A HARDY TYPE INEQUALITY FOR Wgn’l(ﬂ) FUNCTIONS

HERNAN CASTRO, JUAN DAVILA, AND HUI WANG

ABSTRACT. We consider functions u € W(;n‘l(Q), where @ C RY is a smooth bounded domain, and
m > 2 is an integer. For all j > 0, 1 < k < m — 1, such that 1 < 7+ k < m, we prove that
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where d is a smooth positive function which coincides with dist(x, Q) near 89, and d' denotes any
partial differential operator of order I.
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1. INTRODUCTION

In [4], the following one dimensional Hardy type inequality was proven (see Theorem 1.2 in [4]):
Suppose that u € W21(0,1) satisfies u(0) = v/(0) = 0, then “2) ¢ W11(0,1) with # =0 and
0

], v

As explained [4], this inequality is somehow unexpected because one can construct a function
u € W21(0,1) such that u(0) = «/(0) = 0 and that neither # nor “%) belong to L1(0,1); however, as

x2

< ||UNHL1(0,1) : (1)
L1(0,1)

(1) shows, for such function u, the difference # — % = (@)l is in fact an L' function, reflecting a
“magical” cancelation of the non-integrable terms.

With estimate (1) already proven, it was natural to raise the following question: Assume € is a
smooth bounded domain in RN with N > 2 and let u be in W' (). For z € Q, denote by §(z) = d(z, Q)
the distance from x to the boundary of €2, and let d : £ — (0,+00) be a smooth function such that

d(z) = 6(x) near 9. Is it true that 4§ € Wyt (€)? If so, can one obtain the corresponding Hardy-type

estimate
/ (2)
Q
for some constant C?

U 2
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The purpose of this work is to give a positive answer to the above question. In fact, this is a special
case of the following:

Theorem 1. Let Q be a bounded domain in RN with smooth boundary 0. Given x € €, we denote
by §(x) the distance from x to the boundary 0. Let d : Q — (0,400) be a smooth function such that

Date: May 31, 2011.

Key words and phrases. Hardy inequality, Sobolev spaces.

H.C. was partially supported by NSF Grant DMS 0802958.

J.D. was partially supported by CAPDE-Anillo ACT-125 and Fondo Basal CMM.

H.W. was supported by the European Commission under the Initial Training Network-FIRST, agreement No. PITN-
GA-2009-238702, and by NSF Grant DMS 0802958.



2 HERNAN CASTRO, JUAN DAVILA, AND HUI WANG

d(x) = 0(x) near OS2. Suppose m > 2 and let j, k be non-negative integers such that 1 <k <m —1 and
1< j+k<m. Then for every u € Wi (), we have Luln) ¢ W§’1(Q) with

d(z)ym—i—Fk
. M u(z)
k
[ (a)

where 0" denotes any partial differential operator of order | and C > 0 is a constant depending only on
Q and m.

<C HUHW""J(Q) ) (2)
LY

The rest of this paper is organized into three sections: In Section 2 we introduce the notation
used throughout this work and give some preliminary results. In order to present the main ideas used to
prove Theorem 1, we begin in Section 3 with the proof of Theorem 1 for the special case m = 2, then in
Section 4 we provide the proof of Theorem 1 for the general case m > 2.

2. NOTATION AND PRELIMINARIES

Throughout this work, we denote by RY := {(y1, e UN—1LYN) ERN oy > O} the upper half-
space, and BY (zg) := {z € RN : |z — z0| < r}, also, when z¢ = 0, we write BY := BN (0).

Let © be a bounded domain in R with smooth boundary 99Q. Given z € €2, we denote by §(z)
the distance from x to the boundary 0f2, that is

d(z) = dist(x,00) = inf {|x —y| : y € 0Q}.
For € > 0, the tubular neighborhood of 952 in € is the set
Qe :={x e : i) <e}.

The following is a well known result (see e.g. Lemma 14.16 in [5]) and it shows that ¢ is smooth in some
neighborhood of 9.

Lemma 2.1. Let Q and § : Q@ — (0,00) be as above. Then there exists eg > 0 only depending on 2, such
that dlq, : Qe, — (0,00) is smooth. Moreover, for every x € €, there evists a unique y, € 9Q so that

T =Yy + 0(2)voa(Ys),

where vgq denotes the unit inward normal vector field associated to OS).

Since 9N is smooth, for fixed Ty € 91, there exists a neighborhood V(Zg) C 99, a radius r > 0
and a map

®: BN 5 V(i) (3)
which defines a smooth diffeomorphism. Define
N+(j0) = {I S Qso L Yx S V(i?o)}, (4)
where €y and y, are as in Lemma 2.1. We denote by & : Bﬂv_l x (—e€o, €0) — RY the map defined as
(g, 1) := () + yn - voa(P(7)), (5)
where § = (y1,...,yn-1), and we write
N(Zo) == @ (B~ x (=€o,¢0)) - (6)

About the map ® we have the following:
Lemma 2.2. The map (I)|Bf,v’1><(0 ) is a diffeomorphism and
N+(j0) = (Biv_l X (O,Go)) .

Proof. This is a direct corollary of the definition of ® through ®, and Lemma 2.1. O
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Remark 2.1. The map ®|zv—1 % (0,¢0) gives a local coordinate chart which straightens the boundary near
Zo. This type of coordinates are sometimes called flow coordinates (see e.g. [3] and [6]).

From now on, C' > 0 will always denote a constant only depending on 2 and possibly the integer
m > 2. The following is a direct, but very useful, corollary.

Corollary 2.1. Let f € L*(Ny(Zo)) and ® be given by (5). Then

7/ / ®(y,yn )Idyzvdy</ If( Idﬂf<C/ / (9, yn))| dyndy
BN-! N (F0) BN-1

Proof. Since ®|pv-1, (. is a diffeomorphism, we know that for all (7,yn) € BN=1x(0,€0) we have

1
¢ < ldet De(g,yn)| < C.
The result then follows from the change of variables formula. O

The following lemma provides us with a partition of unity in R", constructed from the neighbor-
hoods N (). Consider the open cover of 9 given by {V(Z) : & € 9N}, where V() C 99 is defined in
(3). By the compactness of €2, there exists {Z1,...,Zap} C 98, so that 9Q = UM V(7). Notice that by
the definition of NV (%) in (6) we also have that UM, N(F;) is an open cover of Q in RY. The following
is a classical result (see e.g. Lemma 9.3 in [2] and Theorem 3.15 in [1]).

Lemma 2.3 (partition of unity). There exist functions pg, p1,...,pm € C(RYN) such that
() 0<p <1 foralll=0,1,...,M and Y1ty pi(z) =1 for all z € R,
(ii) supppr C N (%), for alll =1,..., M,
(iii) polg € CG°(2).

In order to simplify the notation, we will denote by 0 any partial differential operator of order [

where [ is a positive integer!. Also, 9; will denote the partial derivative with respect to the i-th variable,
and afj =0, 00;.
Remark 2.2. We conclude this section by showing that, to prove Theorem 1, it is enough to prove
estimate (2) for smooth functions with compact support. Suppose u € W(" ’1(9)7 then there exists a
sequence {u,} C C§°(), so that [[u — upllyym.1 ) — 0 as n — oco. In particular, after maybe extracting
a subsequence, one can assume that

Ou,, — 0w ae. in Q, forall 0 <1 < m.
Since d is smooth, the above implies that for a.e x € Qand all j >0, 1 <k<m—-land1<j+k<m:

* () = e + 2o (s
= i @) i (8 (1>

wioo d(z) ik )

I
=)
Q
End
I~
=
<
3
—
&
~

Therefore, Fatou’s Lemma applies and we obtain
o (_Pul) g (_Puna)
d(m)mfjfkr d(x)mfjfk

n general, one would say: “For a given multi-index a = (a1, ..., an), we denote by 9 the partial differential operator
of order | = |a] = a1 + ...+ an”. Since we only care about the order of the operator, it makes sense to abuse the notation
and identify o with its order |a| = 1.

< liminf
Ll (Q) n—oo

L) .
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Once (2) has been proven for u, € C§°(12), we get
g (P una)
d(l.)mfjfk
and thus we can conclude that
d(z)m—i—F
Finally estimate (2) together with the fact that Dun(m) C§°(2) and C5°(9)

/ d( )m J—k

< Cllunllyma gy
L1(Q)

< imi _ .
. Chnni}gf [unllyma @y = Cllullyma g

k,1
e Wéc’l(Q) gives

3. THE CASE m = 2

We begin this section by proving estimate (2) in Theorem 1 for Q = Rf, m=2,7=0and k= 1.

Lemma 3.1. Suppose that u € CSO(Rf). Then for alli=1,...,N

o, (U(y)>

Yn
Proof. Consider first the case ¢ = N. This is similar to (1), but for the sake of completeness, we will
provide the proof. Notice that we can write

2 (M) L

— U
dyn YN v Jo Oy

< 2|ullypza gy -
LRY) ®RY)

(, t)tdt,

hence by integrating the above we obtain

yayN
dyndi </ / /
Lo ) o (4520 | [ A
> 1
= 7, t t/ —-dyndtdy
/]RNfl/O ayN( ) t yN N
o) 82 /OO 1
= —u(y,t)|t ——dyndtdy
Lo | ozt [ duvtas
o0 82
= —-u(y,t)| dtdy,
/]RN*I/O ayJQV (y ) y

’ tdtdyndy

hence
0 02
Lo (B2 ay < [ |72 s ™)
RY oyn \ yn RY oyx
When 1 < ¢ < N — 1, we need to estimate fRN — gyl( )‘ dy. To do so, consider the change of
variables y = ¥(x), where
U(x1, ..y Tiyer oy TN) = (T1, 0o, T F TNy, TN)- (8)

Notice that det D¥(z) = 1, hence

1
/ ‘a“(y) d dz.
RY YN 0ys

=/M;V\§;<w<x>>
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Observe that if we let v(z) = w(¥(x)), we can write
1 Ou 0 v(w)) 0 (u(y))
T w - _
TN 8yi( () oxn ( TN oyn \ yn

Applying estimate (7) to u and v yields

1
/ ’8“(\1/(95)) dxg/ a(”“”) dx—i—/ 8(“()) do
RY TN | Oy rY [OTN \ N RY [OYN \ UN / |y—u(a)
= Lol Gl Ll () o
rY 07N \ 2N RY [OYN \ YN
2 2
S/ 13} v(;:) da:—l—/ 13} ugy)‘dy
RN axN RN ayN
+ +
Finally, notice that
0%v(z) _ 0%uly) Pu(y) u(y)
2 2 2 : (10)
Oy YN y=0(z) YiOYN | y—p () dy; y="0(z)
Thus, after reversing the change of variables when needed, we obtain
/ 1‘8u(y) dy:/ 1|0 U(x))| dx
RY UN | O RY TN | OYi
2 2 2
§2/ 8ugy)’dy+2/ 6u(y)'dy—|—/ ‘8u(2y)’dy
REY Oy RY Oy Oyn RY dy;
<2 fullyan ) -
O

Recall (see Section 2) that for every &y € 99, there exist the neighborhood N, (%) C € given by
(4) and the diffeomorphism ® : BN~ x (0,¢y) — Ny (Zo) given by (5). Moreover, we know that §(z) is
smooth over N (Z(). Hence we have

Lemma 3.2. Let &y € 0N and Ny(Zg) be given by (4), and suppose v € CF (N4 (Zo)). Then for all

i=1,...,N
P (55)

Proof. We first use Corollary 2.1 and obtain

//\u(:z»o) o <ZEB> ‘ s C/Biv‘1 /060

LY (N5 (20))
% (56)
Let v(g,yn) = w(®(9,yn)). We claim that

/BN 1/ < i > dyNdy<CZ/BN 1/ ( y’yN)>‘dyNdz7. (11)

We will prove (11) at the end, so that we can conclude the argument. Since v € C§°(BN 1 x (0,¢)) C
C§°(RY), we can apply Lemma 3.1 and obtain

yayN) ~
Lo [ o (P52 o < € ol

< Cllullwa a0 -

dyNd’g

z=2(J,yn)

r=2(F,yN)
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Notice that by the chain rule and the fact that ® is a diffeomorphism, we get that forall 1 <1i,7 < N

0% 0(F,yn) <C(Z |0y ()] o= <1><ny>\+2!3” o= <I><ny>\>

p,g=1

so we with the aid of Corollary 2.1, we can write

€0
. / (Z |Opgule=ag.m |+ |3pU|w—<I><g,yN>|> dyndy
B 0 p,q p

<o <Z| >|+§|apu<z>|)dx

< Cllullwa w30 -

[0]lypa. LBN 1% (0,e0)) = <c

To conclude, we need to prove (11). To do so, notice that u(z) = v(®~1(x)), and §(x) = ¢(®~*(z)),
where ¢(¢,yn) = yn. Thus, by using the chain rule we obtain

(). £ )

r=®(g,yn) =1 c(y)
and since @ is a diffeomorphism, we obtain

* (50) - ()

Estimate (11) then follows by integrating the above inequality. O

- 0:(271);(®(7, yn)),

y=(9,y~)

z=®(,yn) y=(J,y~)

We end this section with the proof of the main result when m = 2.

Proof of Theorem 1 when m =2. When j = 1 and k = 1 the estimate (2) is trivial. Taking into account
Remark 2.2, we only need to prove
), (1)
d(x)

foru e C§°(Q) and i = 1,2,...,N. To do so, we use the partition of unity given by Lemma 2.3 to write
u(z) = Zi\io uy(z) on Q where w;(x) = p(z)u(x), I =0,1,..., M. Now, without loss of generality, we
can assume that d(xz) = §(x) for all z € Q,, and that d(x) > C > 0 for all z € supppy N 2. Notice that
in supp pg N 2, we have

< Cllullyanay (12)
L1(Q)

% ¢ C*(supppo N 2), with H%H

p] <C HUO”WlJ(suppoﬂQ) .

W1 (supp poNQ2)

To take care of the boundary part, notice that u; € C§°(N4 (%)) for I =1,..., M, so Lemma 3.2 applies

and we obtain
[wz)
% ()

S C ||ul||W2=1(N+(il)) y fOI‘ all l = 1, .. .,M.
LY (N4 (31))
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To conclude, notice that o; ("(I ) PR ( ) +0; (“O(m ) on  and that |p;(z)|,|0;pi(x)| and

d(z) d(z)
2 (7

|6i2jpl(:v)‘ are uniformly bounded for all [ = 0,1, ..., M, therefore

‘8i<m> o = ( >1<N+<:fz>>

_|_

L' (supppoN)

M
<C (Z [ LW @)) T l[wollwa. 1(<upppoﬁﬂ)>
M
S (Z ||U’||W2 (NG (2r) + HU’HW1 1(suppp0ﬂﬂ)>
S W2 1 Q) D)
thus completing the proof. O

4. THE GENERAL CASE m > 2
To prove the general case, we need to generalize Lemma 3.1 in the following way

Lemma 4.1. Suppose u € C§°(RY). Then for allm >1 andi=1,...,N we have

I (Gz)

Proof. The case m = 1 is a trivial statement, whereas m = 2 is exactly what we proved in Lemma 3.1.
So from now on we suppose m > 3. We first notice that when i = IV, the result follows from the proof
of Theorem 1.2 of [4] when j = 0 and k = 1. We refer the reader to [4] for the details.

When 1 <i < N —1, we can proceed as in the proof of Lemma 3.1. Define v(x) = u(¥(x)) where
U is given by (8). Notice that when m > 3, instead of equation (9) we have

"= g ()~ (5)

and instead of (10) we have

<C HUHWMJ(Rf) :
LY(RY)

)

y="(z)

"M (x) _ Zm: (m> O™ u(y) .
orfy g\ o |y

Hence the estimate is reduced to the already proven result for ¢ = N. We omit the details. 0
We also have the analog of Lemma 3.2.

Lemma 4.2. Let &g € 9Q and Ny (&o) as in Lemma 8.2. Let u € C§°(N4(Zo)). Then for allm > 1 and

i=1,...,N we have
u(x)
o (o)

Proof. The proof involves only minor modifications from the proof of Lemma 3.2, which we provide in

the next few lines. Corollary 2.1 gives
de < C / / ( 1)
BN-1 m

//\/Jr(zo) o (5( gm 1)

< Cllullyma @0 -

LY (N4 (%0))

dyng

z=2(,yn)
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It ’U(”[/,yN) = U((p(g,yN)), then

[ o )| e [ [ o (252 v a0

Just as for (11), estimate (13) follows from the fact that ® is a smooth diffeomorphism. Since v €
Ceo (BN~ x (0,€0)) € C§°(RY), we can apply Lemma 4.1 and obtain

7, yN)
/BN / ( )‘dy 4 < C ol =100 -

Notice that by the chain rule and the fact that ® is a smooth diffeomorphism, we get
0™ 0(§,yn)| < C Y |0'ulx

<m

@(J,yn)

where the left hand side is a fixed m-th order partial derivative, and in the right hand side the summation
contains all partial differential operators of order I < m. Again with the aid of Corollary 2.1, we can
write

€o
H'U”Wm L(BY 1% (0,e60)) = CZ/N 1/0 (‘8lu|w:q’(ﬂ,yN)’)dyng

I<m

<C Z |81u(:ﬂ)| dx

1<m YN+ (o)

< Cllullyma i, o)) -

And of course we have

Lemma 4.3. Suppose u € C§°(Q). Then for allm >1 andi=1,..., N we have

P (s

We omit the proof of the above lemma, because it is almost a line by line copy of the proof of the
estimate (12) in Section 3 using the partition of unity. We are now ready to prove Theorem 1.

< Cllullymaqy -
L(Q)

Proof Theorem 1. For any fixed integer m > 3, just as what we did for the case m = 2, it is enough to
prove the estimate (2) for u € C§°(€2). Notice that since

Haju”Wm,l(Q) < ullyma(q) forall 0 <j <m,
it is enough to show
< Cllullyma gy (14)

P (),

for u € C§°(Q) and 1 < k < m — 1. We proceed by induction in k. The case k = 1 corresponds exactly
to Lemma 4.3. If one assumes the result for k, then we have to estimate fori =1,..., N

00 (i) = (s ) — = -0 (St

Using the induction hypothesis for m = m — 1 yields

’ o ( (m 1 )H <C HaiU”Wmfl»l(Q) <C ||uHWm«1(Q) )
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on the other hand, by using the induction hypothesis and the fact that d is smooth in Q, we obtain

’ P <u(x)8¢d(x) )

i < C lludidlyyns ey < C ooy -

LY(Q)
Therefore ()
00" (s )| =l
d(z)ym—k-1 @) wm(Q)
thus concluding the proof. O
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