POINCARE’S INEQUALITY AND SOBOLEV SPACES WITH MONOMIAL WEIGHTS

HERNAN CASTRO AND MARCO CORNEJO

ABSTRACT. In this article we use a weighted version of Poincaré’s inequality to study density and extension
properties of weighted Sobolev spaces over some open set Q C RV . Additionally, we study the specific case
of monomial weights

N
w(@i,...,oy) =[] leil*, ai >0,
i=1

showing properties of the associated weighed Sobolev spaces.

1. INTRODUCTION

For given N > 1 and p > 1, one version of the the classical (local) Poincaré inequality asserts the existence
of a constant C' > 0 for which

(1) /Q|u —uol? de < OZ(Q)P/Q Vul? dz

holds for any u € C*(RY) with average ug = ﬁ fQ udx over the cube Q C RN of edge length [(Q). The
Poincaré inequality is central in the study of Sobolev spaces, which in turn are of great importance in the
analysis of partial differential equations (see for instance |14] and the many references therein). By using this
classical result as an inspiration one can ask oneself for the validity of weighted versions of , namely

(2) / lu — ug.wf wdz < C’Z(Q)p/ |Vul’ wdz,
Q Q

where

1
uQ,wzi/uwdx
widx 0

is the weighted average of u over @), and w is some locally integrable non-negative function. In general it
is difficult to characterize the weights for which is valid, but there are a some relevant results that are
worth mentioning. On the one hand in dimension N = 1 the question was completely answered by Chua and
Wheeden [11] in a vast more general setting. One of their results reads that is valid for p > 1 if and only
if w satisfies

) ﬁ {ailnlcgb [w[xab]’l’ (/aw wla, )P w(t) " dt) "1']

b P
+ sup w[a,x]% (/ wlt, b)Y w(t) dt) < 00,

a<z<b

where wlz, y] = fj w(s)ds and p’ is the Holder conjugate exponent of p. A similar result is valid for p = 1.
On the other hand, if N > 2 the question is in general open, however there are a few classes of weights
that are worth mentioning:
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e The Muckenhoupt class A,. A weight w belongs to the class A, for p > 1 if there exists a constant

C' > 0 such that
p—1
(/ wdm) (/ w! dx) < C’l(Q)Np
Q Q

holds for every cube @ C RY. As one can see for instance in |15, Chapter 15| if w € A, then w
satisfies (2)).

e A function f : RV — R¥ is a quasi-conformal map if f = (fi, fa,..., fv) is a homeomorphism
satisfying fi € Wl’p(RN) and there is a constant C' > 0 such that

loc

‘r’n‘mi |DF(z)h|N < C'|det DF(z)| for a.e. z € RV,

It can also be seen in |15, Chapter 15] that if f is quasi-conformal then w = |det DF|1_% satisfies

(2)-
e Chanillo and Wheeden showed in [6] the validity of for some weights that are neither A, nor
obtained from quasi-conformal maps: they consider weights w which can be written as

o) = 1) TT () ot

where v € A,, § >0, ; > 0.

We are interested in weights for which the weighted Poincaré inequality (2)) holds, but that do not
necessarily belong to any of the above classes. One of the main reasons for only focusing on such weights, is
that having a (weighted) Poincaré inequality opens the door to several other important results, but in order
to make this statement precise we need to give a few definitions.

In what follows we will call a function w a weight over & C RY if w is a locally integrable function
and non-negative a.e. in Q. We will denote the measure wdz by dw or dw(z), and for any Lebesgue
measurable set £ C Q we will write w(E) = [, wdz. For a measurable set £ and p > 1 we will denote by
LP*(E) = LP(E, dw) the set of Lebesgue measurable functions satisfying

., = [E fuf? dw < oo,

additionally for a measurable set E C ) satisfying 0 < w(E) < oo we will write

1
(4) upw = /E wdw,

the weighted average of the function u over F.
In what follows we will consider w a weight over  C RY satisfying the weighted Poincaré inequality

for all cubes @ C ,
) WP e LL.(Q) ifp>1,
w e L (Q) ifp=1,

and that w is a doubling weight in €2, that is there exists a constant Cy > 0 such that

(6) w(2Q) < Cow(Q)

for every cube @ C 2. Here MA@ denotes the cube with the same center as @ but with its edge length
multiplied by A > 0.

As we mentioned before the validity of a Poincaré inequality opens the door to several results in the theory
of weighted Sobolev spaces, in particular we are interested in two aspect of the theory: the density of smooth
functions and the extension problem. It is known (see for instance [15, Chapter 20]) that a doubling weight
satisfying in addition the weighted (1, p)-Poincaré inequality

w(lQ)/Q e =l (w(iQ) /AQ [Vul” dw)‘l”

for some A > 1, then it also satisfies the following two properties:



(P1) Uniqueness of the gradient: If (uy,)neny € C1(Q) satisfy

n—oo

/ |unl? dw — 0 and / |V, —v|” dw — 0
Q n— 00 Q

for some v : Q — RY, then v = 0.
(P11) Sobolev inequality: There exists a constant Co > 0 and k > 1 such that

(w(lQ)/Q |u|"? dw)’cl” < CHI(Q) (U}(lQ)/leup dw>;
for u € C3(Q)-

On the one hand, property |(P1)| allows us to properly define the weighted Sobolev space

(7) HP™(Q) = the completion of {u € C1(Q) : u, gu‘ € L7 (Q) for all i }
under the norm
(8) [ull} o = Nl + VUl

as one can see in |15, Section 1.9]. On the other hand the Sobolev inequality is one of the cornerstones
when studying the regularity of solutions of PDEs which can be located in such weighted Sobolev spaces (see
for example [12]).

The space H'P*%(Q) is not the only weighted Sobolev space that one can define, in fact, one can consider
the Banach space

9) WP (Q) = the completion of {u e W(Q) : u, a@u

f e LP*(Q) foralli},

z;
under the norm (8). Notice that H**(Q) C WP (Q), and observe that if the weight satisfies (5)) then the

class defining the space W1P%(Q) is already complete, and that the definition of H':P*(Q) becomes simpler
as one can see that

H"P"(Q) = the closure of C'(Q) N WP (Q) in WhP*(Q).

In the unweighted case w = 1 it is known that H?(Q) = W1P(Q) for any open set Q: this is the classical
result of Meyers and Serrin |18, nonetheless for N > 2 one can construct a weight w # 1 for which
HLPw(Q) € WHPw(Q). The complete description of the weights for which one has equality is a non trivial
task (see for instance [23]).

An interesting fact discovered by Serra Cassano [20] is that if @ C RY is bounded and w is a weight
satisfying (2)) and () for p = 2 then H12%(Q) = W12%(Q). This result can be generalized for every p > 1
and 2 not necessarily bounded to obtain

Theorem 1 (Weighted H = W). Let p > 1, Q CRY a open set, and w a weight over Q satisfying and
for every cube Q C Q then
HYPY(Q) = WhPv(Q).

Having a precise ambient space leads to other questions, in particular we are also interested in the so
called extension problem, that is to find open sets Q@ C RY for which it is possible to define a bounded linear
operator &£ : WhPw(Q) — WLpw(RN) satisfying Eu = u inside . A set ) for which such extension operator
can be found is called a (weighted) Sobolev extension domain, and in the unweighted case the class of such
domains has been vastly studied: it has been show to include smooth domains [16], Lipschitz domains |3} |21],
and the so called (e, d)-domains [17]. Let us recall the definition of (¢, d)-domains: an open connected set
Q CRY is an (e, §)-domain if for all z,y € § satisfying |z — y| < & there exists a rectifiable path v C ) from
x to y such that

L(v) < WEJ and dist(z,0Q) > elz—2lly = 2|

where L() is the length of . If we denote by
rad(Q) = ingsup\xfy| =sup{r>0:0B(z,s) NQ#@ Vre, VO<s<r},
T€lyeq
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then the result of Jones |17] says that an (e, d)-domain with rad(£2) > 0 is an unweighted Sobolev extension
domain. The result of Jones has been generalized to the weighted case by Chua in a series of articles |7H10]
under different hypotheses over the weight w, in particular Chua shows that if Q is an (g, §)-domain with
rad(2) > 0 and w is a weight satisfying for all cubes in 2, and also and @, then Q2 is a weighted
Sobolev extension domain.

A further generalization can be made to the results of Jones and Chua, namely we can localize the extension
in the sense that for a given open set Q D Q we can construct an extension operator £ : WhP% () — Whr(Q)
as the following theorem shows.

Theorem 2 (Localized Extension). Let Q be an (¢, d)-domain with rad($2) > 0, and let Q CRY be an open
set such that Q C Q. If1 <p < oo and w is a weight over Q0 for which holds for every cube Q C Q. If in
addition the weight satisfies and @ then there exists a bounded linear operator

& Liploc(Q) — Liploc(Q)
such that Eu = u almost everywhere in Q0 and
1l may < C lullysmoay
for every u € Lip;,.(Q).

This localized extension theorem is useful if the weight that we are working with satisfies , (), and
@ locally. Consider for instance a set C RY and a weight w satisfying ,, and @ only in Q (not
necessarily in all RY), then H'»%(€)) = W»%(Q) by (1) and therefore the extension operator induces an
extension operator

E WP (Q) —» WhPw(Q).

The situation described in the above paragraph appears clearly when dealing with monomial weights:
For each k € {1,2,..., M } we consider Q;, C R¥* and wy, weights over 2. We can define a weight over
Q= Hljngl Q, CRY by

M
(10) w(z) = w(x, T2,...,TN) = Hwk(mk),
k=1

where N = Ny + Ny + ...+ Nj;. These weights satisfy provided each of the functions w;, also satisfy it
as the following result shows:

Theorem 3. For every k € {1,2,..., M} suppose that wy is a weight for which Poincaré inequality
holds in Qj, C RNx, that is there exists a constant Cy, > 0 such that

/ |u - qu;wk|p dwk S Ckl(Qk>p/ |Vu\p dw;€7
Qx Qk

holds for every cube Qy C  and every u € CH(RNx).
Then for the weight w(x) = Hiwzl wg(xy) there exists C > 0 such that

/ [u — ug " deCl(Q)p/ |Vul? dw
Q Q

holds for every cube Q C Q = Hiw:l Q. and every u € C1(RY).

Weights of the form have recently attracted attention as one can see in |1} |2, |4, 5 13} |19, |22] and
references therein. In those works, weighted Sobolev-type inequalities were studied for the monomial weight
w:RY — R, defined as

(11) w(zy,...,oy) =z = |z - |zo]® - |z,
where A = (a1,...,ay) € RY satisfies a; > 0 for all i. One can easily see that this kind of weight belongs to
the class A, if it satisfies a; < p — 1 for all 7 and as a consequence it satisfies for every Q C R™. However
if one of the a;’s verifies a; > p — 1 then the weight is no longer A, and does not satisfy in RN, thus one
cannot deduce the validity of the Poincaré inequality nor its consequences. However if we restrict the
analysis to the cone

RY = {(21,...,2x) € RY : 2; > 0 whenever a; > 0}
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instead of the whole space we can see that if a; > 0 for all i then * satisfies and additionally it follows
from |2} |4] that the weighted Sobolev inequality

D—p

(12) (/ |u|DDi*pp 3 dm) <C (/ |Vu|P 24 dm)
RN ]RN

A A

holds for any u € C}(RN), and D = N +a; + ... + ay. We will see in Sections [5| and [6] that monomial
weights verify a stronger version of thus allowing us to use Theorems |I{ and [2| to properly defined weighted
Sobolev spaces for @ C RY. To make the relevance of this precise suppose for example that Q = (0,1)", then
Theorem [2[ and induce an embedding

wiret(Q) < L9 (Q)

for every 1 < ¢ < D—_”p which in complete analogy with the unweighted case we prove to be compact if

D
q < % (see Theorem in Section@ below). Other important properties regarding the space wira® and
inspired by the unweighted case will be given in Section [f] For example, we will prove the existence of a
bounded trace operator ~; : W1re" (Q) — L™ ({x; = 0}) if a; is sufficiently small (Theorem @), and the
density of smooth function with support away from the face { x; = 0} if a; is large (Theorem .

The rest of this article is organized as follows: Sections [2| and [3| are devoted to the proof of Theorem
and Theorem 2] respectively. In Section [4] we prove Theorem [3] We use Section [f] to introduce a special type
of weights on the real line for which a stronger version of holds, and finally in Section |§| we analyze the
case of monomial weights 2, where we study embeddings into weighted LP" (Q), LP+(9f2), and an additional

density results for Wipa" (RY) when a; > p — 1.

2. PROOF oF THEOREM [1]

We begin this section by recalling some facts about the Whitney cover of a set (see for instance |21}
Chapter VI]). Given an open domain {2 there exists a countable collection W of closed cubes satisfying the
following properties:

(W1) Q= UQeW Q.
(W2) The sides of each € W are parallel to the coordinate axes.
(W3) The edge length of Q € W satisfies I(Q) = 27* for some k € Z.
(W4) If Q touches Qo, that is if Q1 N Q2 # @ then L1(Q2) < 1(Q1) < 4U(Q2).
(W5) int(Q1) Nint(Q2) = & if Q1 # Q2, where int(Q) denotes the interior of the cube Q.
(W6) For every Q € W one has v NI(Q) < dist(Q, Q) < 4v/NI(Q), where dist(Q, Q¢) denotes the distance
from @ to the complement of 2.
An important fact following from is that for every @ € W we have that %Q c Q.

For a given open set 2 and W its Whitney cover we will construct a partition of unity in the following

fashion: for n € N we partition VW as follows

We={QeQ:1(Q)<27"},

We ={QeQ:1(Q)>2"}.
and notice that if Q € W then [(Q) = 2* for some k > —n. Hence each Q € W- can be bisected k + n
times to obtain 2(FT™N cubes @ of edge length 1(Q) = 27" covering Q. We denote by W. (Q) the collection

of all the resulting bisected cubes Q of the cube Q. Therefore if we denote by W, = W< U Ugew. WL(Q)
then we obviously get
o= @,

QEW,

and because %Q C Q for all @ € W then we also have %Q C Q for all Q@ € W,,. Additionally it is not
difficult to see that there exists a constant C' > 0, depending only on the dimension N, such that for each
x € () there are at most C' cubes in W, satisfying = € Q (this is due to the fact that the bisection process

produces at most 3" touching cubes and properties and [(W6))).
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We consider the following partition of the unity: if Q € W, let Q = %Q and ¢p € C°(RY) such that
0<¢5<1 ¢5=1inQ, supppg C Q, and ‘V@Q’ < Cl((:?)*l. Finally let

and we observe that because the sum in the denominator is locally finite we have

C
v ~’< = and that -~ =1.
veal <1 2.0

Proof of Theorem[1 Let u € Whrw(Q) and n € N, consider the partition of unity constructed above
{vo }Qew and define

Un =Y UG ,Po
QEW,

which clearly belongs to C°°(£2) because the sum is locally finite. We firstly claim that w, — U in LP™(Q),

indeed the Poincaré inequality over each Q gives

p

/Q\un—UIp dw:/ > $olug, —w)| dw

ClQew,
<C Z /’qu—u‘P dw
Qew, @
<C Y uQy [ |vul du
QEW, Q@
<27 Z /|Vu|pxédw
Qew, ' %

<Cc27 [ |Vul’ dw,
Q



hence w, — w in LP»*(Q). Similarly we have
n—oQ

[V -wrdo= [ 3 pgug,-w || dw
Q 2 QEWn
p

:/Q Z V@Q(qu—u) — Z gaQVu dw

QeEW, QEW,
P
§C’/ Z Vos(ug,, —u)| dw
2 ]Qew,
P
+C Z poVu| dw
Q| gom,

p

UG W — U)X
<C Z M dw+C/ |Vul|? dw
2loom,  UQ) o

1 P »
<C Z W/Q’ué’wu’ Xde+C’/Q|Vu\ dw

Q€W7l

< C/ |Vul? dw,
Q

where x4 denotes the characteristic function of the set A.
The above tells us that the sequence { uy }, .y is bounded in W% (Q) and that u,, — u in LP*(€2).
n—oo

Since for 1 < p < oo W1P¥(Q) is a reflexive Banach space, by passing to a sub-sequence (denoted the same)
we may suppose that u, — u weakly in WP (). Finally, Mazur’s lemma tells us there is a sequence
consisting of convex combinations of u,, converging strongly to u in WP (Q).

In the case p = 1 we can proceed in the same fashion to obtain in addition that for every measurable set

A C RY one has
/ IV (t — )| dwgo/ V| dw,
QNA QNA

and since Vu € (LV*(Q))N we conclude that

ilég/gm,q IV (up, — )] dw@(),
therefore the sequence { V (u, — u) }, oy is equi-integrable and uniformly bounded in (L**(€2))", hence the
Dunford-Pettis theorems tells us that up to a subsequence (denoted the same) we obtain that V (u, —u) — v
weakly for some some v € (L1*(Q))N. As before, Mazur’s lemma tells us that there is a sequence of convex
combinations of u, — u denoted by f, such that Vf, converges strongly to v in (L'*(Q))Y. However,
because u, — u in L% () we also have that f, = 0 strongly in L% (), so by recalling that w satisfies

the weighted Poincaré inequality, we can use to conclude that v = 0 and as a consequence f, — 0
n—oo
strongly in WHHw(Q). [ |

3. PROOF OF THEOREM

The proof of this theorem is an adaptation of the original proof of Jones |[17] and its modification by Chua
|7H10] to weighted spaces. Most of the calculations are similar to the aforementioned works so we will only
highlight the key differences in the proof.

In the classical proof of Jones the extension operator is built from Q to the whole space RY and the initial
step is to consider the Whitney covers Wy, W, of Q and of RV \ Q respectively. Then by using the fact
that © is an (e,d) domain one can select a subset of W5 C W, of cubes @ that are near 9§ and having a
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“reflection” Q* € Wj. In our case the situation is similar, we consider W; the Whitney cover of Q and Wy
the Whitney cover of Q\ 2. The set W5 of Jones” would be the set

=)
W3={Q€W2ZZ(Q)§167N}7

where § = min { §, rad(€2) } however, depending on the choice of Q the cubes in W3 could be far from 9Q
(and near 992) and no appropriate “reflected” cube can be found. To fix this, we instead consider

Wy ={Q €W, : dist(Q,09) <

and we observe that for each @) € Wg we have that
Q) < dist(Q,0(Q2\ ©)) < dist(Q, 082) - 28
VN VN 16N

and therefore W5 C Ws. As a consequence the following properties of Wj follow almost verbatim from |17,
Lemmas 2.4-2.8]: There exists a constant C' > 0 such that

(J1) For every cube Q € Ws there exists a cube S € W, such that
Q) <IU(S) <4l(Q) and dist(S,Q) < ClU(Q).

We will refer any S € W; satisfying mentioned properties as the Jones’ reflection of ), and we will
denote it as Q™.

(J2) If Q € Wy and if S1, S5 € W are Jones’ reflections of @, then dist(S,S2) < CU(Q).

(J3) For all cubes S € W) there are at most C' cubes Q € Ws such that S is a Jones’ reflection of Q.

(J4) If Q1, Q> € W3 touch then dist(Q%, Q3) < CI(Q1).

(J5) If Q1, Q2 € Wy touch then there exists a chain F = {Q* = S, S1,...,Sm = Q}} of touching cubes
in W connecting Q7 and @3, with m < C.

The second step is using the above construction to define the extension operator. We consider a partition of
the unity subordinated to Wjs in the following fashion: for every ) € Ws we choose a function g € C°(R")
such that g = 1 on @ with support in %Q, |Vipg| < CU(Q)™! and

Z Yg=1 in U Q, and 0< Z g <1 everywhere.
QGWs QGW:; QGW';

Recalling that for an (e, §) domain £ one has [9€2] = 0 (see [17, Lemma 2.3]) then one can define the extension
operator for almost every x € () as follows, for u € Lip,.(€2) we define

u(x) ifeeq,
(13) Eulr) = ¢ S uguto(r) ifzeQ\Q
QeW;

The final steps consists on showing that this operator satisfies the required properties, but using the fact
that w satisfies (2),(5), and (6) allows us to follow almost verbatim the proof of [8, Theorem 1.1] to obtain

||5U||W1,p,w(§2) <C HU”WI-,p«w(Q) )
and that Eu is locally Lipschitz, we omit the details. |
Remark 1. We chose to present Theorem@ only for the space Lip,,.(), but as the reader can see, the

technique introduced by Jones and adapted by Chua allows us to obtain a similar theorem for the space
Lip 1(Q), k> 1.

loc

4. PROOF OF THEOREM [3

The proof of Theorem [3is a direct consequence of the following
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Proposition 1. Fori=1,2 suppose that p; is a measure satisfying the following Poincaré inequality for a
cube Q; C RYN: of edge length 1;:

for u € CH(RN:). Then the product measure 1 = p11 X po satisfies

i,
U— ————————— udp
/leQQ Q1 x Q2) Jg, xq.

for u € CHRM x RNz2).

p

dui < Gil? / Vul? dp,
Qi

i

p

dp < Cmax {17,15 }/ [Vul|” du,
Q1XQ2

Proof. Suppose that m leXQ2 udp = 0 and for u € C1(RM x R™2) consider

1
o) = o= /Q (e 9) diaty).

Observe that m le g(x) dpg (x) = 0 therefore

/ l9(2)? dpus () < CIF / V(@) dyu (),

1

but on the one hand Minkowski’s inequality for integrals tells us that

(/ Vo(@)l” dm(x))’l’ - (/Q 1
< ) (f et W) duas)

1
P

< <M<1Q) / 2 / Vet )l din(e) duz(y)> ,

P »

dn(2))

/ Veu(z,y) dpsa(y)

and on the other hand
/ ul” du < 2”‘1/ lu—gl” du+ 2p‘1/ lg|” dp
Q1xQ2 Q1XQ2 Q1xQ2

< :
1 2

u(m,y)_i/ u(z,y) dps(y)
+2p‘1l’f/ /Q [Vg(@)|” dpn(z) dpa(y)

dpz(y) dua (@)

12(Q2) Jo,

< Cyr / / IV, ) dpa(y) dyas ()
+ O pa(Q) [ V@) din ()
Q1
< G / / IV, u(z, 9)|” dua(y) dua (2)
Q1Y Q2
Loy / / Vau(e,y) P djur () dua(y)
2 J Q1

< Cmax{Cllﬁ’,Cglg}/ [Vul|” du.
Q1XQ2
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5. A SPECIAL CLASS OF WEIGHTS

In the introduction we mentioned that the problem of classifying the weights for which the Poincaré
inequality is valid in dimension N =1 is completely solved in [11]. In this section we introduce a special
class of weights with a condition that is a bit easier to verify than yet producing a slightly stronger version
of the Poincaré inequality in dimension N = 1.

Definition 1. For a function w: I — [0,00) and p > 1, one says that w satisfies the condition on the
interval I if there exists a constant K > 0 such that for every sub-interval (o, ) C I one has

(fp) /j /ay w(s)' 7 ds /yﬂ w(s)' 7 ds

Remark 2. Observe that if w is Ay, in I then one could write for (o, ) C I

/ i) / Do a oy < ( / " o) dy) - ( / ) d)

p—1 p—1

+ w(y)dy < K |8 —al’.

and
8 8 p—1 8 8 p-l
1-r'gq dy < dy | - 1" gq
/aw@)/yw@ s y_</ w(y) y> (/ w(s) )
§K|B_O‘|pv

because w is A, in I, therefore every A, weight satisfies .

On the other hand, it is known that if —1 < a < p—1 then w(y) = |y|* is A, in R (see for instance [15])
and in particular for every I CR, but if a > p — 1 then w is not A, in Ry (and a fortiori in R). Indeed, if
a>p—1,0<a<p thenf0r0<x=%<1 we could write

L w(y) dy) (J2 wly) =" dy " (1 —zita)(1 — gr1—tp-1
( )(g —a)p ) - xe—PTL(1 — x)P w§>+ o0

Similarly, if a = p — 1 we have

’ p—1
S w(y) dy ’ff w(y)' =" dy\ (1 - 2P)(— Inz)P~?
~ — 400,
(B—a)y (L—a)p =0+
however, we will see that |y|* does satisfy in Ry for alla > —1.

Weights satisfying satisfy a stronger Poincaré inequality in dimension N = 1 as the following result
shows:

Proposition 2. For an interval I C R suppose w : I — [0,00) satisfies in I. Then for every p > 1 there
exists a constant C > 0 such that for every interval Q C I of length | > 0 and every u € C1(R) one has

/ / () — u(y)]? dw(z) dw(y) < CPw(Q) / ! (@) du(z).
QJQ Q

Proof. For x,y € @ write

o) ()] < [ o s < [ wor dw<s>)’l’ ( / S0t ) as) g
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but if @ = («, 8) then

/// s

p—1

dw(z) dw(y)

p—1

-1/ dw(x) dw(y)
(]
(1w e

< /Q (K |z — al?) dw(z) +/Q(K|/3—:v|”) dw(z)
< 2KIPw(Q),

p—1

dw(l/)) dw(z)

p—1

dw<y>> dw(a)

hence
[ [ 1)~ ao)l” dwly) duo) < 2600(@) [ W6 dus),
QJIQ Q =

Corollary 1. With the same hypotheses as Proposition [ we can find a constant C > 0 such that for every
interval Q C I and every u € C1(R) one has

/ lu — ug.wl” dngl(Q)p/ |Vul|? dw.
Q Q
Proof. Observe that for any = € Q) one can write
1
w(z) —u 7wp§7/ u(z) —u(y)’ dw(y)
Ju Qul w(Q)Q| ) — u(y)l” duw(

thanks to Holder’s inequality. The result follows by integrating with respect to dw(x) and using Proposition
|

6. THE CASE OF MONOMIAL WEIGHTS

In this section we use the previous results to study the case of monomials weights of the form

a;

k
w(z) = w(zy,z2,...,TN) = H |;
i=1

where 1 < k < N and a; > 0. We begin by proving that the weight function w(s) = |s|* satisfies in R,
for all @ > —1, and moreover any function resembling |s|* does satisfy .
In what follows, we will say that f ~ g for f,g: U — R if there exists C' > 1 such that

1

S9(s) < f(5) < Cgls) VseU.

Lemma 1. Letp > 1, a > —1, and w : [0,00) — [0, 00) satisfying
w(s) ~s]* Vs>0,

then w satisfies in Ry.

Proof. For 0 < b < ¢ < oo define Iy, J.. : (b,c) = R as

o[ o[ s
= [ v

p—1

dy,

p—1

dy.
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By the hypothesis over w we have

ol 7Ty — o 7T a| ifasp-1,

‘ln(y)’ ifa=p—1.
x

We separate the study into three cases: —1 <a <p—1,a=p—1, and a > p — 1. Although the first case
follows directly by noticing that |s|” is an A, weight we will provide a proof for the sake completeness.

Case 1 —1 < a < p—1: Observe that

- p—1—a~y P—1
~ p—1—a a o g p—1
Iy(z) ~x /b Yy (1 (m) ) dy

1
Iy(x) ~ a? /(b)pla tri=a (1 — )P~ dt

p—1

x

-1
ify = tp-i-a then

but if I(s) = fsl t7=1=a (1 — t)»~1 dt then we have

I(s) < Ki(1—s77)? Vs e[0,1],
because L’Hépital’s theorem tells us that if s ~ 1 then

I(s) ( 1—s )”‘1 .
(1—siaw  \1- s ’

and because —1 < a < p — 1 we also know that

1
1(0) = / tr1a (1— )P~ dt < oo
0

therefore we deduce that K; = sup % is finite. This immediately gives
s€[0,1] (1—sp—1—a)p

p—1l—a

() ~ "] <<2>

Je(x) ~ :cpflfa/

x

) SKl({L'—b)p.

Similarly

—1
ify= P 1-az then

—~
go
~
8
|
H

To(z) ~ 2P / 7 (= 1) d.
1

If we let J(s) = [ t7=1=a (t — 1)P~' dt then

J(s) < Ka(svoma —1)P, Vs> 1.
Indeed, observe that for s > 1 large L’Hopital’s rule gives us that

- . -1 _
J(s) spi-a(s—1) : B ( 1—s1 )p ! )
(Spf% _]_)17 Spf%la _]_ 1_3_% ’

and similarly for s ~ 1 we have

J(s) < s—1 >p1 .
(Sipfﬂa —1)r s7iTma — 1 ’

therefore Ko = sup % is finite and we conclude that
s>1 (sp—1-a —1)P

Je(x) < Ka(c —x)P.
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Case 2 a = p — 1: In this case we find that

>

ln(g) . .
Iy(x) ~ xp/ e PP dt
0

but if H(s) = [, e PP~ it is not difficult to see that
H(s) < K3(1—e7®) V¥s>0,
which immediately gives
Ib(l’) S Kg(l' - b)p
Proceeding in the same fashion gives J.(z) < K4(c — x)P, we omit the details.
Case 3 a > p — 1: As above we obtain that

a—p+1

(E) P a
Ip(x) ~ acp/ ' trmia (t—1)P7 de
1

but if I(s) = IN t7=1-a (t — 1)P~" dt, and just as in the previous cases it is not difficult to see that

I(s) S K(1—s7ma)P Vs> 1,
which immediately gives
Iy(z) < K(x — b)P.
Likewise we obtain J.(z) < K(c — x)P.

Thanks to Lemma [I] we are able to apply Theorems [I] to [3] to the weight
k

w(z) = w(zr,z2,...,TN) = H |;

=1

ai:xA

and conclude that the weighted Poincaré inequality is valid in every open subset of RY = (R )% x RN -*
whenever A = (ay,...,ax,0) € RF x RV~ satisfies a; > —1 for all i € {1,...,k}. In addition we can define
the spaces

LrA(@) = I (@),
wipA Q) = whee' (@),
H'PA(Q) = H'P(Q),
and that for each (g,d) domain Q C RY we have the existence of an extension operator £ : WhP4(Q) —
WhPARY).
Remark 3. Observe that if @ C RY then x4 >k >0 for all z € Q and as a consequence
WhrA(Q) — WhP(Q)

continuously. In order to avoid this situation and to “see” the behavior of the weight x4 over Q we will suppose
that Q contains a set of the form (0,1)* x Q for some Q C RN—F,

As we mentioned in the introduction, and with the aid of |2, Theorem 1.3] or [4, Theorem 1], the above
construction allows us to obtain a Sobolev embedding theorem of such domains, that is

Theorem 4. Suppose that A € (Ry)* x {0}V " and that Q C RY, then
WhrA(Q) — L™4(Q),
for every p <r < ND—_I’p, where D = N +ai + ...+ a.

In particular one has that
WhrA(Q) — L™4(Q)
forall 1 <r < % for bounded €2, and just as in the unweighted case this embedding is compact in the
subcritical case.



14 HERNAN CASTRO AND MARCO CORNEJO

Theorem 5. Let A € (R;)*x {0 }N4C and Q0 a bounded domain in RY . The inclusion WHP4(Q) — L™4(Q)

18 compact when 1 < r < %'

Proof. Observe that it is enough to prove the result for r = 1, as if we know that the embedding W14 (Q) —

LY4(Q) is compact when for 1 < r < D one can use the interpolation inequality to obtain 6 € (0,1) such
that

6
lellroa oy < llull) e ||uHL1 ) < Cllullyama gy el

50 if (Up)nen € WHPA(Q) is a bounded sequence then for any subsequence (denoted the same) such that
(u,) is Cauchy in L%“4(9), then (u,)nen is also Cauchy in L™4(9).
Let B be the unit ball in W1?4(Q), we will show that that B is totally bounded in LV4(Q). Let & > 0

and define
k

2
Qm: QZ i — (.
Uloe: <=}

i=1
Observe that either €, is empty or [,,| = o(1) as m — oo (since || < 00). Using the Hardy-Sobolev
inequality |4, Theorem 1] we deduce
1—D—p
lull 1.4 @, < ||u||L%,A(Q) [

1—
S C ”uHWl,paA(Q) |Qm|
D—p
<" P7 , VueB,
therefore we can find m > 0 large enough such that
€
lull 1.4, < 3’ YuebB.

Now consider ¢ € C*°(R) with 0 < ¢ < 1, |¢'| < L such that

0 ift<1
t) = =
o(t) {1 ift > 2,

and define ®,,(x) = vazl ¢(ma;), which satisfies 0 < ®,,, <1 and |V®,,,| < Lm. Clearly the set
¢, B={®,u:uechB}

is bounded in W'P(Q). Indeed, if € supp ®,,u then m®z? > 1, therefore
/ IV (@) [P < m® / IV (@pur)|[? o da
Q Q
< C,m* (/ |Vu|P 24 dz + mep/ ul? 24 da:)
Q Q

< C@Qm) a1 a e -

Similarly [, [Pmul” dz < C(Q,m) [[u][f1,5.4(q) and we can use Rellich theorem to conclude that ©,,B is

totally bounded in L!(£2). We claim that since a; > 0 for all 4, then ®,,B is also totally bounded in L'4(Q).
Indeed, observe that by Hélder’s inequality we have

/’mAy|§<maxx )/1}|<C’QA /|v|
Q

thus if we have an §-cover of ®,,B in L'(f2), then we have a §C(f2, A)-cover of ®,,,B in L4(Q).
Hence we may cover ¢,,8 by a finite number of balls of radius ¢ > 0 in L14(f2), that is, there exist
{g1,..., 90 } € L¥4(Q) such that for any u € B thereisi € {1,..., M } such that

€
[Pmw = gill 1.4 ) < 3
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from here we can write

lw = gill pr.a) S N1Pmu = gill raqy + llu = Prmull 1,4
€
<3 + 2|[ull 1.4,

<e.

This implies that we can construct a e-cover of B in L4(Q). [ ]

In analogy with the unweighted case, one can try to define traces of functions in W1?4(Q) onto part
of the boundary {z; =0} N 9Q. A simple computation involving functions of the form ] Inz; tells us
that it is impossible to define the trace of a function « when a; > p— 1 and {z; =0} N 9N contains an
(N — 1)-dimensional open set. However, if the parameter satisfies a; < p — 1 one has the following

Theorem 6. Suppose A € (R.)* x {0} satisfies ay < p—1. For D =N +ay + ...+ ax define

_(D=—a—1p
e
and Ay = (ag, ..., ax,0) € (Ry)*" P xRN~ Then, there exists a constant C > 0 such that for all u € C}(RYN)

[|(0, ')||Lp1,A1((R+)k—1 xRN —k) <C ||VU||Lp,A(R1){) :

Proof. We write x = (x1,y) and we begin with inequality (32) in [4, Theorem 6] (which follows from |[2|

Theorem 1.6]) for k = 1 to obtain for each y € RVN=1 ¢ = % and a = q + p*fﬁl

IMQMWSC</Imede></&MawﬁmTwo ,
Ry R,

since a; < p — 1. We raise this inequality to the power &, we multiply it by yA1 and we integrate it over the
@

y variable over (R, )¥~1 x RN=F to obtain
j[ [u(0, )"y dy
(Ry)E—1xRN—k

<c/ [ ity s,
(R4 )F—1 xRN =k Ry

A A
X / |0vu(zy,y)|” 2P y™ day dy,
Ry

y = 1. Using Holder’s inequality yields

pP1 p1
because £ + amar=D

/ 0,0 v dy
Pl
<C / / |U($1,y)\quld$1dy
(Ry)F—IXRN=F JR

X / / |01u(zy, )" x’flyAl dz dy )
(Ry)E=1 xRN =k JR,
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The choice of ¢ = % also allows us to use |4, Theorem 1] to say that

/ / lu(zy,y)|? y™ day dy
(R4 )F=IXRN=F JR

S

<C </ / V(s y)P 25y day dy)
Rp)F=IXRN=F JRy

and as a consequence

/ (0, y)|"* yt dy
(Ry)k—1xRN—F

aPr1 P1
Pa TaG—ari—D

<C (/ / Va1, )P 2y doy dy) ,
(Ry)F=txXRN=F JR,

this concludes the proof when noticing that

AU SN SN IS 1Y
p—ar—1  ap alp—a—1) p

The above theorem tells us that it is convenient to suppose (after possibly relabeling the coordinates) that
the vector A = (ay,...,ax,0) satisfies

(14) a;<p—1 ifi<k
(15) a;>p—1 ifky <i<k
for some 0 < k; < k. With this convention and for i < k we can consider the sets
Ty={zcRY:2z; >0V jec{1,....k}\{i}, z; =0}

which correspond to each of the faces of the bounda}ry of RY. Theorem |§| above tells us that if ¢ < k; there is
a bounded trace operator «y; : WHPA(RY) — LPi4:(T;), where
(D—ai—1p

D-p

k—1
Ai:(al,...,ai,l,aiﬂ,...,ak)GR s

pi =

and consequently we can define the space
k1
1,p,A
Wy PA(RY) = ﬂ ker ;,
i=1

which serves as the analog of the unweighted space VVO1 P of traceless functions. This space can also be defined
as the closure of the set of smooth functions with compact support in the cone (R )% x RN=F1 that is if we

consider
whPA(Q)

A _
HY?A(RY) = CHR )R X V)

then we have
Theorem 7. Wy P4 (Ry)F x RN=F) = HIPA(R, )k x RN-F1)

Proof. In order to make the notation simpler, we will suppose that k; = k = N. Since C°((R;)V) C
WA (R1)N) we only need to show the inclusion WP (R1)N) C HyP A ((Ry)N).

Let u € Wol’p’A((R_,_)N), then v € WHPA((RL)N) and v;u = 0 in Lpi’Ai((R+)N_1) for all 4. Consider
a smooth function p such that p(s) = 0if |s|] < 1, p(s) = 1 if |s] > 2 and 0 < p(s) < 1. Define
pn(z) = Hfil p(nz;) and for u € WLP4(Q) consider u,, = p,u. We claim that if u € W **((R;)N) then

Uup, — uin WHPA((R,)N). Observe that

n— oo

Vu, = ppVu + Vp,u,



17

and as a consequence

|(1 = pn) VP 24 dz —i—/

s [uV pp|P 22 da.
N

/ IV (u—u,)|P 2z dz < C
(RN

RN
Since p, — 1 in (Ry)™ we deduce by dominated convergence that the first term tends to zero as n
n—oo

tends to oo. For the second term, we observe that |Vp,| < Cn and that it has support on the set
UX, {zeRN:0<u; < 23 and as a consequence we only need to show that

2
n”/ / |u(@; + zie;) " 4 di; dz; — 0,
0 (R.*_)N*l n—oo
or equivalently

1 m
mPJo SN m=0

for all i.
Observe that for z; > 0 and almost every ; € (R )V~ we can write

i +-aie) —u(a) < [ |2

p—1l—a; X
<Czx; 7 (/
0

ds

w , .
oz, (Z; + se;)

1
p P
s% ds

and as a consequence

Z; -~
lu(Zi + zie;) — u(d;) P o < O™ / |Vu(z; + se;)|? sda ds.
0
Now, consider B C (R, )¥~! a bounded set and integrate the above inequality over B, to obtain
Z; ~
/ lu(i; 4 zie;) — u(iy)|P a2 di; < C’a:f_lf / |Vu(i; + se;)|” a?f"s? dz; ds.
B o JB
We integrate the above in the x; variable over the interval (0,m) and we get

0o JB
< C/ xf% / / |Vu(z; + se;)|” :fcfis“i d#; ds dx;
0 o JB
< O/ If_l/ / |Vu(z; + se;)|” i:f‘isai dz; dsdz;
0 o JB

:C’mp/ /|Vu(£i+xiei)|prd£idxi.
0 B
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Consequently, we obtain

C -, PAA«; Lol
mp/ /|u (% +zie))[P Adi,; day; < p—l—ai/B|u(xi)| it day

+C/ /|Vu(:%i+xiei)|px‘4d:%idxi

C|B|'" ¥ :
- m|p |1 a; (/ |u pb AA dxz)

+C/ /\Vu(a&i—i—xieiﬂpm"‘dj:idxi
0 B

P

C|B|* 4 v
< % / Iyou(d) [P & da;
mp @i (Ry)N-1
+C/ / \Vu(i; + zie)|P o di; da;
0 B
:C/ /|Vu(:%i+xiei)|px‘4dﬁidxi
0 B

0 (Ry)N-1

because we are supposing v;u = 0 on Lpi*Ai((R+)N_1). By taking B (R, )™~! and using monotone
convergence we deduce that

" / / w(@; + zie;)|F 24 d#; dz;
0o J®yN

(RN

— O
m—0

by dominated convergence.

A more surprising fact occurs if we define

1,p,A
HépA(RN) Ol(Rkl % (R+)k k1w RN— k)W )

which in some sense is the space of functions “vanishing” on I'; when k1 <4 < k (so that a; > p — 1 and no
bounded trace operator can exist). It turns out that this space coincides with W14 (RY) as it can be seen
in the following

Theorem 8. CL(RF x (Ry)F %1 x RN=F) is dense WLPA(RY).

To prove this result we need the following is a version of a critical Hardy inequality that it is well known
but we provide its proof for the reader’s convenience.

Lemma 2. Let p > 1 and R > 0, then for every u € CY(R) satisfying suppu C (=R, R) one has

R q P p» \? (R
/ - dz < () / 2P ()P da
o T p=1/ Jo

u(z)
1—-1In (%)




Proof. Observe that for § > 0 we can integrate by parts to get

S U N 11C) Y 0 S TN
| s mmna <x<1—ln<§>>p1> !

hence

[l R P
(p 1)/(5 20— (2)p = p/5 A—mn(z)yr ¥

and the result follows from Holder’s inequality and by letting & decrease to zero.

19

Proof of Theorem[8 We suppose without loss of generality that k1 = 0 and that £ = N so that the notation

becomes less crowded.

We will show that C((Ry)") is dense in H"P4((R,)V), so we take u € H'PA((R)Y) and £ > 0. By
definition we know that u,d,,u € LP*((R1)"™) and there exists u. € C*((Ry)") with support contained in

B(0, R) for some R = R. > 1 such that

||Ue||wl,p,A((R+)N) <C ||U||W1,p,A((R+)N) , and
/ |u—u8|prda:+/ V(1 —u)|P e de < e.
RN RN

For 0 < § < —k¢, we consider a cut-off function ps € C*(R) satisfying supp ps C [0%, 00) and

psy) =1 for all y > 6,

lps(y)| < C,

C
/ < _ -
Ol

which can be done by mollifying the continuous function

0 if y < &3,
1
ply) =$3- 2 it 6 <y < 62,
Inéd
1 if y > 62

Define ¢5(z) = Hfil ps(z;) and consider u. 5 = psu.. We claim that for 6 > 0 small we have

/ ‘ue,(s - u5|p :L'A dx + / |V(UE,5 — u€)|p .’EA dx S e.
RN RN

Indeed, we notice that

/(R . |te s —ua|prda: = /(]R " [(pe — 1)u8|prdx
+ +
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and that

/ N IV (ues — ue)|P 2 do = / N |(ps — 1)Vue + Vpsu|P 22 da
(Ry) (R+)

<C

/(R > (05 — 1)Vue|? 24 da
"

N
+ / 1P (z)ue|P 22 da | .
; (Ry)N ’ :
If a; > p — 1, thanks to the Hardy-Sobolev inequality [4, Theorem 1] we have
1 A [’ o an )
/(R . |pg($i)u5\pz‘4 dx < |1H5|p/(]R " 17;41/0 lue (zie; + )P 2P da; A
+ )Nt
C AAi > 5\ P a6 Ee
oy z; ; |0;ue(zie; + 2;)|" xf da; d&;
R+ -1

= |Ingf?

v /
= — Oyug(x)|P 22 dx
[In 6" (R+)N| ()]

On the other hand if a; = p — 1 we use Lemma [2] to obtain that
N R 1 p D r
(16) / if‘/ — dz; dz; < () / |0sue ()P 24 da
(Ry)N-1 0 i p=1/) Jmy~
From the assumption that § < e *R~* we deduce that 1 —41In (%) < —5Iné and
N 5 1 p
[ mlatae= [ ai L da; d,
R4V Ry )N 54 Ti
N é
< 5p/ gglAv / i
(Ry)N-1 54 Ty

N 3
(Ry)N-1 54 Ty

—0.
§—0

AN

Ue(zi€; + T5)

1—In3

< Clluliyrraqe,v -

us(xie; + ;)
Ind

P
us(xie; + 25)

S day di
1 —41n§

p

uemies + 8 17 g s,

1—ln%

In any case we conclude that
/ e 5 — uc|P x4 dm—i—/ |V (ues — ue)|P 2 do — 0,
(R+)N (R4)N =0

therefore we can select §. > 0 small so that

/( " |u575€ 7u€‘p 24 d.’,ch/( . ‘V(u&gs —u€)|pzA de <e

hence for given € > 0 we have found a function u. 5. € C}((R4)") such that

/ . |u—u€,5€\px‘4dx+/ N IV (u — ues.)|P 2 da < Ce.
R) Ry)
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