A SINGULAR STURM-LIOUVILLE EQUATION UNDER HOMOGENEOUS
BOUNDARY CONDITIONS

HERNAN CASTRO AND HUI WANG

ABSTRACT. Given a > 0 and f € L?(0, 1), we are interested in the equation
~(@/(2)) +u(z) = f(x) on (0,1],
{ u(1l) = 0.
We prescribe appropriate (weighted) homogeneous boundary conditions at the origin and prove the existence

and uniqueness of leoc (0, 1] solutions. We study the regularity at the origin of such solutions. We perform

a spectral analysis of the differential operator Lu := — (xzau’)/ + u under those appropriate homogenous
boundary conditions.

1. INTRODUCTION

This paper concerns the following Sturm-Liouvile equation

{ —(?*/(2))" + u(z) = f(x) on (0,1],

u(l) =0, )

where « is a positive real number and f € L2(0,1) is given. In this work we will study the existence,
uniqueness and regularity of solutions of equation (1), under suitable homogeneous boundary data. We also

discuss spectral properties of the differential operator Lu := — (xmu')/ + u.

The classical ODE theory says that if for instance the right hand side f is a continuous function on
(0,1], then the solution set of equation (1) is a one parameter family of C?(0, 1]-functions. As we already
mentioned, the first goal of this work is to select “distinguished” elements of that family by prescribing
(weighted) homogeneous boundary conditions at the origin. In a subsequent paper, [3], we will study the
equation (1) under non-homogeneous boundary conditions at the origin.

When 0 < a < %, we have both a Dirichlet and a (weighted) Neumann problem. When o > %, we only
have a “Canonical” solution obtained by prescribing either a (weighted) Dirichlet or a (weighted) Neumann
condition; as we are going to explain in Remark 19, the two boundary conditions yield the same solution.

1.1. The case 0 < a < %
We first consider the Dirichlet problem.
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Theorem 1.1 (Existence for Dirichlet Problem). Given 0 < o < 3 and f € L?(0,1), there exists a function
€ H? .(0,1] satisfying (1) together with the following properties:

() w € CO1=2910, 1] with o 2. < C ]2
(iii) z?*u’ € H'(0,1) with ||z**|| ;2 < C ISl
(iv) z2* tu e HY(0,1) with |z** ul| ,, < C|fllL- -
(v) @?*u € H*(0,1) with ||z2*u|| ;. < C|If]l,- -

Here the constant C only depends on «.

Before stating the uniqueness result, we would like to give a few remarks of about this Theorem.

Remark 1. There exists a function f € C§°(0,1) such that near the origin the solution given by Theorem 1.1
can be expanded in the following way

u(z) = a1 272 4+ aga® 4 4 aga® 0 ... (2)
where a; # 0. See Section 3.1 for the proof.

Remark 2. Theorem 1.1 only says (x2%u’) = 22" +2ax?*~ 1/ is in L?(0,1). A natural question is whether
each term on the right-hand side belongs to L?(0,1). The answer is that, in general, neither of them is in
L?(0,1); in fact, they are not even in L!(0,1). One can see this phenomenon in equation (2), where we have
that 220 1/ (x) ~ 220 (x) ~ 2~ ¢ L1(0,1).

Remark 3. Part (iii) in Theorem 1.1 implies that u € W'(0,1) for all 1 < p < 5= with [|u/||;, < C| | =,
where C' is a constant only depending on «. However, one cannot expect that u € Wl’i(O, 1) even if

f € C5(0,1), as the power series expansion (2) shows that u’ ~ x72% near the origin.

Remark 4. Concerning the assertions in Theorem 1.1, we have the following implications: (i) and (iii) =
(iv); (iv) = (ii); (iil) and (iv) = (v). Those implications can be found in the proof of Theorem 1.1.
Remark 5. The assertions in Theorem 1.1 are optimal in the following sense: there exists f € L?(0,1)
such that u ¢ C%P[0,1] V8 > 1 — 2a; and one can find another f € L?(0,1) such that 22 1u ¢ H?(0,1),
x?%u/ ¢ H?(0,1), and z2“u ¢ H3(0,1). See Section 3.1 for the counterexamples.

Remark 6. Theorem 1.1 tells us that both 22w’ and x?*~1u belong to H(0,1), so in particular they are
continuous up to the origin. It is natural to examine their values at the origin and how they are related to
the right-hand side f € L?(0,1). We actually have

Jim a*(@) = [ f@)gla)da, ®)

and

1
lim 22 tu(z) =
z—07F 1 -2«

where the function g is the solution of
—(@2¢/(2)) + g(2) = 0 on (0,1],
9(1) =0,
lim g(z) = 1.

z—0t

/0 f(@)g(x)de, (4)

See Section 3.1 for the proof of this Remark. The existence and regularity of such function ¢ is the main
topic of the subsequent paper [3] (the uniqueness of such g comes from Theorem 1.2 below).
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Theorem 1.2 (Uniqueness for the Dirichlet problem). Let 0 < o < % Assume that uw € H?,
(2% (2))' + ulw) = 0 on (0,1],

u(1) =0, (5)
lim+ u(z) = 0.

(0,1] satisfies

Then u = 0.

In order to simplify the terminology, we denote by up the unique solution to (1) given by Theorem 1.1.
Next we consider the regularity property of the solution up when the right-hand side f has a better regularity.
Theorem 1.3. Let 0 < oo < 5 and f € Wtz (0,1). Let up be the solution to (1) given by Theorem 1.1.
Then x**~tup € W2P(0,1) for all 1 < p < 5= with ||x20‘*1uDHW2,p < C|fllwrw, where C is a constant
only depending on p and .

Remark 7. One cannot expect that 22 lup € W22 (0,1) even if f € C§°(0,1), as the power series
expansion (2) shows that (22* lup(z))” ~ 272 near the origin.
Remark 8. When o > %, we cannot prescribe the Dirichlet boundary condition lim,_,o+ u(z) = 0. Actually,
for o > 1, there is no H?, (0, 1]-solution of
— (22 (x)) + u(z) = f on (0,1],
u(1) =0, (6)

li =0
Jip, w(@) =0,

for either f =1 or some f € C§°(0,1). See Section 3.1 for the proof.

Next we consider the case 0 < a < % together with a weighted Neumann condition.

Theorem 1.4 (Existence for Neumann Problem). Given 0 < a < % and f € L*(0,1), there exists a function
u € HE (0,1] satisfying (1) together with the following properties:

(i) we HY(0,1) with Jull g < C|flle -
(i) lim,_o+ 22720/ (x) = 0.
(iii) z?*~'u/ € L*(0,1) and z**u” € L*(0,1), with ||z**~ /||, + [|a**u"|| ., < C||f|l 2 In particular,
2 € HY(0,1).

Here the constant C only depends on a.

Remark 9. Notice the difference between Dirichlet and Neumann with respect to property (iii) of Theorem
1.4. See Remark 2.

Remark 10. The boundary behavior lim,_,q+ z2= 3y () = 0 is optimal in the following sense: for any
O0<z< %, define

K,(z) = sup ‘xm*%u'(x)‘ :
£l 2<1
Then 0 < 6 < K,(x) < 2, for some constant § only depending on . See Section 3.2 for the proof.

Remark 11. Theorem 1.4 implies that u € C°[0, 1], so it is natural to consider the dependence on f of the
quantity lim,_,o+ u(z). One has

lim u(z) = /0 F(@)h(z)dz, (7)

z—0t
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where h is the solution of
— (21 (x))" + h(z) = 0 on (0,1],

(1) =0,

lim anh'(x) =1.
z—0t

In particular, equation (7) implies that the quantity lim,_,q+ u(z) is not necessarily 0. See Section 3.2 for
the proof of this Remark. The existence and regularity of h is part of [3], but the uniqueness of h comes
from Theorem 1.5 below.

Theorem 1.5 (Uniqueness for the Neumann Problem). Let 0 < o < 5. Assume that u € HZ, (0,1] satisfies
—(x**u/ (x)) +u(z) = 0 on (0,1],
u(l) =0, (8)
lim 2%/ (x) = 0.
z—0t

Then u = 0.

We denote by uy the unique solution of (1) given by Theorem 1.4. We now state the following
regularity result.

Theorem 1.6. Let 0 < oo < 5 and f € L?(0,1). Let un be the solution of (1) given by Theorem 1.4.

(i) If f € Wh=a (0,1), then uy € W2P(0,1) for all 1 < p < = with
lunllwz2o(0,1) < Cllf Iy -
(i) If f € W22 (0,1), then 2o Lyl € W2P(0,1) for all 1 < p < &, with

20’

HZ‘Za_lulNHWQ,p(O’l) S C ||f||W2«p .

Here the constant C depends only on p and .

Remark 12. One cannot expect that uy € Wz’i(o, 1) nor 2 1yl € W2>ﬁ(0, 1). Actually, there exists
an f € C°(0,1) such that, uy ¢ W22« (0,1) and 22 o/, ¢ W22 (0,1). See Section 3.2 for the proof.

We now turn to the case o > % It is convenient to divide this case into three subcases. As we already

pointed out, we only have a “Canonical” solution obtained by prescribing either a (weighted) Dirichlet or a
(weighted) Neumann condition.

1.2. The case % <a< %.
Theorem 1.7 (Existence for the “Canonical” Problem). Given 3 < a < 2 and f € L?(0,1), there exists

u € HE (0,1] satisfying (1) together with the following properties:

(i) u e CO32 yith Hu||co)%_2a < C|fll 2 - In particular, lim, o+ (1 — lnx)_% u(z) = 0.

(i) limg_,o+ 22~ 24/ (z) = 0.
(iii) a2 1’ € L2(0,1) and 2> € L*(0,1), with Han’lu'HL2 + HIQQU"HLQ < C\fllz2- In particular,
2 € HY(0,1).

Here the constant C depends only on «.
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Remark 13. The same conclusions as in Remark 9-11 still hold for the solution given by Theorem 1.7.

Theorem 1.8 (Uniqueness for the “Canonical” Problem). Let + < a < 3. Assume u € HZ, (0,1] satisfies

loc

— (22 (x)) + u(z) = 0 on (0,1],
u(1l) = 0.

If in addition one of the following conditions is satisfied

(i)

(ii) lim -0+ (1—Inz) " u(z) =0 when o = %
)
)

lim, o+ a0/ (x) = 0,

27
(iii u€L2a1(O 1)when2<a<f
(iv) lim,_,o+ 22 tu(z) =0 when s<a< %,

then u = 0.

Again, to simplify the terminology, we call the unique solution of (1) given by Theorem 1.7 the
“Canonical” solution and denote it by uc. We now state the following regularity result.

Theorem 1.9. Let o = %, k be an positive integer, and f € H*(0,1). Let uc be the solution to (1) given
by Theorem 1.7. Then uc € H*T(0,1) and zuc € H*+2(0,1) with
lucllgre + lzucl grre < Cf Il
where C' is a constant depending only on k.
Remark 14. A variant of Theorem 1.9 is already known. For instance in [4], the authors study the Legendre

operator Lu = — ((1 — x2)u’)/ in the interval (—1, 1), and they prove that the operator A = L+ I defines an
isomorphism from D¥(A) := {u € H**(-1,1) : (1 — 2®)u(z) € H*"?(-1,1)} to H*(—1,1) for all k € N.

Theorem 1.10. Let £ <a <3 and f € Whzas (0,1). Let uc be the solution to (1) given by Theorem 1.7.
Then both uc € WP(0,1) and z**tuy, € WHP(0,1) for all 1 < p < 52— with

lucllyn + {22 e ||y, < Cllfllwu),

where C' is a constant depending only on p and a.

Remark 15. One cannot expect that uc € Wl’ﬁ((), 1) nor x2* tul, € Wh AT (0,1). Actually, there exists
an f € C§°(0,1) such that uc ¢ Wl’ﬁ((), 1) and z?* uy, ¢ Wl’m 1(0,1). See Section 3.2 for the proof.

1.3. The case % <a<l.

Theorem 1.11 (Existence for the “Canonical” Problem). Given 2 < o < 1 and f € L*(0,1), there exists

1
a function u € HE (0,1] satisfying (1) together with the following properties:

€ LP(0,1) with ||u ., < C|fll 2, where p is any number in [1,00) if a = 3, and p = = if

<a<l.

(ii) limg_o+ (1 — lnx)fé u(z) =0 if a=32; lim, o+ 22 3y (z) = 0 if2<a<l.

(iii) limy_yo+ z2* 20/ (z) = 0.

(iv) a?*~ 1’ € L*(0,1) and 2®*u” € L?(0,1), with ||z?*~1 ’HL2 + |22 ”HL2 < C\fllz2- In particular,
2y’ € H'(0,1).

o

Here the constant C depends only on «.
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Remark 16. The boundary behavior in assertion (ii) of Theorem 1.11 is optimal in the following sense: for
any0<x§%and%§a<17deﬁne

3
h = -
, when o= 7,

sup ‘(1 —1In LL’) % U(.Z')
~ <1
KO (l’) = 190z2

20—

3
%u(x) , when 1 <a< 1.

sup ‘x
Il 2<1

Then 0 < § < I?a(m) < C, for some constants § and C' only depending on «. See Section 3.2 for the proof.
Remark 17. The same conclusions as in Remark 9 and 10 hold for the solution given by Theorem 1.11.

Theorem 1.12 (Uniqueness for the “Canonical” Problem). Let 3 < a < 1. Assume that u € HZ (0,1]
satisfies

u(l) =0.

If in addition one of the following conditions is satisfied

{ —(2**u/(z)) +u(x) =0 on (0,1],

(i) lim,_,o+ 22U/ (z) =
(i) lim, o+ 22 tu(x)
(ifi) w e L7=71(0,1),

0,
= O}

then u = 0.

We still call the unique solution of (1) given by Theorem 1.11 the “Canonical” solution and denote it
by ue. Concerning the regularity of ue for % < a < 1 we have the following

Theorem 1.13. Let 3 <a<1land f € Wl’ﬁ((), 1). Let uc be the solution to (1) given by Theorem 1.11.

Then both uc € WP(0,1) and 2% 1ul, € WHP(0,1) for all 1 < p < 51— with

2a—1, 7

lucllwrs + 2% ue ||y < CllFllnn

where C' is a constant depending only on p and «.

Remark 18. The same conclusion as in Remark 15 holds here.

1.4. The case o > 1.

Theorem 1.14 (Existence for the “Canonical” Problem). Given a > 1 and f € L*(0,1), there exzists a
function uw € HE (0,1] satisfying (1) together with the following properties:

(i) we L*(0,1) with [[ull o <[ f]lz2 -

(ii) limg,_o+ 22 u(x) = 0.

(iii) limg_yo+ 5 u/(x) = 0.

(iv) z*u’ € L*(0,1) and z**u” € L?(0,1) with ||z°w/|| 2 + ||**u”
depending only on o. In particular, x>*u’ € H'(0,1).

| > < CIIfll 2, where C is a constant

Theorem 1.15 (Uniqueness for the “Canonical” Problem). Let o > 1. Assume that u € HE,
—(z%u' (2)) +u(z) =0 on (0,1],
u(l) =0.

(0,1] satisfies

If in addition one of the following conditions is satisfied
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(i) lim, o+ 22 uw'(x) =0 when a =1,

(i) lim,_yo+ 2" 5 (w) 0 when a =1,

—a

(iv llmm_>0+x2el o u(z) =0 when a > 1,
(

then u = 0.

)
)
(iii) llmx_>0+x2el au( ) =0 when a > 1,
)
)

v) u e LY0,1),

As before, we call the solution of (1) given by Theorem 1.14 the “Canonical” solution and still denote
it by uc.

Remark 19. For a > %, the existence results (Theorem 1.7, 1.11, 1.14) and the uniqueness results (Theorem
1.8, 1.12, 1.15) guarantee that the weighted Dirichlet and Neumann conditions yield the same “Canonical”
solution uc.

1.5. Connection with the variational formulation.

Next we give a variational characterization of the unique solutions up, uy and uc given by Theorem
1.1, 1.4, 1.7, 1.11, 1.14. We begin by defining the underlying space

={ue H}(0,1):ue L*0,1) and 2%’ € L*(0,1)}, o > 0. 9)
For u, v € X define
a(u,v) = /1 z2/ () (z)dx + /1 u(z)v(x)dz
and 0 :
I(u) = a(u,u).

The space X® becomes a Hilbert space under the inner product a(-,-). See Appendix A for a detailed
analysis of the space X“.

Notice that the elements of X* are continuous away from 0 (in fact they are in H} (0,1]), so the
following is a well-defined (closed) subspace

X5 ={uveX*:u(l)=0}. (10)

Also, as it is shown in the Appendix A, when 0 < a < %, the functions in X¢ are continuous at the origin,
making

X5 = {u e X§ :u(0) =0} (11)
a well defined subspace.

Let 0 < a < £ and f € L?(0,1). Then the Dirichlet solution up given by Theorem 1.1 is characterized
by the following property:

up € Xy, and min { / flz } = %I(uD) - /01 f(z)up(x)de, (12)

veXE§,

while the Neumann solution uy given by Theorem 1.4 is characterized by:

ux € X5, and min { / o } _ %I(UN) —/Olf(x)uN(x)da:. (13)
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Let a > % and f € L%(0,1). Then the ”Canonical” solution uc given by Theorem 1.7, 1.11, or 1.14 is
characterized by the following property:

uc € X§, and min {;I(v) - /01 f(x)v(sc)dac} = %I(uc) - /01 f(@)uc(z)d. (14)

vEXE

The variational formulations (12), (13) and (14) will be established at the beginning of Section 3, which is
the starting point for the proofs of all the existence results.

1.6. The spectrum.

Now we proceed to state the spectral properties of the differential operator Lu := — (xQ"‘u’ )/ +u. We
can define two bounded operators associated with it: when 0 < a < %, we define the Dirichlet operator Tp,
Tp: L?(0,1) — L%(0,1)
[ —Tpf=up,
where up is characterized by (12). We also define, for any a > 0, the following “Neumann-Canonical”
operator T,

(15)

T, : L2(0,1) — L2(0,1)
1
if L
f ’_>Toéf: ’U,N10<C¥<2, (16)

where uy and uc are characterized by (13) and (14) respectively. By Theorem A.3 in the Appendix A, we
know that Tp is a compact operator for any 0 < a < % while T, is compact if and only if o < 1.

In what follows, for given v € R, the function J,: (0,00) — R denotes the Bessel function of the
first kind of parameter v. We use the positive increasing sequence {j,;},o.; to denote all the positive zeros
of the function J, (see e.g. [11] for a comprehensive treatment of Bessel functions). The results about the
spectrum of the operators Tp and T, read as:

1

53—
e’

Theorem 1.16 (Spectrum of the Dirichlet Operator). For 0 < a < %, define vy =
1+ (1 —a)?j2 . Then

, and let pyp =

o(Tp) = {0} U {A _ }m

vok J k=1 '
For any k € N, the functions defined by

1_ . _
ul’ok(x) = aJVo(jllokml u)

1s the eigenfunction of Tp corresponding to the eigenvalue A, . Moreover, for fized 0 < o < % and k
sufficiently large, we have

for =1+ (1 —a)? l(g (yo - ;) +7rk:>2 - (ug - i) +0 (i) . (17)

Theorem 1.17 (Spectrum of the “Neumann-Canonical” Operator). Assume o > 0 and let T,, be the operator
defined above.

(i) For0 < a <1, definev = ?:E . and let po, = 1+ (1 — a)?52,. Then

o(Th) = {0} U {)\,,k _ }OC

vk ) =1
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For any k € N, the functions defined by
Uy () == x%_o‘.]u(jukxl_o‘)

1s the eigenfunction of T, corresponding to the eigenvalue A,. Moreover, for fited 0 < o < 1 and
k sufficiently large, we have
+0 ! (18)
)

R EERE.

(ii) For a =1, the operator T has no eigenvalues, and the spectrum is exactly o(Ty) = [O, %]
(iil) For a > 1, the operator T, has no eigenvalues, and the spectrum is exactly o(T,) = [0,1]

Recall that the discrete spectrum of an operator T is defined as
04(T) ={A € o(T): T — M is a Fredholm operator},
and the essential spectrum is defined as
oo(T) = o(T)\oa(T).
We have the following corollary about the essential spectrum.

Corollary 1.18 (Essential Spectrum of the “Neumann-Canonical” Operator). Assume that o > 0 and let
T, be the operator defined above.

(i) For0 < a <1, 0.(T,) = {0}.
(i) Fora=1, o.(T1) = [0, %].
(iii) For a>1, 0.(T,) =[0,1].
Remark 20. This corollary follows immediately from the fact (see e.g. Theorem IX.1.6 of [5]) that, for any
self-adjoint operator T on a Hilbert space, 04(T") consists of the isolated eigenvalues with finite multiplicity.
In fact, for Corollary 1.18 to hold, it suffices to prove that o4(T") C EV(T), where EV(T) is the set of all
the eigenvalues. We present in Section 4.1.2 a simple proof of this inclusion.

As the reader can see in Theorem 1.17, when « < 1 the spectrum of the operator T, is a discrete
set and when o = 1 the spectrum of T} becomes a closed interval, so a natural question is whether o(T,)
converges to o(77) as @ — 17 in some sense. The answer is positive as the reader can check in the following

Theorem 1.19. Let o < 1. For the spectrum o(T,), we have
(i) 0(Ta) C o(Th) forall 3 <a < 1.

(ii) For every A € o(T1), there exists a sequence o, — 17 and a sequence of eigenvalues Ay, € 0(Th,,)
such that A, — A as m — oo.

Remark 21. Notice that in particular o(T,) — o(71) in the Hausdorff metric sense, that is
A (0(Ta),o(T1)) = 0, as a — 17,

where dp(X,Y) = max {sup,cy infycy [z — y| ,SUpy ey infrex |z —y|} is the Hausdorff metric (see e.g.
Chapter 7 of [7]).

Remark 22. When « < 1, the spectrum of T, has been investigated by C. Stuart [9]. In fact, he considered the

more general differential operator Nu = —(A(z)u’)" under the conditions u(1) = 0 and lim, ,g+ A(z)u/(x) =
0, with
0 - Alz)
AeC’([0,1]); A(z) > 0,Vx € (0,1] and lim —— =1. (19)
z—0t =
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Notice that if A(x) = 2%, we have the equality T,, = (N + I)~!, where the inverse is taken in the space
L?(0,1). When a < 1, C. Stuart proves that o(N) consists of isolated eigenvalues; this is deduced from a
compactness argument. When o = 1, C. Stuart proves that max o, ((N + I)_l) = %. On the other hand,
C. Stuart has constructed an elegant example of function A satisfying (19) with o = 1 such that (N + I)~*
admits an eigenvalue in the interval (2, 1]. Moreover, G. Vuillaume (in his thesis [10] under C. Stuart) used
a variant of this example to get an arbitrary number of eigenvalues in the interval (%, 1]. However, we still
have an

Open Problem 1. If A satisfies (19) for a = 1, is it true that o (N +1)7') = [0, 1]?

Similarly, when a > 1, one can still consider the differential operator Nu = —(A(z)u’)’ under the
conditions u(1) = 0 and lim,_,o+ A(x)u'(x) = 0, where A satisfies (19), and the operator (N + I)~!, where
the inverse is taken in the space L?(0, 1), is still well-defined. By the same argument as in the case A(x) = 22*
(Theorem 1.17 (iii)) we know that o (N +I)~') C [0,1]. However, we still have

Open Problem 2. Assume that A satisfies (19) for a > 1.

(i) Is it true that o (N +1)~') =[0,1]?
(i) Is it true that maxo. ((N +1)~*) = 1, or more precisely o (N +1)~') = [0,1]?

The rest of the paper is organized as the following. We begin by proving the uniqueness results in
Section 2. We then prove the existence and regularity results in Section 3. The analysis of the spectrum
of the operators Tp and Ty, is performed in Section 4. Finally we present in Appendix A some properties
about weighted Sobolev spaces used throughout this work.

2. PROOFS OF ALL THE UNIQUENESS RESULTS
In this section we will provide the proofs of the uniqueness results stated in the Introduction.

Proof of Theorem 1.2. Since u € C°(0,1] with lim,_,o+ u(z) = 0, we have that u € C°[0,1]. Notice that,
for any 0 < 2 < 1, we can write z2%u/(x) = u/(1) — fwl u(s)ds, which implies that z?*u’ € C[0,1]. Then
we can multiply the equation (5) by u and integrate by parts over [e, 1], and with the help of the boundary
condition we obtain

1 1
/ 2%/ (z)%dx + / u(z)?de = 2°u/ (x)u(z)|! — 0, as e — 0T,
Therefore, u = 0. g

Proof of Theorem 1.5. We first claim that v € C°[0,1]. Since u € C*(0,1] and lim,_,o+ 2%/ (z) = 0,
there exists C' > 0 such that —Cx™2* < u/(z) < Co~2%, which implies that —Cz!72% < y(x) < Cazl72%,
hence u € L*°(0,1) because 0 < o < 3. Write v/(z) = = foz u(s)ds and deduce that v’ € L>°(0,1), thus
u € WHe2(0,1). In particular u € C°[0, 1].

Then we can multiply the equation (8) by w and integrate by parts over [e, 1], and with the help of
the boundary condition we obtain

1 1
/ x2/ (x)%dx —|—/ u(z)?de = 2°u (x)u(z)|! = 0, as e — 0T.

Therefore, u = 0. (|



A SINGULAR STURM-LIOUVILLE EQUATION UNDER HOMOGENEOUS BOUNDARY CONDITIONS 11

Proof of (i) of Theorem 1.8 and (i) of Theorem 1.12. As in the proof of Theorem 1.5, it is enough to show
that u € C°[0,1]. As before, the boundary condition implies that u(z) ~ 272, which gives u € L= (0,1).
To prove that u € C°[0, 1], we first write 22~ /(z) = %for u(s)ds. Let pg := 1 > 1. Since u € L?(0,1),

HLm < C'||ul| ;po - Since u(1) = 0, this implies that

one can apply Hardy’s inequality and obtain Hm%‘—lu’
uwe X5 1P(0,1). By Theorem A.2, we have two alternatives

e u € L0,1) for all ¢ < co when a < 2 or

e u € LP(0,1) where py := 5 > po when 2 <o < 1.

If the first case happens and u € L%(0,1) for all ¢ < oo, then we apply Hardy’s inequality and obtain
u € X_%O‘fl’q(O, 1) for all ¢ < oo, which embeds into C°[0,1] for ¢ large enough. If the second alternative
occurs and we apply Hardy’s inequality once more, we conclude that u € X%ail’p '(0,1). Therefore, either
u € L9(0,1) for all ¢ < co when a < % or u € LP2(0,1) where py = M%él when % < a < 1. By repeating this
argument finitely many times we can conclude that u € C°[0,1]. ]

Proof of (ii) of Theorem 1.8. Let o = % and suppose that u € H7, (0, 1] satisfies

—(z%u'(2)) +u(z) = 0 on (0,1],
u(1) =0,
u(x)

lim ———— =0.
oo+ 1 —In x)

Notice that u € C(0,1] together with lim,_,o+(1 — Inx) tu(z) = 0 and the integrability of Inz, gives
u € L'(0,1). Define w(x) = u(x)(1 —Inz)~!. It is enough to show that w = 0. Notice that w solves
(z(1 —Inz)w'(z)) = (1 —Inz)w(z) + w'(x) on (0,1),
(1) =0, (20)
(0) =0.

g

We integrate equation (20) to obtain

1 1

z(l —Inz)w' (z) =w'(1) — / (1 —Ins)w(s)dz =u'(1) — / u(s)ds.

x x

Since u € L'(0,1), the above computation shows that z(1 — Inz)w’(z) € C[0,1]. Now we multiply (20) by
w and we integrate by parts over [e, 1] to obtain

1 1 1
/ (1 — Inz)w' (z)%dzx +/ (1 —Inz)w?(z)de = (1 — Inz)w (z)w(x)|! — in(x)u -0,

as ¢ — 07, proving that w = 0. O

At this point we would like to mention that the proof of (iii) of Theorem 1.8 and (iii) of Theorem 1.12
will be postponed to Proposition 3.4 of Section 3.2.
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Proof of (iv) of Theorem 1.8 and (ii) of Theorem 1.12. Let % < a < 1 and suppose that u € H?

loc(07 1]
satisfies
—(2**u/(x)) +u(x) =0 on (0,1],
u(1) =0,

lim 22 u(z) = 0.
z—07F

Notice that u € C(0, 1] together with lim,_,o+ #2*~*u(x) = 0 and the integrability of 2172 for o < 1, gives
u € L'(0,1). Define w(x) = 22*1u(z). We will show that w = 0. Notice that w satisfies
—(zw'(x)) 4+ 2o — D' (z) + 2! 7**w(z) = 0 on (0, 1],
w(l) =0, (21)
w(0) = 0.

Integrate (21) to obtain

from which we conclude zw’(z) € C[0,1]. Finally, multiply (21) by w and integrate by parts over [e, 1] to
obtain

/61 zw'(x)?dz + /61 272 (x)2de = 2w’ (2)w(z)|! — (a _ ;) w(e).

Letting ¢ — 07 and we conclude that w = 0. |

Proof of Theorem 1.15. Assume that (i) holds. Suppose that v € H? (0, 1] satisfies

—(2**u/(z)) +u(x) =0 on (0,1],
u(l) =0,
3+V5

lim 2”2 o/(z) =0.
z—07t

Let v(x) = x1+2ﬁu(x). Then v € HZ .(0,1] and it satisfies

—(zv'(2)) + V50 (z) = 0 on (0,1],
v(l) =0,

. (22
lim <:m/(m) ! +2 5v(x)> =0,

z—0t

from which we obtain that zv’ — 1+T‘/gv € C[0,1] and v’ — /5v € H'(0,1). Therefore v € C[0, 1]. Multiply
(22) by v and integrate over [e, 1] to obtain

/ o' (x)%dx + %’UQ(E) = (xv’(x) ! +2\/5v(;v)> v(z)|l =0, ase— 0.

Therefore v is constant and thus v(x) = v(1) = 0.
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Assume that (ii) holds. Suppose that u € H? (0,1] satisfies
— (2 ()) + u(x) = 0 on (0, 1],
u(l) =
I
S 5 (o

Let w(z) =22 wu(z). Then w € H?

loc
—(zw'(z)) + V5w (z) = 0 on (0,1],
w(l) =
w(0) =
Therefore zw’ +v/5w € H'(0,1), w € C[0,1], and zw’ € C[0,1]. Multiply (23) by w and integrate over e, 1]

to obtain
' 1(2N\2 / 1 V5 2 1 +
zw'(z)*dz = zw'(z)w(z)|; — oW ()] =0, ase—0".

(0,1] and it satisfies

(23)

Therefore w is constant, so w(z) = w(1) = 0.

Assume that (iii) holds. Suppose that u € HZ (0, 1] satisfies

—(2**u/(x)) + u(z) = 0 on (0, 1],
u(1) =0,

lim x261au( )=0.
x—07+

-«

Define g(x) = e == u(x). Then g € H? ,(0,1] and it satisfies
—(2?7g'(2)) + (2°g())" + 2°¢'(x) = 0 on (0,1],
g9(1) =0,
. 3a / (=4 _
Zlirgh (x ¢ (x) —x>2 g(x)) =0.

Multiply the above by ¢ and integrate over [e, 1] to obtain

1
/ 22/ (2)2dx = 1209/ (2)g(2) [} — 22g%(a)|!

3a

= (2" ¢/(2) 2 g(@) ) 2T g ()] (24)

We now study the function h(z) := 2% g(z). We have
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Hence we can write
-1 3 U osa o o
h(z) = {1 + %xo‘_l} {—(; (; - 1) / s5 " 2g(s)ds — (x%g’(x) — x2g(m))] :

We claim that there exists a sequence €, — 0 so that

1 P
/ s%a_2g(s)ds

€n

lim < 00.
n—o0

Otherwise, assume that lim,_, o+ fel s%’zg(s)ds = doo. Then

lim z2e == u(z) = lim h(zr) = +oo.
z—0+t z—0+t
This forces lim,_,q+ u(z) = o0, so L’Hopital’s rule applies to u and one obtains that
o zl-a 5 e e (z
lim z2e == u(x) = lim gre T u(z)
z—0t r—0+ —Zgpo-l 1]

which is a contradiction. Therefore lim. o+ h(ey) exists for some sequence ¢, — 0. Finally, use that
sequence €, — 07 in (24) to obtain that fol 22%¢'(z)%dx = 0, which gives g is constant, that is g(x) = g(1) =
0.

Assume that (iv) holds. Suppose that u € HZ (0,1] satisfies
—(@**u/(2))" + u(z) = 0 on (0,1],
u(1l) =0,
o zl—a
lim zze T u(z) =0.
z—0+t

11—«

Let p(z) = e Ta u(x), then w satisfies
—(@%p' (@)’ + (*p(x))" + 2°p/(x) = 0 on (0, 1],
p(1) =0, (25)
lim z2p(z) = 0.

z—0t
We claim that lim+ 25 p/ () exists, thus implying that % p/(z) belongs to C[0,1]. Define g(x) = =
z—0
then using (25) we obtain that, for 0 < z < 1,

3a o a
¢ (@) = —5a 7 71 (@) + oz ¥ p(a) + 20 ().

A direct computation shows that, for 0 < x < 1,

1 1
/ (s)ds = (32“ - 1) / o % 2p(s)ds + S ap(e) - 20 p(a).

Since z%2p(x) € C[0,1], we obtain that x5 ~2p(z) € L'(0,1) which implies that z%p/(z) = q(z) =
— fwl q'(s)ds is continuous and that the lim,_,q+ g(z) exists. We now multiply (25) by p(x) and integrate by
parts to obtain

w‘g’

1
/ x2ap/(x)2 =
0

Thus proving that p(z) is constant, i.e. p(z) = p(1) = 0.

P (@)zp(x)ls = 0.
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Finally assume that (v) holds. Define k(z) = 2?®u/(z). Notice that since u € L'(0,1) N HZ_(0,1],

from the equation we obtain that k(z) = u/(1) — f; u(s)ds, so k(z) € C°[0,1]. We claim that k(0) = 0.

Otherwise, near the origin u/(z) ~ —i- and u(x) ~ —i—, which contradicts u € L'(0,1). Therefore,

lim,_, o+ 22%u’(x) = 0. We are now in the case where (i) or (iii) applies, so we can conclude that v = 0. [0

3. PROOFS OF ALL THE EXISTENCE AND THE REGULARITY RESULTS

Our proof of the existence results will mostly use functional analysis tools. We take the weighted
Sobolev space X defined in (9) and its subspaces X§ and X§ defined by (11) and (10). As we can see
from the Appendix A, X equipped with the inner product given by

1
(U, ) = /0 (2% (2)v' (2) + u(z)v(z)) da,

is a Hilbert space. X§;, and X are well defined closed subspaces. We define two notions of weak solutions
as follows: given 0 < a < % and f € L?(0,1) we say u is a weak solution of the first type of (1) if u € X§&
satisfies

1 1 1
/ 2%/ (2)v' (z)dx + / u(z)v(z)de = / f(z)v(x)dz, for all v € Xiy; (26)
0 0 0
and given a > 0 and f € L?(0,1) we say that u is a weak solution of the second type of (1) if u € X§ satisfies
1 1 1
/ x2 (x)v (z)dx —|—/ u(z)v(x)de = / f(z)v(z)dz, for all v € X (27)
0 0 0

The existence of both solutions are guaranteed by Riesz Theorem. Actually, (26) is equivalent to (12),
while (27) is equivalent to (13) or (14) (see e.g. Theorem 5.6 of [1]). As we will see later, the weak solution
of the first type is exactly the solution up mentioned in the Introduction, whereas the weak solution of the
second type corresponds to either uy when 0 < o < % or uc when o > %

3.1. The Dirichlet Problem.

Proof of Theorem 1.1. We will actually prove that the solution of (26) is the solution we are looking for in
Theorem 1.1. Notice that by taking v € C§°(0,1) in (26) we obtain that w(x) := 22*u/(x) € H'(0,1) with
(22! (x)) = u(z) — f(x) and [|w'|| 2 < 2| f]l;2- Also since u € X§, we have that u(0) = u(1) = 0.

Now we write

[ _ 1 /T 20, 17\ 120 zu'(x)
u(:c)—/o u'(s)ds = =20 J, (s**u/(s)) s ds+1—2a’

where we have used that lim,_,o+ su’(s) = lim,_,o+ s2%u/(s) - s172% = 0 for all a < % It implies that

2ce,,,/ 2a—1 x
x2a—1u(x) _ 7 ($) + T / (s2au/(s))’sl—20¢d87
0

1 -2« 20 — 1

and
xT

(‘T2a71u(x))' _ 1172(172/ (SQau/(S))/SlizadS.

0
From here, since a < %, we obtain
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so Hardy’s inequality gives
H 2a-1,, H <2H 20 /)

<4l

Therefore, ||x uHH1 < C|f|l;2, where C is a constant depending only on «. Combining this result and
the fact that x2%u’ € H'(0, 1), we conclude that 2%*u € H?(0,1).

2a—1

Also notice that u € C%1=22[0, 1] is a direct consequence of x2*~1u € C[0,1] N C*(0,1]. The proof is
finished. O

Proof of Remark 1. Take f € C§°(0,1). We know that u(z) = A¢1( ) + Boa(x) + F(x) where ¢1(x) and
¢2() are two linearly independent solutions of the equation —(z%*u/(x))’ + u(z) = 0 and

2) = 6 () / " f(8)a(s)ds — bola) / F()61(s)ds

Moreover, one can see that ¢;(x) = 3 fi (7"11::) where f;(z)’s are two linearly independent solutions of

229" (2) + 24/ (2) — <22 + (%:Z)Q> #(z) = 0.

By the properties of the Bessel function (see e.g. Chapter III of [11]), we know that near the origin,

the Bessel equation

1
o1(z) = a1 72 gz faga® 0 4 for0<a< 3
and
Ga(x) = by + box? 72 + byt ™4 4 b 4 for0< a < 1.
Also,
1
(bl(o) = 07 ¢2(0> 7é 07 ¢1(1) 7é 07 for0 < a< 57
1
li = li =by, f >~
25 #r@)l = 0o, i, $ala) = b, for a3,
and

lim 2%%¢)(x) # 0, li%1+ 22 ¢l (x) = 0, ¢pa(1) £ 0, for 0 < a < 1.
xr—

z—0+
Notice that F'(x) = 0 near the origin. Therefore, when imposing the boundary conditions u(0) = u(1) = 0,

we obtain u(z) = A¢y(x) + F(x) with A = —%(11)). Take f such that

b= / F(5)[92()61(1) = 61(s)é(1)])ds # 0.

Then u(z) ~ ¢1(x) near the origin and we get the desired power series expansion. O

Proof of Remark 3. From the proof of Theorem 1.1, we conclude that w € C°[0,1] with [|w|| < 2]/ f]| .-
From here we have

o' ()] = w(z)z?] < JJwl| o 273
Thus, for 1 <p < QL
[/l < Mwllg (272 Lo 0.1y < Clasp) £
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Proof of Remark 5. If we take f(z) := —(2**u/(z)) + u(z), where u(z) = z'72%(z — 1), we will see that
w¢ C%8[0,1], VB > 1—20. When u(z) = 23 2%(z—1), we will see that 22*~1u ¢ H2(0,1), 22*u’ ¢ H2(0,1),
and z2%u ¢ H3(0,1). O

Proof of Remark 6. From [3] we know that the function g exists and z2%¢g’(z) € L>°(0,1). Therefore, inte-
gration by parts gives

/ f(x d:r:—/o — (22 (2)) g(x) + u(z)g(x)dr = lim z**u' ().

z—0t

And the L’Hopital’s rule immediately implies that

lim 2% tu(z) = lim #x%‘u’(x) S /1 f(x)g(x)dx
0

z—0+ z—0+t 1 — 2 1 -2«

Before we prove Theorem 1.3, we need the following lemma.

Lemma 3.1. Let 0 < a < 3 and ko € N. Assume u € WFHP(0.1) for some p > 1. If lim, o+ u(x) = 0

loc

and lim,_,g+ 2~ zadd7 (20‘ '(s)) =0 for all 1 < k < ko, then for 0 <z <1

dk T dk
Tk (z** tu(z)) = xQC“_k_l/ sk_hﬂ (s (s)) ds, for all 1 <k < ky.
X 0 S
Moreover
| @) )
— ("% SCon‘u ,
dxk o dxk o

where C' is a constant depending only on p, o and k.

Proof. When kg = 1 we can write

gl-2a\ !
(x2a71u( _ ( 20— 1/ S2aul ( ) dS)
0 1-2«a

20,,/

!
§2 / s1—20 g +x U@))
I

(2041
0

2a2

1 -2«

(52 u'( )/ 1=2a4g.

\)—l

The rest of the proof is a straightforward induction argument. We omit the details. The norm bound is
obtained by Fubini’s Theorem when p = 1 and by Hardy’s inequality when p > 1. a

Proof of Theorem 1.3. Notice that lim,_,q+ 2272 (s2au’(s))I:O since both u and f are continuous. With
the aid of Lemma 3.1 for kg = 2 we can write

(m2°‘71u(x))” — 203 /Om 22 (Szau/)'/ ds — p2o—3 /Oz 22 (u(s) — f(s))/ds.

The result is obtained by using the estimate in Lemma 3.1. (|
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Proof of Remark 8. We use the same notation as in the proof of Remark 1. We know that u(z) = A¢(z) +
B¢o(x) + F(x) where ¢1(x) and ¢o(x) are two linearly independent solutions of the equation —(x2%u’(x))’ +
u(z) = 0 and
Fx)=1,if f=1,
or . .
F(a) = 01() [ £(5)0a(s)ds — a(e) [ F(s)an()ds. i £ € C(0.1),
0 0
In either case we have F' € C[0,1]. We also know that
1
li = li =by, f > —.
i [61(x)] = oo, lim ga(r) = bi, fora> 2

Therefore, if one wants a continuous function at the origin, one must have A = 0. Then u(x) = B¢a(x)+F(x).
We see now that the conditions u(1) = 0 and lim, .o+ u(z) = 0 are incompatible. O

3.2. The Neumann Problem and the “Canonical” Problem.
Proof of Theorems 1.4, 1.7, 1.11. For 0 < a < 1, let u € X solving

1
/ z2 (z )v’(x)dx—i—/ u(x dx—/ f(z)v(z)dz, for all v e X
0

First notice that
lull 2 + l2[| > < ||f||L2‘
Also, if we take v € C§°(0,1), then z?*u' € H'(0,1) with (z?*/(z))" = u(z) — f(z).
We now proceed to prove that w(x) := x?%u/(x) vanishes at z = 0. Take v € C?[0,1] with v(1) = 0
as a test function and integrate by parts to obtain

0 :/o ( (2% (x)) + u(z) — f(:v)) v(z)dr = lim 2?*u(z)v(z).

z—0t

The claim is obtained by taking any such v with v(0) = 1.
The above shows that w(z) := z2*u’(x) € H*(0,1) with w(0) = 0. Then, notice that for any function

w € H(0,1) with w(0) = 0 one can write
1 z 3
<z2 (/ w’(z)de> ,
0

/Oz W' (z)dz

lim mQO‘*%u’(I) = 0.
z—0F

lw(z)| =

thus

Also, Hardy’s inequality implies that % € L2(0,1) with ||2||,, < 2|[w/[|,> . Now recall that w’(z)
(22 (2)) = u(x)— f(x), s0 ||| 2 < |lull 2+ fll 2 < 2]|f]| 2. Hence we have the estimate ||z~ !/
Al Al -

In order to prove HCL‘ 2
2y () = (22 () — 202 1u

IN I

i

2a ”H C'||fl 2, one only need to apply the above estimates and notice that

).

of Theorems 1.4, 1.7, 1.11 is a direct consequence of the fact that

A

Nl

By Theorem A.2, property (i
= X2a 1
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Finally we establish the property (ii) of Theorem 1.11. For o = %, first notice that

Lo (x) B ! . 2u(z)u’(z) u?(x) u?(x) .
/0 ;10(1—11r1:L‘)dxS /0 (m(l—lnm) 22(1 —Inx) +3732(1—111:1:)2)61
B V() (x) b (x) U w?(x)
_72/0 l1—Inx dIJr/O x(l—lnx)dI/O x(l—lnx)de’

lﬂ I%x%u':p x
/0 x(l—lnw)2dx§2/o 22(1—Inzx) (e)da).

Now Holder’s inequality gives (1 —Inz)~ 'z~ 2u(x) € L2(0,1). Therefore
(1- lnx)_luQ(x))/ = (1—In2) 22" 2(z) + 2(1 — In2) 'z~ 2u(z)z?u/(z) € L}(0,1),

thus

1
so lim, o+ (1 —Inz)” 2 u(z) exists. If the limit is non-zero, then near the origin (1 — Inz) 'z~ 2u(z) ~
(1—Inz)zz~= ¢ L2(0,1), which is a contradiction. For 3 < a < 1, notice that

1

132 (1) = — /1 (t1 342 (t)) dt = —(4a — 3) /1 oAy 2 (t)dt — 2/ 4739 (t)u(t)dt.

Since we know 22~ 'u/ € L2(0,1), Theorem A.1 implies that 22%~2y € L2(0,1), hence lim, o+ 22* 2u(z)
exists. If the limit is non-zero, then near the origin u(z) ~ 7 2* ¢ LTS (0,1), which is a contradiction. O

Proof of Remark 10 for all 0 < o < 1. First notice that 22~ 24/(z) =
‘mz"_%u’(x)‘ < 2| fll 2. 1e. K(z) <2

— [y (u(s) = f(s))ds. Therefore,

i

On the other hand, for fixed 0 < z < %, define

flt) =

=3 ifo<t <z
0 ifz<t<lL
Then ||f||;> = 1. Consider first the case when 2 < a < 1. From Theorem 1.11 we obtaln that u € X271,

which embeds into LP° for pg = > 2. Thus one obtains that ‘ 7= fo ds’ < 23775 . Then

4043
1_ 1

11 1\2
>1—x2 70 >1—|=
‘f/ ))ds e (2>

Therefore K, () > §, for 6, :=1— (5) 3= . Notice that when 0 < a < 3 , then w € L? for all p > 1, so the
above argument remains valid. The proof is now finished. O

ol
(=]

Proof of Remark 11 for all a < %, To prove (7), first notice that, from [3], the function h exists and z2h €
L>°(0,1). Therefore, integration by parts gives

1
/ flx d:c—/o (—(z%u/ (z))'h(z) + u(z)h(x))dr = lim u(z).

z—0t

In order to prove the further regularity results we need the following
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Lemma 3.2. Let a > 0 be a real number and kg > 0 be an integer. Assume u € WZIZ‘;H’T'(O, 1) for some
p>1, and lim,_, o+ xk% (:c%‘u’(x)) =0 forall0 <k <ky. Then for0 <z <1

dk 1 xT dk-‘,—l
s (z* M (2)) = / Skd ] (s*u'(s)) ds, for all 0 < k < ko.
X 0 S
Moreover

dk

T okl
‘ W (x2oz—1u/) N

where C' is a constant depending only on p, a and k.

dk+1
x?au/) ,

dxk+1 ( o

<c|

Proof. If kg = 0 then the statement is obvious. When kg = 1, the condition z (anu’(x))/ — 0 gives

@) = (5 [ ) o)

xT

= (L[t as s o))

T

!

1 ¥ 2 1 "
== « ds.
2 ), s (s**u'(s)) " ds
The rest of the proof is a straightforward induction argument. We omit the details. The norm bound is
obtained by Fubini’s Theorem when p = 1 and by Hardy’s inequality when p > 1. g

Proof of Theorem 1.6. Assume that f € Wl’ﬁ(O7 1). First notice that for 1 < p < 5= we have u’ € L? since
x?*u’ € H'(0,1). Also notice that x(x?*u/(z))’ = x(u — f) — 0 since both u and f are continuous. We use
Lemma 3.2 for ky = 1 to conclude

@22y, < € @Y, = C =l <l fly
where C' is a constant only depending on p and a. Recall that 22?u” = u — 2ax?*~ 2/ — f € WIP(0,1). It
implies
u"(z)] = |z*u"| 272 < O|| Iy 272,
where C'is a constant only depending on p and a. The above inequality gives that u € W2P(0,1) for all

1<p< %, with the corresponding estimate.

Assume now f € W2z (0,1). We first notice that z2 (ac%‘u’(:r))” = 2% (u— f) = 22 (z)x? 2 —
22f'(x) — 0 as x — 0T since f € C*[0,1]. This allows us to apply Lemma 3.2 and obtain

1 [* 1 [
(xzo‘_lu'(x))” = 73/ 52 (szo‘u’(s))m ds = 73/ 5% (u(s) — f(s))" ds.
7 Jo = Jo
Lemma 3.2 also gives the desired estimate. O

Proof of Remark 12, 15, 18. Tt is enough to prove the following claim: there exists f € C§°(0,1) such that
the solution w can be expanded near the origin as

u(z) = by + box? 2% 4 byt A 4 byt 0 ... (29)
where by # 0, by # 0.
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We use the same notation as the proof of Remark 1. Take f € C§°(0,1). We know that u(zx)
Ad1(x) + Boa(z) + F(x) where ¢1(z) and ¢o(x) are two linear independent solutions of the equation
—(2%*/(2)) +u(z) = 0 and

Fz) = é1(x) / " F(8)éa(s)ds — dala) / " () (s)ds.

Moreover,
lim 2%*¢}(x) # 0, lirgl+ 22 ¢l (x) = 0, ¢po(1) #£0, for 0 < a < 1.
z—

z—0t

Notice that F(z) = 0 near the origin. Therefore, the boundary conditions lim,_,o+ 2%u/(x) = u(1) = 0

imply that we have u(xz) = Bga(x) + F(x) with B = 7%(11))_ Take f such that

F1) = /O f(8)[92(s)91(1) — @1(s)¢2(1)]ds # 0.

Then u(z) ~ ¢2(x) near the origin and we get the desired power series expansion. a

Proof of Theorem 1.9. When k = 0 we have already established that u € X° = H'(0,1). Also, we have that
zu” € L2, so (zu)” = (u+ zu') = 2u’ + zu”, that is zu € H?(0,1).

When k = 1, notice that z (zu/(x)) = = (u— f) — 0 since both f and u are in H'(0,1). we use
Lemma 3.2 to write
1 [° 1 [
u'(x) = ﬁ/o s(su'(s)) ds = P/o s(u(s) — f(s)) ds.
We conclude that u” € L?(0,1) using Lemma 3.2. The rest of the proof is a straightforward induction
argument using Lemma 3.2. We omit the details. (|

Lemma 3.3. Suppose 0 < o < 1 and let f € L>°(0,1). If u is the solution of (27), then u € C°[0,1] and
x?2o Ly € L>°(0,1) with

lull oo + (2% | oo < C Ul

where C' is a constant depending only on «.

Proof. To prove z?*~1u/ € L*>(0,1), it is enough to show that u € L>(0,1) with ||Jul,;~ < C|fll;~ -
Indeed, if this is the case, by (27) we obtain that z2*u’ € WH>°(0,1) with lim,_+ 2%*u/(z) = 0. By
Hardy’s inequality, we obtain that ||z2*~'u/||, . < Co || f]l -

Now we proceed to prove that u € C°[0,1]. First notice that if o < 3 then u € C°[0,1] by Theorem
1.7. So we only need to study what happens when % <a<l.

Suppose % < a < 1. Since u € X?*~! we can use Theorem A.2 to say that u € LP°(0, 1) for py = ﬁ7
so g == f—wu € LP(0,1). From (27) we obtain that (mg"‘u’(x))/ = g(x), therefore z?*u’ € W1tPo(0,1).

Now since pg > 1 and lim,_,o+ 22%u/(z) = 0, we are allowed to use Hardy’s inequality and obtain that

z?*~ 1/ € LP0(0,1). Using Theorem A.2 once more gives that either u € C°[0,1] if v < £, in which case we

are done, or u € LP*(0,1) for p; := 8(12—77 if % < a < 1. If we are in the latter case, we repeat the argument.

This process stops in finite time since o < 1, thus proving that « € C°[0, 1]. O
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Proof of Theorem 1.10, 1.13. We begin by recalling from Lemma 3.3 that if f € L>(0,1) then 22* v’ €
L*>(0,1), so |u'(x)] < Ha;Q"‘*lu’(ac)H]_ﬁo 21722, This readily implies u € WP(0,1). Now just as in the proof
of Theorem 1.6 we can use Lemma 3.2 and write

1 x
(xza—lu/(x))/ — 72/ 8(82(1”/( ))Nds —
= Jo
Notice that |zu'(z)| < ||~} 'HLOO

@ @) ] < € (a0 | e e 7 1) -

The conclusion then follows by integration. O

1 z ,
= / s(u(s) — f(s))'ds.

2

2=2a From here we obtain

Proof of Remark 16. First notice that, from the proof of (ii) of Theorem 1.11, when a = %,
’(1 - lnx)_% u(a:)‘ <C HJ]%U/($>HL2 <Cfllges

and when % <a<l,
[0 3u()| < Ca oW/ (@)l 2 < Ca 11l

That is, Ko (z) < Ch.

On the other hand, we can write

/ t2a/ ))dsdt
- (x2a 1/ F(t)dt + : tfit)ldt>
. 1_120[ (/Ol(u(t) — @)t — xzi1/0x u(t)dt—/ml tgit)ldt)

When a = %, for fixed 0 < z < %, take

£t = 0 ifo<t<uz
S|t 2i(—lnz)": ifax<t<l.

Then || f||;= = 1. Since u € LP(0,1) for all p < oo, we can say that, there exists M, > 0 independent of

such that . . N L)
(3
/O (u(t)—f(t))dt—w/o u(t)dt—/m tzaldt‘ < M,

Ru(z) > 1 (—Inz)2 B M,
T 20-1\(1-lz): (1-lnaz): )

When % <a<l,forfixedd <z < %,take

f(t):{x2 %f0<t§x

Then

0 fr<t<l.

Then || f||;. = 1. Since u € L?°(0,1) for py =
such that

4a 3 > 2, we can say that, there exists M, > 0 and 7, > 0

s (1 s (1 ou(t)
2272 [ (u(t) — dt — — — g3 a7 dt| < Myz™.
0 T t2o
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Then

Kolz) > 1

1 - Myz").
501\ ")
Now,for%§a<1,takeea>OsuChthatI~(()_ifra110<x<ea. If e, <2 < 3, we take
F(t) = =2(3 = 2a)t + 3(4 — 2a)t? + 372> — 472 hence u(t) = t372* — ¢*72%, Notice that 0 < || f|| ;= < 10,

so we obtain

~ T3 — 13 e% s
Ko (z) > > 2 %50,
@z— =271 ~
3_3
foralle, <z < % The result follows when we take 6, := min {}1, 6“1_6“‘ } O

Proof of Theorem 1.14. Let u be the solution of (27). By definition of u, we have that v € L*(0,1) and
u’ € L?(0,1). As in the proof of Theorem 1.4, we have that u satisfies (1), w(z) = 22/ (x) € H'(0,1),
w(0) = 0 and for any function v in X§,

lim 2%/ =0.
Jlim o u'(z)v(x)

Take v(z) = z%u/(x) — v/(1). Since o > 1, we have
(2% (z)) = w'(z) — ax® tox*d/ () € L*(0,1),
which means that v € X§. Thus we obtain

lim_ 23U (z) = 0.
z—0

To prove that limm_>o+ r3u(x) = 0, we first claim that lim,_,o+ 2% u(x) exists. To do this, we write
zu?(x) = —f (s*u?(s))'ds. Notice that

(z%u?(z)) = ax® 1u?(z) 4 22% (z)u(x) € L*(0,1).

Therefore
1
lim z%u?(z) = —/ (s*u?(s)) ds.
r—0t 0
Now, we can conclude that lim, o+ 22 u(z) = 0. Otherwise, u(z) ~ xi% ¢ L%(0,1). O

Before we finish this section, we present a proposition which will be used when dealing with the
spectral analysis of the operator T,,. Also, this proposition gives the postponed proof of (iii) of Theorem 1.8
and (iii) of Theorem 1.12.

Proposition 3.4. Given % <a<1and f e L*0,1), suppose that u € H?
—(@*/ (2))" +u(x) = f(z) in (0,1),

u(1) =0, (30)
we L71(0,1).

(0,1] solves

Then u is the weak solution obtained from (27).
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Proof. We claim that xu’ € L?(0,1). To do this, define w(z) = 2*u/(z). Then w € H*(0,1). If w(0) # 0,
then without loss of generality one can assume that there exists 6 > 0 such that 0 < M; < w(x) < My for
all z € [0, §]. Therefore,

) 0 )

M M.

T;dtg/ u’(t)dtg/ Sadt, Y € (0,4].
It implies that

Mi(Ind —Inz) <u(d) —u(x) < May(Ind — Inzx), Va € (0,9],
when a = %, and
My 1 1
_ < — <

2a — 1 <x2a—1 (520‘—1) < uld) —ulz) < 2a — 1

Moy 1 1
<x2a—1 o 52a—1) , Vo € (0,4],

when o > 1. In either situation, we reach a contradiction with u € L7t (0,1). Therefore, w(0) = 0, so

Hardy’s inequality gives
1,2 1.2
eeaii= [ 2 < [0 <o
0o X 0 T

Since w € H'(0,1) satisfies w(0) = 0, we conclude that, in the same way as in the proof of Theorem 1.7,
that lim,_, o+ x_%w(x) = 0. Now, integrate (30) against any test function v € X§ on the interval [e, 1] and
obtain

/61 oy (2)v' (z)dz + 2/ (€)v(e) + /e1 u(z)v(z)dr = /61 f(x)v(z)dz.
Since % < a <1, we write
2/ (€)v(e) = [eza_éw(e)} [e%v(e)} :

The estimate (47) tells us that ‘x%v(x)’ < Cq ||v]|,,, so we can send € — 07 and obtain (27) as desired. O

4. ANALYSIS OF THE SPECTRUM

4.1. The Operator T,.

In this section we study the spectrum of the operator T,,. We divide this section into three parts. In
subsection 4.1.1 we study the eigenvalue problem of T, for all & > 0. In subsection 4.1.2 we explore the
rest of the spectrum of T, for the non-compact case a > 1. Finally, in subsection 4.1.3, we give the proof of
Theorem 1.19.

4.1.1. The Eigenvalue Problem for all o > 0.

In this subsection, we focus on finding the eigenvalues and eigenfunctions of T,,. That is, we seek
(u,\) € L?(0,1) x R such that u # 0 and T,u = Au. By definition of T}, in Section 1.6, we have X # 0 and
the pair (u, \) satisfies

/0 >/ (z)v' (z)dz +/0 u(z)v(x)de = X/o u(x)v(z)dr, Vv € X¢. (31)

From here we see right away that if A > 1 or A\ < 0, then Lax-Milgram Theorem applies and equation (31)
has only the trivial solution. Also, a direct computation shows that u« = 0 is the only solution when A = 1.
This implies that all the eigenvalues belong to the interval (0,1). So we will analyze (31) only for 0 < A < 1.
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— (@ ()" + u(z) =

As the existence and uniqueness results show, it amounts to study the following ODE for y :=
pou()
under certain boundary behaviors. To solve (32), we will use Bessel’s equation
2

25
on (0,1),
vy +uf ()
Indeed, we have the following

1>1,

(32)
(y* —v*)f(y) =0 on (0,00)

define u(z) = x2=*f,(Bz'~*). Then u solves

Lemma 4.1. For a # 1 and any 5 > 0, let f, be any solution of (33) with parameter v* = (

(33)
Z:%)Z and
—(a%*/(2))" = p*(a — 1)%u(z)
Proof. Notice that by definition v/(z) = (3 — «) —2
2 (z) = (3 — a)a” 24 f, (B’ ) + B(1
(mQau/

@) == (a3

5 T
Using (33) evaluated at y = Ba'~2 gives

Multiply (34) by (a

Ba—1)%

2
> TR (Bt ) 4 Bla— 1% f (B ) + B2 — 1)Per ) (B
BP0 (Bt ) + Bat T £ (B

xlfa) — (1/2 62 2(17a))fy(6m17a)
1)22°~3 and obtain

U (B %) + Bla—1)%a 2 £ (8
Thus we obtain, by our choice of v

(.Z‘Qau/

(x))':—(a—i)Qx

(34)
1704) — (1/2(04 o 1)2 af

Pl — 1)) f, (')

B — )% f, (B’
) +u2<a1>2> T3, (Bt ) — B (e — 100 f, (B )

= —f%(a — 1)%u(x).
The proof is now completed

(for the proofs see e.g. Chapter III of [11])

We will need a few known facts about Bessel functions, which we summarize in the following Lemmas
fu(x) =

) i

POWer Series erpansion

Lemma 4.2. For non-integer v, the general solution to equation (33) can be written as
Ju(x) + Cod_,(x). (35)
The function J,(x) is called the Bessel function of the first kind of order v. This function has the following
1 x (=™
()= =—F |2
@) = o7 D (2) + Z miT
A similar expression can be obtained for J! (x) by differentiating J,(x)

(m+v+1) (§)2m+y'
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Lemma 4.3. For non-negative integer v, the general solution to equation (33) can be written as
fo(x) = C1d,(z) + C2Y, (). (36)

The function J,(x) is the same as the one from Lemma 4.2, and the function Y,(x) is called the Bessel
function of second kind which satisfies the following asymptotics: for 0 < x << 1,

2 Ip (& ifv =20,
Yu(w)N{”IL(w(fg)tﬂ Zwo,

s xT

BT no1 . 5
where v := nh_{lgo (Y41 + —In(n)) is Euler’s constant.
Remark 23. We have been using the notation f(x) ~ g(x). This notation means that there exists constants

c1,co > 0 such that
clg(@)] < |f(z)] < e2|g()].

Remark 24. Suppose that o # 1, and let g = |Va“:1}. Then Lemma 4.1, 4.2 and 4.3 guarantee that the

general solution of (32) is given by
u(z) = {Clxéat]u(ﬂﬁlo‘) + Cozz=J_,(Bz*~*) if v is not an integer,

37
Crz2=J, (B2 ~%) + Cox2 =Y, (Bz'~*)  if v is an non-negative integer. (87)

Now the problem has been reduced to select the eigenfunctions from the above family.

We first study the eigenvalue problem for the compact case 0 < a < 1.

1

Proof of (i) of Theorem 1.17. We first consider the case when 0 < o < 1. In this case notice that v = T=2

«
is negative and non-integer. From theorems 1.4 and 1.5, and equations (31), (32) and (37), we have that the

eigenfunction is of the form

u(r) = C’lx%_aJ,,(Bacl_a) + ng%_"J_,,(Bxl_a)

— —v(1_
with 8 = ‘au:lh whj& 22/ (z) = 0 and u(1) = 0. Then Lemma 4.2 gives that 2?%u/(z) ~ Cz%. S0

the boundary condition lil%l+ 222/ (z) = 0 forces Cy to vanish. Therefore u(x) = Cyz2~*J,(Bz'~*). Now,
r—r

the condition u(1) = 0 forces 8 to satisfy J,(8) = 0, that is 8 must be a positive root of the the Bessel

1
. a—z35
function J,, for v = 2.

Therefore, we conclude that if we let j, i, be the k-th positive root of J,(z), then
uuk(-r) - x%_a*]l/(jukml_a)v k= 17 2; e
are the eigenfunctions and the corresponding eigenvalues are given by

1
oy k=1,2,---.

Mk = T—""——575
k 1+ (1— )22,

1
Next, we investigate the case when % < a < 1. In this case, v = 01‘_; is non-negative and could be
integer or non-integer. Using Lemma 4.2 and 4.3, we obtain the asymptotics of the general solution near the

origin,

C18” Cp2" 1—2a : 1 . .
To+1)2 + BT L if @ > 5, and v is not an integer,
CiB” 2T ()C2 1-2a . 1 . .
u(xz) ~ NCEVPE e if @ > 3, and v is an integer,

(SIS

s+ 22 In(ByT) +9] ifa=
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Now Proposition 3.4 says that it is enough to impose u € LTlfl(O, 1) which forces Cy = 0 and
u(x) = Craz=J,(Bz*~*). Moreover, the condition u(1) = 0 forces 3 to satisfy J,(8) = 0, that is 8 must

be a positive root of the Bessel function J,, for v = o{_(i .

As before we conclude that
upk(x) = x%_aJl,(jl,kxl_a), k=1,2,---

are the eigenfunctions and the corresponding eigenvalues are given by

1
— k=1,2,--.

Mk = T—"——575"
k 1+ (1—a)?j2,

Finally, the asymptotic behavior of j,; as k — oo is well understood (see e.g. Chapter XV of [11]).

We have )
T 1 44 — 1 1
e =k — — = | = o). 38
ke 3 (o) s o (1) "

2
Using (38), we obtain that
1
ol|-).
wo(i)

pk =1+ (1 — a)? [(g <V_;> +7r,€)2_ (Vg_i)

Next we consider the case a = 1. In this case, the equation (37) is not the general solution for (32).
However, as the reader can easily verify, the general solution for (32) when a =1 is given by

O

Cra—¥VIH 4 Cyr— VT 0 for p < %,
u(w) = § Crod + Gt na for i =3, (39)

Clx*%cos< u—%lnx)—}—C’Qx*%sin( ,u—glnx) for p > 2.

With equation (39) in our hands, we can prove the following:

Proposition 4.4. If a =1, then T, has no eigenvalues.

Proof. For the general solution given by (39), we impose u(1) = 0, and obtain that any non-trivial solution
has the form:
Ca2tVi—n (1 — 2V %_“) for u < g,
w(z)={ Cz 2z for =2,
Cx_%sin( u—glnx) for,u>%,
for some C # 0. From here we see right away that if p > % then u ¢ L?(0,1). And when p < %, we obtain
that
1 1 = = 2
/ u?(z)de = 02/ p AV aTs (1 —z? 1_“) dx.
0 0
Let y = 22V %*“, so this integral becomes

1 1 1\ 2 2 %1
/uz(wdw:C?/ (1—) dyzc—/ —dy = +o0.
0 0 Y 4 Jo y

This says that when « = 1, there are no eigenvalues and eigenfunctions. O
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Finally we investigate the case o > 1. To investigate the eigenvalue problem in this case, we need the
following fact about the Bessel’s equation.
Lemma 4.5. Assume that f,(t) is a non-trivial solution of Bessel’s equation
21 () +tf, () + (£ =) fu(t) = 0. (40)
Then [ tf2(t)dt = oo, Vs > 0,Vv > 0.

Proof. We first define the function g, (t) = f,(bt), for some b # 1. Then g, (t) satisfies the ODE
t2g, () + tg, (t) + (0°t* — 1), () = 0. (41)
From equation (40) and (41), we have
(£ (g () = £ (D90 (1) + tfL (090 (1) = £ (£)g, (1) + (1 = b) fu (D)u () = O,
or

t(f) ()90 (t) = fo(O)g) (1) + (fL ()90 (t) = fo(£)g,(£)) + t(1 = b) £ (t)gu (1) = 0,

% [t (D)gu(t) = £ (£)gy, ()] + (1 = b%) fu (t)gu (1) = 0.

Integrating the above equation we obtain

[ s = ML) OO _ s8el0ls) (6D

ie.

b2 —1 b2 —1
_ NN f(BN) = N, (N)f(BN)  s£,,(5)fu(bs) — bsfu(s) [, (bs)
- b2 — 1 b2 — 1
£ A- B.

We then pass the limit as b — 1. Notice that
Nf,(N)f,(bN) —bN f,(N)f,(bN)

lim A = lim

b—1 b—1 b2 -1
o NVALNSLON) = N£,(N)FL(N) = BN, (N) 12 (bN)
b—1 2b
_ N2ANFL(N) = N (N)f)(N) = N2 £, (N) £/ (N)
2

= (N?J2(N) + N2£2(N) =2 P2(N))

and
i B — lim $70(8)fv(bs) = bsfy (5) £, (bs)
b—1 b—1 b2 —1
= % (sf2(s) + > f2(s) — V2 £2(s)) -
Therefore

N
[t = 5 (VEER) 4 NN = 2 RN) = 5 (8126 + 8 1)~ v AE)).

S

Sending N — oo, we deduce from the asymptotic behavior of the Bessel’s function that f:o tf2(t)dt = co. O

Proposition 4.6. If a > 1, then T, has no eigenvalues.
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Proof. We argue by contradiction. Suppose A = l% is an eigenvalue and u € L?(0,1) is the corresponding

eigenfunction, then x > 1 and the pair (u, \) satisfies (32). Lemma 4.1 says that u(z) = 2~ f,(Bz' =)

V=

where 3 = ¥/ 11 and f,(t) is a non-trivial solution of

L) +tf ) + (= v () = 0.

e’

Applying the change of variable Sx =t and Lemma 4.5 gives

1 1
/ uz(x)dx:/ o T2 f2 (Bt ) de
0 0

1 S t %Jrﬁ*l 9
:ﬁ(a—w/ﬁ (ﬂ) v ()t

1

— = _
_ﬂ2(06_1)/ﬁ tf;(t)dt = oo,

which is a contradiction. O

4.1.2. The Rest of the Spectrum for the Case o > 1.

We have found the eigenvalues of Ty, for all @ > 0. Next we study the rest of the spectrum for the non-
compact case o > 1. It amounts to study the surjectivity of the operator T, — AI in L2(0,1), that is, given
f € L*(0,1), we want determine whether there exists h € L?(0,1) such that (T — A\)h = f. Since ||T,]| < 1,
T, is a positive operator, and T, is not surjective, we can assume that 0 < A < 1. By letting u = Ah + f,
the existence of the function h € L?(0,1) is equivalent to the existence of the function u € L?(0,1) satisfying

By the definition of T, in Section 1.6, the above equation can be written as

2w @ @)+ (1= 2 w@o) ) de = — L [ fe)ete)de, Vo € xg. (42)
J ; i/

Since we proved that there are no eigenvalues when o > 1, a real number A is in the spectrum of the operator
T, if and only if there exists a function f € L?(0,1) such that (42) is not solvable. To study the solvability
of (42) we introduce the following bilinear form,

o () 2 /0 o () () + (1 - i) /0 ' (@)o(a)de, (43)

and we first study the coercivity of aq (u,v).

Lemma 4.7. If A > £, then a1 (u,v) is coercive in X}.
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Proof. We use Theorem A.1 and obtain

a1 (1, 1) = /Ol(xu’(x))Zdz - (i - 1) /01 W2 (z)da
> /Ol(xu’(x))Zdz 4 <i - 1) /Ol(aru’(:c))2
_ (1 4 <i - 1)) /Ol(a:u’(x))Zdz
(11 (5-1) ) Il

Thus if A > %, this bilinear form is coercive. O

Now we can prove the next
Proposition 4.8. For o =1, the spectrum of the operator Ty is exactly o(Ty) = [O, %]
Proof. The coercivity of a;(u,v) gives immediately that o(77) C [O, %] To prove the reverse inclusion, we

first claim that (73 — A)u = —X is not solvable when 0 < A < 2. Otherwise, by equation (42), there would
exist = + and u € L?(0,1) such that
2,/ /
—(z%u'(z)) + (1 — pu(x) =
{( @) + (1= puo) »

Equation (44) can be solved explicitly as

(@) x_%[C’—(C—Fﬁ)lnx}—l—ﬁ foru:%,
u(x) =
C,x~ 7 sin (A# + \/Elnao + oy forp> 3,
2+ 1
where C), = ﬁ, sinA, = ﬁ and C could be any real number. So we have that
1—p
2 0 2
ul(z) — 1 _ f_w(C7<C+ﬁ)y> dy for pu=3,
L= pll 2001 C, f_ooo sin® (A, +y) dy for p > 3.

Notice that the right hand side above is +oc independently of C, thus proving that u ¢ L?(0,1). Therefore
(Ty — A)h = —X is not solvable in L?(0,1) for 0 < A < 2. Also 0 € o(T), because T} is not surjective. This
gives [0,2] C o(T) as claimed. O

Proposition 4.9. For a > 1, the spectrum of the operator Ty, is exactly o(T,) = [0, 1].

Proof. As we already know, o(T,) C [0,1]. So let us prove the converse. We first claim that the equation
(T, — AM)u = —X is not solvable for 0 < A < 1. As before, this amounts to solve

— (@ (2))' + (1 = plu(e) = 1,

where y = 1. Lemma 4.1 implies that u(z) = 22 f,(Bz'~) +1 where 8 = =L and f, (t) is a non-trivial
solution of

CRIE) + () + (= v) fu(t) = 0.
By Lemma 4.5 we conclude that |[u||, = co. So (T, — A\)h = —\ is not solvable when X € (0,1).
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When A =1, take f(z) = —Az€"2, where € > 0 is to be determined, and try to solve (To, — Du=f,
which is equivalent to solve

(@) =
u(1l) =0.
The general solution of this ODE is given by

1 3 1
g2ty Cpm2etl O — : :
3+ +e—20) (3 +€)(3 +e€—20a)

u(z) =

We choose 0 < € < 2a — 2 so that 3 4+ ¢ — 2a < —1. Therefore, |lull, = oo independently of C, thus
(T, — Iu = f is not solvable. Hence (0,1] C 0(Ty,). Also 0 € o(T,,); thus the result is proved. O

Proof of Corollary 1.18. To prove (i), it is enough to notice that when 0 < o < 1 the operator Ty, is compact
and R(T,) is not closed.

To prove (ii) and (iii), by the definition of essential spectrum and the fact that T, has no eigenvalue
when o > 1, it is enough to show that o4(T,) C EV(T,), where EV(T,) is the set of the eigenvalues.
Actually, for A € 04(T,), we claim that dim N (T, — AI) # 0. Suppose the contrary, then dim N (T, —AI) = 0,
and one obtains that

R(T, — A\I)* = N(T; — \I) = N(T,, — \I) = {0}.
Since T, — A is Fredholm, it means that R(T, — AI) is closed and therefore R(T, — A\I) = L?(0,1). That
leads to the bijectivity of T,, — AI, which contradicts with A € o4(T%,). a

4.1.3. The proof of Theorem 1.19.

Indeed, since

N[—=

Proof. To prove (i), it is equivalent to prove that p,, > g forall k = 1,2,... and v >
v > £, we have the following inequality (see [6]) for all k =1,2,...
1 m—1

vk > +k7r > v+
v —_ = = v
Jvk 9 9 = D) )

SO
1 1 T™—3

>S4 s
2+ ) T2 T a1

. 1
(1 - a)jl/k = 5
Thus g =1+ (1 —a)?52, > 2.

To prove (ii), from [6] we obtain that for fixed z > 0, we have

lim 242 = j(z), (45)

v—o0o U

where i(z) := sec and 6 is the unique solution in (O, g) of tan § — 0 = wx. Using this fact, and the definition

of v, we can write
1\2 j 2

Define v, = £ (or equivalently, aj, = 1 — 2(71“)), then (45) implies that

fom = Hyym = 1+ (am - ;>2i2($) (1+o0(1)),
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where o(1) is a quantity that goes to 0 as m — oo. So for fixed z > 0 we find that (notice that m — oo
implies v,,, — 0o, which necessarily implies that a,,, — 17)
1 1
— =5 ———— =: A\(2).
fm 1+ 2i2(2) (@)

It is clear from the definition of i(z), that i(x) is injective and that i((0, +00)) = (1, +00), which gives that
A(z) is injective and A((0,400)) = (0,%). So we only need to take care of the endpoints, that is 0 and 2.
Firstly, consider j,1, the first root of J,(x). It is known that (see e.g. Chapter XV of [11])

Am =

jo1 =v+O0W5) as v — .

Consider fim = fim1 = 1+ (o, — %)2 (14 0(1)), where o, =1 — m, and o(1) goes to 0 as m — 0.
This implies that

4 _
)\m—>5asam—>1 .

To conclude the proof of (ii), recall that T, is compact for all @ < 1 s0 0 € o(Ty). |

Proof of Remark 21. Notice that part (i) in Theorem 1.19 gives sup,c,(r, ) infyeo(r) [z —y[ = 0 for all
% < a < 1. Therefore, it is enough to prove

lim sup inf |z—y|=0.
a—=1" zeq(Ty) Y€ (Ta)

Indeed, the compactness of o(T) implies that, for any e > 0, there exists {z;}"_; € o(T1) such that

€
sup inf |r—y| < max d(z;,0(Ty)) + =.
zeo(Ty) Y€ (Ta) ‘ | i=1,...,n ( ( )) 2

Then part (ii) in Theorem 1.19 gives the existence of a. < 1 such that d(z;,0(T)) < § for all ac < < 1
andallt=1,...,n. O

4.2. The operator Tp.

Proof of Theorem 1.16. In order to find all the eigenvalues and eigenfunctions, we need the nontrivial solu-

tions of
— (22 (x)) + u(z) = pu(z) on (0,1),
u(0) =u(1) = 0.
Let vy = %, which is positive and never an integer. Equation (37) gives us its general solution

w(z) = Cya? = J,, (Bz' =) + ng%_o‘J,l,O (Bx'™),
where 8 = Y£=2 The asymptotic of Ju, when 0 < xz << 1 yields

= Ja—1]
Cik™ . o
U@~ S koT(1— 1)

so imposing u(0) = 0 forces Cy = 0. ie. u(z) = Crz2=*J, (fz'~*). Then u(1) = 0 forces 8 to satisfy
3

T—eY

Ju, (B) = 0, that is # must be a positive root of the Bessel function J,,, for vy = 3—.

Therefore, we conclude that

l—a . —«
ul’ok(x) =x? JVU(]Vok'Tl ), k=1,2,---
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are the eigenfunctions and the corresponding eigenvalues are given by

1

 k=1,2,--.
1—|—(1—0z)2330k

)\V[)k‘ =

The behavior of p,,x is then obtained from the asymptotic of j, i just as we did in the study of the
operators T,. We omit the details. O

APPENDIX A

For a > 0 and 1 < p < oo define

XP(0,1) = {u e WP(0,1) : ue LP(0,1), 2% € LP(0, 1)} .

loc

Notice that the functions in X*?(0,1) are continuous away from 0. It makes sense to define the following
subspace

X%P(0,1) = {u € X*P(0,1) : u(l) =0}.

When p = 2, we simplify the notation and write X* := X*2(0,1) and X§ := X%"Q(O,l). The space
X*P(0,1) is equipped with the norm

HUHa,p = ||uHLP((),1) + ||37QUIHLP(0,1) J

or sometimes, if 1 < p < oo, with the equivalent norm

Sl

(e

The space X is equipped with the scalar product

(U, 0) o = /0 (z* (z)v' (2) + u(z)v(z)) da,

and with the associated norm

(NI

2 2
lulla = (Ml 20, + 2% 32 0,1))

One can easily check that, for « > 0 and 1 < p < oo, the space X*?(0,1) is a Banach space and X 37 (0, 1)
is a closed subspace. When 1 < p < oo the space is reflexive. Moreover, the space X¢ is a Hilbert space.

Weighted Sobolev spaces have been studied in more generality (see e.g. [8]). However, since our
situation is more specific, we briefly discuss some properties which are relevant for our study.

Theorem A.1. For 1 < p < o0, let 8 be any real number such that § + % > 0. Assume that u € Wllo’f(O, 1]
and u(1) = 0. Then

2%ull 0 < Cog [l (46)
where Cp g = ﬁ for1 < p < oo and Co g = % In particular, for 1 < p < o0 and 0 < a < 1,
uly, = lzU ||, defines an equivalent norm for X5 (0,1).
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Proof. We first assume 1 < p < oo and write
1 1
/ 28 [u(@)|? do = — / 2 (@8 Ju(@)?) de — 5 [u(o)”
€ 61 /
< —/ z (27 |u(z)|?) dz

1 1
= —pﬁ/ PP |u(z)|P dx —p/ PP ()P 2wz (z)d.

€

Applying Holder’s inequality, we obtain

1 1
(1+pB) / 22 Ju(@) dz < p / 278 u()? 2P ol (2)| e < p [Pl P,

Then equation (46) is derived for 1 < p < oo and Cp g = ﬁ. When p = oo, it is understood that % =0

and B > 0, so we pass the limit for p — oo in equation (46) and obtain

1
le%ull o < 5 [l 0

Theorem A.2. For0 < a <1, 1<p< o0, the space X*P(0,1) is continuously embedded into

(i) 00’17%70‘[0, 1if0<a<l—=andp#1,
(ii) L2(0,1) forallg < oo ifa=1— %,
(iii) L7757 (0,1) if 1— 2 <a <1 andp # oc.

D =

Proof. For all 0 < z < y < 1, we write |u(y) — u(x)| < ff |s®u'(s)| s~“ds. Applying Holder’s inequality, we
obtain

@ ifp=1
p=1
‘ylf%—xk% ! if1<p<ooandoz7é1—%
u(y) — w(@)] < Cap 5"U|| s [lny — lnx|% ifl<p<oocanda=1- % (47)
|y1_°‘ — xl_o‘| ifp=ocand a#1
lny — lnz| if p=ocoand a =1.

Then assertions (i) and (ii) of Theorem A.2 follow directly from equation (47).

Next, we prove the assertion (iii) with uw € X¥(0,1). That is, for 1 < p < oo, 1 — % <a<1and
u € WP(0,1] with u(1) = 0, we claim
el <2 (L) gaey (48)
Lﬁ - pOé _ p + 1 o Lp -

If o = 1, estimate (48) is a special case of (46). We now prove (48) for p =1 and 0 < a < 1. Notice that,
from equation (46),

lz*ull e < [[(2%w)']] .
< alla®ul| L, + 2%

<2 [lau ||
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Therefore,
1 1 1 1 1 1
/ |u(w)|5dx:—f/ x|u(w)|572u(33) "(z)dr — lim z|u(z)|>
0 @] 0 x—0t
< = / 1 a **1H
P T s
< 1o e
—27= ||lz%u|| e .
=7 I
That is
1 «
Jull 1 < <a> 217 |z 1 - (49)

Finally we assume 1 < p < co and 1 — % < a < 1, we proceed as in the proof of the Sobolev-Gagliardo-
Nirenberg inequality. That is, applying the inequality (49) to u(z) = |v(z)|”, for some v > 1 to be chosen,

it gives
g (/ jo(a dx) < (3 ) 21“/ @)™ o' (@) 2%da

Using Holder inequality yields

1—1
1 o o p(y—1) P
(/ jo(a dx) <’v<a) 2o v/an(/ jo(a |P1) .

Let X = p(;%ll). That is v = > 1 and the above inequality gives the desired result.

pa
pa—p+1

Finally, the assertion (iii) in the general case follows immediately from (48), because |ul/;, <
[ = (D)l Lo + [w(1)], while uw —u(1) € X57(0,1) and [u(1)] < (20 + 1) [Jull, ,,

We would hke to point out that, by the assertion (i) in Theorem A.2, we can define, for 1 < p < oo
and 0<a<1-— 57

Xo57(0,1) = {u e X*P(0,1) : u(0) =u(l) =0}.
Remark 25. Notice that the inequalities (46) and (48) are particular cases of the inequalities proved by
Caffarelli, Kohn and Nirenberg. For further reading on this topic we refer to their paper [2].

Theorem A.3. Let 1 < p < oo. Then X*P(0,1) is compactly embedded into LP(0,1) for all « < 1. On the
other hand, the embedding is not compact when o > 1.

Proof. We first prove that, for 1 <p < oo and 0 < a < 1, the space X7 (0,1) is compactly embedded into
LP(0,1). Let F be the unit ball in X3*(0,1). It suffices to prove that F is totally bounded in LP(0,1).
Notice that, by equation (47), Ve > 0, there exists a positive integer m, such that

HUHLP(Ql) <e€ YueF.
Define ¢(x) € C*°(R) with 0 < ¢ < 1 such that
0 ifz<1
ole) = {1 if 2 > 2,

and take ¢, (z) = ¢(mx). Now ¢, F is bounded in W1P(0,1), and therefore is totally bounded in LP(0,1).
Hence we may cover ¢, F by a finite number of balls of radius € in LP(0,1), say

émF C | JB(gire), g € LP(0,1).
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We claim that | J B(g;, 3¢) covers F. Indeed, given u € F there exists some ¢ such that
i

[ému = gill Lo (o,1) <€
Therefore,
l[u— 91‘||Lp(o,1) < [ pmu — giHLP(O,l) + [lu - ¢mUHLp(o,1)
<e+2 HuHLP(O,%)
< 3e.
Hence we conclude that F is totally bounded in LP(0,1).

To prove the compact embedding for X*?(0,1) with 1 < p < co and 0 < o < 1, notice that for any
sequence {v,} C X*P(0,1) with [[v,][, , < 1. One can define u,(z) = v, () —v,(1) € X7"(0,1). Then

lunllap = llz*upll Lo = llz o]l < 1.

What we just proved shows that there exists u € LP(0,1) such that, up to a subsequence, u,, — w in LP.
Notice in addition that |v,(1)] < (2P* +1) [|v][, , < 2P% +1, thus there exists M € R such that, after maybe
extracting a further subsequence, v, (1) — M. Then it is clear that v, (z) — u(xz) + M in LP.

We now prove the embedding is not compact when 1 < p < oo and @ > 1. To do so, define the
sequence of functions

0= (Geriaayer)

and

(%) = v () (1)’1’ ¥ > 2.

n

1
Clearly [|vn|lzp(,1) =1 and 1 — (3)* < lunllze(,1y < 2. Also [lzug [l 1p,1) < %. It means that {u,(x)}52
is a bounded sequence in X (0,1) for « > 1. However, it has no convergent subsequence in LP(0, 1) since
un, — 0 ae. and |[up[ 1,1y is uniformly bounded below.

If p=ocoand 0 < @ < 1, take u € X*°°(0,1) and equation (47) implies that
«@ -«
u(z) —u(y)| < Co 2% || oo |z —y| ™

Therefore, the embedding is compact by the Ascoli-Arzela theorem. To prove that the embedding is not
compact for p = co and « > 1, define the sequence of functions

Inx el
—2L qf + <zr <1
onl2) —{ s

1 if0<z< 4.
We can see that ¢, is a bounded sequence in X*°°(0, 1) for a > 1. However it has no convergent subsequence
in L°°(0, 1) since ¢, = 0 a.e but ||| = 1. O
We conclude the Appendix with the following density result, which is not used in the paper but is of
independent interest.
Theorem A.4. Assume 1 < p < oo.

i) IfpAtlandd <a<1-— %, we have that C*([0,1]) is dense in X*P(0,1) and that C§°(0,1) is
dense in X3 (0,1).
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(i) fa>0anda>1— %, we have that C3°(0,1] is dense in X*P(0,1).

Proof. For any 1 < p < oo, a > 0 and v € X*P(0,1), we first claim that there exists a sequence {e,, > 0}
with lim,,_,~. €, = 0 such that:

e cither |u(e,)| < C uniformly in n, or
o |u(e,)| < Ju(z)| for all n and 0 < z < €,.

Indeed, if |u(z)| is unbounded along every sequence converging to 0, we would have lim,_,o+ |u(z)| = 400, in
which case we can define ¢, > 0 to be such that |u(e,)| = ming_, <1 |u(x)|, thus completing the argument.
In the rest of this proof, for any v € X*?(0,1), sequence {e,} is chosen to have the above property.

We first prove (i). Assume 1 < p < ooand 0 < a < 1 — %. To prove that C'*°([0,1]) is dense in

X*P(0,1), it suffices to show that W1P(0,1) is dense in X*P(0,1). Take u € X*P(0,1). Define

i () = ulen) if0<z<e,
e u(z) ife, <z<1.

Then one can easily check that u,, € WP(0,1) and that u,, — u in X*P(0, 1) by the dominated convergence
theorem. To prove that C§°(0,1) is dense in X57(0,1), it suffices to show that W,7(0,1) is dense in
X56F(0,1), to do so, we adapt a technique by H. Brezis (see the proof of Theorem 8.12 of [1], page 218):
Take G € C1(R) such that |G(t)| < [|t| and

G@):{o if [t <1

t o if |t > 2.

For u € Xg;*(0,1), define u,, = LG(nu). Then one can easily check that u, € Cy(0,1) N X*P(0,1) C
Wol’p((), 1) and that u,, — w in X*P(0,1) by the dominated convergence theorem.

To prove the assertion (ii), we notice that it is enough to prove that C§°(0,1) is dense in X §*(0,1).
Indeed, for any u € X*?(0,1), define ¢(z) € C§°(0,1] such that |¢(x)| < 1 with

1
¢@):{0 if

Define v(z) := u(z) — ¢(z)u(l), then v € X7(0,1). If we can approximate v by v, € C§°(0,1), then
un(z) = va(z) + ¢(z)u(l) belongs to C§°(0,1] and it approximates u in X3 (0,1). So let @ > 1 — % and
1 < p < o0, to prove that C§°(0,1) is dense in X$7(0,1), it suffices to show that W, (0,1) is dense in
X4%(0,1). To do so, for fixed u € X77(0,1), define

() @x if0<z<e,
up(z) = n
u(z) ife,<x <1

O wiv
IN A
Wl =

r <
x <

Then u, € W;?(0,1) and on the interval (0,¢,) we have either |u,(z)| < |u(z)| and |u,(z)] < ‘"?M or
[up ()] < C and |ul,(z)| < € where C is independent of n. In both cases, since a > 1 —% and x> tu(z) € LP
by Theorem A.1, one can conclude that w,, — u in X*P(0, 1) by the dominated convergence theorem.
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Fora=1- % and 1 < p < oo, again, it suffices to prove that W,?(0,1) is dense in X37(0,1). For
fixed u € X{?(0,1), define

u(€n,)(1—Ine,) if 0 S T S €n

l1-Inz

u(z) ife, <z <1

One can easily check that u, € C[0,1] N X*?(0,1) and u,(0) = u,(1) = 0. On the interval (0, ¢, ), we have
|

either |u, (z)| < |u(z)| and |ul,(z)| < %, or |u,| < C and |u],(x)] < m where C' is independent of

n. Notice that by using the same trick used in estimate (28), one can show that v (1—Inz)~tu e LP(0,1)
_1
for any u € X.l0 p’p(O, 1) with 1 < p < oo. Therefore, one can conclude that w, — « in X*?(0,1).
The above shows that that {u € C[0,1] N X*P(0,1) : u(0) =u(l) =0} is dense in X37(0,1). Fi-
nally, notice that by using the same argument used to prove (i), we obtain that VVO1 (0,1) is dense in
{u e C0,1]N X*P(0,1) : u(0) =wu(1l) = 0}, thus concluding the proof. O
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