UNIQUENESS RESULTS FOR A SINGULAR NON-LINEAR
STURM-LIOUVILLE EQUATION

HERNAN CASTRO

ABSTRACT. In this work we study the uniqueness of solutions to the following
singular non-linear Sturm-Liouville equation

—(@2*u) = u4uP in (0,1),
>0 in (0, 1),
u(1) =0,

where 0 < a < 1, p > 1 and A € R are parameters.
1 1

We show that when 0 < o < 5 and p > 1, and when 5 < a < 1 and

1<p< ‘;;i‘; uniqueness of solutions is guaranteed to hold when one imposes

some appropriate behavior at the origin.

1. INTRODUCTION

We are interested in the problem of uniqueness a function u satisfying the non-
linear singular Sturm-Liouville equation

—(2**u) = Xu+uP in (0,1),
(1) u>0 in (0,1),
u(l) =0,
where 0 < a < 1, p > 1 and A € R. More precisely, we want to understand under
what condition at the origin equation has at most one solution.
In [3] we proved existence of solutions to equation (1)) that belong to C[0, 1], and
now we would like to show that those solutions are in fact unique in their respective

classes. One of the solutions obtained in [3], hereafter denoted by up, was obtained
by imposing the Dirichlet condition lim+ up(xz) = 0, and the next result shows
xz—0

that up is in fact unique in this class.
Theorem 1 (Uniqueness of the Dirichlet problem). Let 0 < a < 3, A € R and
p > 1, then equation

—(z*u) = u+uP in (0,1),

(2) u(1) =0,
g @) =0

has at most one positive solution.
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The other solution obtained in 3] when 0 < o < 1, denoted by uy, was obtained

by imposing the Neumann-type condition lirn+ 2y () = 0. It was established
z—0

in 3] that this solution has nicer regularity, namely z?*~!u/, € C[0,1], which for

0 < a < 3 implies that uy is in fact C*[0,1] and that u}(0) = 0. This second

solution is also unique, as the following theorem shows:

Theorem 2 (Uniqueness of the Neumann problem). Let 0 < a < %, A€ R and
p > 1, then equation

—(2*) = u+u? in (0,1),
3) u(1) = 0,
22~y € o, 1],
has at most one positive solution.

The case 2 < a < 1 is a little more delicate, as uniqueness seems to depend

2
on the exponent p > 1. As seen in [3], the exponent p = 3=22 plays a role in the
existence question. This can be seen from the fact that the weighted Sobolev spaces
X introduced in [4], are embedded into Li*1(0,1) if and only if 1 < ¢ < g;zﬁ,
and in this case a solution to equation can be produced by minimizing a suitable
energy functional. This exponent turns out to be critical also for the uniqueness.
In [4] it was proved that for 1 < a < 1 the operator —(2**u/)’ has a natural
boundary condition that can be imposed at the origin, and this is what we called

the “Canonical” condition hn%) x2%y/(z) = 0. We proved that for 1 < p < 322 and
r—

2a—1
suitable A, equation has at least one solution under this boundary condition,
which we hereafter denote by uc. This solution has the same property as uy,
namely 2 1u,, € C[0,1], and when 1 < p < g;zol‘, this is enough to make ug
unique, as the following theorem shows.

Theorem 3 (Uniqueness of the “Canonical” Problem). Let 1 <a <1, A € R and
suppose 1 < p < g;ﬁq, then equation
—(z®u) = Mu4uP  in (0,1),
(4) u(l) =0,
21/ (z) € C[0,1],

has at most one positive solution.

When % <a<l p> 3;3‘1“ and A > 0 is sufficiently close to the first eigenvalue
of the operator —(z2*u’)" under the “Canonical” boundary condition, bifurcation
theory guarantees the existence of regular solutions to equation (that is, a
solution satisfying u € C[0,1] and z**~!u/ € C[0,1]), however such solutions are
not necessarily unique. This phenomenon had already been noticed in the study of

the equation

—Au =M u+uP in B(0,1) c RY,
(5) u=0 on 0B(0,1),
u>0 in B(0,1),

for N >2,p> % and A > 0 sufficiently close to the first eigenvalue of —A. For
equation , existence is also guaranteed by bifurcation theory, but uniqueness is
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known to fail, as it can be seen in [2,/7]. It was pointed out in [3] that equation
and equation are related through a change of variable, so when % <a<1land
p > 3;301‘ any attempt to prove uniqueness is guaranteed to fail.

The exposition of this paper is divided as follows. In section [2] we establish
some preliminary results. In section [3] we prove Theorems [2] and [3] and then prove

Theorem [l in section [l

2. PRELIMINARIES

The following is an important proposition which will allow us to simplify the
proof of our theorems. In what follows, whenever we say “p > 1 is sub-critical” we
will mean that:

<>p>1,if0<a§%,or

<>1<p§§;301‘,if%<a<1.

Proposition 2.1. Let 0 < a < 1, A € R and p > 1 be sub-critical. Suppose
equation has two distinct solutions u1,uz € C[0,1]NC?(0,1], such that ub(1) <
ui(1) < 0. Then there exists a third solution uz € C[0,1] N C?(0,1] such that
us(1) < uh(l) and uy and ug intersect at most once in (0,1), i.e.

#{x €(0,1): ui(z) = uz(z)} < 1.
To prove this proposition we need the following

Lemma 2.1. Let A € R, p > 1, B < 0, Suppose V € C[0,00) is such that both
IVl 2o (0,00) @nd [IV'[[11(0,00) are finite. Let w be the unique solution of the initial
value problem

w" + Aw + |[wP w

(6) w(0)
w'(0)

V(y)w + Bw' in (0,00),

)

I
= o

Then w € W2°°(0, 00) with
w200 < COP IV Il poe s IVl 0)-

Remark 2.1. Notice that the constant which bounds |lw||, ., does not depend on
the constant B < 0.

Proof of Lemma[2.1]. Let

PR )+ )

| >

By multiplying equation @ by w’ we can easily see that

B(wy) = 3V ) (0)?) + Bu' ()"

Now, let A = {y > 0 : max,e[g,, w(s)? = w(y)?}. Notice that since w’(0) = 1, we
have that (0,e) C A for small enough ¢ > 0, so A is not empty. For y € A we
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integrate the above identity over (0,y) to obtain
Y
Bw.y) - Bw,0) = [ CV@Nw@PY+BM@F>®,
™) <5 [ ViR - gVimur,

1
5(wwﬂmwwwvm@@wﬂw@ﬂ

IN

from where we deduce that

w/(y)Z 1 i 2 p+1
5+ 5 A (V000 + Vi) w0 + oo o) < B(w,0)
1
L

Since the level sets of the function h(z,y) = 3y* + SRa* + p+1 |z[P™ are bounded

for all R € R, we obtain that |w(y)| < C for all y E A, where C does not depend
on y. Therefore we deduce that

lwy)| < C=Cp, [IVIIge V'l 1)

for all y > 0, because if this were not true, we could find a sequence such that
w(yn)? — +00 and, after maybe extracting a sub-sequence, that y,, € A, which we
have shown to be impossible.

Now that we know that w is bounded, we obtain from estimate and equation
(6) that w’ and w” are also bounded. O

With lemma in our pockets, we can now prove Proposition

Proof of Proposition[2.1 To prove this result we will follow a proof by Kabeya and
Tanaka in |5, Appendix A]. Without lost of generality, we will assume that

#{z € (0,1): ui(e) = ug(2)} = 2,
because otherwise we can simply take us = us.
First of all notice that if u solves —(#2*u’)’ = Au+ |u[’~ " w in (0,1), then if one
lets ¢ = 2 22 < () and defines w(y) = e®u(e™¥), then w solves
—w” 4 Bw' + Aw = Ae~?729y 4 |w|P " w in (0, 00),

where A = ¢(1 —2a —c¢) and B = 2o — 1+ 2¢. Observe that B < 0 whenever p > 1
is sub-critical. Now, for m > 0, define w(y, m) as the unique solution of the initial

value problem
®) —w" + Bw' + Aw = e~ @72y 4w’ w  in (0, 00),
w(0) = 0,w'(0) = m.

Fori = 1,2, let m; = —u}(1). Then by the uniqueness of the initial value problem
one has that w;(y) = w(y,m;) = e%u;(e¥) for i = 1,2. Define o;(m) as the j**
intersection between wy (y) and w(y, m), i.e. if one lets o¢(m) = 0, then

ojy1(m) :=inf{y > o;(m) : wi(y) = wly, m)}.

We claim that
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(i) For m > mgy large enough there exists yg < oo such that w(y,m) solves
—w” + Bw' 4+ Aw = Xe” 72y - wP  in (0,y0),
w >0 in (0, o),
w(0) = 0,w(yp) =0,

and # {y € (0,40) : wi(y) = w(y,m)} = L.
(ii) There exists mz € (mg, m) such that oo(m) — co as m — m3 .
(iii) If one lets ws(y) := w(y, ms), then ws solves

—w" + Bw' + Aw = e~ ?729y 4+ P in (0, 00),
w(0) =0,
w > 0,

and # {y € (0,00) : w3(y) = w1(y)} < 1.
Let us prove the claims:
Proof of To prove this claim let 1,,(y) = m%w(mby, m), where a = —p%
=

1
and b = then a direct computation shows that w,, solves

=y
Wl A+ Ny, + (B[P~ Dy, = Vi (), + Bmba,,  in (0, 00),
Wy (0) = 0,4, (0) = 1,

where V,,(y) = Am?® — X (e*(z’%‘)mby —1). Observe that for all m > 1 one has
[Vinlloo < Al +2[A] and that ||V}, |11 0,00) = [Al, hence, since B < 0, we can use
lemma to say that w,,, @), and @/}, are bounded independently of m > 1. By

means of Arzela-Ascoli theorem we are able to find a function ., € C*[0,00) such
that @, converges to Wy in C}[0,00). Now, it is easy to see that V,,(y) — 0
m—0o0

uniformly over compact sets in [0, 00), hence we must have that W is the unique
solution of
B A Miso + |Weo|”  hse = 0 in (0, 00),
Weo (0) = 0,w,(0) = 1.
Multiply the above equation by @/ and integrate over [0, %] to obtain

1 1 1
30 + §0 ()’ + g [T ) = 5,
hence Wy is periodic and one has that for gp := inf{y > 0: W (y) = 0} then
Woo(y) > 0 for y € (0, 7o) and W (Yo) = 0.

Finally, since w,, — Ws uniformly over compact sets, we have that for m large
enough the claim holds.
Proof of Let m > mso and denote ws(y) := w(y,mz). Notice that by
the uniqueness of the initial value problem at o;(m) one has that wj(c;(m))
w'(oj(m), m). Hence, thanks to the implicit value theorem, one obtains that o;(m)
varies continuously when one varies m.

Now let [ma, m*) be the maximal interval where both o1 and oy are finite. We
claim that if m € [mga, m*) then w(z, m) > 0in (0,02(m)). Indeed, if w(y’,m') <0
for some m/ € (mg, m*) and some y’ € (0,02(m’)), we can define

vt <0}

mo =inf < m € [mg,m*): min
’ { )y
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Since for m = mg we have w(y,m) > 0 we obtain that my € (mq, m’] and that

veivntmay ) =
The above implies that there is some § € (0, 00) such that w(f, mg) = w'(§,mg) = 0,
so by the uniqueness of the initial value problem at § one obtains w(y,mg) = 0,
which is impossible since 0 < mo < mg.
Now, by claim w(y,m) hits zero for some finite y, so we must have that
m* < m, so the only possibility is that go(m) — oo as m  m*. The claim is
*

proved with ms = m*.
Proof of|(ii)l Define ws(y) := w(y, m3). There are two cases to take into account:

e 01(m) — o0, and
m 'm*

e o1(m) mﬁn* o1 < 00.

Notice that by the definition of o(m) and the fact that m > m; for all m €
[ma, m3), we have that w;(y) < w(y,m) if y € (0,01(m)) and wq(y) > w(y, m) if
y > (o1(m),00).

If o1(m) 7) o1 < 00, we obtain by passing to the limit that wy(y) > w3(y)

for all y > oy, hence w3 is dominated at infinity by w;, which decays exponentially
(recall that wi(y) = e“Yuy(e™¥) for ¢ < 0 and that by assumption u; € C[0,1]).
Therefore w3 must also decay exponentially and therefore by dominated conver-
gence we obtain that ws is in fact the solution we are looking for (in this case there
is a unique intersection between w; and ws).
On the other hand, if o1(m) 7> 0o, we have that that for w;(y) < w(y,m)
m /m*

when y € (0,01(m)), then W(y) = w(y)w(y,m) — wi(y)u'(y,m) > 0 i y €
(0,01(m)). Indeed, notice that W satisfies

W' (y) + BW(y) = —wi(y)w(y, m) (wi(y)’ " —w(y,m)’~") >0 in (0,01(m)),

hence eBYW is an increasing function, but W(0) = 0, so W(y) > 0 for all y €

(y)

(0,01(m)). This implies that ) g monotonically decreasing in (0,01 (m)).

w(y, m)
So 0 < wly.m) < lim wly,m) = % and we have that w(y,m) < ﬁwl(y),
wi(y,m) ~ v=0 wi(y) ' mi

therefore when we pass to the limit we obtain that

ws(y) < ﬁwl(y), for all y > 0.
miy

The conclusion is the same as before, as the above implies that w3 decays exponen-
tially at infinity (in this case there is no intersection between wq and ws). (]

Next, we recall the Pohozaev type identity established in [3]. For each 8 € R,
we have the “energy” functional

1
(9) Brs(u)() = 5o 400/ (@) + 2P () 4 S hu(a)?

p+1
— % (B+1—2a) 2% P/ (x)u(x) + g (B+1—2a) 2% 1Py (z)?,
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and the identity satisfied by all solutions to
1

(10) Expl)(e) = 017 =AML= a+5) [ u(sds

x

(o0 (5 57) o) [ S fufs) !

P (8> = (2a —1)?) / §207 2By (5)%ds.

4
As it will be seen later it is convenient to choose § in the following way
1 1
@73
(11) fi=—.
31 5T

Before explaining the reason why we select such [, let us make an observation.
Firstly, we notice that for every 0 < a < 1, every A € R, every p > 1, every
solution u of equation satisfying u, 22~ 1u’ € C[0,1], and for 3 as above, then
B€(a—1,2a—1) and

0 if 5> 1—2a,
1. E = M 2 ] — _
Jim A4 () s—u(0)® if f=1-2a,

400 if p<1-2aq,

Indeed, since 3 > —1, we obtain that terms of the form z'*#ul(z) = o(1) for all
g > 1 (this follows since u € C10, 1]). Also

2Py (2)u(z) = o(1),
and

2ot I8y ()% = o(1).
This means that the only term we need to worry about is the last one in the
definition of E) g, that is

(12) Eyp(u)(z) = g (B+1—2a) 2% HPu(z)? + o(1).
Now, since both u and z?*~!u/ are continuous in [0,1], we have that u €
C%27290, 1], hence
u(w)? = u(0)* + 0(@*2),

SO we can write
(13) By p(u)(z) = g (B+1—2a) 22 HBu(0)% + o(1),

from where it is easily deduced that if 8 > 1 — 2q, the limit is 0; when § = 1 — 2«
then the limit is %U(O)Q; and when 8 < 1 — 2q, the limit is +o00.

When 0 < a < % and u solves equation with «(0) = 0, we still have that the
terms of the form z'*5 |u(z)|? = o(1), so we have

Bxsw)(z) = 220 | Lot (@) 4 L (20— 1= Bl (a)u(a)

+§(ﬁ +1—2a)z** 2u(x)?| +o(1).
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But now 22~y and 22’ belong to C*[0, 1] (this follows from the fact that u €
C[0,1] and the regularity properties of the operator —(z2“u’)’ given by |4, Lemma
3.1]), thus we obtain

E) g(u)(z) = pl2eth {x4au/(x)2‘0 +-2a-1- B)x‘la_lu’(x)u(x)‘

DN | =

0
05+ 1- 2020w | + o),

Notice that for all > 0 small enough, one must have that «/(z) > 0, and since
B < 2a—1 < 0 we have that every term in parenthesis is positive, so for every such
u we have that

}gr%) E\(u)(x) = +o0.

The main motivation behind the choice of 8 comes from identity , as for 8
chosen as above, we obtain that the derivative of Ey g(u)(x) with respect to z is a
multiple to u(z)?, that is

d
o= (Bxp(w)(2)) = G(@)u(@)?,
x
where
(14) G(x) = A1 —a+p)z’ + g (8% — (2 — 1)?) 2?25,
This is the key ingredient that will allow us to adapt a technique by Kwong and

Li |6] to prove our result. In [6], the authors proved the uniqueness of positive
solutions of an equation of the form

a(2) + f(u(@) + g(@)u(z) =0z € (a,b)
u(a) = u(b) =0,

by defining an energy function that had the property that its derivative is a multiple
of the square of the function, that is the main reason behind our choice of 3.

As we will see in the proof, it is necessary to impose some hypotheses over the
function G in order to obtain the uniqueness: We suppose G € C(0,1) is either
identically 0 or that that there exists ¢ € [0, 1] such that

(15) G(z) > 0 for all z € (0,¢), and G(x) < 0 for all z € (¢, 1).

Let us find out when the function G defined in satisfies this hypothesis. Since
we are only concerned about the case p > 1 sub-critical, we will only consider 5 < 0.
It is easy to see that when 1 — 2a < 8 < 0 (or equivalently g;fol‘ <p< 3;3‘}),
then G(z) — +oo as ¢ — 0T, and that depending on A, either G > 0 in (0,1)
or G has exactly one zero in (0,1]. When g = 0 (that is when p = ;’;E‘i‘), then
G(z) =X (1 —a+ f), so sign (G) = sign ().

When 8 < 1 — 2a (or equivalently, 1 < p < g;f"l‘, which only occurs when
% < a< %), there are two cases to take into account. When § = 1 — 2a, then
sign (G) = sign (A). And when o — 1 < 8 < 1 —2q, then G(z) - —o0 as ¢ — 0, so
the only way to obtain such ¢ is that ¢ = 1 and G < 0 in (0, 1], which is satisfied

when ) )
B((2a —1)* = 57)
AS 41— a+p)
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It is easy to see that
B((2a —1)% — B*)

41—a+p)
is always a positive number which satisfies Ao g \, 0 as p > 1 increases to the critical
exponent (that is, p /oo when o < % and p ~ g;zol‘ when % < a < 1). Because
of this behavior is that we will only use this approach for A < 0. In summary we
have proved the following two lemmas.

)\a,ﬁ =

Lemma 2.2. Suppose 0 < a < 1, A < 0 and that p > 1 is sub-critical. Let u
be a solution of satisfying in addition that z2*~'u' € C[0,1], then there exist
B =pB(a,p) €ER and G € C(0,1) such that for Ey g(u)(z) defined in (9) we have

d
7 (Exp(u)(2)) = G(z)u(z)?,
and G satisfies for some ¢ € [0,1]. Moreover we have the following expansion

of Exg

(16) By p(u) () = 2

T
Lemma 2.3. Suppose 0 < o < %, A <0 and that p > 1. Let u be a solution of
equation such that uw(0) = 0, then there exist 8 = f(a,p) € R and G € C(0,1)
such that for Ey g(u)(x) defined in (9) we have

d

7= (Bxp(w)(2)) = G(a)u(@)?,

and G satisfies for some c € [0,1]. Moreover we have the following expansion
Of E)\”g

(B4 1 —2a) 222 HPu(0)% 4 o(1).

By p(u)(z) = 2! 720HF {19540‘1/(;5)2‘0 +-Q2a—1- ﬁ)x‘lo‘_lu’(:ﬂ)u(m)‘

B
4

For A > 0, we will adapt a method by Adimurthi and Yadava [1| used in the
study of the uniqueness of radial solutions to the equation

—div(|Vu|" " V) = X u|™ 7 u+ b

0

+=(B+1- 2a)x40‘2u(x)2‘0] +o(1).

The idea used in [1] resembles the technique of Kwong and Li as they both use
a Pohozaev type identity to prove that a single intersection between two positive
solutions cannot occur.

With the above in mind, we define the new energy functional

(17) Ex(u)(z) := %x2a+1u/(x)2+p+ 1 +%xu(x)2+]ﬁx2au’(aj)u(x),

then a direct computation shows that for every solution u of equation we have
the following identity

(18) %EA(u)(x) _ (1 TR a) 220 ()2 4+ A (; - pl> w(z)?,

so in the derivative of this new energy functional instead of having only a term

involving u(x)?, there is a second term involving u'(z)%. Observe that for every

@ u(a) "
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0<a<1, A>0, and every p > 1 sub-critical we have that both ﬁ + % — « and
1 1

A (5 — m) are non-negative constants which cannot be simultaneously 0.

It is easy to see that for u solving equation , with the additional assumption
that 22>~ 1u’ € C[0,1], we can write

Ey\(u)(z) :== %x2a+1u'(x)2 + iﬁmmu’(x)u(:r) +o(1),

and since both u and 22%~1u’ belong to €0, 1] we deduce

Ex\(u)(z) = %x4a72u'(x)2x372a + Iﬁxmflu’(x)u(z)x +o(1) = o(1).

In summary, we have proved

Lemma 2.4. Suppose 0 < a < 1, A\ > 0 and that p > 1 is sub-critical. Let
Ey(u)(z) be defined as in (L7), then for every u solution of equation satisfying
22Ny € C[0,1], there exists constants C1,Cy > 0 not both simultaneously 0 such
that for all 0 <e < 1

(19) E\(u)(1) — Ex(u)(e) = Cl/ w2/ ()% + Cg/ u(z)?,
and that Ex(u)(e) = o(1) as € approaches 0.

3. PROOF OF THEOREMS [2] AND [B]

Proof. We will argue by contradiction and assume that u; and us are two distinct
solutions of equation satisfying 22~/ € C[0,1]. We begin the proof with an
observation: Suppose u; < ug (respectively u; > wug) in (a,b) C (0,1), then the
function

2 (uf (2)ua(x) — i ()uy(2))

is increasing (respectively decreasing) in (a,b). Indeed, for x € (a,b) we have

w(z) =2x

w' = (2 ug + 2 ujuly, — (2%ub) up — 2l
= — (Aug +uf) ug + (Aug + ub) uy
= Ui1uU2 (Up_l - u117—1)

>0 (respectively < 0).

(20)

Having said that, notice that by proposition 2.1 we can assume that u; and usy
intersect at most once in (0,1). Let us rule out first the case of no intersection,
that is we can assume that u; and us are ordered, say u; < ug in (0,1). Multiply
the equation of u; by us and integrate by parts over (0,1) to obtain

/0 1 220, (2l (z)dx = A /O 1 wn (2)us (z)da + /O ' s ()P (),

where we have used that x??u}(z)usz(x) — 0 as * — 0. The same identity holds
when u; and uo are interchanged. By subtracting the two identities we obtain

0= /0 uy (z)us(z) (uz(z)?~" = uy (z)?1) dz > 0,

impossible.
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Finally we only need to rule out the case of a unique intersection, so suppose
that there is ¢ € (0,1) such that u; < ug in (0,0) and w; > up in (0,1). For
!/
i =1,2, define r;(z) = M
ui(x)

We claim that r1 and r3 do not intersect in (0,1). Suppose the contrary, then
there exists p € (0,1) such that r1(p) = ra(p). If p > o, then for z € (p,1)
we have u; > wug, so by we obtain that w is decreasing in (p,1), but by
assumption w(p) = p?*uyi(p)uz(p) (r1(p) —r1(p)) = 0. On the other hand since
u1(1) = uz(1l) = 0, we obtain that w(1) = 0, impossible. Similarly, if p < o, we
obtain that w is increasing; by assumption w(p) = 0 and since z?*u(x)u;(z) — 0
for 4,5 = 1,2, we obtain that w(0) = 0, also impossible. Hence r1 never intersects
ro, but since r1(o) > ro(0), we must have ri(z) > ro(z) for all z € (0,1). From

/

here we deduce that the function o is increasing, indeed, notice that <u1(m)> =

( ) U9 U2 ($)
u(x

- 0.

5 (@) =) >

Now we distinguish two cases: A <0 and A > 0.

The case A < 0: From lemma there exist § € R and a function G € C(0,1)

such that for any solution u of equation satisfying 2%~/ € C[0, 1] we have

d
(21) (B, p(w)(@) = Glau(w)*
and G satisfies for some ¢ € [0, 1]. Define
) ro<e<t,
us(c)
(22) T=9ml ey
uy(1) ’
1 if G =0.

U
By the monotonicity of —L we deduce that
U

u1(z) < yug(z) for 0 < x < ¢ and uy(z) > yug(z) for c <z < 1.

Now, let 0 < £ < 1 and integrate equation over (g,1) where u is replaced by
u1, to obtain

1 1
S0 = Bua(u)€) = [ Gloyu (@
g
Do the same for us, and multiply the result by v2 to obtain
2 1
T~ Exslun)e) = [ Glausle)da.

Subtracting the two identities above yields

[ 6@ (@) (@) do = 5 (1) =201

— (Bap(ua)(e) = 7*Exp(u2)(e)) -

Notice that by the definition of v and , the integrand on the left hand side
is always non-positive (it is zero if and ounly if G = 0). Also notice that since
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ui(x) > yug(z) for all ¢ < x < 1, we obtain that

_oui(w) ug(1)
7S zlg?f ug(z)  ubh(1)’

hence v} (1) — v2ub(1)? > 0. Also with the aid of we have that

Exp(u1)(e) =¥’ Ex p(u2)(e) = g (B+1—2a) e 0 (u1(0)* — 4%u2(0)%) + o(1),

but since u;(z) < yuz(z) for all 0 < z < ¢, we obtain that u1(0)? < v2uy(0)?, and
since for all p > 1 sub-critical, 5(5 + 1 — 2a) > 0, we can deduce that

1

—(u1(1)” =y uy(1)?) +0o(1) < z) (u1(x)” — vy u2(z x,
5 (W2 =P (12) 4 o(1) < [ 6(a) (wr(a)? ~us(a)?) d

which by letting € go to 0 gives

0<

|~

1
(w1 (1)* = y*up(1)?) < /0 G(x) (ur(2)* = y*uz(2)?) dz <0,

since the last inequality is strict when G # 0 we obtain a contradiction. When
G = 0, then by definition v = 1, and we obtain that v (1) = u5(1), so u; = us,
also a contradiction.

The case A > 0: To handle this case we first notice that if u > 0 solves

—(2?u) = \u+u?,
and lim+ 2%/ (x) < 0, then u/(x) < 0 for all z € (0,1). Indeed, since A > 0
z—0
and v > 0, from the equation we obtain that z2®u’ is strictly decreasing, hence for
0 <z < 1 we have z2%u/(z) < lim z?**u/(z) <O0.
z—0t w
Recall that we already established that —Lis increasing, so we have that ujug >

U2
uyub, and since uh < 0 for A > 0 we obtain that

ui(x) _ w(x)
up(x)  ug(x)

!
1
Let 5 = lim 1@ _ @)
a—1- ug(z)  uh(1)
uf(x)? < F2uh(x)?. Now, for given 0 < e < 1, subtract 52 times identity for
us from identity for u1, and with the aid of lemma we get, after sending e

forall0 < x < 1.

2

, then the above implies that u1(x)? < F2ug(z)? and

3 (07 =550 = €1 [0 (@) = Fus(a)?) da

1
+ Cy /0 (ul(x)2 — :yuz(:z:)z) dx.

By definition of 7, the left hand side is identically 0. For the right hand side
notice that both integrands are negative functions, and since Cy,Cs > 0 with one
of them strictly positive, we conclude that the right hand side must be negative,
impossible. (I
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4. PROOF OF THEOREM [1]
We divide the proof into two cases: A < 0 and A > 0

Proof of Theorem (1] when A < 0. The proof is by contradiction, that is we assume
that we have two distinct solutions wq, us of equation satisfying u;(0) = 0,
i = 1,2. Proposition still applies, so we can assume that u; and us intersect at
most once in (0,1). The case of no intersection is immediately ruled out as before
because we still have z2%u} (z)uz(z) = o(1) = z**u(x)ui(z) when x — 0T, so we
only need to take care of the case of a unique intersection. Suppose that there is
o € (0,1) such that u; < ug in (0,0) and u; > us in (0,1). Also, a line by line copy
of our previous argument allows us to show that the function el is increasing.

Us

We continue as in the proof of the uniqueness of Theorems [2] and [3] but instead
of using lemma [2:2] we will use lemma [2.3] So after defining v as in [22] and using
lemma [2.3] in the same way as we used lemma [2.2] before, gives

—_

/ G(x) (ur(2)? — 7Pun(2)?) d = » (u(1)% — 72 (1)?)

— (Bxp(u1)(e) = v Ex p(us)(e)) -

The main difference in the argument is the expansion of Ey g(u)(e) for € > 0 small,
in this case from lemma 2.3 we obtain that

[\

B p(w)(6) =17 Bxplun)(e) =2 5 (i 07 - 2007 )
520 —1-8) (¢ ©ui (@)~ e (e )

+§(5 +1-2a) (640‘*21;(5)2‘0

— 7254042,“(5)2‘0)] + 0(1),
but uy () < yue(x) for all 0 < 2 < ¢ so by L’Hospital’s rule we have that
20,/
in J:2 ull (x)
a—0+ z2oul (1)
Also, since uf(z) > 0 for x > 0 small, we deduce that
. 200 1 : 2ce, 1
$1_1,I€+ =%y (z) < 'yxli>r(r)1+ T*Yus ().

From these observations we obtain that

e ()% <P u(e)?
0

9

S0l () (6)| | < A% uh(e)uae)]|

and that
E4a—2u<5)2‘ §'7254°‘_2u(5)2
0

which, since 8 < 2a — 1 < 0, imply that
By p(u1)(€) =72 Exp(us)(e) < o(1).

Therefore after sending ¢ to 0, we obtain

3 (07 =9%5(0%) < [ 6@ () ~ @) do

)

0
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and we reach the same contradiction obtained in proof of the uniqueness in Theo-
rems 2] and B O

For the case A > 0 our previous ideas do not work. Instead we will use a
shooting argument together with an idea of Yadava [8] where the uniqueness of
positive solutions to

—Au =u? £ uP
in an annulus is studied.
Recall that we are interested in the uniqueness of a solution to equation
—(2z®*u) = Au+uP  in (0,1),
u>0 in (0,1),
u(0) =u(l) =0,

where 0 < a < %, p > 1and A > 0. To simplify the exposition, we will use the

following change of variables: let v(y) = u(y == ), then a direct computation shows
that v is a solution to

- = h(y)f(v) in (07 1)7
(23) v >0 in (0, 1),
v(0) =v(1) =0,

2c

where h(y) = my 2= and f(v) = v+ |[v|’"" v. Following |8], we introduce
some notation and some properties of solutions to the equation

(24) —v" = h(y)f(v).
Let F(v) = [ f(s)ds = 3v? + p—j_l [Pt and define
E(y) : %yv’(y)2 +yh(y)F(u(y)) - %v'(y)v(y)-
A direct computation shows that if v solves equation , then
(25) E'(y) = h(y) (F(v(y)) + f(v(y)v(y) + yh' (y) F(v(y))-
Also, for A € R to be fixed, we let
(26) ga(y) = yv'(y) + Av(y).

A straightforward computation gives that ga satisfies

gy = (L4 Ap" —yh(y)f(v)

and
(27) — g4 =hy)f'(v)g+ 1(Av),
where

I(A,v) = ((2+ A)h(y) + y1'(y)) f(v) — Ah(y) f' (v)v.
We also need to introduce the linearized equation
(28) —w = h(y) f ).
A useful identity obtained from equations and is that for any a < b,
b b
@) [ 1wy = e — Aw'o — (14 A+ yh(o) )]

a
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We also need the following identity satisfied by all solutions of equation :
Let a <y, then

(30) @? (y;}é;‘g)) = [('(y) = yh(y) f o) (y) — yo'()?]
+yh(y) 2F(v(y)) — f(v(y))v(y)] .

- /y [h(s) (2F'(v(s)) + f(v(s))v(s)) + 2sh'(s) F(v(s))] ds.

a
Y

Now, let v(y, m) be the unique solution of the initial value problem
—v" = h(y)f(v),
(31) v(0) =0,
v'(0) = m,
and define r(m) as the first zero of v(y,m), i.e. r(m) :=inf{y > 0:v(y,m) = 0}.
Notice that the uniqueness of the solution to equation is guaranteed if we can

prove r(m) = 1 has at most one solution. To do this we will show that r(m) is
monotone for all m > 0, and this is the content of the following

Proposition 4.1. Given m > 0, then 7(m) # 0.
Remark. The 7(m) notation means derivative with respect to m.
The proof of this proposition requires the following
Lemma 4.1. For given m > 0, let v(y, m) be the unique solution of equation ,

!/
and let r(m) be as above. Then % <0 for ally < r(m).

Proof. We have that v(s) > 0 for all s < 7(m). From identity we have that for
a=0and 0<y<r(m)

Y

v 0

V2 (y“> = [(v' = yh(y) F@)o = 0] | +yhly) RF Q) = F@)o]]

- / [(y) (2F (v) + f(v)v) + 2yh/ (y) F (v)]

0
= yh(y) [2F (v(y)) = f(v(y))v(y)] - / [1(y) (2F (v) + f(v)v) + 291" (y) F (v)]
0

_ p—1 .
= i —2apprn? W

e o [ (0 (a0

<0,

forallp>1,0<a<3and A>0. O
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Proof of Proposition[{.1 Suppose the contrary and assume mg > 0 is such that
7(mg) = 0. By the definition of r(m) we have that v(r(m),m) = 0. Differentiate
this equation with respect to m to obtain

w(r(m)) +v'(r(m), m)i(m) = 0,
where w(y) := w(y, m) is the unique solution of

—w" = h(y)f,(v(yam))wv
w(0) =0,
1.

Since 7(mg) = 0 we have that w(r(mg)) = 0. Let yo be the largest zero of w that
is less that r(my), i.e. yo = sup{y € (0,7(mp)) : w(y) = 0}. A constant multiple of
w (which we denote the same) must solve

w(0) =0,
w(r(mg)) =0,
w'(r(mg)) = v'(r(mg), mg) < 0.
Now for A := %, consider g4 defined in . We claim that g4 has

exactly one zero in (0,7(m)) for all m > 0. Indeed, notice that solving ga(y) = 0
is equivalent to solving

!
(32) ') =—A.
v(y)
Loy'(y) . . . L
From lemma the quantity W) is monotonically decreasing, and it satisfies
vy
. yv’ o . yv' - . _ 2—2a
ylgng o= 1 and yﬁl;gln)i o = —00. Since —A = ~ oDz < 0, we have a

unique solution to equation , and hence g4(s) = 0 has exactly one zero. Let
s0 € (0,7(myg)) be that unique zero.

Claim: yg < sg.

w
Notice that — is increasing in (yg,7(mg)), indeed, let z = w'v — v'w, so it is

v
enough to prove that z(y) > 0. Suppose that z(§) = 0 for some § € (yo,7(mo)).
Since z(r(mgp)) = 0 we obtain that

0= z(r(mo)) — 2()
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Since w > 0 in (yo, r(mo)), h(y) > 0 and since f(v) > f'(v)v for all v > 0 we obtain
a contradiction. Hence z(y) does not change sign, but since z(yo) = w'(yo)v(yo) > 0
we obtain that z(y) > 0 for all y € (yo,r(mo)).

Now since w’(r(mg)) < 0, w > 0 in (yo, r(mg)) and the fact that s increasing
v
we deduce that w < v in (yo,7(mp)). From identity (29) we obtain that

r(mo)
/ I(A, v)w = r(mo)uw! (r(mo))? — g4 (y0)0" (40),

Yo
but from the choice of A we have that, since h(y) > 0,

r(mo) 92_9 T(mo)
/ I(A,v)w = ( a) vw
o 1 -2«

2 2a 7‘(7”0 2
1-2a

< A(2 2@) i
but from we deduce that
2 —2a\ [rmo)
M) [ hwe? < rlmo o)
0

1 -2«

hence
9a(y0)v' (o) > 0,
and since v’(yp) > 0, we deduce that g4(yo) > 0. But
g'4(0) = (1+ A)u'(0,m) = (1 + A)m > 0,

s0 ga(y) > 0 if and only if y < sg, hence yg < so.
Now, let y1 = sup{y < yo : v(y) = 0}. By definition, v < 0 in (y1,yo), but from
identity we obtain

Yo

Yo
[ 1w = wioa —wgi] " = m)aatw),
Y1 [
S0
2 -2« Yo
0 <w'(y0)ga(yo) = A / h(y)vw < 0,
1-2a/ J,,
hence we conclude that v(0) # 0, a contradiction. Therefore 7(m) # 0. O

Proof of Theorem [1] when A > 0.

From Proposition we deduce that r(m) is either monotonically increasing or
monotonically decreasing, hence r(m) = 1 has at most one solution. This proves
the theorem. g
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