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Abstract

In this article we study the quasi-linear equation

divA(z, u, Vu) = B(z,u,Vu) in Q,
u € HP(Q;wdz)

(&
where A and B are functions satisfying A(z,u, Vu) ~ B(z,u, Vu) ~ w(|Vu|" % Vu +
lul? -2 u) for p > 1 and a p-admissible weight function w. We establish interior regularity
results of weak solutions and use those results to obtain point-wise asymptotic estimates

for solutions to
{—div(w [VulP 2 Vu) = wlu/"?u in €Q,

u € DV (Q)

for a critical exponent ¢ > p in the sense of Sobolev.

1. Introduction

We are interested in obtaining some qualitative and quantitative properties of weak
solutions to the following equation

—div (w [VulP~? Vu) —wlu|"%u inQ
u € DM (Q),

(1)

for ¢ > p > 1 critical for a weighted Sobolev embedding and D'»*(Q) a weighted
Sobolev space that will be made precise later. The main motivation behind studying this
problem comes from the results in [§] where the existence and non-existence to extremals
to a Sobolev inequality with monomial weights was analyzed (see [4, [7]). It is known
that extremals to a Sobolev inequality can be viewed as positive solutions to for an
appropriate weight function w, and our goal is to obtain as much information as possible
regarding said extremals and, in general, of solutions to .

As we mentioned above, w will be a weight function throughout this work, meaning
a locally Lebesgue integrable non-negative function over Q C RY satisfying at least the
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following two conditions: if we abuse the notation and write w(B) = [, w dz we require
that w satisfies the doubling property in §2, meaning that there exists a doubling constant
~v > 0 such that

(2) w(2B) < yw(B)

holds for every (open) ball B C Q, where pB denotes the ball with the same center as B
but with its radius multiplied by p > 0. The smallest possible v > 0 for which holds
for every ball will be denoted by ,, > 0 from now on. Additionally we will suppose that

(3) 0<w< o A — almost everywhere

where )\ denotes the N-dimensional Lebesgue measure. These two conditions ensure that
the measure w dz and the Lebesgue measure A\ are absolutely continuous with respect to
each other.

Equations like have been studied in the past. The most studied case is without
a doubt the unweighted linear/semi-linear case, meaning w = 1 and p = 2, but also
significant progress has been done for the case w = 1 and p # 2. The literature is vast in
both cases and we do not intend to cover everything that has been done (the interested
reader could check [26] 12| 19, B3} [6l, 1T} 25, B2 B3], 20], a list which is nowhere near
exhaustive). Among the previously mentioned results we would like to single out a few
that are relevant for this work. Firstly, Serrin [33] studied, among other things, the local
regularity of solutions to the unweighted quasi-linear equation

divA(z, u, Vu) = B(z, u, Vu) in Q C RY,
where A: QxR x RY = RY and B: Q x R x RV — R are functions satisfying

|A(z,u, 2)| < alzlP  +bulf~! +e,
B(a,u, 2)| < el +d|uf’ ™ + f,
Az, u,2) -z >a 2P —dul’ — g,
for a constant a > 0 and measurable functions b, ¢, d, e, f, g : 2 — [0, o) satisfying suitable

integrability conditions.
Secondly, Cao, Pen and Yan [6] studied for 1 < p < N the equation

—Apu = |u|p*_2 u—+ |u\p_2 u in Q
u =0 on 012,

where A, is the p-Laplace operator and p* = ]\],V—_p is the critical Sobolev exponent. The
main result of that works deals with the existence of infinitely many solutions to said
equation, however we would like to point out a result from the Appendix of that work.
There it is shown that weak solutions to

) {Apu = |u\p*_2 u inRY

u € WhHP(RY)
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satisfy the following decay estimate

N
< -
u(z)l < € (1 T x|)

for any # > 0. This result almost captures the behavior satisfied by positive solutions
(e.g. extremals U(x) to the Sobolev inequality): recently it has been shown by [35, [32]
that any positive solution to must be of the form

N-p

11 D

ar=

CN,P P _P_
ar—T + |z — x| T

for some a > 0 and zy € RV.

The weighted case w # 1 has also been studied and there has been an important
progress in this situation. As before, we do not plan to given an exhaustive list of
such works but the interested reader might want to look at the following list of papers
[29, 30, B, 34, 14, 16, B6l, 211, 15, 10, 27, 28|, Bl 18]. As with the unweighted case we
would like to single out a few of the works dealing with weights. One line of progress
that we would like to follow regarding weighted quasilinear equations perhaps begins with
the works of Muckenhoupt and Wheeden [29] [30] who characterized the weights w for
which one has the boundedness in the LP(RY wdx) space (1 < p < 00) of two important
operators: the Hardy’s maximal function defined as

N—-p

1\t
C|—— for 1
<1+|33|> or large ||,

M) =swAB) " [ fao
B B

where the supremum is taken over all balls containing x, and the singular integral operator

(@) = [ | f)le =y @

In [29] it was shown that Hardy’s maximal operator M is bounded in the weighted
LP(Q, wdz) if and only if the weight w belongs to the class A, that is if there exists a
constant C' > 0 such that

(5) (/dex) </B wTET dg;)p_l < CA(B)?

holds for every ball B. And in [30] it was proved that the singular integral operator T is
bounded in the weighted L? space if w is in A, for some ¢ > 1.

From the results of [29] 30] we can then look at the work of Fabes, Kenig and Serapioni
[I4] who obtained local regularity results (for instance a Harnack inequality and the
interior Holder regularity of weak solutions) for the operator div(A(z)Vu) where A(x) is
a matrix valued function with eigenvalues behaving like w(z) for some w € Az. The main
tool used in [I4] is De Giorgi variable truncation method [I3], and a rather important
insight from [14] is that for De Giorgi’s method to work the key ingredient is having a
local Sobolev inequality: there must be constants k£ > 1 and C' > 0 such that

2% 3
(7[ |u|2kwdx) <Cr (f |Vu|2wdx) Yu € C°(B),
B B
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where B is a ball of radius r > 0 and f, fw = w(B)~! [ fw, inequality that holds true
for w € Ay and suitable k > 1 depending on w.

In order to present the main results of this work we need to make a brief detour and
say a few words regarding weighted Sobolev spaces. The spaces we will use are defined as
subspaces of the following weighted Lebesgue space

LP*(Q) = {u: Q — R measurable : / lul” wdz < oo }
Q

equipped with the norm
full = [ Juf wda.
Q

In order to work with weighted Sobolev spaces one needs to establish some conditions
over the weights so that the corresponding spaces have sufficient structural properties. In
addition to the basic conditions and , we will suppose that the weight w satisfies a
Poincaré inequality: it is known (see for instance [24] Chapter 20]) that if w is a doubling
weight satisfying

(P1) Local weighted (1, p)-Poincaré inequality: There exists p > 1 such that if u € C1(Q)
then for all balls B C € of radius {(B) one has

5/ (s [ oot wae)’
—_— U—UB. | wdr < CLlI(B Vul” wdx
wB) Jp ! BBy s

where w(B) = [ wdz and

u 1 / uw dx
Bw = —T5v
w(B) Jp

is the weighted average of u over B.
then w is automatically p-admissible, that is, it also satisfies the following properties

(P11) Uniqueness of the gradient: If (u,)nen C C1(Q) satisfy

/\un\pwdx—>0 and /\Vun—v|pwdx—>0

n—oo
for some v : Q — RY, then v = 0.

(P1r) Local Poincaré-Sobolev inequality: There exist constants C3 > 0 and x > 1 such
that for all balls B C 2 one has

(w(lB) /B e =l dx) 7 < cum) (w(lB) /B Vul” wdx) %

for bounded u € C*(B).



(P1v) Local Sobolev inequality: There exist constants Cy > 0 and y > 1 (same as above)
such that for all balls B C €2 one has

(w(lB)/B|u|><f’w01x>le < CylU(B) (w(lB)/B|Vu|pwdx);

for u € C}(B).

Remark 1.1. Suppose for a moment that the weight w verifies the following: there exist
constants C, D > 0 such that if B.(z) C Br(y) C Q2 then

7w(BR(y)) E 3 or a r 00 Wi
(6) w(BT(m))§C<r) , forall0<r <R< th B(y, R) C Q.

It follows from [223, Theorems 5.1 and Corollary 9.8] and [1, Theorem 4] that
(7)

(w(lB)/Bu_uB’w

and as a consequence we also have

D—p

Dp Dp 1 %
B

(8) (10(13)/B|u53—ppwdx> o < Col(B) (w(lB)/BWupwdx); Vu e Co(B).

On the one hand, observe that this is precisely what happens for the N-dimensional
Lebesgue measure X as one can see that it satisfies

= ()

so in the unweighted case one has D = N and the classical local Poincaré-Sobolev and
local Sobolev inequalities are readily recovered.

On the other hand, @ 1s automatically satisfied for any doubling weight w because
one can iterate to obtain

Z(UB;’:)) o (}Tz)logg“ﬁw.

With the above observation in mind it is appropriate to denote by D,, = log, v, and
to call D,, the dimension of the weight w (this is related to the Assouad dimension of the

measure wdx, see [2, [17, [23]). Also we will use the notation x.,, = DDiip.

As mentioned at the beginning, the above properties are useful in the definition of
weighted Sobolev spaces: for an open set 2 C RV we define the weighted Sobolev space
HLpw (Q)

" ou
’ 3l‘z

(9) H"P"(Q) = the completion of {u € C*(9): € LP¥(Q) for all 4 }

5



equipped with the norm

p

ou
Ox i

N
(10) lullf 5 = llully o+
=1

p,w

Observe that property guarantees that functions in this space have a unique gradient
(see |24, Section 1.9]).

Having established the ambient space we can now give the main results of this article.
As we mentioned before the goal of this work is to obtain qualitative and quantitative
properties of weak solutions to . To do so we first study the local regularity of weak
solutions the following quasi-linear problem

(1) {diVA($7’LL, Vu) = B(x,u, Vu), in QCRY

uwe H:PY(Q),

loc

where A : O x R xRY — RN and B: Q x R x RV — R are functions verifying the
Serrin-like conditions

(H1) Ala,u, 2) -2 > w(z) (a=t|2)” = dlu” —g),
(H2) |A(z, u, 2)] < w(zx) (a|z|p71 +b|u|p71 +e) ,
(H3) |B(z,u, z)] < w(x) (c|z‘p—1 + d|u|p_1 4 f) 7

for a constant @ > 0 and measurable functions b,c,d, e, f,g : & — RY satisfying suitable
integrability conditions that will vary from theorem to theorem. With the above into
consideration, throughout the rest of this article the function w will be a non-negative
locally integrable weight functions satisfying , and the local weighted (1, p)-Poincaré
inequality

The first result deals with the local boundedness of weak solutions, namely we have

Theorem 1.1. Suppose that 1 < p < D,, where D,, is the dimension of the weight w
defined at Remark[I], additionally suppose that for e > 0 one has

(12) bec Liti(Q), ceLT%"(Q), and d,f,ge L™ (Q).

For fixed xg € Q and R > 0 such that Bag(xg) C Q suppose u € Hllo’f’w

solution to

is a local weak

divA(z, u, Vu) = B(z,u, Vu) in Bar(zo)
then

||U’HL00(BR($0)) S CR (][ |U|p1Udl'> + kR s
Bar(zo0)



where Cr > 0 depends on €, D,,, N,a,p and the quantities

The constant kg is defined by

1 1
kr=(er+ fr)" T +9gp-

The above result requires that € > 0 in . If we consider the case e = 0 we no
longer have local boundedness, but we do obtain that u is L*" integrable for all s < oo
as the following results shows

Theorem 1.2. Let 1 < p < D,, where D,, is the dimension of the weight w defined at
Remark[1.1, Suppose that one has

(13) bec Liti(Q), ceLP=(Q), and d,fgeL ™).
For fivred g € Q and R > 0 such that Bag(xg) C Q suppose u is a local weak solution to
divA(z, u, Vu) = B(z,u, Vu) in Bagr(zo)

then for all 1 < s < co we have

1
][ lu®wdz | < Cps ][ lulP wdz | + kg,
Br(zo) Bar(z0)

for some constant Cr s > 0 depending on s, D,,, N and the structure of A and B, namely
p, a > 0 and the quantities

bp = RP! ][ [b]P=T w , ¢cg:=R ][ le|P w ,
B2R(x0) B2R(wo)

p—1

P
D Dy D Doy
_
dr := RP ][ |d| ™ w , ep:=RP! ][ le|»=T w ,
B2R(zo) B2R(Io)

The value of kg is



If we keep relaxing the integrability conditions on the structural parameters b,c,..., g
we still are able to obtain some integrability of u as the following result shows

Theorem 1.3. Let 1 < p < D,, where D,, is the dimension of the weight w defined at
Remark[11. Suppose that one has

Dy

beLEEU(Q), ceLPov(@), de L5 (©),
eeL%’w(Q), ferL™™ ), and gec L""(Q),

T R R W S R
p—1\r D,) p\t D,) s

for some s > DD—f;). For fized xg € Q and R > 0 such that Bag(xo) C Q suppose u is a
local weak solution to

divA(z, u, Vu) = B(z,u, Vu) in Bar(zo)

1 1
5 P
][ lu®wdz | < Cgrs ][ lulP wdz | + kg,
Br(zo) Bar (o)

for some constant Cr s > 0 depending on s, D,,, N and the structure of A and B, namely
p, a and the quantities

(14)

where r,t verify

then we have

1+e

p=1
Dy Doy
b = RY pf =5 =R el
R = w , CR:= c w ,
Bak(zg) Bar(z)

pte

Du
Dy
dR = RP ][ ‘dl P oW .
BaR(x¢)

1 i
kr = (BR + fR) =1 +gp,

The value of kg is

where
1

Dy xr
e A k) TSy . & i I
Bar(zq) BaR(xg)
gr == RP ][ 9" w
Bar(zg)

t
Next we show the validity of the Harnack inequality, that is we have

Theorem 1.4 (Harnack inequality). Under the same hypotheses of Theorem with the
additional assumption that u is a non-negative weak solution of divA = B in Bsg then

3=

< .
(15) I%ixu < Cpg (Hé;nu + kR>

where Cr and kg are as in Theorem [1-1]
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And as it is usual in this context, once one is able to obtain the Harnack inequality,
then a local Holder regularity result readily follows

Theorem 1.5. Suppose that 1 < p < D,, and that the hypotheses of Theorem [I.]] are
satisfied, but in addition we suppose that
be Lt (Q)
for some e > 0. Ifu € H*P is a (local) weak solution of
divA(z,u, Vu) = B(z,u, Vu) in Q,
then u is locally Hélder continuous.

With the above local regularity results we are now able to study , that is we now
turn to the equation
(16) —div (w [VulP~? Vu) =wlu %y inQ,

u € DMPY(Q),

D

where ¢ = “’p is the local weighted Sobolev exponent associated to the weight w and

DYPw(Q) is the closure of C2°(€2) under the (semi) norm [[Vull, . If we further suppose
that the weight w is such that the global Weighted Sobolev inequality

(17) Sy (/ u|qwdx> (/ |Vu|pwda;>

is satisfied for all u € C2°(€2) then one has DP¥(Q) < L% () and we are able to prove
the following decay estimate for weak solutions to the critical equation .

Theorem 1.6 (Decay estimate of weak solutions). Suppose w satisfies in addition
to @), and. If u € DYP(Q) is a weak solution of

—div(w |VuP 2 Vu) = wu|! u in Q,
there exist R > 0, C > 0 and X > 0 such that if x € Q satisfies || > R then
C
u(@)] € —p=—-
|z

Remark 1.2. If we know specifics about the weight w, then Theorem[I.¢ can be improved
to obtain that weak solutions satisfy

lu(z)| < %

w—p _
| =T

for large |z| and any e > 0. To obtain such result one uses Theorem together with a
comparison principle. We will show this later for the case of monomial weights w(x) =
and power type weights w(x) = |x|" in Section .

The rest of this article is dedicated to the proofs of the above results. In Section [2] we
study and obtain the proofs of Theorems to whereas in Section [3| we turn to
the proof of Theorem [I.6] Finally in Section [f] we exhibit specific examples of weights for
which our results apply and how the specificity of each weight allow us to improve on
Theorem to obtain sharper results.

9



2. Local estimates

We follow the proof of analogous results given in [33]. The main ingredient will be
Moser’s iteration technique which relies on using a suitable version of u? as a test function
for . To do so we consider o > 1 and 0 < k <! and we define F : [k,00) — R as
< ifk<z<lI,

(18) F(x) = Fori(r) = {lal (ax — (= 1)) ifz>1

Observe that F' € CY([k,00)) with |F'(z)] < al®~1. We also consider Z = |z| + k and
G : R — R defined as

(19) G(I) = Ga7k7l(l‘) = 51gn(x) (F(S_C) ‘F’(:f)|p71 o ap*lkﬁ)

where 8 =1+ a(p — 1). Then clearly G is a piecewise smooth function which is linear if
|z| > 1 — k and that both F' and G satisfy

G| < F(z) |F'(z)]""
TF'(7) < aF (%)

and
g |F(z)["if |x| <1—k,

\F'@)  if |z >1— k.

G'(z) =

Observe that as | — oo we have F(zZ) ~ 2% and G(x) ~ 2z so the function G(z)

will play the role of z°. Finally, observe that if € C2°(Q) and if u € H5”"(Q2) then
© = nPG(u) is a valid test function in

/ Az, u, Vu)Vo + B(xz,u, Vu)p = 0
Q

thanks to the results in [24] Chapter 1] regarding weighted Sobolev spaces for p-admissible
weights we can now prove the local boundedness of weak solutions.

Since no confusion is present, throughout the proofs in this chapter we will write
D =D, andX:Xw:DL_p>1.

Proof of Theorem[1.1. For the case R =1 and x¢ € Q such that Bs(xo) C Q we follow
the proof of [33, Theorem 1] with a few modifications: recall that for such x then the
local Sobolev inequality is valid, and by using (H1)-(H3)) we can write

A, u,2)| < w (alzP7 + bar)

(20) |B(z,u,2)| <w (chlp_1 + Jﬂp_1> ,

Az, u,z) -z > w(|z" — da),

10



where
b=b+k'Pe,
d=d+k"Pf+kPg,
and @ = |u| + k for k > 0 defined asﬂ

y2

() o) (o))

where to simplify the notation from now on we use By to denote Ba(zg). Observe that
this choice of k together with the assumptions over the functions b through g imply that

(21) ][ B w<c, ][ 7= w<C,
BQ BQ

for some constant C' > 0 depending on b, d, e, f, g and w(Bs).

As we mentioned at the beginning of this section for the local weak solution u and
arbitrary n € C2°(Bz) we can consider ¢ = nPG(u) as a valid test function and with the
aid of one can obtain the a.e. estimate

A-Vo+ Bp =nPG' (u)A - Vu+ppP ' G(u)A -V + nPG(u)B
> G (wyw (Vul” — da?) = prr =" VG )| w (a |Val ™ + b ")
— |G| w (e[ Tul’ ™ + )
> [nF' (@) Vul” w — pa | F (@) V| [nF' (@) V"™ w — pb |F(a) Vol [paF” (@) w
— enF (@) InF" (@) Vul” " w — d (a8 Ik (@) +nF (@) [naF (@) ) w
so that if v = F() one reaches
(22) A~V +Bp > [nVol" w — pa[oVn| [nVo" ™" w = pa? b [u V| o] w
—enu Vo’ w — (14 8) oM nu]P w
After averaging the above inequality over By we obtain
(23) f Vel w<paf ValnVel ™ e par £ BloVlon
B, B, By

—|-][ cv77|an|p_1w+(1+ﬁ)ap_1 d |vn|? w,
BQ BZ

and each term on the right hand side can be estimated using , , and as follows:

1 1—1
(24) f 1w |nw|“w§<f |vvmf’w) (f Ianlpw)
BQ BZ Bz

lf e = f = g = 0 we can take any k > 0 and at the very end we can pass to the limit k — 0.
11




(26)

£ 1—1
][ con [nVulP " w < C <][ |on|? w> <<7[ [oVnl? w> (][ an|pw>
Bo Bo Bo B
=3
+ <][ InVol? w> )
B>

(27) fBQLﬂvn”w <C <f32 |v77|pw); <<]i2 |UV77|pw)ppE ) (]éz nw)'pw) pp5>

therefore if one considers

=

(f32 [nVou|? w)
(fBz AVl w)

z =

T =

and )

(£, ol w)”
(fB2 [oVn|? w)é

then, because a > 1, becomes
PO (P T L4+ + CEPT 2P 4 (L4 B)aP I (14 2P79))
which with the aid of [33] Lemma 2] gives
z < Caf(1+0).

The above translates to

e (£ 2 |an|pw)‘l’ < Ca? ((fg 2 |nv”w)’1’ (4 2 vvmpw>;>

and because of we obtain

(29) (fg |nv|><pw)xl” < Ca? ((ﬁ Invlpw>; " (]i Ivanpw>;> .

12



To continue one considers a sequence of cut-off functions as follows: we take 7, €
Cg°(Bp,,) such that 7, = 1in By, ., and |V, | < C2" where h,, = 1+27". If one recalls
that the weight is doubling so that w(Bp,) < Yww(By,,,) we deduce from that
(after passing to the limit [ — co)

1
(30) ][ 17 gcznaf][ @ Pw)
Bn,, 1 By,

which is valid for all o > 1. We observe that if use for a,, = X" > 1 we obtain

1.

n+1

1

Sn1+1 —-n p.—n o
jal™ "t w < O2™ X ][ al* w)
Bhn
k

where s, = px™. If we observe that because y > 1 then Z;O:O kx~* and Z/iio X" are
convergent series so we can iterate the above inequality to obtain

Sn1+1 %
foomre) T se(f )"
B B3

which after passing to the limit n — oo yieldsﬂ

1
ol e s, <C[(f |u”w) Tk
B>

and the result follows in the case R = 1.

If R # 1 a standard scaling argument allows us to reduce the situation to the case
R = 1. We include this argument as it will be used a few more times in the following
proofs. If we consider @(y) = u(Ry) where u is a weak solution of div.A = B in Bag(xo),
then @ is a weak solution of divA = B in By (&) where Zo = R~ 'z and

hpt1

Y

Ay, 2) = R A(Ry, i, R'2), By, %) = R°B(Ry, i, R™'%).
It is clear that if A and B satisfy (HI),(H2),(H3) then A and B satisfy

(FT1) Aly,a,2) -2 = wly) (a2 — il - §),
(H2) A, 2)| < d(y) (a2 +0lal"" +¢).
(H3) By @ 5)| < w(y) (el +djal ™ + f).
where

w(y) = w(Ry), ¢é(y) = Re(Ry)
b(y) = RP~'b(Ry), &é(y) = R* 'e(Ry),
d(y) = RPd(Ry), f(y)=Rf(Ry), §(y) = RPg(Ry),

2Note that L% (By) = L>(B1) because 0 < w < oo a.e. in Q.
13



hence we can apply the case R =1 to u to obtain

1
P

[ull oo (B ze)) = 1@l Lo (B, (o)) < C (][ |al® @> +k
Ba(yo)

where
1 1
i . el o E5E\ P2 . E5E\ P
k= f &|7~T + f fl" " w + ][ g7~ @
Ba(yo) Ba(yo) Ba(yo)
and the result follows if we observe that
p—1 p—1

D D D
p—1 1 _D_
w = RP ][ |b]P~T w )
Bar(zo0)

1—e
D

R |1 < w ,
BQR(ZL’O)

(£

p—¢
D

R ate)
Bar(zo)

1 p—1
D

f &7 @ f WP w)
Ba(yo) Bar(zo)

p—e

.

(7[ |f|P5w>
Bar(zo)

D
191777 w :
B2R($o)

Proof of Theorem[I1.2 1t is enough to consider only do the case R = 1 because the scaling
argument remains the same. Additionally, thanks to the interpolation inequality in L*%,
it is enough to find a sequence s,, —> 4oc0 for which one has

n—oo

A (f, )|

where 4 = |u| + k. As in the proof of Theorem by using the test function ¢ = n?G(u)
we reach to the inequality

Sn w) S Cn

][ InVolP w < ap][ V| Vo’ w +pap_1][ bV g’ w
Bs B B

+][ con [nVol" " w + (14 B)a’”][ d |vn|? w
Bs

B>
14



but because e = 0 we cannot repeat —. Instead we firstly estimate the term
involving b as follows

][ bV g’ w < (f l_)vﬂ—)lw) (7[ |vV77pw> ’ <f |om|*X* w) v
Bo Bs Bo By
: -}
<C <][ [vVnl? w) [(][ vVn|pw> + <][ InVol? w) 1 :
Bo Bo B

For the terms involving ¢ and d we can write for M > 0 the following

_ 1 _ _
][ con [nVulP Tt w = / con |InVol? 1w+/ con [nVulP w
Ba w(Bz2) \ Jpyn{e<m} Ban{e>M}

1 1—1
(£, o) (f, wooro)
B2 B2
1 - L 1-1
—_ cPw (7[ o Xpu)) <][ anpu))
<UJ(BQ) /Bzﬂ{ c>M } ) B> | | B> | |
: -
<M (][ lom|? w) (7[ [nVo|? w)
B, B,
: -
+C (][ [vVnl? w) (7[ InVol? w>
Bz B2

1 b}
+C / cPw (][ nVu|? w)
(w(BQ) Ban{c>M} ) B> ‘ |

<

=

_|_

and

_ 1 _ _
][ dlvnf’ w=——— / d|v77|pw+/ d vy’ w
Bo w(B2) \ Jp,n{a<my Bon{d>M }

£ 1
1 - Y x
<M lon|P w + 7/ dvw (][ lom P w>
Bs w(B2) Jp,n{asmy Bs

<M+ |jpffw+C (][ [oVn? w)
By Ba

53 i) (L0 0)
+ | —= drw Vol w | .
(w(Bz) Ban{d>M} > Bs vl

Because ¢ € L2 and d € L™ then for any § > 0 we can find M > 0 such that
1 P 1 -D b
c 7/ CDU) + / Pw < 57
(w(B2) Bon{e>M} > (w(B2) Bon{d>M}

15
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therefore for any a > 1 we can find ¢ > 0 sufficiently small and a constant C,, > 0 such

that
: : -}
][ InVolP w < C, [(][ |vVnpw> + (][ v77|pu)) ‘| <][ |77V1)|pw)
Bo By B B>
+Cy (7[ [oVn? w) + Co (7[ lom|? w) :
BZ BZ

The above inequality allows us to we use [33] Lemma 2] once again and obtain an inequality
analogous to , namely

(31) (ﬁ InWI”w); < Ca ((]i "”'pw); i (7{9 Wnl%)i)

the main difference being that the constant C,, is no longer explicit. Nonetheless we can
continue the argument from the proof of Theorem by choosing appropriate cut-off
functions 7 to reach

1

(f u|3”w> scn(][ |u|”w)‘",
Bhn, 32

where s,, = px™ and h,, =1 + 27", where now we do not obtain a uniform estimate for
C,. Finally, because 1 < h < 2 we know that

w(Bh) ,
’LU(Bl) -
so that
a 1
<][ @ w) <c, <][ |u|pw>
Bl B2
and the result is proved. |

Proof of Theorem[I.3 This is similar to the proof of Theorems and and [33]
Theorem 1’|. As before, we only do the case R = 1. For F' and G as in (18)) and

respectively we take ¢ = nPG(u) as test function for some n € C°(Bs) with 0 <n < 1.
The main difference here is that we take 4 = |u| as we need to keep track of the terms
involving e, f, g instead of including them in b and d through the use of £ > 0. With that
in mind and using that F'(#) < aF (@)~ % we have

AV + B = 1'G (ww (IVul’ = du? — g) = pr~* [VnG(w)|w (a|[Val’™ + b~ +¢)
— P |G(u)|w (c (V"™ 4 duP™! 4 f)
> [nF' (@) Vul” w — ap [V F(@)| [nF' (@) Vul"~" w
—pa? b |F @)Vl [nF(@)" " w — c[nF (@)] [nF' (@) Vul” " w
— (14 B)aP " d [nF (@)l w — pa? e |F(a) V| [nF (@)~ w

B _ .y po=tl
—aP"LfInF(a)| [nF(@)|= w — BaP~ g [nF ()" + w
16



which after averaging over By gives

(62 f Vel w<paf Valnvel " wpar £ boValon
B, Ba

2

_ B _
+ f con Vel w + (1+ B)ar~! f donl?” w + pa?~! f e oVl o] S w
Bz B2 B2

B p(a—1)
e f|nv|aw+5ap*1][ gl 5 w,
B2 BQ

where v = F(a).
With an inequality similar to or as our goal we estimate each term in the

above inequality. The terms involving b, ¢, d are bounded exactly as in Theorem [T.2} that
is we obtain

pa][ oVl [nVol" ™ w +pap‘1f b o] Jon|" ! w +][ con [nVol" " w
BQ B2

By

. .

(][ wm%) +(][ Ivnlpw) (f |an|%)
Bs B B>

#Co(f, 109 w) +-Co (£ o).
B2 B2
for some constant C, > 0.

For the other terms let s, s2,s3 > 1, and consider a > 1 such that 1 -+ Ly ’ixp =

— + L 5 =1 then for any § > 0 small we can use Holder’s inequality and . to obtain a
constant Cs > 0 such that

+(1+ﬁ)ap_1f dvnf’w < C,

B

B—a

£ elowutiol* o< (f 1) ™ (£ wvare)” (£ morre) ™
Bs B> Bs Bs
L 1 B-o
so(f )" (£ wware)” (£ 9ore)
By B B>
EE)
<Cs <<][ |e|slw> +<][ |UV7}|pw>>
Bz BZ
+(5(][ |V(nv)|pw>.
B
5

| w 82 g v|XP w o
i << ] ) <]{len| )
1 B
(][ 71 ) : (]i |V(nv)|pw)
S C(i ((][; |f|52 w) so(p—1) n (][B |vV77|p w)) +6 (][B |7’]V’U|p w) ,

17
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e 1y pla—l)
and lfg—i_TXp =1

pla—1)

p((v—l) xp axp
F gl ( gl ) (][ - w)
Bz B2
p(a—1)

<c(f, 1o );g]{%w(mw’w) K
< Cp ((ﬁ 9% w) Cy (]é vVn|pw>> +5 (é |an|pw> .

If we put the above estimates in for 6 > 0 small enough we obtain a constant C,, > 0

such that
% % -5
][ InVolP w < C, (][ |vV77|pw) —|—<][ |vn|pw> 1(][ |77V11pw>
B, B, B, B,
20| (f wvare) + (f, 1oiro))]
32 B2
. B . =6-D o\

(£ o)™ (o 1) ™ () 1o )
B, B, B,

which with the aid of [33, Lemma 2] one more time gives

1
P
(7[ |nVU|pw) < C,
B>
s s1(p—1) s s2(p—1) s s3
w= (1) ™ (f 1) T (f e )
Bo B B2

We can proceed as in the previous theorems by using , selecting 1 and passing to
the limit [ — oo to obtain

1 1
(33) ‘f [uf"*w )| < Can f " w |+ M|,
Bhn+1 Bh,,

where h,, =1+ 27" and « > 1 is chosen so that

1 1 B-a 1 B

+Co¢

(7[ |an|pw>p + (][ |nv|pw)p + M®
Bs By

where

w

(34) —+ -+ =— 4+ =1
s1 P axp S22 aXp
1 -1
(35) 1yple-_
53 axp

Observe that implies that s; = xss and as a consequence M is finite if so < r
and s3 < t. Therefore we can iterate by selecting a@ = a,, > 1 satisfying —.
18



Recalling that x = DL_p we note that the iteration can be done provided

1 1 1 p 1

< d@4): — > ——— [ - =) ==

s2 =T an pozx_p—1<7“ D) s
1 1/1 p 1
< d@s): —>-(-—=]=-
53 = Tan pax_p<t D> s

which mean that after a finite number of steps we will obtain

1 1
(f MSW> < Cano (f ufw) + M
Bl B2

for some ng € N. [ |

)

Proof of Theorem[I1.]} As before, we only consider the case R = 1. Theorem [I.1] says
that u is bounded on any compact subset of Bs hence for any § € R and any § > 0 the
function ¢ = nPu” is a valid test function provided @ = u + k + § and n € C>°(B3). Here
k is defined exactly as in Theorem

We begin with the case which differs the most from the proof of [33, Theorem 5].
Suppose that v = log @ and by following the idea of the proof in [33] we reach to

(36)
@—n/“mvwwmgm/ wmmvw“4w+g/ %“”Vmw+/ en [nVolP " w
B3 Bs B3 B3
+p dnPw,
B3

1
for any n € C2°(Bs). To continue denote by z = (fB3 InVol? w) " and with the aid of
Holder’s inequality becomes

2P < C’lzp_l + Cs,

1 1

o 5 1 5

o =P (/ Ianpw> +(/ Icnlpw) ,
p—1\Ug, p—1\Jg,

1 _ 1 B
@:>——/“mwﬂvmw+——— dn*w,
p_l 33 p_l Bg

where

which thanks to Young’s inequality implies
2P < C(CY + Cy),

for some constant C'. To continue we estimate C; and Cy using appropriate 7. For any
0 < h < 2 such that B, C By (not necessarily concentric) we have that B%h C Bs and we

19



consider 1) € C2°(Bay) such that n =1 in By and [V < Ch~!. We use such 7 in
and we perform the following estimates

where we have used @ repeatedly. Therefore one obtains

1
VolPw < / nVolf w
]ih| Pws o L 9

1 P
< m (CT +Cy)

<C 2 (p=P 4 p— (=) 4 p—(p—e)

<C (h‘p R0 4 h‘(p‘5)> ,

_ D D
where now C' depends on f, 6|7~ w, 15, |c|17£)5 w and fg |d| 7= w.
Finally, the local Poincaré-Sobolev inequality @ tells us that

1

P
} o=ontws (£ 1o-onl o)
Bh Bh

<Ch (][ [Vol? w) ’
Bh

§0(1+hf”8+h5)%,
20



and because h < 2 for any ball B;, C By we conclude that

][ v —vp, |w<C
By,

where C > 0 is a constant not depending on h, in other words, v € BMO(Bsy, w dx) and
the John-Nirenberg lemma for doubling measures [24, Appendix II] tells us that there
exists constants py, C' > 0 such that

][ epolv—vely, <C
B

for all balls B C Bs, in particular this gives

<][ epovw) . (7[ e_p°”w> < C?,
B, B,

and because v = log 4 we have obtained

—1
][ uPow < C (][ u_p°w> .
B B

1
If we denote by ¥(p, h) = (fB} ﬂp> " then the above becomes

(37) \Il(p032) < O\Il(pr’Q)’

The rest of the proof consists in using ¢ = n?@® for B # 1 — p,0 as test function. If
v =a® for « given by pa = p+ 8 — 1 then following the ideas from [33] leads to

e If 3> 0 then

Xp ﬁ C 2 —1\1 p % p % )
<]i3|77v w) < Cat(1+ 57 [(émm w) +<£3|an| w)]

If n € C°(By,) is such that n =1 in By for 1 < h' < h <2 with |[Vn| < C(h—K)7!
then

(]ih/ |v|XP w) x» <C (;”((55/)))5 (ZE?;;); af(;_i_i/ﬂ)i <]€?h o w); |

but since 1 < A’ < h < 2 we have

w(Bs) _ w(Baw) _ w(Bp)
w(By) = w(By) = ) ST
hence
(38) W) < 0BT gy



e Similarly, for 1 — p < 8 < 0 one has

1— 31
(39) wep ) < 0P ),
e If 5 < 1— p then one obtains
1+ a))*
(40) wiw ) < L g )

If we observe that ¥(s,r) — max@ and ¥(s,7) — mina we can repeat the itera-
s—00 B, s——oo B,

tive argument from the proof of [33, Theorem 5] to aeduce that and imply
maxu < C¥(pj, 2)
B1

for some pj < po chosen appropriately, whereas will give
mina > C~ 10 (—py, 2).
B1

Finally we can use to obtain a constant C' > 0 depending on the structural parameters
such that

maxu < C'minu
By B4

and because % = u + k + § we conclude by letting § — 0T. |

Remark 2.1. Observe that kg in Theorem[1.1] can be further estimated as follows: if
one supposes that solutions are defined in Br, for some Ry > 0 then because of @ we
can write

() = (2ot () <oniocs (f,w)

for any s > 0 and 0 < 2R < Ry then one can give a better estimate on Cr and kg in
D
terms of R > 0 because for example one can see that if b € Lr=1==""(Q) then

bp = RP™! <][ |b|7=1=< w)
Bar(zq)

similarly we obtain that

P € p—1

< CRI'R* (f b 7T w> < Cros B,
BRO

fR < ORO,fRag? gr < CR019R67
so that if

1
p—l—¢ p—e —1 p—c

é D P Dp
_ D _D _D
ko — f o7 w +][ 7175 w +][ 1917 w
Brg Br, Br,

then kr < ko maX{RP%l,Ri }. Therefore if Ry < 1 we have that

kr < koR7.
292




Proof of Theorem[I.5 This is standard once we know the Harnack inequality is valid.
We just highlight the main steps. For zy € Q by a suitable scaling we can suppose that
By = Bs(xg) € 2 and we can consider for 0 < 7 < 1 the functions

M(r) =maxu m(r) =minu

r T

If we define up; = M — u then uy; is a weak solution of an equation of the form
divA =B in By

for suitable A and B which satisfy the same structural hypotheses as A and B because
u is bounded in B;. The only thing to keep in mind is that b,¢,..., g also depend on
maxp, |u|. The Harnack inequality then implies that

M(r) —m(%) < CmBaxuM <C <%inuM+§:> = C’(M(r) -M (%) —|—I§;) .
3 5
The same situation occurs for the function w,, = u — m(r) as it can be shown that

M (C) —m(r) = maxu, <C (Igirnum + l?:) =C (m (g) —m(r) + l;;)

and if w(r) = M(r) — m(r) denotes the oscillation of v in B, we are led to

r C-1 20 -
—-) < = + = k,
w<3)—c+1w(r) 11

but Remark tells us that if r < 1 then k = k, < kore for some kg depending
solely on b,c,...,g and maxp, |u|l. Also by increasing its value one can suppose that
1< C =C, <(Cj so that we have

w (%) <40 (w(r) + Tr%>

for constants 8,7 > 0. The rest of the argument to conclude that « is Holder continuous
at xo is exactly as in the proof of [33, Theorem 8] thus we omit it. |

3. Behavior at infinity

In this section we obtain a decay estimate for weak solutions to the equation

(41) {—div(w VulP 2 Vu) = wlu|! *u inQ

u € DMP(Q)
where ¢ = xwp = DD‘i"fp and the set Q C RY (bounded or not) is such that there exists a
constant Sy, ,(€2) = Sp . > 0 for which the global weighted Sobolev inequality holds.
With the aid of the results regarding the equation div.A = B we are able to prove that
that weak solutions to are locally bounded.
23



Lemma 3.1. Let ¢ = xup and u € DYP(Q) be a weak solution of
—div(w |Vu|’ 2 Vu) = wu|" u in Q.
Then for every R > 0 such that Bar(zo) C Q) then there exists C > 0 such that

[ull Lo (o)) < C-

Proof. Observe that equation can be written in the from div4A = B for a = 1,
b=c=e=f=g=0andd=d=—|u/"". We first use Theoremas from that

result we know that if d € LDTw’w(Q) then for every s > 1 and R > 0 the weak solution u
satisfies

1
][ lu>w| <Cprs ][ [ulPw |
Bar(zo) Bar(z0)

and Cg s depends on s and on (fB4R($O) |d|DTw w)ﬁ. But because u € DY'P*(Q) the

Sobolev inequality tells us that u € L2 (Q), hence d € L%’w(BélR(xo)) & G = Xuwp-
In particular, this shows that u € L% (Bag(z9)) and as a consequence d = — |u|?""? €

Lprwf’w(BgR(xo)) for every 0 < € < p therefore we can use Theorem [1.1|to conclude that

1ull o (B (woy) < Cro

where Cr depends on R > 0 and the norm of u in HP%(Q). |

Now we would like to estimate the decay of the L% norm of weak solutions as one
leaves the set €.

Lemma 3.2. Suppose ¢ = xup. If u € D¥P*(Q) is a weak solution of , then there
exists Ry > 0 and 7 > 0 such that if R > Ry then

R\~
lullnwqonmn) < (52 ) Tullzomaysn, -

Here Bg denotes an arbitrary ball of radius R.

Remark 3.1. Observe that in the case of unbounded Q) the above gives an estimate near
infinity of the LY norm of u.

Proof. Because u € DVP(Q) then the function ¢ = nPu for n € WH°(RY) is a valid
test function in

/|Vu|p_2VuV<pw:/|u|q_2ugaw.
Q Q

On the one hand, using ts < Cpe! PP + es?" for suitable small € > 0 (depending only on
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p), we obtain that
/Q|Vu|p72 VuVpw = /Q [VulP~2 VuV (nPu)w
= /Q |Vu|p72 Vu - (nPVu + pnp_lan) w
= /Q |17Vu|pw—i—p/ﬂn”_1 [Vul’~? Vu - uVnw

> / InVul” w —p/ (e InVul’ + Cpe' P [uVn|?) w
Q Q

v

(1 —pe) /Q InVu|” w— Cpel_p/Q luVn|” w

1
=5 InVul|P w — Cp/ [uVn|P w.
Q Q

On the other hand, since ¢ > p we can write

/|u|q72u<pw:/uqn”w
Q Q
= [ 1l
Q

1-2 2
q q
<([ ) ()
supp 7 Q
Hence

[V w = [ u e
Q Q
§2p71/ |17Vu|pw+2p71/ [uVn|” w
Q Q

< ort (2/ [Vul' "2 VuVow + C’p/ |uVn|” w) +2p_1/ [uVn|” w
Q Q Q

1—2 r
<6 [varws ([ ) ([ )
Q supp n Q

and the global Sobolev inequality tells us that there exists a constant S, ,, such that

ya
Sy ([imte) " < [ v
Q Q
therefore we obtain

: - :
@) sy ([imre) <o, [wwrwre ([ ) ([ )"
Q Q supp 7 Q
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We now choose 7. First of all, because ||ul|, , is finite for any given e > 0 we can find
Ry = Ry(e) > 0 such that if R > Ry then

/ lu|?w < e.
O\Bg

With this in mind we choose Ry > 0 such that

q SP
2P / lu|? w <22
Q\Bg, 2

and we suppose that R > Ry from now on. We consider € W1>°(RY) such that
n(z) = 0 for x € Bg, n(z) =1 for x ¢ Bag, and |Vn| < CR™!. If we use such 7 in
we obtain a constant C' > 0 independent of R such that

(43) (f |nqu)‘1‘ <o [ wwarw)’

Additionally, by the choice of 1 we can suppose that |Vn| < CR~! and we obtain

/ [uVn|P w < C’pr/ [ul? w
Q QHBQR\BR
< CR™P (w(Bzr))' ™" / uw
QNB2r\Br
-2 3
2 Dy, q a
< CR7? | w(Bg,) <R> / lu|? w
RO QﬂBzR\BR
12 g
C<w(B;R0)) a RDw(l_%)_p / |u‘qw q
RO w QOBQR\BR

2

< CRP»(-5)p / fuf? w
SZQBQR\BR

P

(44) - ( / o |qu> '

where we have used (@ and the fact that ¢ = x,,p. From and we obtain

/ Inu|?w < C lu|? w,
Q QﬁBgR\BR

for some constant C' > 0 depending on p, q, Ry but independent of R. To continue, observe

Qs

26



that since n =1 on BS, we can write

[ wltws [l
O\Bar Q

<C |u|? w
QmBQR\BR

:C/ |u|qw—C’/ [ul? w,
Q\Br Q\B2r

thus, if § = 555 € (0,1) then we obtain

(45) / Ju|?w < 0/ |u|? w.
Q\BQR Q\BR

Consider now f(R) = fQ\BR |u|? w, then tells us that there exists 6 € (0, 1) such
that for every R > Ry one has

f(2R) < 0f(R),

in particular one could take R = R,, = 2"Ry for k > 0 and conclude that f(2"Ry) <
0f(2" 1Ry), or after iterating

f(2"Ry) < 0™ f(Ry).

Observe that if R > Ry then one can find n > 0 such that 2"Ry < R < 2"T'R; then
n < log,(RRy") and as a consequence we obtain

F(R) < f(2"Ro) < 0™ f(Ry) < 0'°%2(FR ) £(Ry).

and because x'°82¥ = 919827 50 we have shown

R T
/ Julw < (0> / lu|? w.
Q\Br R S\ Bry

for 7 := —qlog, 6 > 0 and the result is proved if ¢ = x,D. |

Lemma 3.3. Suppose that ¢ = x,p and that u € DYP(Q) is a weak solution of
—div(w |Vu|" "> Vu) = wu|" u in Q.

Then for each s > q there exists Ry > 0 (depending on s) such that if R > Ry then there
exists C = C(p, q, w;s) > 0 for which

C
Lo\ Ban) = RD‘”i 2=L —0,(1) ”uHLq*“’(Q\BR)’

[l

where 04(1) is a quantity that goes to 0 as s — 0.
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Proof. Firstly notice that thanks to the L®" interpolation inequality it is enough to

exhibit a sequence s,, — +oo for which one has
n—oo

C
ll om0\ By < R —on D [ull Law o\ Bp) -

Then we observe that in the context of we can view the equation as

divA =B
wherea=1,b=c=e=f=g=0and d =d = — |u|" ?. The assumption u € D'P*(Q)
tells us that ¢ = n?G(u) is valid test function and we can follow the notation of the proof

Theorem in fact, since e = f = g = 0 we can further suppose that k > 0 is arbitrary
in the definition of both F' and G. Starting with we now integrate over €2 to obtain

/ Vol w < p / oV [0Vl w + (o — 1)aP~! / donl? w,
Q Q Q

where v = F (@) and 8 =1+ p(a — 1). From the above and the global Sobolev inequality

(17) we obtain
([imera) <ca( [ wonrws [ dlor ).
Q Q Q

inequality that we can pass to the limit [ — oo to deduce that

% —_ [0
(/ Inualqw> <c. (/ Vol il w0+ [ ol w),
Q Q Q

where we have used d = |u|?"". If we pass to the limit ¥ — 0 then we reach

( / |mﬂ|qw) <c. ( [rwn o+ [ |a|q+p<“>w).
Q Q Q

Observe that because g > p we can do the following estimate

/Wpuq+p(a_1)w = / u?™? (nu®)’ w
Q

Q

1_2 r
<([ ) ()
supp 7 Q
therefore we have
3 1_2 P
(L) <cu [ouPprwsca(f - wme) " (fmere)”
Q Q supp 7 Q

We now select 7. Because u € DVP*(Q) and that holds then we know that
u € L9 (Q), therefore for any given v > 0 we can find Ry = Ro(v) > 0 such that

/ lu|?w < v, VR > R,.
Qn{|z|>R}
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With this in mind we choose Ry = Rg(a) > 0 such that

12
T
Co / lu|? w <,
Qn{ |2|>Ro } 2

and we suppose that R > Ry.
For n > 0 we consider R,, = R(2 — 2~ ™) and a smooth function 1 such that n(xz) =0
for |z| < Ry, n(z) = 1 for |z| > R, 11 and satisfies |Vn| < €2,

suppn C Q\ Bg,
suppVn C QN B, \ Br

n+1"°

n
Therefore if for n > 1 we take a,, = (%) then we obtain

7511 pn—1t —m
q T n q
qnzl Cn q %
lul 7w < R u| P T w ,
Q\BRn+1 Q\BRn

or equivalently, if s, = z% and Un, = [[ull pen.w(o\ B )
n

Cn
Un+1 S 72/{717
R

P
g

which after iterating gives

U, < Htﬂ;lc: U,
Rzi’zl(g)

and the result follows by noticing that Uy < [|ul| 4.\ 5> Un = (Ul

Lanw(Byp)» ad that

n 7 n+1

p p q p p
S8 =5 () = e,
—~\q a—p a-p\q q—p

Dup ~ p, [ |

Dy —p

because ¢ =

Now we are in position to prove Theorem [I.6}

Proof of Theorem[I.6f Consider the value of Ry > 0 given in Lemma [3.2] and suppose
that © € Q\ Bap,. Fix 0 <r < £ 5o that B,(z) C Q and use Lemma3.1]to obtain

1
()] < [[ull e 5, (o) < C ][ Wrw)| <c, ][ il w) = Cova [l oo s o)
Lo (Br(x)) B (2) B (2) Ls>% (Bay,(z))

for any s > p. If we consider R = %, then by geometric considerations we deduce that

B (z) C Q\ Bag hence

ull oo (By(ay) < Nl oo @\ Bag) -
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Now we select s > ¢ large enough so that o,(1) < 7 in Lemma where 7 > 0 is
taken from Lemma [3.2] by doing that we obtain

C

[[ul Low(Q\Bag) = W ||U||Lq,w(sz\BR)
C
< P
> Rﬁ7% ||U’HL<1-,1U(Q\BR)

< C Ro\"
_ﬁ r ”uHL‘lv“’(Q\BRO)’

therefore, by putting all together we obtain
CR{ C

ﬁ ||U||Lq,w(Q\BRO) = Wv

u(z)] <

for some constant C' > 0 independent of |z| > 2Ry, and the result is proved for R = 2R,.
|

4. A better decay estimate for some particular weights w

The result from Theorem can be improved if one knows two facts regarding the
weighted p-Laplace operator Ly, (u) = —div(w |Vul["~? Vu):

e The operator satisfies a comparison principle, meaning that if Ly, (u) < L, (v) weakly
in Q and u < v over 9 then v < v in Q.

e There exists a constant C' > 0 such that
Ly(|2|™) > Cw x|
for suitable s1, so and large |z|.

The first condition is easily verified in general (and in a stronger version for particular
weights) as one can see in Appendix however the second condition depends heavily on

the type of weight. In this section we discuss some particular cases that have been of
interest recently.

4.1. The unweighted case w = 1
As we mentioned in the introduction, the decay estimate we have obtained is an
adaptation of a result from [0] in the unweighted case, namely in that work they prove

Proposition 4.1 (Lemma B.3 in [6]). If u € WYP(RY) is a solution of
—Ayu=|uf’ u
then there exists A > 0 such that
C
7p+)\ .

N
LA faf e
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u(z)] <



The above result is improved by using the comparison principle for A, to obtain

Proposition 4.2 (Lemma B.1 in [6]). If u € WYP(RY) is a solution of

—Apu = |u\p*_2 u

then o
1+ [z[»?
for every e > 0.
4.2. Monomial weights: w = 24
In the case of monomial weights
wa(z) =zt = || .. oy

we can also improve the decay estimate from Theorem It is clear that w4 verifies
and that w; € L}, .(R) for a; > —1. Also w;(z;) = |z;|*" is doubling (see for instance [24]
Corollary 15.35]), moreover, if a; > 0 one can obtain the best doubling constant -, as
follows: observe that for Br(z¢) = (z¢ — R, xo + R) we have

To

wi(Br(w0)) = R w; (B ( R ))s

therefore

8
=

M — 21+aiw
wi(Br(zo)) w;(B1 (%))

because of the following

o
=

< gltai

=

Lemma 4.1. For any x¢g € R and a > 0 we have
wa(Bi(z0)) < wa(B1(270)),
with equality if xo = 0.

We will prove this lemma in Appendix [Al but observe that as a consequence we
deduce that for the cub Bgr = Hi]\;1($0,i — R, x0; + R) one has

wa(B2r(20)) _ o,

wa(Br(wo)) ~
for No = N +ay 4+ as + ...+ ay and that N4 is the smallest possible choice for the
exponent on the right-hand side. This shows that D4 = N4, which agrees with [4] [7]

where it was proved that for every A = (ay,...,ay) € RY with a; > 0 there exists a
constant Sy, 4 > 0 such that

(46) Sp. A </ |u|? 24 dx) < (/ |Vl 24 da:) , Vu e C(RY)
RY RY

A

3So far we have worked with balls, but the geometry of RN allows us to work with cubes instead by
only including a geometric constant when needed.
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where ¢ = ]\]IVT/“_’; and RY is defined as

RY = {(z1,...,2x) € RN : 2; > 0 whenever a; >0},

therefore the Sobolev exponent ¢ from coincides with the local Sobolev exponent
obtained in Remark from the doubling constant v4 = 274,
Observe also that [d Section 5| tells us that the weight w4 verifies

/ |u—up 4 ‘p zde < C'Z(B)p/ |Vaul? 24 dz for all balls B ¢ RY,
B B

so that [(P1)|is readily satisfied for w 4.
If Hy?*(RY) denotes the closure of C2°(RY) then the results of Section [3] are valid,
and with the aid of the comparison principle Proposition we obtain the following

Theorem 4.1. Suppose A = (ay,as,...,an) € RN, Na > 2 with a; > 0 for all i. If
ue Hy* (RY) is a weak solution of
—div(z? |[Vu|P 7> Vu) = 24 [u|" P u  in RY,
u=0 on O(RY),

where q = ]\],\:“_pp. Then

C
lu(x)| < % i .
14 |z| 7T

for every e > 0.

Proof. From Theorem [I.6] we know that there exists A > 0 and constants Ry > 1, C > 0
such that
Ju(@)] < Crla|™" ¥ |2| > Ro,

where t = % — 1+ X. We notice that there exists ¢ > 0 such that

t+2+0c+(p—2)t+o+1) <t(g—1),

and we observe that for any 1 < s < % we have

1
—div <xA ‘V (\x|_s)

where Cy = s|s|" > (Na — (p—2)(s + 1) =2 —s) > 0. Hence for |z| > R, and
us = max {u,0} we have

p—2v (x|—s>) _ CQxA ‘x|—s—2—(p—2)(s+1)

. A p—2 A qg—1
—div (x [Vuy| Vu+> < xfuf

< Ozt |x|_t(q_1)

< Cyzt |x|—(t+0)—2—(z)—2)((t+0)+1)

_ 7%div (xA 9 (1af ) ”’_2v (x|_(t+g))) .
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Because u; = 0 over 9(RY) the comparison principle tells us that
uy(x) < Cslz|™"7 V|| > R,

for some sufficiently large constant C3 > 0. We can iterate this process for t = t + o
provided we can find & > 0 such that t +24+6+ (p—2)(t+5+1) < ]\;A_EP, hence we
deduce that

N 4 —
up(z) < Clz|~ 7T V¥ |z| > Ro.

for every e > 0. The above can be repeated for (—u) and the result is proved. |

If we use Proposition [B:2] instead of Proposition we obtain the following variant
of Theorem [£1]l If we observe that

U{xERN:a:Z':O}

=1

= U{xERN:xi:O}U U {zeRY :2;,=0}
i€l 1€y

=T uUly,

O(RY)

where I; = {i:0<a; <1} and Iy = {¢:a; > 1} then we have

Theorem 4.2. Suppose A = (a1,as,...,ax) € RN, Ng > 2 with a; > 0 for all i. If
u € HY2A(RY) is a weak solution of

{div(xA [VulP > Vu) = 2 u]* > u  in RY,

u=20 on I'y,

where ¢ = ]\IIVT/“‘_pp. Then .
u(@)] € ——5=—
14 |z T
for every e > 0.

Proof. The proof goes exactly as the previous proof, the only difference being that
Proposition tells us that we do not need u () < Cs|z| "~ over the set I'y to obtain
said inequality all over the set {x € RY : |z| > Ry }. We omit the details. [ |

4.3. Power type weights: w = |x|”

In the case of the power type weights w(r) = |z|* we can also improve the decay
estimate from Theorem First of all we recall that the result of Caffarelli-Kohn-
Nirenberg [5] which tells us that for every a € R there exists a constant S, , > 0 such
that

; :
(47) Spa </ 2] dx> s(/ Vu|”|x|“dsc> ,
RY RN
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where ¢ = A],V“_pp, N, = N +a and R} is the punctured plane R) = RN\ {0}. Moreover,

the weight w,(z) = |z|* satisfies wq(Bgr(z0)) = RN Tw,(B1(%2)) so that

wa(Bar(20)) _ gn+a®alBi(5R)) _ ynta
o -

wa(Br(20)) wa(B1(F))
because we have
Lemma 4.2. For any xo € RY and a > 0 we have
wq(Bi(z0)) < wa(B1(220)),
with equality if zo = 0.

We prove this lemma below in Appendix and because the operator —div(|z|* |Vu|’? Vu)
also satisfies the comparison principle Proposition we have

Theorem 4.3. Suppose a > 0 and N, > 2. If u € HY**(R"N) is a weak solution of

—div(|z|* |Vul" 2 Vu) = 2" [u]? *u,

where ¢ = J\JIV“_pp. Then
a

C
u(@) € ——F=—
14|z > T
for every e > 0.

Proof. This is analogous to the proof of Theorem [£.I] We again deduce the existence of
A > 0 and constants Ry > 1, C7 > 0 such that

ju(@)] < C1lz[™" ¥, |a| = Ry,

where t = ¥a — 14 \. Now for any 1 < s <

o Na=P e have

p—1

—div (|2 ¥ (J21™*) ) = s[s" ™ (Na = (p = 2)(s + 1) = 2 = 5) [a 07D D707

— 02 |x|a—(p—2)(s+1)—s—2

where Cy > 0. Hence for |z| > Ry and v = max {u,0} we have

v <|$|7(t+0)) ‘p—2 v (x|(t+cr)>) ’

t+2+0+(p—2)t+o+1)<tlg—1).

. a — C . a
—div (\x| |Vuy | 2vu+) < —édlv <|x|

where o > 0 verifies

We use the comparison principle Proposition [B-2] and the same iterative argument from
the proof Theorem [£.1] to obtain a constant C' > 0 for which

N, —
a,P+€

up(z) < Cla|#

holds for every € > 0. Finally, because the same estimate can be obtained for (—u)4 the
proof is completed. |
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A. Doubling constant of power type weights

Observe that Lemma [£.1] is just Lemma [£.2] for the case N = 1, so we only need to
prove the latter.

Proof of Lemma[{.3. We separate the proof into two cases: |zo| > 2 and 0 < |z¢| < 2.
Observe that

x € Bi(zg) = |z| <1+ |zo],
x € B1(2x0) = |z| > 2|z0| — 1,

so 14 |zo| > 2|xg| — 1 & |z > 2 then B;(z) and By (2x) are disjoint and we can write

zM&@mZ/ 2| da

Bi(zo)
(1+ |zo)*A(B1(z0))
(2]zo] — 1)*A(B1(x0))

< / |z|* da
Bl(QIQ)

= wq(B1(220)),

<
<

due to the invariance of the Lebesgue measure with respect to translations. If 0 < |zg| < 2
then E = Bj(xo) N B1(2x¢) # @ and we have

we(B1(w0)) = wa(B1(w0) \ B1(270)) + wa(E)
= wo(B1(270)) + wa(B1(w0) \ B1(270)) — wa(B1(220) \ B1(20)),

and if © € By(xo) \ B1(2z0) then | — zo| < 1 with | — 22¢| > 1 therefore
2| < 14 2]z,

Similarly, if © € By (2x0) \ B1(zo) then |x — 2x¢| < 1 with | — z¢| > 1 so that
j2* > 1+ 2|,

and by the invariance of the Lebesgue measure under reflections we see that

wa(B1(0) \ B1(270)) < (14 220|*) EA(B1(x0) \ B1(220))
(1+ 2 |2ol*) EA(B1(220) \ Bi(x0))
wq (B1(220) \ B1(w0)),

IN

so that
we (B1(z0)) < wq(B1(2x0)),

and the proof is completed. |
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B. Comparison principles

A simple comparison principle can be easily obtained for the operator L, (u) =
—div(w |Vu[’~? Vu) as it can be seen in the following

Proposition B.1. For a connected open set Q suppose u,v € DVP¥(Q) satisfy u < v
over 09) and
—div (w |VulP~? Vu) < —div (w |VolP—? VU) ,

weakly, that is
/Q <|V’u|p*2 Vu — |[VoP~? Vv) Vowdz <0 Yo HyP"(Q), ¢ >0,

then u < v in Q.

Proof. The function ¢ = (u — v)4 is a valid test function hence we obtain
/ (\Vu|p72 Vu — |[VoP~? Vv) - (Vu—Vo)w <0,
O+

where Q1 = {z € Q: u(z) > v(z) }. However the integrand is non-negative due to the
convexity of the function s + |s|”, so there are two possibilities, either Q7 = & in which
case we obtain that v < v and the result is proven, or Vu = Vv in which case u = v+ C
on Q7 for some constant C. But since v = v on N1 we conclude that © = v on QF
which is impossible. [ ]

This proposition is enough for the proof of Theorem but it not enough for
Theorem [I.2] A standard comparison principle for an operator L could be: If Lu < Lv in

Qand u < v over J2 then u < v in , however if the operator Lu is —div (IA VP~ Vu)

then it is only needed to impose the condition u < v over a portion of the boundary.
Recall that the monomial weight is defined as

N
J,‘A = H |$Z|a, y
i=1

where a; > 0 for all i € {1,2,..., N } and that the study made in [7, [8] pointed out that
the cases where 7 is such that a; > 1 might require a different treatment, therefore we
consider the following partition of the set {1,2,...,N }:

L={ie{1,2,.,..,N}:0<a; <1}, L={ie{1,2,...,N}:a;>1},
and define
I'N={zecRY:z;=0forsomeic,}, To={xcRY :2;=0forsomeicl}.

The following result says that in order to have a comparison principle it is enough to
impose the inequality u© < v over the portion of 92 not intersecting I's.
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Proposition B.2. For a connected open set Q suppose u,v € DVPA(Q) satisfy u < v
over OQ\T'y and

—div (acA |VulP~? Vu) < —div (mA |VolP~? V’U) ,
weakly then u < v in .

Proof. Consider n. € C®(R") defined as n.(z) = [I;c, pe(z:) where p. € C>(R)
satisfies
plx)=0ifx <e, plx)=1ifx>2 |p(z)<Ceh

Observe that ¢ = n.(u — v)" is a valid test function because u — v < 0 over 9 \ I'y
and 7. = 0 over I's. Hence one obtains

/ <|V1L|1772 Vu — |[VoP~? Vv) - (Vu — Vo) n.z? dz
ot
+ / (|Vu|1772 Vu — |[VolP 72 VU) Ve (u—v)z?tder <0
O+
where QT = {z € Q: u(z) > v(z) }. As a consequence we get
/ (|Vu|p_2 Vu — |Vo|P 2 V'U) - (Vu — Vo) n.z? da
o+

< ‘/ (\Vu\r2 Vu — |VolP 72 VU) Ve (u—v) z? dz| .
O+

1 1—1
< (/ [uVn. [P z4 dx) (/ |Vl 2 dx)
ot supp Ve
P 1 1—1
§C’</ ’E‘ xAdx) </ |Vuprdx)
supp Vn. ' € supp Ve

but if « € supp V7. then x;, < 2¢ for some io € I, and as a consequence

u|P
/ ‘f’ A de < C E /
supp Vne € supp Vne

1€ls
by the weighted Sobolev-Hardy inequality [7, Theorem 1|. Hence

1—1
A
<Cllullypa </ |Vu|P z dx)
supp Ve

However

‘/ w|VulP " Vu - Viez? dz
O+

Ly

A
dx < C”u”lpAv

i€l

'/ w|Vul’ "2 Vu - Viez? do
Q+

Similarly we have

/ v |VulP 72 Vu - Vneat dz| < Cllollyp.a < \Vau|? 24 d:c)
Q+ supp Ve
1—1
/ w|VoP? Vo - Vet dz| < Cllully 4 ( |Vo|P x4 dx) ’
o+ supp Ve
/ v |VoP? Vo - Viea? da| < C’||vH1pA < |VolP 24 dx)
Q+ supp Vne




In summary we have obtained

/ <|Vu|pf2 Vu — |[VoP~? Vv) - (Vu — Vo) n.a? dz
o+

11 11
<O (hpat W) | ([ waratar) T ([ wupatas)
supp Vne supp Vne

and as € — 07 we deduce that
/ (|Vu|p_2 Vu — |[VoP~? Vv) (Vu—Vou)ztdz <0
O+

so we can proceed as in the proof of Proposition to conclude. |

References

[1] R. Alvarado, P. a. Gorka, and P. Hajt asz. Sobolev embedding for M1P spaces is equivalent to a
lower bound of the measure. J. Funct. Anal., 279(7):108628, 39, 2020. ISSN 0022-1236,1096-0783.
doi: 10.1016/j.jfa.2020.108628. URL https://doi.org/10.1016/j.jfa.2020.108628,

[2] P. Assouad. Etude d’une dimension métrique liée & la possibilité de plongements dans R"™. C. R.
Acad. Sci. Paris Sér. A-B, 288(15):A731-A734, 1979. ISSN 0151-0509.

[3] S. Bonafede. Holder continuity of bounded generalized solutions for some degenerated quasilinear
elliptic equations with natural growth terms. Comment. Math. Univ. Carolin., 59(1):45-64, 2018.
ISSN 0010-2628. doi: 10.14712/1213-7243.2015.242. URL https://doi.org/10.14712/1213-7243,
2015.242.

[4] X. Cabré and X. Ros-Oton. Sobolev and isoperimetric inequalities with monomial weights. J.
Differential Equations, 255(11):4312-4336, 2013. ISSN 0022-0396. doi: 10.1016/j.jde.2013.08.010.
URL http://dx.doi.org/10.1016/j.jde.2013.08.010.

[5] L. A. Caffarelli, R. V. Kohn, and L. Nirenberg. First order interpolation inequalities with weights.
Compositio Math., 53(3):259-275, 1984. ISSN 0010-437X.

[6] D. Cao, S. Peng, and S. Yan. Infinitely many solutions for p-Laplacian equation involving critical
Sobolev growth. J. Funct. Anal., 262(6):2861-2902, 2012. ISSN 0022-1236. doi: 10.1016/j.jfa.2012.
01.006. URL [https://doi.org/10.1016/].jfa.2012.01.006!

[7] H. Castro. Hardy-Sobolev-type inequalities with monomial weights. Ann. Mat. Pura Appl. (4), 196
(2):579-598, 2017. ISSN 0373-3114. doi: 10.1007/s10231-016-0587-2. URL http://dx.doi.org/10!
1007/s10231-016-0587-2.

[8] H. Castro. Extremals for Hardy-Sobolev type inequalities with monomial weights. J. Math.
Anal. Appl., 494(2):124645, 31, 2021. ISSN 0022-247X. doi: 10.1016/j.jmaa.2020.124645. URL
https://doi.org/10.1016/j.jmaa.2020.124645.

[9] H. Castro and M. Cornejo. Poincaré’s inequality and sobolev spaces with monomial weights.
Mathematische Nachrichten, 296(10):4500-4522, 2023. doi: https://doi.org/10.1002/mana.202200100.
URL https://onlinelibrary.wiley.com/doi/abs/10.1002/mana.202200100.

[10] S. Chanillo and R. L. Wheeden. Harnack’s inequality and mean-value inequalities for solutions of
degenerate elliptic equations. Comm. Partial Differential Equations, 11(10):1111-1134, 1986. ISSN
0360-5302. doi: 10.1080/03605308608820458. URL https://doi.org/10.1080/03605308608820458.

[11] L. Damascelli and B. Sciunzi. Harnack inequalities, maximum and comparison principles, and
regularity of positive solutions of m-Laplace equations. Calc. Var. Partial Differential Equations,
25(2):139-159, 2006. ISSN 0944-2669. doi: 10.1007/s00526-005-0337-6. URL https://doi.org/10,
1007/s00526-005-0337-6.

[12] D. G. de Figueiredo, P.-L. Lions, and R. D. Nussbaum. A priori estimates and existence of positive
solutions of semilinear elliptic equations. J. Math. Pures Appl. (9), 61(1):41-63, 1982. ISSN
0021-7824.

[13] E. De Giorgi. Sulla differenziabilita e I’analiticita delle estremali degli integrali multipli regolari.
Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. (38), 3:25-43, 1957.

38


https://doi.org/10.1016/j.jfa.2020.108628
https://doi.org/10.14712/1213-7243.2015.242
https://doi.org/10.14712/1213-7243.2015.242
http://dx.doi.org/10.1016/j.jde.2013.08.010
https://doi.org/10.1016/j.jfa.2012.01.006
http://dx.doi.org/10.1007/s10231-016-0587-2
http://dx.doi.org/10.1007/s10231-016-0587-2
https://doi.org/10.1016/j.jmaa.2020.124645
https://onlinelibrary.wiley.com/doi/abs/10.1002/mana.202200100
https://doi.org/10.1080/03605308608820458
https://doi.org/10.1007/s00526-005-0337-6
https://doi.org/10.1007/s00526-005-0337-6

[14]

[15]

[16]

[17]

(18]

[19]

[20]

21]

[22]

23]

24]

[25]

[26]

[27]

28]

[29]

(30]

(31]

32]

(33]

34]

E. B. Fabes, C. E. Kenig, and R. P. Serapioni. The local regularity of solutions of degenerate
elliptic equations. Comm. Partial Differential Equations, 7(1):77-116, 1982. ISSN 0360-5302. doi:
10.1080/03605308208820218. URL https://doi.org/10.1080/03605308208820218.

F. Ferrari. Harnack inequality for two-weight subelliptic p-Laplace operators. Math. Nachr., 279(8):
815-830, 2006. ISSN 0025-584X. doi: 10.1002/mana.200410396. URL https://doi.org/10.1002/
mana.200410396.

B. Franchi. Weighted Sobolev-Poincaré inequalities and pointwise estimates for a class of degenerate
elliptic equations. Trans. Amer. Math. Soc., 327(1):125-158, 1991. ISSN 0002-9947. doi: 10.2307/
2001837. URL https://doi.org/10.2307/2001837.

J. M. Fraser and D. C. Howroyd. On the upper regularity dimensions of measures. Indiana Univ.
Math. J., 69(2):685-712, 2020. ISSN 0022-2518,1943-5258. doi: 10.1512/iumj.2020.69.7840. URL
https://doi.org/10.1512/iumj.2020.69.7840!

P. Garain. Properties of solutions to some weighted p-Laplacian equation. Opuscula Math., 40
(4):483-494, 2020. ISSN 1232-9274,2300-6919. doi: 10.7494/opmath.2020.40.4.483. URL https!
//doi .org/10.7494/opmath. 2020.40.4.483|

B. Gidas and J. Spruck. Global and local behavior of positive solutions of nonlinear elliptic equations.
Comm. Pure Appl. Math., 34(4):525-598, 1981. ISSN 0010-3640. doi: 10.1002/cpa.3160340406. URL
https://doi.org/10.1002/cpa.3160340406.

D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order. Classics in
Mathematics. Springer-Verlag, Berlin, 2001. ISBN 3-540-41160-7. Reprint of the 1998 edition.

C. E. Gutiérrez. Harnack’s inequality for degenerate Schrodinger operators. Trans. Amer. Math.
Soc., 312(1):403-419, 1989. ISSN 0002-9947. doi: 10.2307/2001222. URL https://doi.org/10,
2307/2001222.

P. Hajt asz and P. Koskela. Sobolev met Poincaré. Mem. Amer. Math. Soc., 145(688):x+101, 2000.
ISSN 0065-9266. doi: 10.1090/memo/0688. URL https://doi.org/10.1090/memo/0688.

J. Heinonen. Lectures on analysis on metric spaces. Universitext. Springer-Verlag, New York,
2001. ISBN 0-387-95104-0. doi: 10.1007/978-1-4613-0131-8. URL https://doi.org/10.1007/
978-1-4613-0131-8.

J. Heinonen, T. Kilpeldinen, and O. Martio. Nonlinear potential theory of degenerate elliptic equations.
Dover Publications, Inc., Mineola, NY, 2006. ISBN 0-486-45050-3. Unabridged republication of the
1993 original.

P. Lindqvist. Notes on the p-Laplace equation, volume 102 of Report. University of Jyvdskyld
Department of Mathematics and Statistics. University of Jyviskyla, Jyvaskyla, 2006. ISBN 951-39-
2586-2.

P.-L. Lions. On the existence of positive solutions of semilinear elliptic equations. SIAM Rev., 24(4):
441-467, 1982. ISSN 0036-1445. doi: 10.1137/1024101. URL http://dx.doi.org/10.1137/1024101.
D. D. Monticelli, S. Rodney, and R. L. Wheeden. Boundedness of weak solutions of degenerate
quasilinear equations with rough coefficients. Differential Integral Equations, 25(1-2):143-200, 2012.
ISSN 0893-4983.

D. D. Monticelli, S. Rodney, and R. L. Wheeden. Harnack’s inequality and Hélder continuity for
weak solutions of degenerate quasilinear equations with rough coefficients. Nonlinear Anal., 126:
69-114, 2015. ISSN 0362-546X. doi: 10.1016/j.na.2015.05.029. URL https://doi.org/10.1016/j,
na.2015.05.029.

B. Muckenhoupt. Weighted norm inequalities for the Hardy maximal function. Trans. Amer. Math.
Soc., 165:207-226, 1972. ISSN 0002-9947. doi: 10.2307/1995882. URL https://doi.org/10.2307/
1995882,

B. Muckenhoupt and R. Wheeden. Weighted norm inequalities for fractional integrals. Trans.
Amer. Math. Soc., 192:261-274, 1974. ISSN 0002-9947. doi: 10.2307/1996833. URL https:
//doi .org/10.2307/1996833

M. K. V. Murthy and G. Stampacchia. Boundary value problems for some degenerate-elliptic
operators. Ann. Mat. Pura Appl. (4), 80:1-122, 1968. ISSN 0003-4622.

B. Sciunzi. Classification of positive D1?(R™N )-solutions to the critical p-Laplace equation in
RY. Adv. Math., 291:12-23, 2016. ISSN 0001-8708. doi: 10.1016/j.2im.2015.12.028. URL https
//doi.org/10.1016/j.aim.2015.12.028,

J. Serrin. Local behavior of solutions of quasi-linear equations. Acta Math., 111:247-302, 1964. ISSN
0001-5962. doi: 10.1007/BF02391014. URL https://doi.org/10.1007/BF02391014/

N. S. Trudinger. On the regularity of generalized solutions of linear, non-uniformly elliptic equations.
Arch. Rational Mech. Anal., 42:50-62, 1971. ISSN 0003-9527. doi: 10.1007/BF00282317. URL
https://doi.org/10.1007/BF00282317.

39


https://doi.org/10.1080/03605308208820218
https://doi.org/10.1002/mana.200410396
https://doi.org/10.1002/mana.200410396
https://doi.org/10.2307/2001837
https://doi.org/10.1512/iumj.2020.69.7840
https://doi.org/10.7494/opmath.2020.40.4.483
https://doi.org/10.7494/opmath.2020.40.4.483
https://doi.org/10.1002/cpa.3160340406
https://doi.org/10.2307/2001222
https://doi.org/10.2307/2001222
https://doi.org/10.1090/memo/0688
https://doi.org/10.1007/978-1-4613-0131-8
https://doi.org/10.1007/978-1-4613-0131-8
http://dx.doi.org/10.1137/1024101
https://doi.org/10.1016/j.na.2015.05.029
https://doi.org/10.1016/j.na.2015.05.029
https://doi.org/10.2307/1995882
https://doi.org/10.2307/1995882
https://doi.org/10.2307/1996833
https://doi.org/10.2307/1996833
https://doi.org/10.1016/j.aim.2015.12.028
https://doi.org/10.1016/j.aim.2015.12.028
https://doi.org/10.1007/BF02391014
https://doi.org/10.1007/BF00282317

[35]

(36]

J. Vétois. A priori estimates and application to the symmetry of solutions for critical p-Laplace
equations. J. Differential Equations, 260(1):149-161, 2016. ISSN 0022-0396. doi: 10.1016/j.jde.2015.
08.041. URL fhttps://doi.org/10.1016/7.jde.2015.08.041]
P. Zamboni. Hélder continuity for solutions of linear degenerate elliptic equations under minimal
assumptions. J. Differential Equations, 182(1):121-140, 2002. ISSN 0022-0396. doi: 10.1006/jdeq.
2001.4094. URL https://doi.org/10.1006/jdeq.2001.4094.

40


https://doi.org/10.1016/j.jde.2015.08.041
https://doi.org/10.1006/jdeq.2001.4094

	Introduction
	Local estimates
	Behavior at infinity
	A better decay estimate for some particular weights w
	The unweighted case w=1
	Monomial weights: w=xA
	Power type weights: w=x a

	Doubling constant of power type weights
	Comparison principles

