y(z)?

and prove the following

Lemma 2.5. Leta >0, p>1 and B, € R. Let u be a solution of equation ,
then, for every x € (0,1) one has

1 1
%u'(l)Q = EA,/%(U)(IH/\(I*aH?)/ sﬁu2+§ (82 - (20 — 1)2)/ $20-2+6,,2

x x

(3550 [ 2

Proof. Multiply equation by s’u(s) and integrate over (x,1) to obtain

1 1 1
/\/ sﬁu2—|—/ 7 JulPT! :/ s/ (sPu) + 22Ty (z)u(x)
x xr xr
1 1
:B/ s2a+5+1u'u+/ §2H By 4 229 By (2)u(x)
x

x
1 1
=gk [y [

x x

_ §x2a—1+ﬁu(x)2

5 )
hence
1 1 1
(29) / 52a+6u/2 _ )\/ u2 +/ |u|p+1 + gzza—1+6u(x)2
o @ Bm 1
+ 5(204 + 08— 1)/m §2072HBy2 _ 2ot By) (x)u(x).

Now multiplying equation by 5?14/ (s) and integrating over (x, 1) gives

1 1 1
)\/ B +/ S P ! :/ s (sP 1) — 2ot By (5)2 '
xT xT T

x

I = 1.
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After integrating by parts, we obtain that

A ! 1/t A 1
I, = ——(BJrl)/ sﬁusz + / sP |u\p+1ffxﬁ+1u(x)27 2Bt \u(x)|p+1.
2 © p+1J/, 2 p+1

and that

12=(6+1)/

x

1 1 1
82a+5u/2+/ 52a+5+1u/u//_S2a+1+Bu/(S)2
- T

1 1
2 1 1 1
= () [ s TR [y ety

x

1

1 1 1
= 3 B+1- 2@)/ g2atBy2 _ 5u/(1)2 + §$2a+1+ﬁul(l’)2.

Combining the results of I; and I yields

1 ! A ! 1/t
(30) §(B+172a)/ 52°‘+Bu’2:f§(ﬁ+1)/ sBUQfﬂi/ sﬁ\u|erl

x ® p+1
- é917/3'*'111(33)2 _ 2P ()P + 1u'(l)2 - 11‘20‘“4'51/(37)2
p+1 2 2 '
The result is then obtained from and . O

Remark 2.1. For simplicity we have stated and proved the result if the equation is
satisfied in the interval (0,1), however, the result remains valid if we replace the
interval (0, 1) by any interval of the form (0, a), a > 0, that is: Suppose u solves
—(@**u) =M+ [u’ "t u in (0,a),
u(a) =0,
then forall 0 < z < a

%u’(a)2 = Exg(u)(z)+A1—-a+p) /: sﬂuQ—&—g (62 - (2a — 1)2) /: g2a—2+8,,2

o) o) [

2.4. Some regularity results. We continue with some regularity results for u €
C?(0,1] solving
—(2**u) = X +uP in (0,1),
(31) u i
u(1)

\%

0
0.
Lemma 2.6. Let o > %, and suppose u € C?(0,1], u(x) >0 for all 0 < z < 1.
Then there exists a sequence 0 < z,, < % such that

1

n

2%/ (x,) <

Proof. By contradiction, assume there exists 7 > 0 such that z?%u/(z) > r for all
0 < z < r, then after integrating, we obtain that for all z < r

u(r) > ule) + P12 120y 5 0 e,

(20— 1) (
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when o > %, and that
u(r) > u(zx) +rlnr —rlnz > —-C, Inz,

when o = %7 for some constant C,. > 0. By letting x — 0%, we obtain that that
u(r) = 400, contradicting the fact that u € C?(0,1]. O

Lemma 2.7. Let o > %, p>1 and A € R. Suppose u solves equation , then
u € LP(0,1).

Proof. Integrate equation over [x,, 1], where z, is taken from lemma to
obtain

1 1
1
)\/ u +/ uP = —u' (1) + 2%/ (x,) < —u/(1) +

n .

If A > 0, by taking the limit as n — oo we obtain

1 1
)\/ u+/ uP < —u'(1),
0 0

hence v € L?(0,1). If A < 0, notice that for all 0 < x < 1 we have fxl u< (fml up>

1

P

therefore
1 z 1 1 1 1
A(/ up) —|—/ upgA/ u+/ u? < —u'(1) + —,
Tn Tn Tn Tn n
thus
1 p—1
1 P 1 R
([ (r+([)7) o
0 0
and since p > 1, we deduce from here that fol uP must be bounded. ([

Corollary 2.8. Let a,p, A and u be as in lemma . Then L = lim z2%/(z)

rz—0t
exists and L < 0.

Proof. Notice that by integrating equation one obtains

22/ (x) = o/ (1) + A /: u(s)ds + /: u(s)Pds,

but since w € LP(0, 1), the right hand side converges as x — 0, so L = lim+ 2% ()
z—0

exists. Finally, using z,, from lemma [2.6] one gets L < 0. O

Corollary 2.9. Let o > %, AN ER, p> s and suppose u solves equation .

2a—1
Then L = lim z?%u'(z) = 0.
z—0t

Proof. Suppose there exists § > 0 such that x2%u’(z) < —6 for all 0 < z < 6.
Integrating this inequality yields
)

>
@) 2 2a0 — 1
thus u(z)? > Csz(172%), but since p > 51~ we obtain that (1 — 2a)p < —1, a
contradiction with the fact that u € L”(0,1). Hence there is a sequence such that
2% (x,) > —%, so L > 0; but we already knew that L < 0. O

n

(x1—2a o 51—205) > ng1_2a,
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Corollary 2.10. Let o, p and X as in lemma . Suppose u solves equation .
Then 2%~ 1u = O(log z) if o = 1 and 2** u = O(1) if a > L.

Proof. Since z2“u/(z) = O(1), the result follows from integration. We omit the

details. 0

The next lemma shows that positive solutions are monotone near the origin when
p is large enough.

Lemma 2.11. Let o > %,/\ €ER, p>2,—1 andu be a solution to equation .
Then there exists 0 < & <1 such that v'(x) # 0 for all 0 < x < Z.

Proof. If u = 0 there is nothing to prove, so we assume that u #Z 0. We start by
proving that there exists 0 < zg < 1 such that for all x < g, either «/(z) # 0 or
u”(x) < 0. The proof of this is by contradiction, so we assume that there exists a
sequence x,, — 0 such that u'(x,) = 0 and that «”(z,) > 0. From the equation we
then obtain that

() + u(z,)? = —22%" (2,) — 2022/ (z,) < 0.

Thus, if A > 0 we obtain that u(z1) = u/(x1) = 0, this and the existence and
uniqueness theorem for ODEs imply that uw = 0, a contradiction. On the other
hand if A < 0, the above inequality implies that u(z,) < (—)\)_ﬁ for all n > 1.
The Pohozaev identity from lemma with 8 =0 and € = x,, gives that

1

1 1 1 1
Z.(1)2 _ = — 2 5 o1 -
5 (1)7 = Exo(u)(zn) = A1 — ) /mnu + <2 a+p+ 1> /znu ’

but, since A < 0 and p > 2, — 1 we obtain that the right hand side is non-positive,
hence

%u/(l)2 < Eyo(u)(zn).
But

N (a _ ;) 2 (2 Yu(y)
— o(1)

as x, goes to 0, since u'(z,) = 0 and u(x,) = O(1), thus proving that «'(1) = 0
(and as a consequence, u = 0), also a contradiction. So we have the existence of
such xg.

The above proves that all critical points less than x( are local maxima, so the
only possibility is that there is at most one of them (if there were two local maxima,
there must be a local minima in between). This shows that «/(z) # 0 for all x near
the origin. (I

Lemma 2.12. Let o > %, p>24—1and A € R. Suppose u solves equation .
Assume in addition that there exists € > 0 such that x=*uP € L'(0,1). Then for

any’y<min{2a—l— 1=¢ 1 - 1_8} one has

P p
(i) 7 uP € L'(0,1),

(ii) 229727 Yu € L1(0,1) and lim z?*~1"Yu(z) =0,
z—0+
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(iii) 2?17’ € LY(0,1) and lim 22*7u'(x) = 0.
x—07+

Proof. We begin the proof with a claim: there exists a sequence 0 < 6§, < % such
that

1

G u(6,)
n

We prove this by contradiction: if we assume the claim is false, then there would
exist 7 > 0 such that z2*~1=7y(z) > r for all x < r, which implies that

x_su(x)p > ,rpx(l—k—'y—Qoz)p—s

)

but since v < 204717% then z(1T7=20)P—¢ > 2=1 this contradicts the assumption
rcuP € LY
Now, for §,, as above, define

(2) = 7 ifx >4,
T s it < 6,

Notice that 1, € H*(0,1) for all n. Let z > 0 and multiply equation by 7, and
integrate by parts over [z, 1] to obtain

1 1
(32) / n()u(s)Pds = —ul (1) + 226 ()10 (z) + / 2o/ (s)rf, (5)ds

x

-/ als)u(s)ds.

First, from corollary [2.9| we know that lim z?%/(z)n,(x) = 5,7 lim 2?%u/(x) =
1 z—0+ rz—0+
0, also

/; 1n(s)u(s)ds < /01 s~ Tu(s)ds,

but

1 1
/ s u(z)dx = / s ru(s)s T rds
0 0

<(/ s‘fu@)p)‘l’ (f s<—w+:><;;1>ds>”p7

one can write

v (2 (2) >
p)\p—1

so the second integral is finite, and as a consequence, = 7u € L*(0,1). Therefore

and since v < 1 — %

1 1 1
lim N (s)u(s)Pds < —u'(1) + |/\\/ s Yu(s)ds + lim 52! (s)n), (s)ds.
0

z—=0t J, z—=0t J,
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Let us study that last term of the right hand side. Suppose = < §,

1 1
/ s2! (s, (s)ds = —'y/ s207 1=/ (5)ds
x 671
1
=vy2a—-1-7) / s2 2V y(s)ds + 02V u(6,)
On

1
<yR2a—1-—7) / §207 2y (s)ds + 2
0 n
Notice that,

but since v < 2a — 1 — %, we obtain that 1 + (Qa— 2—q+ %) (%) > 0, so
the second integral is finite and one concludes that

/x Lo (sl (s)ds < C ( /O 1 s_su(s)pds>; +0 (i) .

Putting the above estimates together yield

Con(syulsrds < () + 0 ([ su(s)ds io % .
0 0

so by letting n — oo, we conclude that
1

/01 s Vu(s)Pds < —u'(1) + C </01 sau(s)pd8> 1 |

This proves
Now we prove Using one obtains

/ s2/ (s)n), (s)ds = u' (1) + / N (8)u(s)Pds + )\/ Nn(8)u(s)ds — &, Tz (),

x
but, for fixed n, the right hand side converges as x — 0 to

u’(l)—i—/o nn(s)u(s)pds+)\/o Nn(8)u(s)ds,

which converges as n — oo to u/(1) + fol s Tu(s)Pds + )\fol s Tu(s)ds, this shows
that the left hand side also converges, thus

1 1
f'y/ 5297177/ (s)ds = lim lim 52! (s)n, (s)ds
0

n—o0 xr—0+ z

1 1
=/(1) —l—/ s Tu(s)Pds + /\/ s Tu(s)ds,
0 0
where we have used lemma to say that du(s) := s2*7177u/(s)ds defines a

signed measure, and hence monotone convergence applies.
To prove that lim z2*~7u/(z) = 0, multiply equation by s77 and integrate
x

—0+
by parts over [z, 1] to obtain
1

1
2277 (z) = ' (1) +/ s Yu(s)Pds + )\/ s Yu(s)ds —|—’y/ s207 177/ (5)ds,

x X x

1
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but we proved that the right hand side converges, and it converges to 0.
To prove notice that we already proved x2*~2~7y € L'(0,1) and that by

the right hand side of
1

1
2?7 y(z) = / s2 71 (s)ds — (20— 1 - 7)/ T Tule)ds

converges; also, since lim 02271~ 7u(§,) = 0, then lim 2?*~1=7y(z) = 0. O
n—oo rz—0t

We conclude this section by improving lemma and Corollaries
Recall that those results deal with the fact that u € LP and the behavior of z2%u/
and 22~ 14 near the origin. We claim that when p > 2, — 1, we have more, namely

Lemma 2.13. Let % <a<l, p>max{2, — 1,1} and A € R. Let u be a solution
of equation (T]), then u € X§(0,1) N LP*(0,1), and

1
) i pH1 =0,
(i) tim_avu(r)
i) lim 2ot (z) = 0.
(i) Jim 2972y (z)
Proof of Lemma[2.13 Lemma gives that u € L?(0,1), so we can apply lemma

9.12| for €9 = 0 and obtain that for v < 7o = min{2a —1-11- %} and
(iii)| in lemma hold. By choosing £1 < 2a— 1 — 1 but arbitrarily close to it, we

P
can repeat the argument one more time, and obtain that and in lemma
2.12] hold for all

e (02)-(-3) ()

Continuing in this fashion we obtain that and in lemma hold for
all v such that

1\ w1 1\ w1
v < ¥p = min (2@—1—) ,,(1—) —
" P Z:pﬂ p Zpﬂ

=0

for any n € IN. Hence, if we define

1
Yoo = lim %L:min{(2a—1—> p,l},
n—oo p)p—1

then and from lemma hold for all v < Yeo.

First we deal with the case % <a<landp+1>2,= % we obtain that

a—1’

Do — (20— 1) = L (20— 1)(p+1) ~2) > 0,

so, we can find v < v, such that 2y — (2o — 1) = 0. Using this v in gives that

lim 27u(z) = lim 22*~'=7y(z) = 0. In particular, since u € C*(0, 1], this shows
z—0+t z—0+t

that z7u € C°[0,1], and we can write

1

1 1
/ u(s)Plds = / sTTu(s)Ps7u(s)ds < ||s'*u||oo/ sTTu(s)Pds < +oo,
0 0 0

sou € LPTL(0,1).
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To prove that v € X§, fix N > 1 and define uy(z) = max {u(x), N}. Multiply
equation by uy and integrate by parts to obtain

1 1
/ xzau'(x)de:)\/ u(a:)uN(x)Jr/ u(z)Puy (z)de,
u<N 0 0
where we have used corollary to say that lir(r)1+ 22/ (z)uy(z) = 0 and that
r—

un(1l) = 0. Since u € LPT1(0,1), the right hand side converges to /\fo1 u? +

fol uPt! < 400 as N — +oo, this shows that u € X§.
Now, notice that by our initial choice of -, we have that

23/ (2) = 22"/ (z) = 0 as z — OF.

Similarly 2~ 2u(z) = 2227 Lu(z) — 0 as  — 0F. To prove that xﬁu(x) — 0,
multiply equation by zu'(x) and integrate by parts over [z, 1] to obtain
1

1 1 [t 1
ﬁxu(ac)p'|r1 = 51/(1)2 + (a — 2) / 52U’ (s)ds — §x2a+1u’(x)2
p x

At 9 1 ! A
_ - p+1 _ 2
2/w u(s)“ds i/ u(s)P"ds 2xu(x) ,

notice that every term in the right hand side converges when = — 0T, then so must
ru(z)PTt. Also, the limit lim_ ru(z)PT = 0, because otherwise, u(z)P™t ~ 71
x—0

near the origin, contradicting the fact that v € LP*1(0,1).

We now consider the case o > 1 and p > 1. Notice that as in the previous case,
it is enough to prove u € LPT1(0,1), and to do so, it is again enough to prove that
x~7uP € L1(0,1) and that 27u € C|0, 1] for some . Observe that by lemma
for v < 1, 27 7uP € L'(0,1); by Hélder inequality

27 () = m_%u(x)x7(1+%)_l € L*0,1)
1

for all o1 < % < v < 1. Now notice that for € > 0

/61 2/ (z)dx = —'y/: 27 u(x) — Mule).

On one hand, by monotone convergence, we have that fsl 2" (x)dx — fol 27 (x)dx
ase¢ — 07, and on the other hand, for v > pﬁ there exists a sequence &,, — 0% such
that eJu(e,) — 0 (otherwise we would contradict the fact that z=7u?P € L1(0,1)).
Therefore, along €, we have that —vy f; 2V tu(z) — u(e) — —v fol 27~ tu(x)dr,
so by the uniqueness of the limit

1 1
/ 2V (z)dx = —7/ 2 u(x)de,
0 0

and as a consequence, x7u(z) — 0 as z — 0T, in particular 27u € CJ0,1] for all
such v. Now proceeding as in the previous case, we conclude that v € LPT1(0, 1),
ue X§, zu(z)Ptt = 22t 20/ (2) = o(1) as & — 0T, we omit the details. O

Remark 2.2. Although the case % < a < 1land p =2, — 1 is not considered in

lemma [2.13] we can repeat the idea of the proof above and obtain a slightly weaker
result: if u solves equation for p = 2, — 1, then for all § > 0 we have

(i) xuP*t € L1(0,1),
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S

(i) uwe XSH_Q, and

(iii) 2! Hou(z)PH! = gt at 3/ () = o(1) as & — OF.
Notice that the above properties imply that « € L?(0,1). This allows us to write
for p =2, — 1 that

dEx0(u)(z)
dz

from where it follows that Ey o(u)(z) € C[0,1] and that z° 2u(z) = 2tz u/(z) =
O(1) asz — 0™ .

= A1 — a)u(z)? € L(0,1),

Remark 2.3. With obvious modifications, all the results in this section remain valid

for solutions of
—(2?) = Mu+uP in (0,a),

u>0 in (0,a),

u(a) =0,

where a > 0.

3. THE SUB-CRITICAL CASE
3.1. Proof of Theorems [Il and [Bl Let

;= inf T
(33) S)\,a UIGHM )\a( )

First, notice that since

1 fo |z |dm
- f0|v |dx

we have that 0 < Sy, < co. With this in mind, we claim that S, , is achieved
by some v € X§ \ {0}. Indeed, let v, € X§ be a minimizing sequence such that

fo lon ()P dz = 1, that is

a—hm/ |z%v |dgc— /\vn )P da.
n— oo

The above implies there is a constant C' > 0, such that

/|a: ) dz < C.

Indeed, for A > 0 and all n large we can write

/ 1290, (2)2 da < (S + 1) +/\/ o ()2 dar

A< A , for all v € X,

)\ 1
< (Saa+1)+ Y/ |z, (z)° da,
1

/ 2%/, (z)] dx<(S,\a+1)(1/\>\1)1.

And for A < 0 we immediately obtain that

therefore

/|x |dac<S>\a+1
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Hence, the sequence v,, is uniformly bounded in X§. Now, since the embedding
X& < LPT1(0,1) is compact (the proof of |22, Theorem A.3] can be copied line
by line to obtain this compactness, or one could use [40, Theorem 7.13]), we can
assume, after extracting a sub-sequence, that there exists v € X§ such that

e v, — v strongly in LPT1

e v, — v strongly in L2, and

o v, — v weakly in X,

thus implying that

/|ac |dm— /|’U \dm<hm1nf/ |[x%v |dm— /|vn )|? da

=Sra-

Hence S) , is achieved by v # 0, which one can assume to be non-negative as
one can replace v by |v|. Now it is easy to see that v is a solution of

—(2**v") = X 4 P in (0,1),
v(1) =0,
li 2c0,,/ =0
A @ =0

where p = pq,x > 0 is a suitable Lagrange multiplier. If one lets u(z) = /u%l v(x)
then w is a non trivial non-negative solution of

—(2**) = Mu+uP in (0,1),
u(1) =0,
lim 2%/ (x) = 0.
z—0t
To prove the regularity properties, notice that from the equation and the fact

2¢
that u € X§ < L2, we have (xQO‘u')/ € L'», and since lim 2/ (z) = 0, we can
z—0
write, using Hardy’s Inequality,

1 xT
m2a—1uI:7/ (SQa /( )) dSGLP,
0

T

a1 2a
that is, u € Xg aE (0,1). With the aid of |22, Theorem A.2] and a bootstrap

argument, we obtain the regularity properties claimed. We omit the details.
To prove that w > 0 in (0,1), let Z := {x € [0,1) : u(s) >0, Vs > x}. Since
u % 0 we have that zy :=sup Z < 1. If zg = 0 we are done, otherwise 0 < g < 1
and u/(zo) = 0 (it is an interior minimum), but by the definition of g, u(s) > 0 for
all s € (x9,1). Since the equation is elliptic in (z¢,1), Hopf’s lemma applies and
we obtain u'(zg) > 0, a contradiction.
U

3.2. Proof of Theorems [2] and [6} Suppose we have a solution and multiply
equation by o1 and integrate by parts over [e, 1] to obtain

(=) / u@r(e)ds + [ ulePon(a)ds = 20 G €) - e ©ule)

If @ < %, then we are assuming that £2%u/() < o(1) and as a consequence we
obtain that su( )=o0(1) ase — 0F.
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If o > 1, we do not have the assumption near the origin but we have Corollaries

and [2.10, which allows us to write 2%u/(¢) < o(1) and eu(e) = o(1).

Therefore in all cases we can write, with the aid of lemma

(A — )\1)/ u(x)pr(x)de —|—/ u(z)Por(z)dr < o(l), for all e > 0

but since A > A1, ¢1 > 0 and u > 0, we reach a contradiction when we send ¢ to
ot.
O

4. THE CRITICAL CASE: p=2,—1

We begin this section with the key ingredient in proving Theorem As an-
nounced in the introduction, we will follow the approach taken by Brezis and Niren-
berg in [10] and we will prove that Sy o defined at is achieved by some function
v € M. In order to do so, we will prove that it is enough to show that

Sxa < Sa,
where S, is defined in @D
Lemma 4.1. Suppose A > 0. If Sy o < Sq, then Sy o is achieved.
Proof. Let v, € X§ be a minimizing sequence for Sy 4, i.e.,
204115 = M oall3 = Sxa + (1), [[onll,y = 1.

As we did in the proof Theorem [5| we deduce that v,, is uniformly bounded in X,
so without loss of generality, one can assume that there exists v € X§ such that

v, — v in X,
vy — v in L2,
v, — v a.e. in (0,1).
Also we have that |||, , < 1. Following [10], let w,, = v, —v. It is not difficult to

see that w, — 0 in X§, and certainly we have w, — 0 a.e. in (0,1). Now, notice
that

1 1
Sy = inf / |xav'(x)|2d$§/ |9Ca7};1($)|2 dz,
veEM 0 0

hence, Sx,q > So — A ||11||§7 and since Sy o < S, and A > 0 one deduces that

Sq — S
lolly > === > 0.
A
Using that w,, — 0 one obtains
2 2 2
[z%vnlly = ll2®Vll; + 2w} I3 + o(D),
which implies
2 2 2

(34) Sxa = [lz%V[l5 + la%wy [l = Mvllz + o(1).

Also, Theorem 1 from Brezis and Lieb [9] gives

+1 +1 +1
[v+wnllpiy = vl + lwnllpry +o(1),
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so 1< |02, + lwnll?. + o(1) and as a consequence
= p+1 nlip+1 qa

2 1T o /2
(35) L< ol + g lz%whlly + o(1)-
To conclude the proof, we identify two cases:

o If 5y, <0: from we deduce
a 2 2 o 2 o 2 2
27Vl = Allolly < [lz%[l5 + lz%wy [l = Aol
= S)\,a + 0(1)
2
< Sxallullpgq +o(2).
o If 5 o > 0: multiply by Sx,« to obtain

S)x,a
Sa

2
Sxa < Sxallvllysr + Iz wi, I3 + o(1),

hence

2 2 2 S, 2
o013 = Mol < Sy ol + (552 = 1) lo®wl 1 + o)
«

2
< Sxal[ollpy +o(1).

Either way, one obtains

2

2 2
20|15 = Alvlly < Sxa vl

thus completing the proof. (Il

4.1. Proof of Theorem To prove this theorem we will evaluate I , at u.(z) =

o(x) (5 + I272O‘) %, where ¢ is to be chosen, and prove that I o(ve) < S, when
¢ is small enough, which, with the aid of lemma allows us to conclude that Sy o
is achieved by some function v € X§.
Thecase%§a<1

Let ¢ : [0,1] — [0, 1] be a smooth function such that ¢(z) =1 for = € [0, %] and
¢(x) = 0 for x € [2,1], and consider v.(z) = ¢(z) (¢ + x2_20‘)%. In order to
evaluate Iy (v.) one has to estimate [z®v.|3, [|lv<|5 and [[vc]2, ;.
that

Firstly, notice

1 % =2
/ |xav;(:v)|2 dx = (2a — 1)2/ 22 (e + x2_2°‘) 720 2 (x)dx
0 0

[S1%)

1-2a
b [ e ) g ) e

3

+(1-20a) ‘/g x (8 + x2*2a)% ¢(x)¢'(x)dx

1

3

=1L+ 1+ I3.
To estimate I7, I3, I3, notice that for 5 > 0,7 > 0,0 < o < 1 and € > 0 we have

2

2 2

(36) /s 2f (e + x2_2“)77 de < /s A= 0= g — 0(1).
1
1 1

1
3
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To estimate Iy, let 8 =2 — 2, v = 55— and use to obtain

2

I = 20— 1)? /3 2?72 (e + x272a)"’:72" ¢*(x)dx
0

1 . 2 72
= (20— 1)? / T2 (e 42 T dp 40 ( / T 220 (o 4 220 2 d;z:)
0

ol

1
3 =2
= (200 — 1)? / 2?72 (e 4+ 2°72*) T2 dz 4+ O(1).
0
Using the change of variables x = e7% y in the above integral gives
I = 2a— 1)25% / Y22 (1+ y272a)2:72“ dy + O(1).
0

For I and I3, since ||¢]| ., [|¢'[|,, < o0, one can apply once again to obtain

L+ I = O(1).
Hence
1 jee} —2
(37) / e (@) 2 de = (20— 1)2e35% / Y220 (14 y2720) 25 4y 1 O(1),
0 0

On the other hand we compute

1 9 % 1—2a % 1—2a
/ |ve(z)|” dx :/ (a+x2_2°‘) 1-a dm+/ (5+x2_2°‘) = 2 (z)da
0 0 3
=Ji+ Jo.

To estimate Js, notice that

2
3

2
2 \on 2
/ (e+2%72%) " dx < /3 w2 4de = O(1).

1 1

3 3
To estimate J; we need to study two cases: % <a<land a= %. If % <a<1we
use the change of variables z = e7 % y and obtain
1

3 9 g t=2a sosa [3E 22 9 g A=2a
J = (e4+x*72%) =" do =72 (1+y>72) = dy
0 0

3—4a o0 1-2a
= Em/ (1 —|—y2_2°‘) = dy + O(1).
0

Ifa= %, the change of variables = = 2y gives

2

le/oé <€+xé)_2dx:/0éa (1+y%)_2dy

2{ln(1+xé>+<l+x

Nl=
~——
|
-
—

=2|lne| + O(1).
Therefore

1 2|lne| + 01 if =3,
O |vg<a:>|2dx={ Inel +0Q1) 1
0

1-2a
£2=2a fooo (1 + y2_20‘) e dy + O(l) if % <a<l.
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Finally, we need to estimate ||115H127 41

1

1 3 2
/ |Ue(x)|2c127—1 do — /3 (5 " xzfza) =2 g,
0 0

+/13 (€+x272a)_ﬁ |¢(Jj)|ﬁ dx

3

= M; + M.
For Ms;, notice that

2
/3 (e+ x2*2a)_ﬁ dr < /3 x2dx = O(1),

1 1

and for M, the change of variables z = £7 7 y gives

3 2 o 2
/ (e + :EQ*QO‘) L / (1+ y2*20‘) 272 dy 4+ O(1).
0 0
Thereafter
1 e’} 2
(39) / e (2)| T dp = ¢ 5w / (1+5272) 777 dy + O(1).
0 0

Now, putting together estimates , and gives

20|12 = A v ||?
I)\,a(ve) — || 5”2 H 6“2

HU6||;2;+1
(2= 1)K, — eAK> + O (€7> if o> 3,
(2a — 1)2K; — e |ln¢| MKy + O (e) fa= %,
where
fooo y2720¢ (1 4 y2720¢)7ﬁ dr
0o 1 2a—1
|:f0 (1 + y2—2a) T—a dl':|
1 I 1y U ()| dy
C(2a-1)2/ =
(5w ay)™
1
(2a — 1)250‘

K, =

and
1-2a
Ky = Jo~ (Ly"*) 7 da < 400
- 5 2a—1 )
[+ g2y 0 ]
- 2
Ky = 2 Ta—1 < 109
[ (1 y2=20) 775 da

Finally, since a > % (a = % resp.), for every A > 0 there exists ¢ > 0 sufficiently
small such that —eAKy + O (5%> <0 (—¢|lng| AKy 4+ O(g) < 0 resp.), hence

S}\,O& S IA,Q(UE) < Saa
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as claimed.
O

Thecase%<a<%
In this case, we choose ¢ = 1), the minimizer for A} given by lemma As

1-2a
before we need to evaluate Iy o(v.), where v.(z) = (g + z272%) #2* 4, (x). Notice
that

1 1 —2
/ |x"vé(w)|2 dr = (2o — 1)2/ 2?72 (e 4 2777Y) T2 2 () da
0 0
1 1—2«a
A O AR UAC I
0

1 —2a
+ (1 - 2a) / x (E + x272a) 2729 b (2)Y) (z)dx
0
— L+ L+,

We begin by estimating I3: We integrate by parts and use the fact that x%wa —0
as £ — 07 (see lemma [2.3)), to obtain

1 —2a
Is = (1—2a) / o (e +22720) T g, (@) (2)da
o 1
=e(2a—1) / (e +2°72*) T 2(2)dz
’ 1 -2
_ (2a _ 1)2/ g2 20 (5 + x272o¢)m 7/13($)d$
0
1 1
=e(2a — 1)/ (e +2°72*) T 2 (2)dx — I.
0

1
To conclude the estimate of I3 we need to rewrite fol (E + x2_20‘) = 2 (z)dz.
Observe that

1 . 1 .
/ (e +2°72*) = 2 (2)dz = ¢Z(0) / (e+2°72*) T da
0 0

+ /0 (6 + 332720‘)_ﬁ (wi(a:) — 1/1&(0)) dz,

and then we notice that by lemma [2.3| we know that |12 (z) — 12 (0)| = O (2272),

SO we can write

1 1 1 1
/ (e +2772%) 7 (¢2(2) — ¥2(0)) dx| < C/ (e +2%72%) T2 2?2y
0 0

T
:Eéiiz/ (1+y272a)—ﬁy272ady
0
1-20 [ 2—2a\— -, 2-2
=5m/ (L4+y™ %) Toy™ "y
0

+0(1).
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The above means that

! 1 3—4a
Iy = 92 (0) (20 — 1)/ (e +a22) "% dp - 1y 1 0 ()
(40) 0

24 o0 1 —4a
= ex=5 2 (0)(2a — 1) / (149272) 7o dy— [ +0 (55 )
0
Now we estimate I:
1 1-20
12:/ 2% (= 4 22720) 5 |l ()P da
0
1 , 1 1 sa )
A O e e [ AT
0 0
! 2
:/ 2272 ! ()| da + 1.
0

To estimate I, we notice that by lemma we have that x%¢!, € C%1=(0,1],
hence it is enough to estimate

1 1—2a
Iy = / {(5 + x2*20‘) = x240‘] dx
0

2a—1
Define f(t) := (te +2°72%) =, and notice that

2a—1
e+ 2?72 e — gt = (1) = f(0)] < sup |F(1)].
teo,1]
3a—2
A direct computation shows that f'(t) = 22=Le (te + 2°72%) = . Now, using the
monotonicity of f/(¢), it is easy to see that for all ¢ € [0, 1] we have

plo—4 if % <a< %
: 2
(41) Fwl<c=d if o =2

(e+a%2) " if2<a<

1w

From we deduce that

-~ 1 1-2a
‘14’ _ / [(€+I22a)1_a x24a:| do
0
1 2-20) T da—2
£ 4 g220)Tma _ pda-
<[] R
0 | zia-2 (e 4 g2-20)Ta

1 1-20

fo x2a72 (5_’_‘%272&) j—
-1

< Ce flx%(s+x%> da if o = 2

a1 2
lf§<0[<§,

0 3
fol z? e (e + x2_20‘)_1 if % <a<3,
20 1-2a
e Ea [PyPem2 (14272 T L O(1) ifl<a<2,
-1
=Ceqe 2 foOOZf% (1+y§> dz +0(1) ifoz:%,

1—2a

£2-2a fooo y2 e (1+ y2_2a)_1 +0(1) if 2 <a<3,

—0 (521‘2‘&) ,
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So we can conclude that
1
(42) I, = / 2272 |yl (2)|° dz + O (8%) .
0
Putting together and we deduce that
1 2 1—2a > 1
/ 220! ()| dz = 738 92 (0) (200 — 1)/ (149772 T dy
0 0
1
+/ 222 |y ()P dz + O (e%)
0

Now, we estimate ||vs||§: Since ¢, € L™, we use the same estimate obtained for
1, to write

1 1 1—20
/ v (x)dz :/ (e +2*72%) T Y2 (z)dz
0 0
1 1 1-2a
= / a2 42 (2)dx +/ {(5 +?R) e — m2_4a} V2 (z)dx
0 0

= /01 2?42 (2)dx + O (5%) .

2

Finally, we estimate [vc||;, ;: the same idea used to estimate I3 gives

! ! 1
/ v (2) [P dz = / (e +a>72%) 75 | ()P da
0 0
1 1
N e I
0
! 1
+/ (e+a?72) T [lzba(a:)v’“ - wa(ow’ﬂ] da
0
! _ e
—a " [ (e at ) T dn 0 (55
0
= g—ﬁ ‘¢a(0)|p+1/ (1 + y272a)—m dy - (1 + O(s)).
0
Using the definition of A¥ and 1, and the above estimates give
2oL |)2 = A3
oy Nt = Al
[[oell,

= (20— 1)K3+e77 (A, — A) Ky + O(e)

where

oo L 2—2a 1 12 (7
o 2—2a T—«o —
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Using lemma one obtains that K3 = 2511. Now, since % <a< %, for given

A > A% there exists € > 0 such that e (A=A Ks+0() <0
S/\,oc S I)\,a(ve) < Sou

thus concluding the proof.
O
The next results show that the solution obtained in Theorem [7]is in fact contin-
uous up to the origin.

Lemma 4.2. Let % < a <1 anda(x) € L%(0,1), where g, = 22—‘12, and suppose
u € L%(0,1) solves

(43) u(
mlirg1+ 2% (z)u(x) =

then u € L*(0,1) for all t > 2.

Corollary 4.3. Let u be the solution given by Theorem@ then u € C°[0,1]. More-

over 2~/ and x2u” are also continuous up to the origin.

Proof of Lemmal[4.4 For a given positive integer n, define
0 if u(z) <0,
up(z) == Cu(z) if0<u(x)<n,

n if u(z) > n.

For fixed 8 > 0, let ¢(2) = u™t (z)u2? (x). Multiply equation by ¢ and integrate
by parts to obtain

/ a(z)(ut (z))*u?Pdx = / 2 (2)%u?P (z)dx
u>0 u>0
+ Qﬁ/ a2 (2)? (ut (x))*P d.
0<u<n
On the other hand, we can write

1120‘ ut(z)ul (2)) | do = 22 (2)%u?P () dx
[ @b o= [ e

+ (6% + 25)/ 2 ()2 (ut (x))*P de,

0<u<n
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hence, with the aid of [22, Theorem A.2] one obtains for M > 1

2

( 01 |u+(:p)u£(ac)| ”)2(1 < Cup /01 a(z)(ut (2))%u? (x)dx

0

+@m<ﬂ>me%>;(Aqum&wﬁ)i-

Now, fixing M = Mj sufficiently large so that C, g (f|a|>M |a(x)|qa) " <1 gives

(AWﬁm%wﬁﬁ

By passing to the limit n — oo in the above inequality (notice that the constants
do not depend on n), we obtain

&

1
§2MCQ,5/ ut ()P (z)dx.
0

(/Ol(u+(x))2a(1+/3)> % <onc /01(u+(x))2+25dx.

Similarly, one can prove the same inequality for ™, thus obtaining

1 = 1
( /0 |u(x)|2a<1+ﬂ>> <2MCap /O lu(z)|*"* da.

The above inequality shows that if u € L2728, then u € L>(1+8) Since u € L?,
we can start with By = 0 and obtain u € L?*. So by letting By = 0 and 3,11 =
2 (14 ;) — 1, we obtain that

we L2>H8) for all i > 0.

Notice that 8; = (% — 1) E;‘:o (%’)j, and since 2, > 2 when 0 < a < 1, we obtain

that 3; — oo, hence u € L! for all t > 1, as claimed. O

Proof of Corollary[{.3 Notice first that by construction, the solution given by The-
orem 7| satisfies equation , SO lemma applies, and u € L(0,1) for any ¢ > 1.

Now, we also now that lim+ %%/ (x) = 0, so we can write
z—0

e t(e) = 1 [ gleds
0

where g(s) = —Au(s) — u(s)P. Since u € L! for all ¢, we obtain that g € L? for
all t, hence by Hardy’s inequality, we obtain that x2*~1u/(z) € L! for all t. This
means that u € Xga_l’t, so [22, Theorem A.2] applies and we deduce that if ¢ is
sufficiently large, u € C°[0,1] (in fact one gets u € C%7[0,1] for all ¥ < 2 —2a). So

g above is also continuous, which in turn implies that lim+ % foz g(s)ds exists, so
z—0
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222719/ (z) must also be continuous. Finally the equation implies that z2%u" (z)

—Au(z) — u(z)? — 20?1/ (z) € C°[0,1].

Ol

4.2. An equation in the half-line. In this section we will study the equation
(44) — (@Y = |w’ w in (0,00),
where p = 2, — 1 and % < a < 1. The motivation behind studying this equation
comes from the fact that if u solves
(45) — (@®d) = Mu+ |[uf’" win (0,1),
then, us(z) := 6~ 2u(dz) solves

—(@*uf) = N6%2%us + |ug|” " us in (0,671).
So, equation is the limiting equation as 6 — 0 (in a sense that will be made
clear later) for us, and for ¢ small enough wus should be close to a solution w of
equation (44)). If we are able to classify the solutions of equation (44)), then we

could understand how w is.
Equation is the equation satisfied by the critical points of

ST 2
) = A0 O

(5% ) P d) ™

1-2a
272(1) 2 2a

in particular U(z) = C. (e + = , the extremal family for the Caffarelli-
Kohn-Nirenberg inequality introduced in lemma are solutions to equation .
As we will see, these are the only solutions that are bounded at the origin, and this
is the content of the following

Lemma 4.4. Let w € C%(0,00) be a solution of equation , then there are four
possibilities
(i) w= U for somee >0,
(ii) w = Czz~%, where C is a normalization constant,
(iii) w = x2~f(—Inz), where f : [0,00) — (0,00) is a periodic smooth func-
tion, which is bounded away from zero, or
(iv) w = 22"%g(—Inz), where g : [0,00) = (—o0,00) is a sign changing peri-
odic smooth function.
Proof. To prove this lemma, notice that if w solves equation , then v(y) =
e(%fo‘)yw(e*y) solves

1\* -
(46) v”_(oz2) v—f 'y inR.

The solutions of equation can be easily classified by means of the energy func-
tional

BO)w) = 500 5 (o= 5) 00+ 5 bl

which is constant for every solution, as one can see by multiplying equation by
v’. By looking at the phase plane, one obtains that for

249 p+1
1 1\"b b
A::min{2a2—<a—2> 2+L|+1,a,beR}<0,

then
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o If E(v) > 0, then v must be a sign changing periodic function,

if E(v) =0, then v is a homoclinic orbit for the unstable point (0, 0),

o if A< E(v) <0, then v is a periodic function that is bounded away from
zero, and -

o if E(v) = A, then v = + [22=L] 573,

The homoclinic orbit is given (up to translation) by

v = (2 ” o (2712021, )] 7

and a direct computation shows that U(z) = 22-*V(—Inz). This finishes the
proof. ([l

o

Remark 4.1. As seen in the proof, the energy functional

1 1 1\* 1
E(w)=-0?—-=(a-=) v+ — v/
2 2 2 p+1

classifies the solutions of equation . Since it will be used later, let us introduce
the corresponding energy functional for w solution of equation by
(47)

Eo(w)(z) = E(v)(y) = 22/ (2)? +

5 P w(z) P+ <a - 1> 22w (z)w(x),

2

where v(y) 1= e(%f‘x)yw(e*y) and y = —Inx. Notice that Eyg(w) = Epo(w), where
E\ 5(u) is defined in (28). Now we can say that if Eo(w) > 0, then w is unbounded,
with infinitely many sign changes near the origin. If Ey(w) = 0, then w is a bounded
function which is positive (or negative) near the origin, and if Eq(w) < 0, then w
is an unbounded function positive (or negative) near the origin.

Now, let us establish that if u solves equation (45), then us(x) = S 2y ()
converges to a solution of equation (44)), and this is the content of the following

Lemma 4.5. Suppose u € C?(0,1) solves equation . Suppose also that there
exists a constant C' > 0 such that

(48) lu(z)| < Cx3~* and |u/(z)] < Cz~ 27,

then there exists w € C?(0,00) solution of equation and a sequence 6, — 0,
such that for all x > 0

lim |us, (z) — w(z)| + |ug (x) — w/(:c)| =0.
5, —0 "
Moreover, if

‘P-i-l

Ey\(u)(z) := Exo(u)(z) = %mQaHu’(x)Q + éacu(a:)2 + x [u(x)

’ 2 p+1
1
+ (a — 2) 2 (z)u(z),

one has that E := lir(r)1+ E\(u)(z) exists and w is characterized by Ey(w) = E.
T—>
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Remark 4.2. This type of lemma has already been proven by Benguria, Dolbeault
and Esteban in [5], where they classify, among other things, the solutions of
—Au=Xu+[uf""u  in B(0,1),
u=0 on 0B(0,1),

N+2

where p = §75 is the critical Sobolev exponent.

Proof. Notice that by our assumption on the growth of u and v’ and the definition
of us we have that

x‘k%u(;(x)’ < C and

xa+%uf5(x)’ <C
uniformly on §. Also from the equation, one has that

xa+%ug(x)‘ <C.

By means of Arzela-Ascoli theorem, one can find a function w € C'(0,00) and a
sequence & — 07 such that us — w and u§ — w’ uniformly in compacts subsets
of (0,00). Also, it is clear that w must solve equation , and as a consequence
w € C?(0,00).
What is left to prove is that E = lin% E)(u)(x) exists, is finite and that E =
r—
Ey(w). To see this, notice that by lemma we have
dEx(u)(z)
dx

where we have used 8 = 0 and p = 2, — 1. The above shows that Ej(u)(z) is
monotone or constant (depending only on \), so the limit exists in the extended
sense. To see that |E| < oo, notice that by the growth condition u € L?(0, 1), hence

|E| = |Ex(u)(1) — A1 — a)/o u(z)dz

Finally, notice that for > 0 and § — 0" as before, F)(us)(z) = Eo(w)(z) and
that F(ug)(xz) = Ex(u)(dz) = E, so Ey(w) = E as claimed. O

=1 — a)u(z)?,

S%MGV+MHL—®Z;M@%x<m.

The way we will use the above results is in the form of the following direct
corollary of lemmas [£.4] and

Corollary 4.6. Let u € C2%(0,1) be as in lemma and let E = lim+ Ey(u)(x).
z—0
Then
(i) If E > 0, then u is unbounded and has infinitely many sign changes near
the origin.

(i) If E =0, then u is bounded and has a finite number of zeros in (0,1).
(i3) If E <0, then u is unbounded and has a finite number of zeros in (0,1).

4.3. Proof of Theorem We want to prove that if A < A} then no solution
exists. To do this, recall the definition of A%

el 3
:{& ifl<a<?,

Af
0 if3<a<l

a -

So we will first prove that no solution exists for all A < 0 and all % <a<l1,and
then we will prove that no solution exists when 0 < A < A%, and % <a< %.
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The case%<a<1 and A <0:

In this case, we will use lemma with 8 = 0 and corollary to show that if
u is a solution equation , then Ey(u) > 0, hence u would have infinitely many
sing changes near the origin, reaching a contradiction. From lemma [2.5| we obtain

1

BA()(+) = Exofw)(a) = u/(1 = M1~ a) [ u(s)ds

xT

But since A < 0 and p = 2, — 1, we obtain that
Ex(u)(x) > 2u(1)2 >0,
for every non-trivial solution. Now, by Remark we have that
2 Fu(z) = 2724 (2) = O(1)

near the origin, so one can apply corollary [4.6] to conclude.
The case%<a<% and 0 < XA <\

In order to prove this theorem, we need a better Pohozaev type identity that
the one given by lemma [2.5 However, we will still use corollary and show that
Ex(u)(z) > a > 0 for all z ~ 0 (as we pointed out earlier, from Remark [2.2|one has
that every solution u of equation (T) satisfies (48)).

Suppose that we have a function ¢ : (0,1) — R satisfying

(49) Y(z) € C*(0,1] N C°[0,1] and ¢’ (x) € C°[0,1].
Multiply equation by w(z)®(z) and integrate over [e, 1] to obtain

)\/El u(z)?(x)dx + /81 u(z)P () dr = /El 22 () (u(z)ep(z)) da
1

— 2/ (z)u(z)(x)

£

= /51 2/ ()% (z)dx + /: w?u(x)u’ (x)y () de
1

— 2/ (z)u(z)(x)

€

:/E x2au'(m)2w(x)dx—%/a (x2aw’(:r)),u(x)2dac

1 1

— 2/ (z)u(z)(x)

€

+ 572 ()’

€

Since u(1) = 0, we obtain

o) [ (e (2 = / (@) (o) + 5 (@) | do

+/ u(z)P T (2)de — 2%/ (e)u(e)w(e) + %szaz/;'(s)u(e)Q.
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Suppose now that ¢ : (0,1) — IR satisfies

(51) ¢ € C1(0,1) and 7 ¢(x) € C[0,1].
Multiply equation (1)) by w'(z)¢(x) and integrate over [e, 1] to obtain
L.HS=R.H.S,
where
At I
L.HS. = / (u(x)Z) o(x )der? (u( )p+1) o(x)dx
and
1
RHS. = / 2oy () (o (2) () — 220 ()26 ()

For the right hand side one has

1 1 1
/ 2/ (x) (u / 2 (x dx—l—%/ 22 p(z) (u’(x)Q)/dx

so We have
R = [ 0 [ - § o) | de- g0 + 066,
Whereas for the left hand side
1 1
LHS. = _g / ()28 (z)dz — ﬁ [ uGap o @y + %u(x)qu(a:)
1
1 +1
5 o)
At ! A
=5 [ w@re @i = [ uep @ - Sueole
- (000,

Putting together and gives

[ [ - § oy | as = o)

(54) _;/:um x_i/ ey

71¢( ) <1 2a+1 /(6)2+*€u(6)2+7
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Finally, suppose there exist ¢ and ¢ satisfying and respectively, which
also satisfy the following system of ODEs

1
20/ (@) - 5 (*6(x))
1 ;A
No(@) + 5 (220 (@) + 56 (@) =0,
then from and we deduce

/

— 220y(z) = 0,
(55)

66 [ uortt v + 0] do = 3w 0%60) + i)
! i5u(6)2 +

- %szawl(s)u(s)2 — e 19(e) (26 5 Wsu(s)”“) :

In order to continue, we need to prove the existence of the functions v and ¢
and understand their behavior near 0, and this is content of the following

2a+1u/(€)2 +

Lemma 4.7. Let % <a< % and 0 < X < X%, Define

\/X 11—« \/X 11—«
(57) QS({L') = Z'JV (10[1' qu m:@ s
where v and J, are defined by and respectively. Let

1 «a

(58) V() = 3¢ (2) = — ().
Then ¥, ¢ satisfy , and , moreover we have that for p > 2, —1
(59) Y(x) + Z%(;S'(x) <0 forall0<z<]l,
(60) ¢(1) = 0.

Also, there exist constants A > 0 and B € R, such that for x ~ 0
d(x) = Az + O(x372%)

P(x) = (; - a) A+ B2®7%* + O(2*1),

We postpone the proof of this lemma for the end if this section. The proof of
Theorem [8| continues in the following way: using ¥, ¢ from lemma in gives

1
0> [ ulap o)+ 0] do = Ju100) - AB)(E) + RE)

where

su(e)? +

R(e) = ABx(u)(e) — = 6(e) (%M“u’(a)? 2

5 5 5u(5)p+1>

+ 220 ()ule)(e) — %eh ()ule)?.

p+1

If we can prove that R(e) = o(1) for every u solution of equation (T]), then the
above inequality would imply



BIFURCATION OF A SINGULAR NON-LINEAL STURM-LIOUVILLE EQUATION 43

so £ = lim Ey(u)(e) > S’ (1)2¢(1) > 0 for every solution, then by corollary
e—0
u would have infinitely many sign changes. Hence equation has no solution.
So everything reduces to prove that R(e) = o(1), which follows directly from

Remark and the expansions of ¢ and 1 from lemma We omit the details.
O

Proof of Lemma m A tedious but straightforward computation shows that ¢ and

1, defined by (57)) and (b8) respectively, indeed solve the system (b5). From (| .
and a formula from [52 p. 147] we obtain that

_ - (=D™(@2m)Am 1+2m(l—c
(61) o) = mz::() 4mmPT(m+1+v)Iim+1—v)(1— a)2mx e,

which readily gives and . To prove , notice that we can write

where y = ‘f !~ Since 1 5—0a+ p+1 <0 for all p > 2, — 1, it is enough to prove
that J, (y )J, ( ) > 0 for y € (0,j_,1) (which is obviously true since j_,1 < j,1),
and that

J,(y)JL, (y) + T, (y) T (y) <0 for y € (0,5_.1).

To do this, notice that using recurrence formulas from [52}, p. 45] gives

T ) I, ) + T, ()T (y) = = (L () J1i-v(¥) + T () J140(¥)),

but

»(y) > 0, because y < j_,1;
<& Jl V(y) > 07 because Yy < j*lll < j(lfu)l;
Ju(y) > 0, because y < j_,1 < j,1; and
o J1+,,(y) > 0, because y < j_,1 < J4u)1;

thus every term inside the parentheses is positive. Observe that
VAL Vi

< = =
1—06—1—06 —vl 1—a .71/17

so J, ( >0and J_, ( VA ) > 0, which implies ¢(1) > 0, with equality if and
only if A = \%.
Finally, the expansions near the origin of ¢ and v follow directly from , we
just need to verify that A > 0, which is true since
1

A= T+ (=) 0-
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5. THE SUPER-CRITICAL CASE: p > 2, — 1
Proof of Theorem[9 Suppose u solves equation . With the aid of lemma
with 8 =0, and lemma we obtain

1 1
)\(1 — Oé)/o ’U,(;z;>2d1’ + (; — o+ Z)—]‘,;l) /0 u(x)p‘i’ldl‘ = %u’(1)2 > O,

but % —a+ ﬁ < 0, so the above gives

/01 u(z)Pde < )\(17—001 /01 u(z)?dz.

11
2 p+1
Now, notice that
1 1
)\1/ u(:ﬂ)2dx</ 2 (z)dx
0

0
= /\/01 u(z)? + /01 u(z)Pdx

1_ 1
< A+7A(1 a)l ]/ u(x)?de,
> R g

thus for every solution of equation one has

6. THE CASE o« > 1

Proof of Theorem[I(, We again use lemma [2.5] with 8 = 0, and lemma to
obtain, for p > 1,

1 1
/\(1 - a)/o u(l‘)QdZ‘ + (; — o+ pil) /0 u(a:)p+1dac = %u’(l)Q > 0.

Notice that if o = 1, then the above yields

1 n 1 /1 ()p—‘rld >0
(0% I u\xr X
2 p+1/ Jo

which is impossible for p > 1, hence no solution exists if « = 1 and A € R. On the
other hand, if @ > 1 and A > 0 we obtain

1 1
0>A1- a)/ u(z)?dx + <; —a+ 1> / u(z)Pdz > 0,
0 0

p+1
also impossible. Finally, if & > 1 and A < 0, the above gives

1 N 1
/0 u(z)Pde < /\(11)/0 u(z)?de.

_1_ 1
2 p+1
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Now, multiply equation (I)) by u, integrate by parts with the aid of Remark 2.2] to
obtain

1 1 1
/ 22 (x)?de = X | u(zx)’dx + / u(z)Pda
0 0

0

_ 1
<A (1 + (110[)1> / u(z)?dr,
=351/ J0

but, since A < 0, p > 1 and a > 1 we obtain
1-— Ap—1
)\<1+ 1= ) 1) <0.
a=5-mi) 2(a-t-74)@+D)
Therefore

1 (1 o a) 1
0< / 2 (2)?de < A | 14+ ——F—S / u(z)?dz < 0,
0 @ p+1 /) Jo

impossible. [

7. THE CASE 0 < o <
Proof of Theorem[3 The proof of the existence of a minimizer vy of
S ;= inf [ .
rao = Inf Iya(v)

is a line by line copy of the proof of Theorems [I| and [5| where the only change

is that instead of minimizing I, over M = X§ N ¢ ull,,, =1, we do it over

1
Mo = XG5 N {||u||erl = 1}. Then if one defines ug(z) = Sy’ [vo(2)|, we obtain a

solution of
—(z**u) = u+uP  in (0,1),

u>0 in (0,1),
u(1) = u(0) = 0.
The regularity properties follow immediately from the fact that X§ < C[0, 1] for

all @ < 1, which implies that u € C[0,1] and as a consequence z?*u’ € C1[0,1] and
2?2~y € C[0,1]. The details are left to the reader. O

Proof of Theorem[}} To prove this theorem we assume we have a solution and we
multiply equation (I)) by ¢1,0, the first eigenfunction of equation (6]), and we inte-
grate by parts over [g,1] to obtain

)

1 1
()\—)\1,0)/ u(i’?)@l,O(ﬂC)daﬁL/ w(@)P 1 0(x)de = e’ (€)p1,0(e) =2 o (e)ule).
€ €
To reach a contradiction, we need to understand what happens to the boundary
terms. Since A > A\; ¢ > 0, we obtain from equation (] that
—(2®*u/ (2)) = M+ Pt > 0.

If we integrate twice we get

ute) <~ (50,

1 -2«
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which implies, since o < 1, that 0 < u(z) < C = C(«/(1)) for all 0 < z < 1, thus
—AC — CPT < (22*u') < 0, and we conclude that |22*u/| is bounded. Therefore,
since ¢1,0(¢) = o(1), we can write e2*u’ ()1 ,0(e) = o(1) as € — 0.

On the other hand, it can be seen from the definition of o1 ¢ that 2@} 5(z) > 0
for all z ~ 0, so we have €2} o(e)u(e) > 0. Therefore

1 1
A= /\170)/ u(z)p1,0(z)dx +/ u(z)Pp10(x)dr < o(1), for all e >0

but since A > A0, 1,0 > 0 and v > 0, we reach a contradiction when we send ¢
to 0.
[l
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