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Abstract

In this article we study the existence and non-existence of extremals for the following family of Hardy-Sobolev

inequalities
1 1
/ ’xBu|q <’ / };UAVu‘p ,
(R4 )* xRN =k (R4 )* xRNk

which holds for suitable values of A, B € RN, ¢ > p > 1. Here the quantity 2 (respectively
the monomial weight defined as

B) denotes

g =z | o™ (vespectively P = [z - .- || ).
Keywords: Sobolev inequality, Hardy inequality, Caffarelli-Kohn-Nirenberg inequality, Maz’ya inequality,

monomial weights, concentration-compactness, extremals.
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1. Introduction

For given integers N > 3, 1 < k < N, and a real value p > 1, we showed in [12] the validity of the
following family of Hardy-Sobolev inequalities for functions u € C°((R1)* x RNV =F)
1

1
/ ‘a?Bu‘q dez|] <C / ’xAVu’p dz | (1)
(R4 )E xRN =k (R4 )P xRN =R

where A, B € RY are vectors of the form A = (ay,...,ax,0), B = (b1,...,bx,0) € (Ry)* x RN=F_ If we

define ¢ :=ay + ...+ ax and b := by + ... + by then the exponent ¢ is given by
Np

N—-p(l+b—a)

(2)

q:=4Aa,B =

and the quantity z# (resp. z?) is the monomial weight defined as
ot =g at (resp. P =ab o abe),
For to be valid one requires that the vectors A and B satisfy the following conditions
a; >0foralli=1,... k,
0<a;—b;<lforalli=1,...,k,

1 1
ai‘f'(l_>bi>0foralli=17--~vka )
q p

N
1-—<a—-b<1
p
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Having proved inequality it is natural to look for the best possible constant C', and whether extremals
for such constant exist or not. In order to properly set up the problem, we consider from now on

Q:= (R+)* x RV-F

and the space D*P4(0) as the completion of C2°(2) under the norm

lully 4= (/ |2V dx) 3
Q

Sp.a,B(2) = inf {IP,A(u) fu € Dl’p’A(Q), / |xBu|q dx = 1} , (4)
Q

and let us define

where
I a(u) :/ ’xAVu’p dz.
Q

With the above definitions, the question at hand is to try to evaluate S, 4,5(12) and to determine whether
we can find u € DVP4(€) such that S, 4, 5(Q) = I, 4(u) satisfying [, |xBu’q dz =1 or not.

The study of inequalities with monomial weights like is, to our knowledge, quite recent and as a
consequence there are not so many results that one can cite. For instance one has the result of Cabré and
Ros-Oton [8] where was initially obtained for any A € RY with a; > 0 and a particular B satisfying
, more precisely when Bq = Ap. The proof of Cabré and Ros-Oton gives, along with the inequality,
the best possible constant and a complete characterization of the extremals. In some heuristic fashion, the
choice of Bqg = Ap allows them to treat their case of as the classical Sobolev inequality, but in dimension
D = N +a where one knows the best constant and the extremals (D is not necessarily an integer, and hence
the difficulty of the problem in general). This device of “going to a higher dimension” no longer works for
general B satisfying and therefore a different approach must be taken.

If we take a slightly different road, we have the great avenue which are the Caffarelli-Kohn-Nirenberg [9]

family of inequalities
1 1
</ [ERE dx) <c (/ 2] Vuf? dx) , (5)
RN RN

which served as motivation to obtain . There is a vast variety of works analyzing different aspects of
(B), and in particular the subject of best constants and extremals has been widely studied in the past.
For instance, let us begin by mentioning the case a = b = 0, which corresponds to the classical Sobolev-
Gagliardo-Nirenberg inequality. After the works of Aubin [I] and Talenti [24] we completely understand
the best constant and we also have a complete characterization of the extremals. The case a = 0 and
b = 1 corresponds to a version of Hardy’s inequality, for which we have a complete understanding of the
best constant, and we know that extremals do not exist. What happens in between, that is for general
0 <a—b <1, is quite interesting as several different situations may occur. To focus the discussion, let us
consider only the case p = 2 and a handful of known results.

o Ifa=0and 0 <b <1, Lieb [19] obtained a full characterization of the extremals (and a fortiori the
best constant is also obtained).

eIf ¥ < g<0and0<a—b< 1, Chouand Chu [14] also obtained a full characterization of the
extremals, and when a — b = 1 they showed that no extremal exist.

eIf 0 < a <1 and b = 0, Caldiroli and Musina [II] proved the existence of extremals, without
characterizing them.

e If a >0and 0 < a—b < 1, Catrina and Wang [I3] showed that extremals do exist. Moreover, despite
the radial symmetry of the Euler-Lagrange equation associated to , which might lead us to think
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that extremals could be radially symmetric, the authors show that there is a subset of parameters where
extremals are not radially symmetric, producing a symmetry breaking phenomenon. This observation
tells us that finding a characterization of such extremals could be a rather difficult task.

Additionally they show that if a = b (here ¢ becomes the Sobolev exponent ¢ = NN—Q)) orifa=0b+1

(here g becomes the Hardy exponent ¢ = p) then there are no extremals, but they do find the best
constant in each case.

As the above list of results shows, even in the “linear” case of (p = 2) one encounters that the choice
of the parameters a, b affects the question of existence of extremals. When p # 2, more difficulties arise, we
refer the interested reader to [I0} 18] and the references therein.

If we take another road and look at another related family of inequalities, we may find ourselves in the
road of the so called Hardy-Sobolev-Maz’ya inequalities [23, Corollary 2.2 on p. 139]

([ Lo el avas) <e ([ [ v avas) )
Rk JRN—F Rk JRN-K

for k=1,...,N. This road has fewer “highlights” than the Caffarelli-Kohn-Nirenberg avenue, yet there are
some interesting known things which may help us understand what difficulties we could encounter in our

study of .

e Badiale and Tarantello [2] showed the existence of extremals when 1 < k < N, ¢ = 0 and when b
makes ¢ different from p (so that in some sense the inequality is not a version of Hardy’s inequality)

e Mancini, Fabri and Sandeep [21] classified all positive solutions in D2 of

N
unN-2

—Au = ol for (y,2) € RF x RNk
Y

for k > 2, N > 3. This in turn gives a classification of the extremals for @ when a = 0 and a particular
b < 0. Apparently, their technique only works for this particular b < 0 and cannot be extended to the
full range of possible b’s.

e Gazzini and Musina [I5] studied the existence of extremals for @ in more generality. Among other

things they show that if max {p, %

is, in some sense, to avoid being in cases that are somehow equivalent to Hardy’s inequality ¢ = p and

also the case a = b where one has to deal with the Sobolev exponent ¢ = NN—EJ.

} <qg< NN—_’;) then extremals exist. The assumption over g

They also address the case g = J\J,V—_” showing that extremals may or may not exist depending on a and
k. For example, when p = 2 the authors show that in the case k =1 and N > 4, the best constant is
achieved if and only if 0 < a < 1, and that if V = 3, then the best constant is not achieved if a > %
Here we see that the dimension might also play a role in the existence/non-existence problem.

The above results lead us to think that perhaps a good case to start this research might occur when
a; > 0 so that resembles and @ in the case a > 0, and we leave the remaining cases for future work.
Taking as inspiration the above discussion, one might think that there could be three scenarios:

e p < qg< NN—_’;: Here we expect everything to go reasonably well, in the sense that extremals will

probably exist for any A, B in the parameter region.

e g= NN—_’;: When the critical exponent for coincides with the Sobolev exponent, it seems that the
question of existence of extremals relies on the parameter A, as extremals may or may not exist.

e ¢ = p: This occurs when a = b + 1 which resembles Hardy’s inequality, thus we might expect that
extremals never exist.



With the above in consideration, the following are the main results of this work.

Theorem 1. Suppose p > 1, A, B € RN satisfy and q s given by . If

1) either p < <N—f, or
P<q< 7=

(ii) ¢ = %2 and Sy a,4(Q) < Sp0,0(2).

then Sy a,5(Q) is attained in DVPA(Q).

Remark 1. Observe that if we denote S,(U) as the best constant for Sobolev inequality in U C RY, that
is

S,(U) = inf {/U |Vu|P dz : uw € DVP(U), /

Np_
|u|¥=F dx=1;,
U

then in fact S,(U) = S,(RY) = S,, and as a consequence of this we also have
Sp.0,0(Q2) =S,.

This theorem guarantees that extremals always exists if we are away from the two borderline cases
previously mentioned. In addition, we include the condition Sy 4, 4(Q) < S, that needs to be fulfilled in
order to have the existence of extremals if ¢ coincides with the Sobolev exponent (which only occurs if A = B,
hence the notation S, 4,4(€2)). As the discussion preceding the theorem, the existence of extremals in the
case ¢ = NN—Q is not always guaranteed, and hence the condition S, 4,4 < S, may or may not be satisfied
depending on how the parameters of the problem are: the value of p, the vector A, and the dimension V.

We have the following result concerning this situation
Theorem 2. Suppose p =2 and let A € RY.
(i) If Zle ai(l1 —a;) >0 and N >4, then Sz 4 A(R2) < S2 (and extremals do exist).
(i) If A is such that a; > 1 for alli € {1,...,k} then
S2.4,4(Q2) = Ss.

and extremals do no exist.

Remark 2. A few remarks are in order.

e Theorem [2| does not cover the situation for general 1 < p < N. This is a limitation of the technique
used to estimate Sa 4, 4(Q2) which relies on the Hilbert spaces structure of DLQ’A(Q).

e Notice that the condition Zle a;(1 — a;) > 0 is impossible if a; > 1 for all ¢, and that is trivially
satisfied if 0 < a; < 1 for all 7. However, there could be mixtures of the two cases, namely some of the
a;’s could be greater than or equal to 1 provided there is at least one 0 < a;, < 1 “compensating” the
negative part of the sum

k
0< Zai(l — ai) = Z ai(l — GJZ')'F Z ai(l — ai).
i=1

0<a;<1 a;>1

>0 <0

If we compare this to one of the results from [15] regarding @, where existence of extremals occurs if
and only if 0 < a < 1, we see that the dependence on a vector of parameters A € RN rather than a
single parameter a € R introduces and additional level of difficulty, as these “mixtures” may occur.

e If N =3, k=1and a; > 3 then there are no extremals. This follows from a result in [22, Section 6]
(see also [15] Proposition A.10]). We do not have an answer for the cases k = 2 or k = 3.

4



o We proved that Ss 4,4(02) = S2 and the nonexistence of extremals only if all the a;’s are greater than
1. However it seems that the correct condition to rule out the existence of extremals is (at least if

N > 4)
k

Zai(l —a;) <0,

i=1
however we were not able to establish the result in this generality. In this general set-up the afore-
mentioned “mixtures” create a difficulty we were unable to solve.

Finally, in the case ¢ = p, that is when we are in a scenario that resembles Hardy’s inequality, we have
the following: if {ei}i\il denotes the canonical basis of RY then

Theorem 3. If A, B satisfy with a = b+ 1 then

(ai—bi)p

! , (7)

].—(Zl'—*

N
SP,A,B(Q) > H
i=1

provided a; # 1 — % for the i’s where b; # a;.
In particular, if a;, # 1 — % and B = A — e;, for someig € {1,...,k} then

117

Spanen () = \1 a1

and it is not achieved.

Remark 3. As the reader can see, we do not have a precise value of the best constant, nor an answer to
the existence of extremals for general A, B satisfying with a — b = 1. Having a better understanding of
this situation remains as an open problem, even in the “linear” case p = 2.

The rest of this paper is devoted to the proof of the above theorems. To do so, in Section [2] we introduce
some of the notation used throughout this work as well as some preliminary results, in Section |3| we address
the proof of Theorem#, then we say a few more words on what happens when ¢ = NN—_”p and we prove

Theorem [2] in Section [ Finally the proof of Theorem [3]is given in Section

2. Notation and preliminaries

As it is rather standard, we will denote by B(z, R) the (open) Euclidean ball in RY centered at z € RY
with radius R > 0, and when the center is x = 0 we denote B = B(0, R). Also, for 0 < r < R < oo use
the notation (r, R)™ to denote an open cube in R™. For € R™, the quantity |z| will denote the Euclidean
norm of x (usually m = k, m = N —k or m = N). If E C RY is measurable, then |E| will denote its
(Lebesgue) measure.

For p>1, A€ RN, and U C R" open we will consider the spaces

LPAU) = {u €L, (U): ‘xAu’p < oo}
Q

1
P
ull, g = ( / Wul”) -

ully paw = IVullyau

equipped with the norm

‘We also define the semi-norm



and for A € RY we define the space
P = CE@)

Observe that if A = 0 then LP°(U) = LP(U) is the classical Lebesgue space equipped with its usual norm
Il = [-.0- similasly DY»0(0) = DH#(U7),
As we mentioned in the introduction, we are interested in the study of

Sp.4,5(2) = inf {IP7A(u;Q) Tu € Dl’p’A(Q)7 / ‘xBu‘q dz = 1} ,
Q
where
Ip a(u; Q) :/ |93AVu|p dz,
Q

and
Q= (R+)F x RV,

Usually for = € € we will use the notation x = (y, 2) for y € (R;)*¥ and z € RVN=7. Finally, whenever the
context allows it we will write Sp, 4 p instead of S, 4,5(£2) and I, 4(u) instead of I, (u; ).

Lemma 1 (Scaling invariance of S, 4,5(Q)). Suppose R > 0 then
Sva»B(Q) = Sp,A,B(Q N BR)

Proof. On the one hand, observe that if U C V are arbitrary subsets of {2, by extending the functions by
zero outside U we can think C°(U) as a subset of C°(V), therefore

SP7A7B(V) < SzhA,B(U)v

in particular this applies to V =Q and U = QN Bg, 50 S, 4,5(2) < S, 4,5(2N Bg).
To prove the reverse inequality, observe that for any u € C°(Q N Br) the function

—1
belongs to C°(Q2 N B,r) and satisfies

anBR ‘xAVu|p dz fQﬁBm {xAVur|p dzx

(fﬂmBR 2Bl dm) ' (meBTR 2P [ dx)

D
q

therefore
Sp’A’B(QﬂBR):Sp)A)B<QﬂBTR))7 Vr>0.

Finally, for any € > 0 one can find v € C2°(£2) such that fQ |xBu|q dr =1 and
Ip,A(u;Q) < Sp7A,B(Q> + e,

but since u has compact support, we can suppose that suppu C V := QN B,.g for some r > 0, and we
observe that the integrals involving u are over V, therefore we have

Sp.4,8(QN Br) = Spa5(QN Brr) < Ipa(u; V) = Ipa(u; Q) <5 4,5(Q) +¢,
which gives the desired reversed inequality. O
Lemma 2 (Translation invariance of S, 4 5(12)). Suppose & € RN~ then
Sp.4.8(Q) = Sp.a.B(0+),
where we use the identification & = (0,¢) € RF x RN=F,
6



The proof of this lemma is obvious because 2 + £ = Q and I, 4 are invariant under translations in the
coordinates with no factor from z# (respectively z7).

To prove the existence of extremals we will use the concentration-compactness principle. To do so, it is
important to observe that from what we did in Lemmas [I] and 2] we obtain that the functional

:/ ’xAVu’p
Q

restricted to the manifold fQ }IB u‘q = 1 is invariant under the group of dilations given by the following
scaling: for A > 0 we define

un(z) = A7 T u(Aa) = AT (M) = I a(u) = I a(uy)

and additionally the functional is also translation invariant in RNY~=% when k < N: If ¢ € RV=F and if
x=(y,2z) €N
ug(w) = u(y,z + &) = Ip.a(u) = Ip a(ue).

We collect these two invariances and define

N

ung(@) == A7 T u(Ay, Az + €) (8)

whenever r = (y,z) € RF x RV=F,
An important feature of the space D'P+4(Q) is the following:

Lemma 3. The embedding D*P4(Q) — L™A(K) is compact for bounded measurable sets K C Q, whenever
1<r< A],V—p
= -p

Proof. Observe that it is enough to prove the result for r = 1, as if we know that the embedding D'»4(Q) —
LY4(K) is compact, for 1 < r < x+; one can use the 1nterpolat10n inequality to obtain

lzull - ey < []2" UH < O |2 Vull 7, g ol e

|LT(K) LN p (K) ||‘T uHLl(K

so if (u, ) € D¥P4(Q) is a sequence such that HxAVunHLP(Q) is bounded, then for any sub-sequence (denoted

the same) such that (z4u,,) is Cauchy in L'(K), then (z%u,) is also Cauchy in L"(K).
Let B be the unit ball in D*?4(Q), we will show that that B is totally bounded in L'4(K). Let € > 0
and define

2
Km:{a:EK:EIiE{l,...,N} suchthatOSxi<m}.

Observe that either K, is empty or |K,,| = o(1) as m — oo (since |K| < o0). Using Hélder’s inequality
together with yield

11
HxAuHLl(Km) < HIAUHLNN—Q)(Q K| V77

< C [Vl g [~

<CO|Knl ™7
which holds for all u € B, therefore we can find m > 0 large such that

€
||xAuHL1(Km) < 3’ VuebB.

Now consider ¢ € C*°(R) with 0 < ¢ < 1, |¢'| < L such that
0 ift<1,
t) = _
o(t) {1 ift>2,
7



and define ®,,(z) = Hfil ¢(ma;), which satisfies 0 < ®,,, <1 and |V®,,,| < Lm. Clearly the set
P,,B={P,u:ucB}

is bounded in WP (K). Indeed, if # € supp ®,,,u then m®z? > 1, therefore

/ IV (@pu)|[” < m / AV (@)
K K
< Cpm? (/ |xAVu|p + mep/ |xAu|p>
K K
Np 17% P
<Cpm? (/ |xAVu|p + LPm? (/ }acAu|Np> K|N>
Q K

SCK,m/ |xAVu|p.
Q

Similarly fK |®mulf < Crm fQ |xAVu}p and we can use Rellich theorem to conclude that ®,,5 is totally
bounded in L'(K). We claim that since a; > 0 for all i, then ®,,B is also totally bounded in L“4(K).

Indeed, observe that we have
/ |Z‘AU’ < (maxxA)/ lv| < C’K7A/ [v],
K zeK K K

thus if we have an d-cover of ®,,8 in L'(K), then we have a §Cx _s-cover of ®,,B in L4 (K).
Hence we may cover ¢,,3 by a finite number of balls of radius § > 0 in LY4(K), that is, there exist
{g1,---,g9m} € LM (K) such that for any u € B there is i € {1,..., M} such that

€
||IA((I)’mu - g'l)”Ll(K) < gv

from here we can write
HmA(“ - gi)HLl(K) = HxA(q)mu - gi)HLl(K) + HmA(“ - (bmu)HLl(K)
€
< 3 +2 ||xAuHL1(Km)
<eg,
that is we have the desired e-cover of B in LV4(K). O

Remark 4. As a consequence of the above lemma we obtain that for a bounded sequence in D'74(Q),

and after passing to a sub-sequence (denoted the same), we can suppose that
2, — 2 in LT (Q).

We will use this in two particular cases: r = p < NL& and r =¢q < NN—Q for ¢ as in , for A # B satisfying
(3)-
Finally, we conclude this section with a calculus result
Lemma 4. Let s,t € RN and p > 1. There exists a constant C > 0 only depending on p such that
s+ t1” = |sf” = 7] < C (s [¢] + [s] [t7")

We left proof to the reader (see for instance [2 Calculus lemmal or [5, Exercise 4.17]), but we remark
that when p = 2 in fact one has C' = 1 and we have equality in the following sense

s 47 = sl = [t = 25 1] < 25| I,

thanks to the Pythagorean property of the Euclidean norm in RV .
8



Np

3. Existence of extremals if p < g < N-p

The main purpose of this section is to prove the existence of u € DVP4(Q) achieving the infimum in
the definition of S, 4 B at . In order to prove existence of minimizers we follow [3] 4, 20] and state the
following lemma which illustrates the lack of compactness of the embedding D''P4(Q) «— L%B(Q).

Lemma 5 (Concentration-compactness). Let A, B € RN satisfy , such that in addition p < q¢ < NN—Q).

Let (u,) C DYPA(Q) be a sequence such that there exists u € DVPA(Q) and two bounded Borel measures
W, v satisfying

Up — U in DVPA(Q),
‘xAV(un — u)’p — U weakly in the sense of measures,
|xB (wp, — u)|q — v weakly in the sense of measures,
Up —> U a.e..
If we define
loo = lim lim Sup/ |xAVun’p,
R0 n—oo J[R,00)N
Voo = lim limsup/ |xBun|q,

R=00 n—oo J[R,00)N

then

. 3
(i) Spasllvile < |l

P
(’H,) Sp,A,BVqu S Moo

(i43) lim sup ||xAVun||§ = HxAVuHi + [l + foos
n—oo

(iv) lim sup ||xBuan = HxBqu + V]| + Voo, and
(v) if u =0 and Sy, 4B ||1/H% = |lu|l then both p and v are concentrated at (no more than) one point
g € €.

Before proving this lemma, we state a result from measure theory that is probably well known by now,

but for the sake of completeness we will include a proof in the

Lemma 6. Let Q C RY be an open set, and let v and p be non-negative bounded Borel measures on Q

satisfying
(Lo a) <co([1oran)”  voecr@ )
Q Q

f;)Lr some 1 <p < q < oo and Co > 0. Then there exists J C N, {z;},_; C Q, and {vj}jes € (0,00) such
that

V= Z Vi,
jeJ
b
p>=CoPy vis,,
jeg
where 6, denotes the Dirac measure in RN centered at x.
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If in addition one has V(ﬁ)% > C’O,u(ﬁ)%, then J has at most one element. If J = {jo}, then

_ _p,, " q
v =10y, = Chry "1t

for some vy > 0.

Proof of Lemmal[3 If we denote v, = u,, — u, then for each ¢ € C2°(R") we can apply the Hardy-Sobolev
inequality (1) to v, € D¥P4(Q) to obtain

R N ( / |w“‘V<vnso>|”) ~ (10)
Q Q

and using Lemma {4 we have
/ |xAV(vn<p)‘p = / ’xAvano + :EA@VUn{p
Q Q
< / |:UA<pVUn’p —l—/ |xAvnV<p|p
Q Q
+C (/ |xAvnV<p|p_1 |xA<van’
Q
+/ ‘SL‘A’UanO‘ ‘anvan‘p1>
Q

S/ ’zAavan’er/ |xAUnV<p|p
Q Q
y 1
+C (/ |:cAvnV<p|p> (/ |xAg0an|p>
Q Q
1 1—1
+C (/ ‘xAvano‘p) (/ ‘xAgonn‘p)
Q Q

- /Q ol? du + 0, (1),

(11)

where 0,(1) is a quantity that goes to zero as n goes to infinity. In the above estimate we have used
’xAan’p — pand x4, — 0in L. () since Q Nsupp ¢ is compact (see Remark .

loc
After sending n — oo in the above estimate we obtain

S an /Q gl dus( /Q ol du) . VeeCR@Y), (12)

thus we are in the scenario of Lemmal6] so we keep that in mind as we continue. In particular we know that
if u =0 then there exists J C N and points in x; € € such that

v = E Vi,
jeJ
P
mz Sp,A,B E qu 6wj-
jeJ

Firstly we see that follows directly from by an approximation scheme. To prove we consider
a smooth function ¥ : R — [0, 1] such that

VR =0 s R

10

{0 if r <R,



and let pg(z) = Hivzl Yr(z;) so that or =1 on [R+1,00)" and pr = 0 on the complement of (R, c0)™.
We claim that

fhoo = hm hmsup/ |£L'AQDRV’Un|p7

R—o0 pooco

Voo = hm hmsup/ ’chpRvn|q.

R—oo posoco
Indeed, notice that by hypothesis v, — 0 in D"4(Q) hence
|xAVun’p — ‘a:AVu‘p + 1 weakly as measures,
and thanks to the Brezis-Lieb lemma [6] we have
|xBun|q — ‘xBu‘q +v weakly as measures,

therefore

limsup/ }a:Aan‘p = limsup/ |33AVun|p —/ ‘a:AVu‘p,
n—o0 [R,00)N n—00 [R,00)N [R,00)N

limsup/ ‘van|q :limsup/ ’van’q —/ ’va| ,
n—00 [RVOQ)N n—00 [R,oo)N [R,oo)N

and consequently

hm hmsup/ ‘xAan|p = lim <limsup/ |mAVun}p—/ ‘mAVu‘p> = lhoo,
R—00 p—oo [R,00)N R—o0 n—00 [R,00)N [R,00)N

hm hmsup/ |van|q = lim limsup/ |van|q—/ |m v| = Voo
R—© pooo [R,00)N R—o0 n—oo [R,00)N [R,00)N

On the one hand we notice that for any R > 0 we have

/Rwa / fon < /Roowf

for any f € LY(Q), thus we conclude that

foo = lim hmsup/ |xAVUn<PR|p7

R—o0 nooo

q
Voo = hrn hmsup/ |$angaR| ,

R—00 nooco

and our claim is proved. On the other hand, if we use pg in , and with the help of Lemma {4 we obtain

ya
Sp.A.B (/ |$BUn<PR|q) ' < / |a:A<pRan + xAvanpR|p
Q 0

(13)
S/Q{:JcA@Ran|p+0n(1),

hence follows by taking the limits in .
To check we observe that

limsup/ |mAVun‘p:limsup (/ @R‘x Vun|+/ (1—vr) ‘acAVun| )
Q n—o00

n—oo

:limsup/ng|x Vun‘—i—/ 1—<pR)d,u+/(1—<pR)]mAVu|p,
Q

n—oo

11



thus if R — oo we obtain that

limsup/Q |2 V| = poo + [l + HxAVuHi,

n—oo
by Lebesgue’s dominated convergence theorem. Similarly we obtain , that is

limsup/ !xBun|q = Voo + [V + "xB“||Z'
Q

n— oo

Finally the fact in saying that both v and u concentrate at a single point 2 € Q is a direct corollary
of Lemma [6l O

To prove the existence of extremals, consider (u,) € D*P4(Q) a minimizing sequence, that is

_ A P B, |1 _
I, a(uy) = /Q ’x Vun‘ vd Sp,A.B, /Q‘x un’ =1, (14)
and we will show that we can extract from w, a limit. To do so, we recall that thanks to the invariance
collected in , we see that if (up)nen 1S @ minimizing sequence, then

N_a_
(@) = M Oy Az + 60) (15)

is also a minimizing sequence, for any choice of A, > 0 and &, € RN~ If k = N we will understand that

No_ N,
(@) = M T T Ong) = A2 T Oy An2).

Before the proof of Theorem [I| we need the following definition: For A > 0 and ¢ € RV=F, the set Q(¢)
is defined as
(&) ={(y,2z) € Q:Tisuch that 0 < y; < A, |z —&| < A}, (16)

and the following result holds:
Lemma 7. For each f € L'(Q) satisfying Jolfl =L >0, the function

Q) = sup / M

£ERN—k
satisfies
(i) Q) 0.

(i) Q(\) — L.

A—ro0
(ii) Q :[0,00) = R is continuous.
(iv) If Q(\) > 0 then the supremum is achieved by some & € RVN=F,

This lemma is standard in the context of concentration functions, but we provide a proof in
[A] for the convenience of the reader.
We are now in shape to prove Theorem [T}

Proof of Theorem [1 We consider
Qn.(\) = sup / ’xBun|q,
EERN=F J Q5 (€)

12



the Levy concentration function for the sequence of measures p,, = |xB un|q. We observe that by Lemma
to , for each fixed n we can find A\, € R such that

and by Lemma , we can find &, C RN*# such that

Qs (€n) 2

N
Hence, thanks to if we replace u,, by Ay e lun (MY, Anz + &,) we can suppose from now on that the

sequence u, satisfies
1
sup / ’xBun|q :/ |xBun’q =3 (17)
EERN =K J O, (§) €21(0)

Now, the sequence u,, is bounded in Dl’p’A(Q), thus, after extracting a sub-sequence (denoted the same),
we can suppose the existence of v € DVP4(Q) such that

Up — U weakly in DVP4(Q)

p :
}xAV(un —u)|” = p weakly in the sense of measures
q :
‘xB(un - u)’ —v weakly in the sense of measures
Up —> U a.e..

With the help of Lemma [5] we obtain
Span = i AV = oA ul? 4 @) +

L= lim 2%y = oZullg + (@) +va

where

loo = lim limsup/ |xAVun’p,
= [R,00)N

—0 n—oco

. . B q
Voo = lim hmsup/ ’x un| .
R—>>© npnooco [R,00)N

Additionally, from Lemma |5| we know that Sp 4, pr(Q)7 < (@) and Sp.ABV&% < Moo, therefore we can
write, with the aid of 7

Spoap = lm_[[e4Vun |7 = [la Va7 + ull + pos
P
q

q b s
> Spap [(HxBqu) vl + ygo}

thus )
By||*) " z e _1.B, ||
(||fr u||q) + vl +vs <1=| “Hq ) + veo.

But p < ¢, and the three quantities are in [0, 1], so the only possibility is that exactly one of them is 1 and
the other two are 0.

Observe that by we have that v, < %, therefore it must be 0. So there remain two cases: either
||xBu||q =1 and ||v|| = 0, which gives the desired minimizer as we deduce that ||xAVu||p =5Spapioru=0
and ||v|| = 1. Therefore, in order to conclude we have to show that the latter case cannot happen.

If v =1, u=0and |p]| < Spa,B = Spa,B ||V||§, then (v) of Lemmaapplies and both p and v are
concentrated at a single point xy € Q.

13



Claim. z¢ has the form (yo,20) € O((Ry)¥) x RN=% that is at least one of the coordinates of yo must
vanish. If k = N we understand that xo € O((R1)N).

Before proving the claim, let us conclude that this claim implies the impossibility of ||v|| =1 and u = 0.
If 29 = (y0,20) € O((R1)*) x RN=F then zq € Q;(&) and by our construction of the minimizing sequence
together with the choice of (A, &,) we have

1
s=sw [ fPul"z [ P @) = vl = L
EERN K JQ,(€) Q1 (o)

a clear contradiction.

To prove the claim we consider two cases: ¢ < 2

Ny and ¢ = NN—f; with Sp 4,4 < Sp. Firstly, if ¢ < NN—E)
we can argue as follows: since zu,, — ru = 0 in LI(K) for any bounded K C Q (by Remark , we can
consider 0 < r < R < oo to obtain

/ |a:Bun|q dzdy:/ ‘xAun|q:E(B*A)qdzdy
[rR]FxBpy ~*(0) [r,R]kx By ~*(0)
< sup z(B=A)a / |2, |* dzdy
[r,R]* x BN =% (0) [r,RI*x B ~*(0)

k
Hr(bi—ai)q / ’xAun]q dzdy
i=1 [rR]*x B~ "(0)

< r(b—a)q/ |$Aun|q dz dy
[r,R]kx By ~"(0)

— 0,

n—oo

because b; — a; < 0 for all . This implies that if B C RY is any ball such that dist(A, B) > 0 where
A =0((Ry)*) x RN=F then

IN

thus the only possibility is that zg € A.
Secondly, if ¢ = NN—_’;} with Sp 4.4 < Sp, and if u,, — 0 in DYP4(Q) is a minimizing sequence, then
Ekeland’s variational principle tells us that for any ¢ € D'74(Q) we have

/ v |Vun|p_2 Vu, - Vo = SpyA,A/ a e |un|q_2 Upp + 0(1)7 (18)
Q Q

where o(1) is a quantity that goes to zero as n goes to infinity.
If we consider 1) € C2°(f2) arbitrary, then ¢ = ¢Pu,, € DVPA(Q) is a valid test function in (I8). On the
one hand we have

/ AP |Vun|p_2 Vu, - Vo = / |:L'A1/1Vun|p +p/ AP, Pt \Vun|p_2 Vu, - Vi
Q Q Q

:/Q|;,;A¢vun|”+o(1), (19)

1-1 1
’/ 2P hP [V, [P vun-vw‘ < (/ ywaunyp) (/ }a:Auan!p) = o(1),
Q Q Q

because u,, — 0 in D*P4(Q) implies, after passing to a sub-sequence denoted the same, that zu, — 0
in L? (Q), by the compactness of the embedding D'P4(Q) < LP4(K) when K is bounded, in particular

loc
since 1 has compact support inside €2, so does its gradient, therefore

/ |xAuan/J| = o(1).
Q
14
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Additionally we know that x; is bounded below over supp ¥ for all 4, in particular we can find a constant
C > 0 such that
k
a
J,‘A —lei
T4

< Ca? Vz € supp v,

i=1

obtaining as a consequence
/ V(2 unt| < c/ |2 u, ] = o(1).
Q Q
Therefore, Lemma [4] gives
19 @) < [ etovil +o)
Q Q
which together with implies

/|v(xA¢un)}pg/xAP|vun|P‘2 YV, - Vi) 4 o(1). (20)
Q Q

On the other hand

/qu ‘un|q72 Unp = / z |un|qu
Q Q
P

1—B

A a ? A a)’

<(flrl) " (fltonr)

=( Iw"‘wun\q)q, (21)
Q

since [, ’xAun’q =1.
In conclusion, by using , , and Sobolev’s inequality we obtain

Sp (/Q \wAwun!q> ! < Spa,a (/Q ]wAwun\q> ! +o(1),

and since we are supposing Sp 4,4 < Sp, the above estimate yields

/Q ’waun‘q = o(1)

for ¢ € C°(Q). If B C RY is any ball such that dist(A, B) > 0, where A is as before, then v(B) = 0, as we

can take ¢ =1 on B, ¢ € C°(R), and just as in the case ¢ < ]\J[Vf’p we deduce that v must be supported on

A. O

4. The case q = ]\I,V_pp and the proof of Theorem

Here we recall why this case was expected to be different from the case p < ¢ < NN—_I'p, together with
some conditions which guarantee S, 4,4 < S, (and as a consequence the existence of minimizers).
We first observe that the condition ¢ = ]\]fv—p is equivalent to saying A = B, and the additional condition

required for the existence of minimizers takes the form S, 4.4 < S), the classical Sobolev best constant.
Firstly we will check that S, 4 4 < S, for any 1 <p < N and 4 € RV,

Proposition 1. If 1 <p < N then
Sp.aa < Sp.

15



Proof. Let ¢ € Q be fixed and A > 0. Now, for arbitrary u € C°(RY) we consider vy € C°(R") defined by
oa(@) = A7 tu(Mz —©)).

Since the support of u is compact in RY and £ € , we know that for sufficiently large \ the support of vy
is contained in €2, and we can think that vy € C2°(Q), hence

A p z\4 P
|24V (z)|” do = (f + *) Vu(z)| dz
Q A(Q=8) A
— ¢pA / |Vul?,
A—00 RN
thanks to Lebesgue’s dominated convergence. Similarly
_Np_ j2
[t o % [ s
Q A—o0 RN
hence we conclude that
VAN Vul?
Sp,A,A(Q) S fQ ’ )‘| — fRN | | ,

Np \ TRE A—oo Ny \ P
(o leton] ¥5) (Vs [ul5)

and because the above holds for every u € C2°(RY) we conclude that
Sp, A,4 < Sp.
O

Thus we have two possibilities, either S, 4,4(2) < Sp or S, 4,4(2) = Sp, and as we mentioned in the
introduction, both cases may occur depending on how we choose A as we can see for the case p = 2:

Proposition 2 (Theorem ) Suppose that Zf:l a;(1—a;) >0. If N > 4, then Sz 4,4 < Sa.
Proof. For R > 1 to be chosen, take a ball B C (1, R)Y and take an arbitrary v in C°(B) satisfying

N
I |v|% =1, then u = 240 € C*(B) and a direct computation shows that [, |z%u|¥~2 =1 and that

SZ/LA(Q)S/ |:cAVu|2
B

k

(22)

Since 1 < z; < R for every = € B we have

1 / 2 2
N N N T
R? B B B

> 220 [y,
R? B

2

v
Zq

therefore, if 0 < a; < 1 one has




whereas if a; > 1 it holds

Ty

ai(l—ai)/B : Zai(l—ai)/B\v\Q.

Define \ := R~2 Y 0<a;<1 @il —ai) =32, 5 ai(a; — 1), then from and the above estimates we can

write
Sean@ < [ [V <A [ P,
B B
and as a consequence we obtain

S2,.4,4(02) < inf{/ |VU|2 _ )\/ |v\2 : / M% - 1}'

However, from [7, Lemma 1.1] we know that if A > 0 and N > 4 then

1nf{/ Vof? —A/ o? /v|15N2=1}<inf{/ |W|2:/ |v|zv”z:1}:s2.
B B B

To conclude we consider the function

AR) =R Y ai(l—a;)— Y aia;i—1),

0<a;<1 a;>1

which is continuous and it verifies A(1) > 0 by our hypothesis over the a;’s, hence we can select Ry > 1 such
that A := A(Rg) > 0. O

Proposition 3 (Theorem ) Let A € RN satisfy a; > 1 for alli € {1,...,k}, then
S2,4,.4 = So.
and S2. 4,4 is not achieved in DY2A(Q).

2N
Proof. We need to establish that Sy < S3 4 4, to do so take € > 0 and v € C2°(2) such that fQ |xAu| 7 1

and fQ ‘xAVu‘Q < S2.4,4 +¢€. Consider v = 2 which belongs to C*(Q) and, since a; > 1 for all 4, it
verifies

So = 52(Q2)

/ Vo
e
g/ﬂwm +§ai(ai1)/Q
- / |eAVu[?
Q

< S24,4+e¢,

therefore Sy < S5 4, 4.
Additionally, if S 4 4 is attained by some u € D%24(Q) then we could repeat the above calculation for

v = 2 to obtain
2
SQ § / |Vv|
Q

k
< [ Vo + i i_l/
[ vl > a1 [
=/|mAVu|2
Q

= SQ,A,A?

17



with equality throughout since S3(Q2) = S2.4.4. Also, since 4%y € L?(Q) we obtain that v € D2(Q),
thus the above equality tells us that v is in fact an extremal for So(f2), which would imply that v is an
extremal for Sy(R™). Therefore, after possibly a translation, v must be a member of the Aubin-Talenti

family, that is v(z) = (a + 8z|?)~

—2 . . . .
2. But since v is radially symmetric we have

Vol 2k [ |Vo]?
SQ(RN) — fRN ‘ U| T = fQ| U| T = Q%SQ(Q) > SQ(Q),
(IRN Mz@fg) N (2k I |v\%) N
since k > 1, which is a contradiction. O

5. The case g = p.

In this case we are in a scenario that resembles Hardy’s inequality [I7, Theorem 330]

e’} L p p o0 »
sl < | ——— / s*’ (23
/0 [5*7"l ’paa)l , 1 )

which is valid for any function v € C'°(R) satisfying either v(0) = 0,p > land a < 1—%, or lim,_, o v(s) =0,

p
is the best possible and that

p>1and a>1— =. It is important to mention that the constant ‘m

the inequality is strlct unless v = 0, that is

fo |s*v

= 1 — _ =
ver |3a 11}‘17 ’ @

moreover, no extremal function exits (here V' denotes the closure under [[sv"[| 1, g o of either C°°(R) with
v(0) =0 when a < 1 — %, or C§°(R) when av > 1 — %)
As a direct consequence of we obtain the following

Lemma 8. Suppose that A € RN with a; >0 and a;, # 1 — % for some ig € {1,...,N}. If u € D*»4(Q)\

{0}, then
/|1’A emu| ’ 1_0} _1‘ /|anI10'UJ| ‘1—@—1‘ /|1'Avu|

A direct corollary of this lemma is that

p

)

Sp.A,A—eiy 2 ‘1 — @i, —

but in fact we have the last part of Theorem [3] that is

Proposition 4. Ifa; #1— % then
P

1
Sp,A,Afei = ‘1 —Q; — —
p

)

and it is not achieved.

Proof. 1t is enough to prove the result for ¢ = 1. Consider

Q — (R_"_)kfl % RN*IC
A= (ag,...,ay) e RV?

18



and let p € C°(Q), 0 : Ry — R, to be chosen, and define u(z) = o(z1)p(¢), where = (z1,¢) € Ry x Q

In order to ease the notation we make the following definitions

n= [l n= [ v
le/ooo 2%/ (21)”, J2=/Oooxila(w1>|”,

J3 :/ ’l‘al 10’(1‘1) P
0

and we fix p # 0 so that 2 = C' > 0. With the help of the above notation, Tonelli’s theorem, and Lemma

)

we have
A a1 / ay A p
[ 1erval” = [ fato'@ciocres + ot atan)civatc)
<LJi+ Ly +C, [(Iljl)l—%(fzjz)% (L) (Iods) =%
and
/’xA_elu|p=I1J3,
therefore
fQ’xAV“’p
S, ey
pAA l_fg |zA—ery|P
B I J JIN? (I J\'"F (NP (L J\?
N R R A T D R Y AR
— J3 I J;3 J3 I Js J3 I J3

and because 1—2 C > 0 we obtain

Ul

Sp,A,A—el < j + Op
3

Jo (] AN = g

AU A IASTAAG

J3 J3 J3 JS J3

}1 = constant and J2 = O(eP).

We claim that if we chose o = 0. appropriately, then for small € > 0 one has
Indeed, since a; # 1 — 5 we can select v # 0 such that v >1—ay — 5 and we can define

sY if s <e,
o(s) =" (2 —5) ife<s<2e,
0 if s > 2¢,
which satisfies
vs7Tl if s <e,
o'(s)=¢ -1 ife <5< 2,
0 if s > 2e,

and a direct computations tell us that

p a1p+1
J = /OO |xa1 /(x1)|;0 — |’Y| + 20 —1 E(al—&-'y—l)p-&-l,
0 (a1+’}/*1)p+1 a1p+1

o] 2
Jo = 2% ()P = / aip 2 _ S P 5(“1+’Y)P+1
2 /0 l 1 ( 1)| <(a1 +’Y p+1 1 )

e} 2
Js = 21 o (x)|” = +/ (a1=bp(g _ )P ) glatr=bp+l
’ /0 | o(a)] ((a1+71p+1 1 )

19




therefore

ayp+1l__
i fo 29107 ( ‘p h/lp + (a1 +y=1)p+1) <2all:7+11)
JS fooo |x¢l1 1 1 | 1 + ((al +,}/ o l)p + 1) f S(al 1)p(2 B S)pv
ﬁ fo |21 o (1) B (W“‘L “r( 2_5)p) -
oo | a 1 P - . y
I3 fo |$ t ’ (W + fl s(al—l)P(Z — s)p)

thus if € — 0 we obtain
a —-1_
P+ ((ar+y = Dp+ 1) (E2552)
1+ ((a1 +7 - Dp+1) [Zsta-Dp(2 — )

Sp,A,Afel <

)

which holds for all vy > 1 —a; — ]%, hence by decreasing v to 1 —a; — % we obtain

p

1
Sp,A,Afel < ‘1 —a; — 5

p
But we already know that Sy 4,4—¢, > ‘1 —a; — %‘ hence we must have equality. Moreover if we have

P
SpAA—e, = ‘1 —ai — %‘ then is not achieved. Indeed, if we argue by contradiction and we suppose we

can find u € DP4(Q) \ {0} satisfying

‘1—(11—’ /‘a:A “ly /’xAVu’ /|xA8w1u‘

then for ¢ = (za,...,2y), A= (ag,...,ax) and Q = (R )*"1 x RN~* we could define v : R, — Ry as

= ([ |rusoff dc);
[l = [ fetend

’s>|s(/ﬁ1<4u<s,o\ ) (/ s, O |0, uts 4)\dc)
< ([ [Fonutsoff d<>

we can use Lemma [§ to write

A direct computations tells us that

and since




which is impossible due to the non existence of extremals for the classical one dimensional Hardy inequality.
O

For the general case A, B satisfying and in addition @ — b = 1 (so that ¢ = p) and that a; # 1 — %

whenever a; # b;, then, if we understand that if 0° = 1 (to allow for a; = 1 — % if the respective b; = a;), we
obtain @ from Theorem 3 that is

N 1 (a;—b;)p
Spas > [[|1—a—= ,
i=1 p
N 1 (ai_bi)p . .
however, we do not know whether [[,_; ‘1 —a;— is the best constant or not, nor if the best

constant is achieved or not.

Establishing is quite simple just by using Holder’s inequality appropriately. To ease the notation,
suppose that there is 1 < I < k such that a; # b; for all ¢ € {1,...,1} and that a; =b; ifi € {{+1,...,k},
then if we recall that Zi=1(ai —b)=1

/ =
(R4 )1 ~Ja

a1 a; |(ai=bi)p
by b .’I:l
ot -4

from where we deduce (7)) after multiplying both sides of the resulting inequality by apy e ™ and
integrating over the remaining variables.

Remark 5. Even though Hoélder’s inequality is an optimal inequality with best constant equal to 1, and
that we do have the best constant for the case B = A — ¢; in , we cannot conclude that the consecutive
usage of both inequalities yield an optimal inequality.

One thing that prevents us to yield such a conclusion is that the optimizing sequences we constructed in
the proof of Proposition [4 have, for small € > 0, disjoint supports, and Holder’s inequality is certainly not
optimal for such class of functions.

Appendix A. Some measure theoretic results
We recall Lemma [G}

Lemma 6. Let Q C RY be an open set, and let v and p be non-negative bounded Borel measures on Q

satisfying
(/ ol du)“’ <G, (/ ol du>p Vi e OF(R) 9)
Q Q
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for some 1 < p < ¢ < oo and Cy > 0. Then there exists J C N, {z;},.; C Q, and {vj}jes € (0,00) such

that
v= Z VjOz,,
jeJ
ya
p>=CoPy vis,,
jeJ

where 6, denotes the Dirac measure in RN centered at x.

If in addition one has v(§2)a > C’O,u(Q)%, then J has at most one element. If J = {jo}, then

v =1plz =Chvy "1

for some vy > 0.

This lemma and its proof can be found, for instance, in [20, Lemma 1.2], but we include it here for the
reader’s convenience.

Proof. By a density argument, it is easily deduced that @ implies
V(A)% < C’ou(A)%, V A Borel measurable in Q.

Thus v < p and the Radon-Nykodym theorem (see for instance [I6, Theorem B, p. 128]) tells us that
there exists f € L*(u) such that v = fu. Additionally, thanks to the Lebesgue decomposition theorem ([16]
Theorem C, p. 134]) one can write
H=gv+o

where g € L*(v) and o L v, that is, the support of v and ¢ are disjoint in .

Suppose firstly that ¢ = 0 and for each k € N consider vy = ¢*x{y<k}V, where t = ﬁ. Observe that
for ¢ any Borel measurable function one can consider ¢ = gﬁ X{g<k}¥ in @, using a density argument,
to obtain

</ [p|? duk> ’ <y (/ [p|? dl/k> ’ V1) Borel measurable,
Q Q

hence we deduce that for given A C Q Borel measurable
vr(A)7 < Cov(A)7.

Therefore there are only two possibilities, either

v(A) =0
or there exists § > 0 such that
vp(A) > 0.
Since for every z € Q we have {x} = QN () B(z,r), and recalling that the measures are finite, we conclude
that "
vi({x}) = lim vy <sm QB(m,r)) :

that is, either v ({z}) > & or there exists r(z) > 0 such that v, (2N B(z,r(z))) = 0. Since v, is finite,
there can only be a finite number of z € Q such that vy ({x}) > 6. Denote by {2} ;e such collection, and

observe that if K is a compact subset of Q \ {x; }jey, then

K C U QN B(z,r(z))
feﬁ\{fj }jeJk
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where by compactness one can suppose the union to be finite. Hence by sub-additivity we conclude that
v, (K) = 0, hence vy, is supported exactly on {mj}jejk and

Ve = Z uj,kéxj.
J€Jk
Finally, by taking the limit k& — co we conclude that
V= Z V0,
jeJ

for some set J C N. Additionally, from @D we deduce that

Q=

vi =v({z;})7 < Conl{z;})7 = Co/‘j%'

If 0 # 0, then we can consider fi = gv and the previous argument tells us that

v({a;))7 < Coil{a;})7 = Coul{z;})7
as o({z;}) = 0, thus we conclude that

= 0+Zﬂj6$j

JjeJ

ya
where p1; > CyPvj.
— 1

For the last part of the lemma, we see that if v(Q2)s > Cou(ﬁ)% then in fact v(Q)
from @[) and Holder’s inequality we obtain

Q=

= CO,U(Q)% ) and

1 1
(/Q lo|? dy> <y (/Q || du) u(ﬁ)% V ¢ Borel measurable.

In particular, since v = fu we conclude that f <~ := Cgu(ﬁ)%. We claim that in fact f =y p-a.e. as if
it not the case, then one could write

Yr(Q) = Cgu(@)r

Il
~

o
=

Q

= [ fdu+ ﬁ Jdp
QN{f<v} Qn{f=~}
<@n{f <) +w@n{f=1}

= ()

a contradiction. Therefore v = yu = Cf u(ﬁ)%u and @ becomes

1 1
v(Q) 5 (/ |7 du) < </ lo|” d1/> V ¢ Borel measurable.
Q Q

Now, for a;; > 0, we can consider ¢ so that ¢(z;) = «; and obtain

—P

Pq P

qa,,. . . Py,
E o,V E vj < E g ,

Jje€J jeJ jeJ
23
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but Hoélder’s inequality tells us that the reverse inequality also holds, that is

q

» a7 e
E cvé’z/j < g a?uj . g v;
JjeJ JjeJ JjeJ

Since equality can only occur if o = Avj or |J| < 1, the fact that a;; > 0 are arbitrary tells us that the only
possibility is that |J| <1 and that
vV = Vy0g,

for some vy > 0. The proof is now completed. O
And finally, we recall Lemma [7}
Lemma 7. For each f € L'(Q) satisfying fQ |fl =L >0, the function

\) =
W= 2 o

satisfies
(i) QA) 0

(i) Q(\) —> L.

A—00
(iii) Q :[0,00) = R is continuous.
(iv) If Q(N\) > 0 then the supremum is achieved by some & € RNk,

Proof. First we prove . Let € > 0, since f € L' we have Q(\) < fQ |f| < co thus we can find & € RV—F
such that

Q@)ga+/’ 1.

2 (o)
Additionally there exists R > 0 such that

[oonses [ 1.
Q1 (&o) Qx(é0)NBr

Finally, since |Qx(&o) N Br| s 0 we can find A > 0 small enough such that
—

/ fl<e,
Qx(§0)NBr
and (i) is proved.

For (i), just notice that if A tends to oo then the function |f| xq, ) tends to |f|xq a.e. and the result
follows from the Lebesgue’s dominated convergence theorem.
To see that @ is continuous, observe that @ is non decreasing, and since for each £ the map A\ — fﬂx(f) |f]

is continuous, we deduce that @ is lower semi-continuous. To prove the continuity of () we argue by
contradiction and we suppose that there exists € > 0 such that

Q) — Q) >e, YA> ).

By the definition of Q(\) we can find & € RY~* such that

g
s<[ -/ s,
Q1 (%o) Qg (60)
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and as before, we can find R > 0 such that

</ - 7,
Qx(§)NBr Qg (§0)NBr

L)

and the contradiction follows from the dominated convergence theorem because

[(Q2(60) N Br) \ (22x,(&0) N Br)| Novd 0.

Finally, we claim that

/ f| — 0.
NG RN

Indeed, let € > 0 and take R > 0 such that

/ |ﬂ§€+/ I
Qx (&) Qx(§)NBr

then it is easy to see that if || > R + X then Q,(¢) C B, thus 2, (§) N Bg = @ and we obtain

/ fl<e Viel> R+ A
Qi (8)

Hence follows from the above claim and the continuity of the map & — fﬂk(f) |f]-
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