LP THEORY FOR A SINGULAR STURM-LIOUVILLE EQUATION

HERNAN CASTRO AND IVAN PROANO

ABsTRACT. In this paper we consider the following Sturm-Liouville equation
—(@**'(2))" +u(z) = f(z) on (0,1],

) { u(1) = 0,

where o < 1 is a nonzero real number and f belongs to LP(0, 1) for p > 1. We

analyze the existence and regularity of solutions to under suitable weighted
Dirichlet boundary condition at the origin.

1. INTRODUCTION

In this work we are interested in the following family of Sturm-Liouville equations

{(zQQU’(I))' +u(z) = f(z) on(0,1],

L u(1) =0,

where f € L7(0,1) for 1 < p < oo and o < 1 is a non-zero real number.

The literature is vast regarding both regular and singular Sturm-Liouville equa-
tions and it is not our intention to go through the history of these equations, but
the interested reader might want to use the monograph of Anton Zettl [16] and the
comprehensive reference list therein as a starting point into the theory.

It is also worth mentioning that the choice of the weight 22 is not arbitrary. As
it was shown by Stuart [9], Section 1.1], if one considers an unshearable, inextensible
rod whose resistance to bending is governed by the Bernoulli-Euler law then the
differential operator

Lau(z) = —(A(2)u(2))’
appears naturally. In that model established by Stuart, the function A represents
the profile of the tapered rod, and it is said to be of order p if

lim Az)

x—0 P

=L

for some positive constant L. A study of the spectrum of L4 and other relevant
results regarding a non-linear problem modeling the tapered rod were established
by Stuart and Vuillaume. We refer the interested to the series of articles [8] [9} [10]
111, (12 (14, [13).

Later, Castro and Wang in [l 6, 4] studied for the case o > 0 and f € L2.
In those articles the problem of existence and uniqueness was studied together a
study of the spectral properties of the operator Lou(z) = —(2%%u/(2))" + u(x), but
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the question of regularity and behavior of solutions near the origin was of particular
interest.

On the one hand, it was shown in [5] that due to the weight 22® the pure Dirichlet
condition u(0) = 0 only makes sense for a < % and in that case the unique solution
up satisfies

22 tup € HY(0,1)

so that in particular up(x) not only vanishes at x = 0 but it vanishes like z*~2.

On the other hand, a weighted Neumann boundary condition x2au'(m)|w=0 =0
can be imposed for every a > 0. Just as in the Dirichlet case, the behavior near the
origin of the unique solution ux under this condition is better than the natural one
in the sense that one verifies that

221/ € L2(0,1) and  lim 22*"34/(z) = 0.
z—0t

The main motivation of this article is to extend what was done in [5] to the case
f € LP(0,1) for 1 < p < oo while also considering the case o < 0 which was not
studied before. As the reader can see in the Appendix [A] solutions to equation
(1)) can be represented rather explicitly with the aid of Bessel functions, however
one of the purposes of this article is to avoid explicit representation of solutions
and instead use tools that might be used for more general problems. For instance,
as it was mentioned at the beginning, it would be of interest to study where
instead of the function 22* we have a general weight satisfying A(x) ~ 22 near
the origin in suitable fashion: in that case one might not have good representation
formulas for the solutions. Instead of going through that road we use tools that are
common in the study of partial differential equations such as functional analysis
methods and the use of a priori bounds to prove existence and regularity of solutions.
Additionally, while some of the techniques we use throughout this work make use
of the one dimensional nature of the problem, there are also parts that can be
generalized to similar problems in higher dimension such as

(2) —div(A(x) - Vu(z)) + u(z) = f(z) in Q C RV,

where A(z) could be a matrix valued function with eigenvalues behaving like the
radial weight |z|” or the monomial weight z# = |z1|** - ... |zy|*". In particular
the use of weighted Sobolev spaces and its properties associated to the weight
function A (such as weighted Sobolev inequalities and embeddings into classical and
weighted Lebesgue spaces) are heavily used throughout this work and such tools
are available to the study of equations like (for instance the Caffarelli-Kohn-
Nirenberg inequality [2] for |z|* or what was done in [T} 3] for monomials z). This
later extension to higher dimension is something we are interested in and this article
could be thought as a stepping stone towards that goal.

As it was established in [5] it is convenient to separate the main results regarding
into two cases depending on the behavior near the origin we want to prescribe:
the Dirichlet problem and the Neumann problem.

1.1. Dirichlet problem. We first consider (1) under the condition lim w(z) = 0.

z—0t
As it was observed in [5] this is only possible for o < % We recover the results
obtained for the case f € L? and 0 < o < 5 in [5] and extend them for f € L? and
every o < %
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Theorem 1.1. For any given a < & and f € LP(0,1) with 1 < p < oo there exists
a unique function up € Wi’f((o, 1]) satisfying a.e. and the following properties:
(i) up € LP(0,1) with |lupll,, < C|fllL0
i) a2, 22 lup € WHP(0,1) with
( ) D> ’
[ llwes + 22 up o < Clfllzr,
(iii) 2*%up € WP(0,1) with ||[2**up|lwzr < C||flLe-
Additionally, up satisfies
(iv) up € C%2=)0,1], with luplljo.3 -« < CllfllLe when 0 <a < :
1 .
(v) up € C%2[0,1], with lupll jo.3 < Cllfllr when a <0.

(vi) lirél+ up(x) =0, and in fact one has |2** L up(z)| < Czv.
T—

Remark 1.1. In the above theorem and throughout the rest of this work, the constant
C > 0 will denote a universal constant depending on the parameters of the problem
a and p, but not on f. Also, the value of C' might change from one line to the neat.

Remark 1.2. Observe that from Theorem we have that (z%%u'y)' = 2ax?* =ty +
2, € LP(0,1) but it is not necessarily true that both >~y and z**u'f, belong
to LP(0,1). This can be seen from the fact that there exists a function f € C°(0,1)
such that, near the origin, the solution given by Theorem[I.]] expands as

3—4a

12« 5—6a R

+ asx

Therefore x?*~u/y, ~ x?*u’y ~ =1 ¢ LP(0,1) for any 1 < p < co.

up(z) = a1z + asx

Remark 1.3. The boundary behavior near the origin is optimal in the following
sense. If we define

Kp(z):= sup [2** lup(z)
Ifllep <1
there exist eg > 0, Cy > 0, and Cy > C} such that, for all 0 < x < &g one has

Cl S KD(:C) S CQ.
This fact will be shown below in Section [{.2

)

1.2. Neumann problem. If we study under the (weighted) Neumann boundary

condition lim+ 22%u/(z) = 0 we have the following generalization of the results from
z—0
I5]-

Theorem 1.2. For a <1 and f € LP(0,1) with 1 < p < oo there exists a unique
function uy € Wi;g’((o, 1]) satisfying and the following
(1) un € L? with [[un|lp, < C|[fllL,
(i1) xllr(f)h 22Uy (x) = 0, and in fact one has lim, o+ J;2a71+%u§v(x) =0,
(iii) x%%uy € WLP(0,1) with ||9:2"‘u'N||WLp <CNfllpes
(iv) If p > 1 then x?*~tuly € LP(0,1) and 2**u; € LP(0,1), with
22y lle + |2 U | e < Ol fllze-
Additionally we have
(v) un(z) € CO272(0,1], with |ux|| 0y-o < Clfller, if0<a <1
(vi) uy € WHP(0,1) with ||un||wre < C||flze if & < 0.



4 HERNAN CASTRO AND IVAN PROANO

Remark 1.4. Unlike the Dirichlet problem, each of the terms in the expansion of
(22 (2))" = 202?10/ (z) + 22" (z) belong to LP(0,1) when u = uyn and p > 1.
However, this is no longer true for p=1. We will see this in Section[5.2.1] by giving
an explicit example of a function f € L' for which z?*~1u!y ¢ L'.

Remark 1.5. The boundary behavior lim z°*~ 1+5u§\,( ) = 0 is optimal in the

z—0t
following sense: there exists a g such that and constants 0 < C; < Cy such that

C1 < Kn(@)i= suwp [0 FFuy (o) < o
I Fller <1
for all 0 < x < gq. This fact will be shown below in Section[5.3

The rest of this article consists on the proof of these results. To make the
exposition clear we have divided each proof into the following parts: in Section
we prove the uniqueness of both types of solutions and then in Section [3| we prove
the existence part for both Theorems [I.1] and Then in Section [d] we prove the
regularity properties of the solution up mentioned in Theorem [I.1] to then study
the solution ux given in Theorem [I.2] in Section 5] We conclude this paper with
some results about Bessel’s function in the Appendix [A]

2. UNIQUENESS IN BOTH THEOREMS AND

This was done for a > 0 in [5] and the same argument remains valid for o < 0.
We include the main steps on each proof for the reader’s convenience.

2.1. The Dirichlet problem.

Proposition 2.1. If a < % and u € W2 P(0,1) for some 1 < p < oo satisfies

loc

—(2®*/ () +u(x) =0 in (0,1],
(3) u(l) =
i )=
then u = 0.
Proof. Observe that since W2 7(0,1) < C°(0,1) and because lim u(z) = u(1) = 0

z—0t

we have u € C°([0,1]). Additionally, for every 0 < z < y < 1 we can write

) @) = [ o) as = [Muas

so that the function z2*u/(z) is continuous in [0, 1], in particular if we multiply

by u and integrate we have that for all 0 < e < 1

0=— / o () () 4 / R ()

rx=1—¢

:/H e (x )2dm+/:_5u2(x)dx—x%’(m)u(x)

1
/ |x%u’ (2)] d:c+/ u?(z)dz,
e—0 0

therefore u = 0 a.e., and because u € C°([0, 1]) in fact we deduce that u = 0.

Tr=¢e
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2.2. The Neumann problem.

Proposition 2.2. Ifa <1 andu € leo’f((), 1) for some 1 < p < oo satisfies
)

(4) u(1) =0,
)=0

then u = 0.

Proof. Suppose for a moment that u € C°([0, 1]), if that is the case then just as in
the proof of Proposition 2.1 we can write

0=— / T e o) ()i 4 / 2 ()

rx=1—¢

_ / T e )P e+ / @) — 2 (@)

xr=&

1 1
-y / |z (z))° da +/ u?(z)dz,
e=0 Jo 0
and therefore u = 0.

So we only need to show that u € C°([0,1]). Observe that from the equation
and the fact that u € W2”(0,1) we readily obtain that u € C((0,1]). Additionally
since lim z%%u/(x) = 0 we deduce that z2?u’(x) is bounded in [0, 1], hence

z—0t
y
/ u'(s)ds

thus u € C°([0,1]) for any o < 3. To prove that u € C°([0,1]) for 7 < a < 1 the
argument is similar to what we will do in Section We refer the reader to the
proof of [5 Theorems 1.8 and 1.12] for the detailed argument for the uniqueness. B

u(y) — u(z)| =

Y
SO/ 872adSSO|y172a—$172a’,
T

3. EXISTENCE OF SOLUTIONS

The solutions given by Theorems [I.1] and [I.2] can be characterized as follows. For
each o < 1 we define the space

X*={ueH,,(01):ueL*0,1)andz"u’ € L*(0,1)},

and equip it with the inner product

(U, v)xa = /o (z**u (z)0(z) + u(z)v(z)) dz,

which makes X a Hilbert space. Observe that for « = 0 then X* = H'(0,1) the
classical Sobolev space, where it is clear that if a < 0 then X® < H'(0,1) and if
a > 0 then H'(0,1) < X©, both inclusions being bounded. Moreover, it is also
clear that for any o € R we have the embedding X* < H} ((0,1]) and in particular,
elements in X are continuous near x = 1, therefore it makes sense to define the
closed subspace
X$={ueX*0,1):u(l)=0}

which is a natural space to find weak solutions to with (weighted) Neumann
type behavior near the origin. Additionally, it is known from [5, Appendix]| that if
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0 <a<1then X* < C27%([0,1]) and because X < H'(0,1) < C=([0,1]) for
a < 0 we can also define the closed subspace

X ={ueX*:ul)=u(0)=0}

for any a < %, which gives another natural space to find solutions to , this time
with Dirichlet boundary behavior near the origin.
With the above in mind we consider weak solutions to as solutions to

(5) /0 (22U ()0 (x) + u(z)v(z)) do = /O F@)w(@)dz, Yove X,

where X is either X or X¢.

In order to have existence of solutions to , Riesz’s theorem tells us that it
would suffice that f belongs to the dual space of X, in particular, given f € LP(0,1)
for 1 < p < oo we should analyze whether the functional

o X*0,1) — R
v wf(v):/o f(@)v(z)dz ’

is bounder or not. On the one hand, because X*(0,1) < L>°(0,1) for every o < %
it follows that @7 € (X*)" for every 1 < p < oo with

losll ey < ClfllLn

and on the other hand for a > 1 we know from [5] that

o If o = § then X* < L4(0,1) for 1 < ¢ < oo,
o If 1 << 1then X® < L9(0,1) for 1 < ¢ <

from where we deduce that

2
2a0—1

o If = 3 then ¢y € (X*)" for 1 < p < oo,

e If 1 < <1 then ¢y € (X¥)" for 3_22a <p < 0.

Therefore, either for a < % and every 1 < p < oo or for % < a < 1 and p as above,
we readily have the existence of weak solutions to in either X§, or X§ thus
proving the existence part of Theorem [I.1] and part of the existence for Theorem [T.2]
However to handle the existence part for Theorem [I.2]in each of the remaining cases
we will have to look for solutions elsewhere.

For 1 < ¢ < oo we consider the space

X = {u € VVllo’cq(O, 1) : we LY0,1)and x%u’ € LI(0, 1)}7
which is a reflexive Banach space when 1 < ¢ < co when equipped with the norm
[ullfaa = llz*u |70 + [Ju]F, -

Additionally we consider its closed subspace
X5t ={ueX*0,1):u(l)=0},
and equip it with the equivalent norm (thanks to [5, Theorem A.2])

lullxopa = lz* ]| o -
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3.1. Existence part of Theorem the case = < a<land 1<p< 5= 2@
To deal with this case we will argue by duality with the help of the following

Proposition 3.1. Suppose that % <a<1andletge L*(0,1) with s > ﬁ Then
there ewists w € X G solution to

(6) —(@*w'(2)) + w(z) = —(z%g(x))  in (X)",
satisfying in addition ||w|| . < Clg]|.--

Before proving this proposition let us use it to analyze the existence part of
Theorem for case 1 < p (0,1) and since

n—oo

3_22a € L%(0,1) such that f, == f strongly
in LP. From the L? theory at the beginning of this section we know that there exists
uy, € X weak solution to With fn as the right hand side. We claim that un
converges to some u solution of (1)) with f as its right hand side. Indeed, fix s > =
and consider arbitrary g € L*® Wlth w = wy the solution given by Proposition @
We then use ¢ = u,, — u,, as a test function in @ that is in

1 1 1
| e @@+ [ w@i@ds= [ agle) @
0 0 0
and we observe that thanks to Proposition [3.1] we have

1

1
x>’ ! x w(x)y(x)dz
(2)y () +/0 (2)(2)d

1
/ o (2)g(x)dz
0

' / (' (@)) + () w(2)de

< Hwl] oo ||_ (x> 'H/’HLP
SCHQ‘La fn_fm”Lp'
Therefore
1
(7) |2 |l = sup / 2! (2)g(x)dz| < C | fn — Fmll o
llgllLs=11J0

and in particular the sequence (uy,,) is a Cauchy sequence in X° and therefore we

can find u € X% such that (u,) converges to u in X%* . Furthermore we can pass
to the limit in

1
/ 2! (x)v (x)da +/ Up ()v(z)dr = / fo(x)v(z)dz Vo e CH([0,1))
0
to deduce that —(z?**v') +u = f a.e. in (0,1) and that

el oer < Cot 1l

Since s > ﬁ was arbitrary we conclude that in fact u € X7 for any 1 < ¢ < é
with
oo < C Ll

and in particular ||ul s < C| fll»-
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Proof of Proposition[3-4 Observe that for o > 1 it holds that =~ > 2, in particular
if g € L5(0,1) for s > -1~ then g € L?(0,1). Therefore the functional ¢

e’
fol x%g(z)¢’(z)dx is a well defined element of the dual space of X¢ and Riesz’s
theorem guarantees the existence and uniqueness of a function w € X such that

1 1 1
(8) /0 x2aw’(x)<p’(:c)dz+/0 w(x)cp(x)d:r:/o x%g(x)¢’ (v)dx, Voe X

and
lwll2 < llwllxe < llgll2 < llgllge -

So what remains to be shown is that in fact w € L*°(0, 1) with

[wll e < Cllg]

Ls

For this purpose we write s = W for some 0 < ¢ < 2 and to prove the

1—a)
boundedness of the solution w we will use Moser’s iteration method as in [7], that
is for m > 1 and 0 < k <[ we define F' : [k, 00) — R and we consider

™ ifk<z<l,
™ Ymz — (m— 1)) ifx>1

(9) F(l‘) = Fm,k,l(x) = {

Observe that F € Cl[k,00) with |F'(x)| < mi™~! and that if we define G : R — R
as

(10) G(z) = sign(z) (F(2)|F' ()| — mk®)
where 8 =2m — 1 and T = |z| + k. Observe that F' and G satisty

Gl < F@)|F'(T)],

ZF'(T) < mF(z),
ﬁ|F’(§)\2 if 2| < 1—k,
m
\F'(@))?  if |z] >1— k.

G'(z) =
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To continue, we take n € C2°([0,1)) and observe that ¢ = n?G(w) belongs to
X§ so it is a valid test function in (§). Since 0 < z* <1 in (0,1) we have

(%0 — 2%g) ¢’ + we = P*G' (w) (2*w' — 2%g) W' + 2nG(w)n’ (z**w' — zg)

+7*G(w)w
2~/ 1 a 12 1 2_9
> G (w) (5l = 5 Lol

1

) / 20,,,/ - —
Gl (a2’ + 57 o)

PG

1 oy 112 o
= L0 () e - 20| w2 |

2 _

= G| lgw

1
- (g o 6w + PG

v

5 e nF @) — 2l F ()] |2 nF ()|
2 _ .
~ 2 lgl o/ F@)| " )

~ (s o 7o @)+ [y () o oy

vV

Lo i, 112 e ot
5 le nF'(@)w'|” — 2y F(w)| [2nF' (w)w'|
2m _ _
~ 2l F @) I )|

~m (g ol +1) lnF )P

By denoting v = F(w) the above can be written as
1 2 2m
(#*w’ —2%g) '+ wp = o [anv'[" = 2n'v] [2%m'| = == |gl [l [l

1 9 9
6 gz lof 1) o

because  =2m — 1 > 1 since m > 1. If we integrate the above and we use we
obtain

1 1 1
4m
) [ wPads <a [ eletalae+ 5 ol s

1
1
+ Qmﬂ/ <2k‘2 lg]* + 1) Inv|*dx
0

To continue we divide the analysis into two cases % <a<land o= % Firstly

we consider % < a < 1 and we note that by our hypotheses the following estimates
holds

1
[ tollat e < 'vlella o,
0
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and if we select k = |lg|l . and write 2* = 2

for 1 =1+ 1+ - and [5, Theorem A.2| we obtain

1
1
7 [ lallarolinolds < Elgler ool ol
0

1 /
< Zllgll, g vl il -

C
< Zlgllzelln"ollez (len'v] 2 + llz%n’|| 2)

< C (Il vlize + [In"vll2llz®m’| =) -

2
191 then

If we write g =1+ 5=

/ dnel2de < 3, 5
0

2
<CO(1+ Cllmolige (ol 72 + llz“no'|f32°
L L
< Cllnolzz (||77 UIILEE + e[ 72%) -
Therefore we reach the following
(12) [lz*no’[[Z2 < C (In'vlic2la®n’ ||z +m(lln' vl 22 + [In"v] 2 |20 || £2)
+2mBllnolza (Iln'vl72° + la®n'[72°)) -

z%nv’ v .
Now we take z = W and ¢ = I‘\lv?v"ll\i so the above can be written as
L L

22 < Clz+m(1+2)+2m((2m — 1) (1 + Zz—s))7

and thanks to [7, Lemma 2] we obtain
2 < Cm?(1+40),
which translates to
om0 llze < Cm (' vllz2 + ol z2)
and because |(nv)'| < [nv'| 4+ [n'v| the above also gives
% (o) Il < Cm= (n'vlle + mellze)

Hence we can use [5, Theorem A.2] and deduce that

1

% , 1 3 1 3
(/ nv|2de> <Cm:= ((/ nv|2dx) + (/ |77/v|2dx) ) )
0 0

where X = m

fa= 5 then s = i. We start from and estimate the terms on the right
hand side as follows: we still have

1
[ tollat e < 'vlella o,
0
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but for the second term we recall that ||u . < C|z®u/|| . for any t < co when
a= %7 hence we can write

welioll e linell, s

1/1|||'| dz < L|gl
kO ARG x_kg

C
< —lgllzeIn"vlize (la“n'vll L2 + l=*no']| L2)

< Clln'vlZe + vl la®nv'| 2,

Ls

and for the third term we obtain

1
/0 Glode < 3l 5

g S
<c(1+[3],.)
< + Al

=4 2_¢& 2—%
< Clinoll g (In'olz2® + leom/ I35 7).

so by repeating what we did for the case % < a < 1 we reach but with $ instead
of ¢, so instead of we reach

1 x X 1 3 1 3
(14) (/ 7711|2Xd17> < Cm:= ((/ m}|2dx) + (/ |77’v|2d:z:> ) ,
0 0 0

for x = é > 1.
In summary, for any % < a < 1 we have that

(15) (/01 nv|2xd:v)21x < Cm* ((/01 |m|2d:c>é + (/01 |77’v|2dx);> .

where L = 2 or L = 4 and the appropriate y > 1.

We now proceed to select the cut-off function 7. For each n € NU {0} we write
I, = [0, % +27"71) and take 7, € C°(1,,) in such a way that 1, = 1 in I,,,1, and
that |n},| < C2". If we use such 7, in and we pass to the limit | — oo we

deduce that
1
2mx 1 L ﬁ
/ |E‘2mxdl‘ < Om2mmme </ |’U)|2mda?) ,
Iny1 I

for each m > 1. In particular, if we take m,, = x™ and s,, = 2x™ we obtain

23
noll? s ol s
[ 3+e Le

2

s

3 11275 a, 11275
noll s (In'ollg=® + lzom/I727)

[0}

1

Snt1 i
</ |ws"“d"”> < OX Mg Ty Ex (/ |ws"dx) '
L1 In

Since x > 1 we know that both >3- o kx ™" and >";2, x % converge, therefore after
iterating the above inequality we have

peey 1 3
/ [w|* "+ dx <C </ |w|2dm> ,
In+1 0

for some constant C' independent of n. Finally, by passing to the limit n — oo we
have

(16) [wll poe0,3) < C ([[wll L2 +F)
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and since we already know that ||wl| ;. < [|w]|ya < C'||g|| .. we deduce

||w||L°°(o,%) <Clll L5(0,1)

and the proof is completed if we notice that we already know that

”w”LOO(i,l) <Clgl Ls(0,1)

from the fact that X*(0,1) — H'(1,1) — L*°(3,1). [ |

4. ANALYSIS OF up € X§;

As we established in Sections [2| and [3| for any a < % and f € LP(0,1) with
1 < p < oo there exists a unique up € X, satistying such that

lunllxa = losll xay < ClIfllLo-

Throughout the rest of this section and to ease the notation we will denote by u the
solution with the above properties.

4.1. Regularity. Firstly observe that because X* — C[0,1] C L?(0,1) for a <

1 we also have |[uf;, < C|f|l;», and what remains to be proven is that u €

Wi’f ((0,1]), u satisfies a.e. and the following properties:
(i) 2w’ € W2(0,1) with 22/ lwr.0 < C| s,
(i) 22 tu € WLP with |22 tullwe < C|f| e,

(iii) z?*u € W2P(0,1) with ||z2%u|lwz.0 < C| f| Lr-

(iv) u € C%2~2[0,1], with HUHCO%*‘* < C|fllr when 0 < o < 3.

(v) lim xza*H%u(x) =0, for 2a+ 1 <land 1<p< oo
z—0t p

To do the above, firstly observe that by taking v € C°(0,1) C X&) in (b)) we
have that w'(x) = u(x) — f(x) a.e. where w(z) = 2%*u/(z), that is is satisfied
a.e. in (0,1). Since we already know that u € LP, the previous observation tells us
that

1wl e < lullpe + £l e < CUSllLs -

In order to continue, we divide the analysis into two cases: 0 < o < % and a < 0:

4.1.1. The case 0 < o < % Since o > 0 and u € X we deduce that w = 2% - x%u’

satisfies
wllps < flwllrz < 2%z < flullxe < Cllf]Le,
and since w’ € LP(0,1) we conclude that w € W11(0,1) with

[wllysn < Clfllzs-

But because W1(0,1) < LP(0, 1) continuously, we deduce that |w||» < C| f||L»
and as a consequence w € W1P(0,1) with ||w||y1.» < C||f||rr which proves Item
Additionally, because w € W?(0,1) < C([0, 1]) and because o < 3 we have

)

lim su'(s) = lim s'2%w(s) =0,

s—0+ s—0t
from where we can write the identity
SUQQUI(LI?) x2a—1
1 -2« 200 — 1

xz
r2 ly(z) = / (s%*u'(s))s72*Tds  Va € (0,1),
0
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which gives

(17) ($2a—1u(w))/ _ w2a—2 /Ox ’wl(S)Sl_QadS.

If p =1 we can use Tonelli’s theorem to write

/1|(m2a 1 |dl‘</ 20— 2/ |U} |81 2ad8d$
0
/ |'lU 1 2(1/ 20— 2d$d$
— 1_2a/ ‘ 1 2a( 2a71_1)d$
=13 / lw (s 5172 ds
— X

< Ol
< Clfller

If 1 < p < 0o we use Hardy’s inequality to get

1 T P
/ |(z% tu )|pda:</ (x2a2/ |w’(5)512ad5) dz
0 0
1 1 T , p
< - |w'(s)|ds | dx
o \TJo

< Cllw'||

<CIfIL -
And if p = oo then from we obtain

|(x2a71u(x))/| S x2a72/ |’wl(8)|8172ad8 § 5
0

1
—5g [Wllee < C Sl s

so that in every possible case we deduce that || (22~ tu)’||» < C|f||e. Furthermore,
we have that

(% Yu(@)) = (20— Da* 2u(z) + 221 (2),

where if we notice that 22~ !u(z) = 51 (z(2**tu(z))’ — w(x)) then it follows

that

lz** ullze < CllflLr,

so that x2~ty € W1P(0,1) with |22 Yu||y1.» < C||f||z» and Ttem |(ii)| is proven.
Observe that by writing 2%u = z - 2% 'u we see that

el < el < Ol flor,
and also we have
(**u(2))" = 202> u(x) + w(z) € WHP(0,1),

thus ||z%%u||y2» < C| f||L» and Item |(iii)] m is proven and as a consequence we also
have that u € Wl 7((0,1]).
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Finally Ttem [(iv)] follows from the embedding X® < C3~%([0,1]) whereas to
obtain Item when 0 < a < 3, we recall that u(0) = 0 so we can we write

) < | "l (9)]ds = / fus)ls 22 ds

and we observe that for 1 < p < oo and 2a + % < 1 this gives

wia < ([ wtoras) P e

where as if p = co one gets
u(z)] < Cllwl| o (g 4y >
so that if 2a + % < 1 we improve the behavior at z = 0 by
lu(z)] < Cx' 27w [|f]|, if1<p< oo

4.1.2. The case a < 0. To prove that w = 22’ € W1P(0,1) we need to proceed
differently as in the case @ > 0 because we do not longer have the inequality
|lwl|l 2 < ||lz*u'||, > directly. Instead we take g € C%(0,1] N C([0,1]) as the solution

of , namely of

—(z*g'(x))" + g(x)
(18) g9(1)
lim g(x)

z—01

in (0,1],

0
0,
L.

whose existence and uniqueness is guaranteed by Lemma [A-3]in the Appendix. For
e € (0,1) we multiply by g and integrate by parts on the interval (¢, 1) to obtain

—w(@)g(@)]} + / 2 (2)g (a)da + / w(w)g(z)de = / f(2)g(x)de.

Since g € C?((0,1]) and g(1) = 0 we can integrate by parts once more to obtain

w(e)g(e) + g’ (x)u(x)

B / (a2 (@) ula)dn + / @z

€

= [ rwtens

Because lim u(z) =wu(1) =0, lim x**¢’(z) converges, and since g satisfies |i
z—0t z—0+

we have as a consequence that lim+ w(z) exists and it is given by
r—

0
1
(19) lim w(x) :/ f(x)g(z)dx,
z—0t 0
furthermore, for « € (0, 1) it holds that
w(x) :/ w'(s)ds + lim w(s),
0 s—0t

so that

()] < / jw'(5)|ds + / F(@)g(2)|dz



L? THEORY FOR A SINGULAR STURM-LIOUVILLE EQUATION 15

|</ (s |ds+/ \f(2)g(2)|d,
but then

lwlipe < llwlizee < 'z + llgllze £l < C (w'llze + 1 fllze) < Clfll s »

thus we have shown that ||w||y1. < C|f]lLe-
Notice that remains valid for o« < 0 and hence

|( 2a0—1 ( |<x2a 2/ |w 1_2ad8.

and as a consequence

therefore the same conclusions reached for the case 0 < o < % can be reached for
a < 0, with the addition that in this case the limit
lim xzo‘*H%u(m) =0 ifl<p<oo
z—0t

also works for p = 1. We omit those details.

4.2. Optimality of the behavior near 0. Here we prove Remark that is, we
analyze the following quantity

Kp(z)= sup [2** 'u(z)]
lfllr <1

and we show it is bounded above and below for sufficiently small x. For that purpose
consider g € C?((0,1]) N C([0,1]), the solution of and use (19)) to write

200/ (1) = / o(s)f(s)ds + / (2 (s)ds Vi€ (0,1),

x 1

:/ tfzo‘/ g(s)f(s)dsdt +/ t~ 20‘/ ))ds dt
0 0
T 1

:/0 2 ; g(s)f(s)dsdt, +/ / t72(f(s) —u(s))dt ds

.’13‘1_2

Ti- 22/0 9(s)f(s)ds + 71— 20[/0 (F(5) = u(s)) (2" 2% — s120)qs

which gives
2 L |<c(/ 7(s) |ds+||f||Lp)7

because ||f — ull 1 < 1f]l o + full o < (14 C) [ f]l0 and 51720 < 2120 for s < o
and a < % In particular we obtain that

Kp(z) < C(1+[[glloc)-
On the other hand, observe that for 1 < p < oo we have

3;2(1_1/0 s'72(f(s) — u(s))ds S/o If(s) —u(s)|ds=a""» ||pr,

and forp=1

p2el /Ow s2(f(s) — u(s))ds

thus

< / 1£(5) — u(s)] ds = o(z),
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where o(x) is a quantity that goes to 0 as © — 0 (depending on f). Therefore for
every 1 < p < oo we have

1
w2 by (z) = . —12a /0 g(s)f(s)ds + o(x).
and if we fix f =1 we get
1
Kp(z) > T 90 /0 g(s)ds| —o(z) >0

for all sufficiently small z > 0

5. ANALYSIS OF uy € X§

5.1. The cases a < %, or % < 3_22a . As we established in Section
there exists uy € X§ satisfying for every v € X with [lun|xs < C|f|Lr-
Since no confusion is present, we will simple denote by u such solution throughout
this part. Also we will suppose for the moment that u € L? with [[ull, < C'[[f]], to
do some computations and later we will prove it.

By taking v € C2°(0,1), then w’ = u — f a.e. in (0,1) for w(z) = 2**/(z) from
where we obtain

[w'l[e < fullLe + [ fllze < Clfllze-
For 0 < e < 1 we multiply by v € C2[0, 1] and integrate over (g,1) to obtain

1 1
0= f/ (x4 (x)) v(x)dx +/ (u(z) — f(z))v(x)dx

:+/:x2au'( )v’(x)da;—l—/:u(x)v(l‘)dw—/:f(l’)v(x)dx

1

therefore, lim,. o+ xZO‘u’(x)v(:c)‘ = 0 and if we take v such that v(1) = 0 and
g

v(0) = 1 then we have that

(20) lim z%*u/(z) = 0.

z—0t

= —2% (z)v(x)

The above allows us to write for every z € (0,1)
DI < [ 1@ @) lds < /10 < Cl o

which implies that, ||[w||w1.r,1) < C|/f||zr. In particular ||u'(|z» < Cqpl f||zr Wwhen
a < 0, so that w,u € W1P(0,1) in this case.
Now for 1 < p < co we have

. 1
\</|w Jlde < '™ (/ |w'<m>ﬁdx)“,
0

|2 ()] < @ [Jw'l| o

and if p = oo

so it follows that

lim x
z—0t

Observe that the case p =1 can be included in the above limit because

20471+%u/(x) =0 foreveryl<p< co.

22 () —— 0

z—0t
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thanks to (20]). Similarly we have

1 T
w2y < 1 / ! (s) ds,
T Jo

so that for 1 < p < oo we can use Hardy’s inequality to obtain that

o) [eeripars [ (2 [ i) e

< Cllw'|I7,
therefore ||z2*~/||1» < C||f||L» and since we are assuming that |[ul|;, < C'||f|l ;s

from the equation satisfied by u we also conclude that ||z2*w”||,, < C|fll..-
Observe that all these bounds tell us that u € Wi’p (0,1).

C

To conclude we need to show that u € LP(0,1) with [ul, < C'|f[|,. Firstly
observe that if @ < § then we have the embedding X < L>(0,1) so the fact that
u € X§ readily implies that ||ul|z» < C| f||L». Secondly, if & = 3 and p < co then
we have the embedding X* — L9(0,1) for every ¢ < oo, in particular for ¢ = p it
follows that |lul|zr < C||f|lLr, just as before. Therefore we are left with: the case
a:%withp:oo, andthecase%<a<1with1§p§oo.

Remark 5.1. Observe that for every a < % and every 1 < p < oo the above shows
that there exists some po > p such that in fact ||ul| ., < C || fll L0

5.1.1. The case a = % and p = co. Recall that X® < L? so in particular we have
that

lell 2 < 1N s -
By following what we did to reach for a = % we deduce that

W]l 2 < Cll(au) [z = Cllu = flig2 < Cllfllpe s
so that w € H}(0,1), which in particular implies
ull oo < CNFNl e
due to the embedding H'(0,1) < L>(0,1).

5.1.2. The case % <a<1land 332a < p < . Notice that if% < o < 1 then it
holds that ﬁ < %, and we analyze the situation by cases.

If ﬁ <p< %, and because X* < L7(0,1) for all ¢ < 20427717 it follows that
[ulle < Cllullxa < C|[f]lLe,

and we are done.
If -2 < p: by the same argument used in we have that

2a—1
||1,2a71u/

<C ||w’||L 2

||L2(1—1 - Za—1

< C (Jlull oy + 112, )
< C (lullxe +11]2)

< Cllfllze,

2a—1,,/ SacT 271 T2 271 f 2a-1,5 271 .
hence x u' € L2e-T and u € L?>=1, therefore u € X =T with

< Ol fllze-

lull 2a-1, 52
x2elgaey =
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Furthermore, from [5, Theorem A.2] we have

L%0,1) forallg<oo ifa<
we X2 bat o

2
L70,1 for all ¢ <
(0.1) forallg < g 15
Therefore for a < 2 it follows that [[ufz» < C||u||X20 1.2 < C| fllLr, whereas

T 2a—1 —
5 2 2
for § < a <1 we have that ;=5 < -==.

We repeat the above argument and separate the analysis into two cases: if
2
2 <p<2_:as X2 bzmot oy L%(0,1) for all ¢ < 2 _ then it follows that

2a—1 6a—5 6a—5"
lullzr < Callull o,y < CllS Lo
And if 60(275 < p: from we have
lo* =l oy < Gy (Il ay + 11612 )
< C (JJull o,y + 171122 )
S CHf”Lp,

hence

L90,1) forallg<oo ifa< g,

we X2 Lioas ) 109
if — 1

0a—9 “10°%°h

L%0,1) forall¢g<

therefore if o < 35 then [lul|» < C||f]|Le-
The above can be repeated inductively in the following fashion. Let n € N and

suppose that for o > 32:3 we have

<4n+1
T 4An+ 2

in+1
L900,1 f Ng<vr, if
(0,1) forallg<r i i3

L90,1) forallg<oo ifa
we X2 brn-1 oy

<a<l

with [lully < Cl|fllzs, where ¥ i= X201 and py = s 2
Since Y < L9(0,1) for all ¢ < r,, and if r,—1 < p < r,, then we have that
lullr < C|f|lze- Whereas if r,—1 < 7, < p we have

22 ' | < Cp (Jullzm + 11 fllmn)
< Ca (lully + 11 fllze)
<C|flze-
Therefore
4 1 1
L%0,1) forallg<oo ifa< m
u€ XTI A Zl) +1
o 4(n
Lq(O, 1) for all q S Tn+1 if TH <a<l

with ||U||X2a—1,rn S CHf”Lp
And since for any a < 1 there exists n € N such that o < 4141

4n-+2

that [|ul[zr < C| f||lL» for every a < 1 and every 52— < p < oo.

we can conclude
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Remark 5.2. Note that for every % < a <1 and every ﬁ < p < oo the above
shows that there exists some pg > p for which ||ul| o < C || fllLs-

5.2. The case % < 3_22a. We just need to prove that
llull;» < Clfll;» as the rest of the argument from Section remains valid if
u € X7 instead of in X¢. The argument to show the L? bound for u is similar to
what we did in Section [5.1.2] so we only show the first steps and the rest is left to
the reader.

Recall that the solution found belongs to X7 for all 1 < ¢ < é < 2. We identify

two cases, either o < 3 & <Lor 3 . In the ﬁrst case,
< 1

7204*04
204*(1

since u € X7 for every q < -, then in partlcular we can take g=p<g3
so that u € X <P and therefore

3
as o= lull, < ClfllL. -

2_ > L1 we also have two cases, either 1 < p < é or

If2 <a<le = % >
Sp<3z Qa f1<p<= L then we again can use ¢ = p and the solution belongs

X 5P so in particular

1
o
to

lull o < C NSl -
If i <p< ﬁ we observe that the solution u still verifies the weak equation

/0 (2% (2)v (@) + u(z) dx—/ f(z dx Yo e C([0,1]),

and in particular we still have that —(22%u’)’ + u(x) = f(x) a.e. with

lim %%/ (z) =0
z—0+ ( ) ’

so that the identity

w2 (@) = [ () = s 5 a7 @) = 1 [ (o) - )
remains valid. In particular, for any ¢ > 1 Hardy’s inequality tells us that
Ja** 7 ||, < C(Jull +||fHL<1)'

Hence if <p< 35 2 then we can use any 1 < ¢ < L and write

22|, < <||uum+||f||m>SCIIme-

In particular v € X2*~ 14 for any 1 < ¢ < 1 and because o > 2 we have ¢ < = <

_1
ST—a) and as a consequence

lull e < Cllull x20-1.4

2
2—3 2c

so we can take

or

1

7<a<1<:>3a2 372a a2

t = p and deduce that

3
.If4§a§8vvehavep<372a§3

7
a< o= lull, < ClfllL.

: 7 1 2
Whereas if <a< 1 = <

. Just as b

5 and

we con51der the two cases: 1 <p < 3

HUHLP < CIIfHLp,
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and if 315 < p < 33— then u € X?*7 14 for any ¢ < 3. Observe that if

% <a< % then X2*~1.4 embeds into L? for all ¢t < co hence
lull e < Clfllo

andif§<a<1then

el < ClIfl Vi< o

In particular

11 2 1
< — < < )
(a— 1273 2a 5a—4) = llulls < ClIf Nl

As the reader can easily verify, after n steps of the above iteration we are led to
the following: for any n € N we have
o< 3+ 4n
“4+4n

and the desired bound is obtained since 342 — 4 1,
dHdn oo

= [lull e <CNA L s

Remark 5.3. Notice again that for every % <a<landeveryl <p< 3722a there
exists some po > p such that ||ul| ;.o < C || fll 10

5.2.1. The proof of Remark[I.J} As me mentioned in Remark and as the reader
can see from the above results, the existence part in Theorem [I.2) and the fact that
lunll;» < C|lf|l;» remain valid for p = 1, but it is not necessarily true that

z?~ ' € L1(0,1)
for given f € L'(0,1). To see this consider f(z) = (x(l —1In x)%)_ and observe
that it belongs to L'(0,1) so but we did before we can find a solution uy in X®¢
for every 1 < ¢ < é In particular uy € L9 for some g > 1. However if we consider
the problem
—(@**'(z))" = f(z) n(0,1)
v(1)=0
lim 2?*v'(z) =0
z—0t
then a direct computation tells us that its solution verifies

2
r?(z) = —— .
(1-Inz)z

Finally, from (1)) and the fact that 2“u/y (z) ——— 0 we can write
z—0

w2y x:l xus— s))ds
v = 1 [ e = 1(s)a
1

f/ un(s)ds + 221/ (z)
T Jo

1 [ 2
7/ uny(s)ds — ———
z Jo z(1—1Inz)2

and thanks to Hardy’s inequality the first term belongs to L4(0,1) C L(0,1), but
the second term is not in L'(0, 1), therefore 22>~ 1v/y; cannot be in L' and a fortiori
neither can x2%u/;.



L? THEORY FOR A SINGULAR STURM-LIOUVILLE EQUATION 21

5.3. Optimality of the behavior near 0. Here we show Remark [I.5] that is we
prove that

Kn(z) = sup ‘mZa*H%u'(x)‘.
Ifllep <1
is bounded above and below for sufficiently small z, to do we notice that for
l<p<oo

2a—1+1, 7 _ 1 C 2a 'ds — -1 ¢ _ ds.
x u'(z) =z /0 (s**u'(s))'ds = x /o (u(s) — f(s))ds
Then,

x2a_1+%ul($)| <! /x |f(s) = u(s)lds
0

< If = ulle
< Cllfle-
And if we observe that the above remains valid for p = 1 and p = oo we conclude
that Ky(z) < Cforalll1<p<ooandall 0 <z < 1.
Observe that from Remarks [5.1] to [5.3] we know that for every 1 < p < oo and

every o < 1 the solution u belongs to LP° for some py > p with [[u|| ., < C || f]|0-
From this fact we can write

[ u

Now, for fixed 0 < z < 1 we define a function f, as

27r if0<t<u,
a:t: -
fa(®) {0 ife<t<l,

ds < Ca' 770 || £l -

which satisfies || f;|r = 1 and

1

/w fu(s)ds = ' 7w,
0

for all 1 < p < co. Therefore, for each 0 < x < 1 we have
x
1_
7 [ ) - fuls)ds
0
> g ! / fI(s)ds—:vifl/ |u(s)|ds
0 0

1_1
> 1= Car %0 | fl

KN(I') Z

thus

1

Kn(x) 21— Cav 7 >

N |

for all sufficiently small z.
If p = 0o, we take f =1 and by Remark the solution w can be written as

u(z) = Ap_(z) +1,
for some A # 0 so that
227N (z) = A(2 — 2a)by + O(2?2%),



22 HERNAN CASTRO AND IVAN PROANO

where O(2?) is a quantity that can be bounded above and below by Cz? for some

constant C' > 0. Thus
A(2 -2
Kn(x) > A2 — 2a)bse| — O(x2_2“) > %

for all sufficiently small z.

APPENDIX A. BESSEL’S EQUATIONS

Let us recall some results regarding Bessel’s differential equations which are
closely related to . For v > 0 we consider the modified Bessel equation

(22) VI ) +uf () — (0 + ) fly) =0,

It is known that the solutions to are given by the modified Bessel’s functions.
This fact and some additional properties of the modified Bessel functions are
summarized in the following lemma (see [I5] for a detailed treatise on Bessel
functions)

Lemma A.1. For non-integer v > 0, the general solution of can be written as

fuly) = C1l,(y) + Cal -, (y).

The function I, is the modified Bessel functions of the first type, and it has the
following power series expansion near the origin

o0

1 2m-v
3 =Y omrery (2)

and it satisfies

(24) I'y) = I,1(y) ‘QF I, 1(y)

For integer v > 0, the general solution of can be written as

fu(y) = Clju(y) + CZKV(y)
The function K, is the modified Bessel function of the second which satisfies

1 (D)™ (v —m— 1) fyy\2m—v
(05) K= 3 U
m=0 ’
pepn s W () - gutm+1) = 300 +m+1)
A= ml(v +m)! & \3 g VA 2 " ’
forv >0 and
y = ()™
(26) Ko(y) = —log (&) To(y) + 2 v+
where P (z) = I‘/((z)) 1s the digamma function. The function K, satisfies in addition
(27) K (y) = CKuia(y) + Ku-1(y)

2
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Remark A.1. Observe that for v > 0 the expansion tells us that for y ~ 0
v—1

K(y) =2 30 EDIEomZ DE 4 6 (1 10gy),

m! 2

and that and tell us that
Y
Ko(y) = —v — log (5) +0(y* logy),
where v is Fuler’s constant.

The above equations are relevant to us because of the following results, which
is an adaptation of [5, Lemma 4.1], but we will include its proof for the reader’s
convenience.

Lemma A.2. For a < 1, let f, a solution of with v =
defined as u(z) = x27°f, (%), solves

(2% (2)) +u(x) = 0.
Proof. Using with y = 3”11::

%:s ‘ . Then u(z),

we have

%fﬁ’ (y) + f__ZfL (y) = (133__0:2 + (2 _a) ] fu(y).

Multiplying by (1 — oz)%a_% we have

wETOL () + (1 =)z 2 f (y) = |2 + (1 - a>2w"3] fu(y).
Then
@) -t - (5 a)2 224, (y) = 2470, ().
Notice that if

(29) ulz) = s+, (”“") ,

11—«
then
o (2) = (i ‘C“> TR f () Fa R f(y),
(o) = (5 - a) )+t 1)
Deriving
200,/ / 1 2 a—3 1 _1 .
@) == (5-a) i+ (5-0) e t0)

+ 5 )+ eE 0 ()

2 4 1 1
=- (; - a) T2y + (L= a) a2 f(y) + 2 f ().

Replacing with and we have (22%u/(z))" = u(x). |
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The following lemma summarizes a few facts regarding (see for instance
[15]).

Remark A.2. For f € C(0,1), the equation —(z**u/(z)) + u(z) = f(z) has a
general solution given by u(z) = A¢4(x) + Bo_(z) + F(x) where ¢4 (x) and ¢_(x)
are linearly independent solutions of —(z?*u/(z))' + u(z) = 0 and F(x) is given by

F(2) = ¢ (2) / " ()6 (s)ds — ¢_(2) / " ()61 (s)ds.

1

If a < % then v = f:g s mon-integer so from Lemmas and we deduce
that ¢4 (x) = 22, (””11_—_:) and therefore, we can verify that

b4 (z) = a1z 72 4 aga® 4 4 aga® Y ...
and
H_(x) = by 4 box® 2 4 byt 4 pyab0 4.

from where one obtains

¢\ (z) =a1(1— 20)2 %% + ay(3 — 4a)x® ™4 + a3 (5 — 6a)x? 0 4 ...
and

¢ (z) = ba(2 — 2a) 2 72 4+ b3(4 — 40) 2374 £ by(6 — 60)x5 0 + ..
for certain non-zero constants a;, b;. Therefore for a < % we have
(30) 64(0)=0, and  §_(0)=bs.
and for any a < 1
(31) lim 2?¢ () = a1(1 — 2a), and lim 2%*¢’_(x) = 0.

x—0
The above results allow us to obtain the following

Lemma A.3. For any a < % there exists g € C?(0,1] N C°[0,1] such as

—(a®g' () +g(z) =0 in (0,1),

(32) g9(1) =0,
li =1
A3, 9(@)
Furthermore lim+ 22%g/(z) exists and it is non zero.
z—0

Proof. Observe that we can take g(r) = A¢,(z) + Bo_(z) as in the previous
remark. Indeed, we have that 11%1+g(x) = Bby, therefore, if we take B = %, then
x—

g(1) = Ao (1) + iqb_(l). Taking A = — bf’(;&i), we have the boundary conditions
verified. Therefore it is clear that

lim 2°%¢/(z) = lim Axz®*¢/,(z) = Aa1(1 —2a) £ 0
z—0t z—0t
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