WEIGHTED PSEUDO ANTIPERIODIC SOLUTIONS FOR FRACTIONAL
INTEGRO-DIFFERENTIAL EQUATIONS IN BANACH SPACES.

EDGARDO ALVAREZ, CARLOS LIZAMA, AND RODRIGO PONCE

ABSTRACT. In this paper we prove the existence of weighted pseudo antiperiodic mild solutions for
fractional integro-differential equations in the form

t
D (t) = Au(t) + / a(t — s)Au(s)ds + f(t,u(t)),

where f(-,u(-)) is Stepanov weighted pseudo antiperiodic and A generates a resolvent family {Sa (t)}+>0
of bounded and linear operators on a Banach space X, a € Llloc(R+) and a > 0. Also, we give a short
proof to show that the vector-valued space of Stepanov-like weighted pseudo antiperiodic functions is a
Banach space.

1. INTRODUCTION

Let us consider the equation

(1.1) L(u) = f,

where L is a linear, possibly unbounded operator, and the forcing term f belongs to some space of vector-
valued functions, say M. It is well known that mathematical understanding of the linear Equation (1.1)
is meant as a preliminary critical step for the subsequent analysis of full nonlinear models. Usually, one
is interested in to find conditions on the operator L such that the solution w belongs to the same space
of vector-valued functions than f. Then, fixed point arguments are used to obtain the desired solution
of associated nonlinear problems.

We ask for the following problem: (Q) Can the solution u be more regular that f?. In other words, is
it possible to find a subspace N’ C M such that u € N?.

This problem has begun to be studied recently and there are some cases in the literature where the
answer is positive. For example, in [8], Diagana, N’Guérékata and Mophou solved problem (Q) taking M
as the space of Stepanov-like weighted pseudo almost automorphic functions, L(u) := Dgfu — Au and N
as the subspace of weighted pseudo almost automorphic functions. Here A is a closed and linear operator
defined on a Banach space X and D denotes fractional derivative of order a > 0.

In this paper, we are able to give an affirmative answer to (Q) taking M as the space of Stepanov-like
weighted pseudo antiperiodic functions; A" as the space of weighted pseudo antiperiodic functions and
where the class of operators is defined by

t
(1.2) L(u)(t) = D u(t) — Aut) — / a(t — ) Au(s) ds,

— 00
where A generates a resolvent family {S,(¢)}:>0 on Banach space X, a € Ll (R;) and o > 0. The
class of operators (1.2) has been in studied in [28]. In that paper, the author has solved the problem of
maximal regularity in several spaces of functions, i.e. starting with f € M and proving that the mild
solution u belongs to the same subspace M. We remark that continuity fails in the case of Stepanov
type functions and only measurability and integrability are required to work with this class of functions.
Hence, it justify think in the preceding problem in the context mentioned above. To the best of our

2010 Mathematics Subject Classification. 35B15; 47D06; 45D05.

Key words and phrases. antiperiodic; weighted; pseudo; Stepanov; mild solutions; Banach space; fractional; integro-
differential.

C. Lizama is partially supported by Proyecto Anillo ACT 1112 and FONDECYT 1140258.

1



2 EDGARDO ALVAREZ, CARLOS LIZAMA, AND RODRIGO PONCE

knowledge, the existence of weighted pseudo antiperiodic solutions to Equation (1.2) in the case when
the forcing term f is Stepanov weighted pseudo antiperiodic is an untreated original problem, which
constitutes one of the main motivations of this work.

The existence and uniqueness of antiperiodic solutions to evolution equations have been studied in

[5], H.L.Chen [9], Y.Q. Chen [10], Haraux [21], Okoshi [27], and N’Guérékata and Valmorin [26].

This paper is organized as follows. In Section 2, we first present some definitions and basic results
of Stepanov-like type spaces and then we give a short and direct proof to the fact that the space of
Stepanov-like weighted pseudo antiperiodic functions is a Banach space (Theorem 2.15). In Section 3, we
first give a composition Theorem in the space of Stepanov-like weighted pseudo antiperiodic functions,
assuming a compactness condition (Theorem 3.3). Then, we give sufficient conditions in order to ensure
the existence and uniqueness of weighted weighted antiperiodic mild solutions where the input data f
belongs to the space of Stepanov-like weighted pseudo antiperiodic functions. We finish this paper with an
illustrative example to find existence and uniqueness of mild solutions for a concrete semilinear problem
is given.

2. PRELIMINARIES

In this section, we introduce some basic definitions, notations and preliminaries facts that we will use
in the paper. Particularly, we give an alternative proof to show that the space of Stepanov-like weighted
pseudo antiperiodic functions is a Banach space.

Throughout the paper (X, ||-||x) and (Y, |- ||y) are complex Banach spaces and B(X,Y) is the Banach
space of bounded linear operators from X to Y; when X =Y we simply write B(X).

We denote by

BCR,X):={f:R— X : fis continuous, ||f||s :=sup||f(t)|| < o},
teR

the Banach space of X-valued bounded and continuous functions on R, with natural norm.
Given a function g : R — X, the Caputo (or Weyl) fractional integral of order o > 0 is defined by

1 t
D™%g(t) := —/ (t—s)*"tg(s)ds, teR,
I(e) J-o

when this integral is convergent. The Caputo (or Weyl) fractional derivative D*g of order o > 0 is
defined by

dn

D%(t) := —

9(t) = oo

where n = [a] + 1. It is known that D*D~%g = g for any a > 0, and D" = j; holds with n € N. See

[25] for more details.

The Mittag-Leffler function (see e.g. [24]) is defined as follows:

D= ¥g(t), teR,

E (2)'—iZk—1/ e“ua_ﬁd a,8>0,z€C
o,B ._k:OF(Oékj+B)_27Ti o Iua_z M, 9 ) 9

where Ha is a Hankel path, i.e. a contour which starts and ends at —oo and encircles the disc |u| < |z|'/©
counterclockwise. The Laplace transform of a variant of the Mittag-Leffler function is given by:

\e—h

_ 1/05.
A+ p’

LA Bap(—pt™))(N) p € C,Red > [p|

We recall the following definition [28] (see also [29] for a general treatment on resolvent families).

Definition 2.1. Let A be a closed and linear operator with domain D(A) defined on a Banach space X,
and o > 0. Given a € L] (R), we say that A is the generator of an a-resolvent family, if there exist



WEIGHTED PSEUDO ANTIPERIODIC SOLUTIONS 3

w >0 and a strongly continuous function Sy, : [0,00) = B(X) such that {H_)‘Ta()\) :ReA > w} C p(4) and
forall x € X,

@ -1 oo
(A= (14 d()\))A)_lx =1 +2(>\) (1 Jr)\&(/\) — A) x = /0 e M8, (t)xdt, Rel > w.

In this case, {Sqo(t)}1>0 is called the a-resolvent family generated by A.

Now, we recall the definitions of antiperiodic functions.

Definition 2.2. A function f € C(R,X) is said to be antiperiodic if there exists a w € R\ {0} with the
property f(t+w) = —f(t) for allt € R. If there exists a least positive w with this property, it is called the
anti-period of f. The collection of those functions with the same anti-period w is denoted by P,qp(R, X).

Remark 2.3. Note that if f € P,.p(R,X), then f € Pay, (R, X), where P, (R, X) denotes the Banach
space of all 2w-periodic functions.

Definition 2.4. A function f € C(R x X, X) (resp., C(R x X x X, X)) is said to be antiperiodic in
t € R and uniformly in uw € X (resp. in (u,v) € X x X ) if there exists a w € R\ {0} with the property
fl4w,u) = —f(t,u) forallt e R, u € X. (resp. f(t+w,u,v) =—f(t,u,v) forallt € R, (u,v) € XxX).
The collection of those w-antiperiodic functions is denoted by Pqp(RXx X, X) (resp., Pap(Rx X x X, X)).

Let U be denote the set of all functions p: R — (0,00) in L},
For a given r > 0 and for each p € U, we set

m(r, p) := /T p(t) dt.

—r

(R) such that p(t) > 0 for all ¢ € R a.e.

Thus the space of weights Uy, is defined by
U ={pecU: ILm m(r, p) = 00}.

Now, for p € Uy, we define

PAAWR,X) = {f € BO®.X): lim —— [ 70)lpte)de = o)

r—o00 M, _r

PAAR XY, X):={f € BOCRxY,X) : f(,y) is bounded for each y € Y
and lim — /_ @l d = 0. witormly iy € Y},

Definition 2.5 ([16]). Let p € Us. A function f € BC(R,X) (respectively f € BC(R x Y, X)) is
called weighted pseudo antiperiodic if it can be expressed as f = g+ h where g € Pqp(R, X) (respectively
Poop(RxY, X)) and h € PAA)(R,X) (respectively PAAy(R x Y, X)). We denote by WPP,,,,(R, X)
(respectively WPP,,q.,(R x Y, X)) the set of all such functions.

Definition 2.6 ([17]). The Bochner transform fb(t,s) with t € R,s € [0,1] of a function f : R — X is
defined by

Fo(t,5) = f(t+ ).
Definition 2.7 ([17]). The Bochner transform fb(t,s,u) with t € R,s € [0,1],u € X of a function
f:Rx X — X is defined by

fb(t,S,U) = f(t+5,u) f07” all u € X.

Definition 2.8 ([17]). Let p € [1,00). The space BSP(R,X) of all Stepanov bounded functions, with
exponent p, consist of all measurable functions f : R — X such that f* € L>(R, L?(0,1; X)). This is a
Banach space with the norm

1
41 :
I fllse := || £l o= (=, L) = sup (/ £ ()11 dT) .
teR t



4 EDGARDO ALVAREZ, CARLOS LIZAMA, AND RODRIGO PONCE

Definition 2.9. A function f € BSP(R, X) is called Stepanov antiperiodic if f° € P,ap(R, LP(0,1; X)).
We denote the set of all such functions by P,q.pS? (R, X).
Remark 2.10. We note that the preceding definition implies

1/p

o ([ s+ o as) =0

teR
which is equivalent to say that f(t+w) = —f(t) a.e. t € R; that is; || f(t+w)+ f(t)|l, = 0. This coincide
with the definition of Z. Xia in [35].

Definition 2.11. A function f : Rx X — Y with f(-,u) € BSP(R,Y), for each u € X, is called Stepanov
antiperiodic function in t € R uniformly for v € X if f(t + w,u) = —f(t,u) a.e. t € R and each u € X.
We denote by PqpSP(R x X,Y) the set of such functions.

Now, we introduce a (natural) linear operator from BSP(R, X) into L>°(R, LP(0, 1; X)) which will be
an important tool in order to clarity some concepts and achieve our goals.
Definition 2.12. We define the map
B:BSP(R, X) — L (R, LP(0,1; X))
f e (BA®s) = £t +5).
Remark 2.13. [t follows from the definitions that the operator B is a linear isometry between BSP(R, X)
and L= (R, L?(0,1; X)). More precisely
1Bfllos = 11/l Bs>®,x)-

Remark 2.14. The definition of Stepanov-like weighted pseudo antiperiodic functions given by Z. Xia
in [35] can be wrilten using the preceding notation. Thus, for p € Us, we say that a function f
is Stepanov-like weighted pseudo antiperiodic (or SP—weighted pseudo antiperiodic) if and only if f €
B7 (Poap(R,LP(0,1; X)) + B~1(PAAL(R, LP(0,1; X))). In other words,

(2.1) W PPqpSP(R, X) = B (Puay(R, LP(0, 1; X)) + B~ (PAA(R, L(0,1; X)))
Moreover, since B is an isometry and Pq,(R, LP(0,1; X)) N PAAy(R, LP(0,1; X)) = {0} then the sum is
direct, that is,

WPP,4pSP(R, X) = B~ (Poap(R, LP(0,1; X))) @ B~ (PAAG(R, LP(0,1; X))).

Based in the definition of operator B, we prove that W PP,,,,S” (R, X)) is a Banach space when endowed
with their natural norm.

Theorem 2.15. WPP,,,,5?(R, X) is a Banach space with the norm

1w PPowpser,x) = l9llBsr@,x) + 1Pl Bsr =, x)

where f =g+ h with g € B~ (Puap(R, LP(0,1; X))) and h € B~ (PAA((R, LP(0,1; X))).
Proof. Let (fn) be a Cauchy sequence in WPP,q,SP(R,X). Then |f, — fmllwep,.,sp@x) — 0 as
n,m — oo. Let fn, = gn + hy and fo, = gim + him With g5, gm € B (Puap(R, LP(0,1; X))) and hy, by, €
B~Y(PAA(R, LP(0,1; X))). If n,m — oo, then

1Bgn — BgmllL~®, ey = l9n — gmllBsr @, x) < [1fo = fmllwpp,.,sr@ x) — 0
and

1B9n — BgmllL>~®,r)y = l9n — gmllBsr®.x) < 1 fn = fullwpp,.,sr@ x) — 0
This implies that (Bgy,) and (Bh,,) are Cauchy sequences in P,,,,(R, L?(0,1; X)) and PAAy(R, LP(0,1; X))
respectively. Since P,qp (R, LP(0,1; X)) and PAA(R, LP(0,1; X)) are Banach spaces (see [26] and [18]
resp.) then there exist g € P,qp(R,L?(0,1; X)) and h € PAA(R, LP(0,1; X)) such that

||Bgn — gHLoc(]R7Lp) — 0, ||Bhn — hHLoo(]R7Lp) —0 (n — OO)
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Let f1 := B ({g}) € B (Poap(R, LP(0,1; X))) and fo := B~*({h}) € B~1(PAAL(R, L?(0,1; X))). Note
that f1 and f> are well defined because B is injective. Let f := fi + fo € WPP, 4, S?(R, X). Then
Ifr = Fllwpp,.,sp@x) = 1(gn + hn) = (f1 + f2)llwpp,.,s7®,X)
= |lgn — fillBsr®,x) + [|hn — f2llBsP (R, X)
= ||Bgn — BfillLe® ey + |Bhn — B2l Lo~ & Lr)
= 1Bgn = gllLoo@,r) + | Bhn = hl| oo g,r) = 0 (n — 00).

Therefore W PP,,,,S?(R, X) is a Banach space. O
Theorem 2.16. Let p € Uy, be given and let S : Ry — B(X) be strongly continuous. Suppose that there
exist a function ¢ € L*(Ry) such that

(a) SO <o(t) t=0;
(b) &(t) is increasing;

(c) onzod(n) < <.
Suppose that f € WPP,,,,SP(R, X). Then

(Sxf)t) = /t S(t—s)f(s)ds € WPP,4p(R, X).
Proof. See [35, Lemma 36]. O

3. WEIGHTED PSEUDO ANTIPERIODIC MILD SOLUTIONS

In this section we consider the problem of existence and uniqueness of weighted pseudo antiperiodic
mild solutions for the following class of integro-differential equations
t

(3.1) Du(t) = Au(t) + / a(t — s)Au(s) ds + f(t,u(t)),

—0o0

where A generates an a-resolvent family {S,(¢)}:>0 on a Banach space X, a € L (Ry), o > 0 and
the fractional derivative is understood in the sense of Caputo. Note that Equation (3.1) has the form of
Equation (1.1) with Lu = D*u(t) — Au(t) — fioo a(t — s)Au(s) ds.

Definition 3.1. A function u: R — X s said to be a mild solution of (3.1) if

t
ut)= [ Salt= )i ul)ds (teR)
— 00
where {Sq(t) }1>0 is the a-resolvent family generated by A, whenever it exists.
Now, we present the following composition theorems.

Theorem 3.2. Assume that F': R x X — X is a bounded function that satisfies
(a) There exists w > 0 such that F(t +w,—xz) = —F(t,x) for a.e. t € R and for all v € X;
(b) There exists L > 0 such that ||F(t,z) — F(t,y)|| < Lljlx —y|| for allz,y € X andt € R;
(c) u € P,a,pSP(R, X).
Then F(-,u(:)) € PuapSP(R, X).
Proof. Since |[F(t,2) — F(t,y)|| < Lllz — yl| implies [|F(t,2) = F(t,y)lp < Lz — ylly» then
[t + w,u(t +w)) + Ft,u@))llp = [[F(E+w,ut +w)) = F(t +w, —u(?)ll
+ (4w, —u(t) + F(t,u@)) ]
< Llu(t 4+ w) +u()lp + [t + w, —u(t)) + F(t, u(t))[l, = 0.
Therefore F'(t + w, u(t +w)) = —F(t,u(t)) a.e. t € R and consequently F'(-,u(-)) € P,ap(R, X). O
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Our next result assume a compactness condition in order to obtain invariance under composition of
functions for the space of Stepanov weighted pseudo antiperiodic functions.

Theorem 3.3. Let p € U, p > 1, f = g+ ¢ € WPP,,SP(R x X, X) with g € B (Pygp(R x
X,LP(0,1;X))) and ¢ € B~ (PAAG(R x X, LP(0,1; X))). Assume that

(i) There exists w > 0 such that f(t +w,—x) = —f(t, ).
(11) There exist constants Ly, Ly > 0 such that

1t w) = F 0 < Lpllu—=oll, llg(t,u) —g(t,0)[| < Lgllu—v| t€R, u,veX.

(iii) h = a+B € WPP,,,SP(R, X) with o € B~ (Poap(R, LP(0,1; X))) and B € B~ (PAA((R, LP(0,1; X)))
is such that the set

K :={at): te R}
is compact in X. Then f(-,h(-)) € WPP,,,S?(R, X).

Proof. We can decompose

[, h(t) = g(t, a(t) + f(¢, h(t) — f(t,a(t)) + o(L, aft)).
Set
F(t) = g(t,a(t)), G@t):=f(t h))— f(t,a®t), H(t):= ot at)).

Since a € P SP(R, X) and g € PoepSP(R x X, X) then by assumptions and Theorem 3.2 we obtain
that F(t) € B~ (Puap(R, LP(0,1; X))).
Next we show that G(t) € B~1(PAA(R, L?(0,1; X))). Indeed

t+1 t+1
/t IG@)|P do = / 1£(0,h(0)) — f(o, (o)) do
t+1
< / 12]h(0) - a(o)|? do
t+1
- / 12116(0)|P do

Then

1/p 1/p

s [ ([ snsoras) s L [ ([T i) ar

Since B(-) € B~1(PAAo(R, LP(0,1; X))) we obtain that G(-) € B~Y(PAA(R, L?(0,1; X))).
Next, we prove that H(-) € B~1(PAA(R, LP(0,1; X))). Since ¢ € B~1(PAA(R x X, L?(0,1; X)))
then for any e > 0 there exist rg > 0 such that r > ro implies that

1/p

[ ([ st aras) a<e wex

m(r,p) J—,

Since K is compact, we can find finite open balls O (k = 1,2,3,...,n) with center z; and radius less
than ﬁ such that K C U7 ,O. Set By :={t € R: a(t) € Ox}. Then R = U}_, By. Let E; = By,

E, = Bi \ (U;?;llBj) (2 <k <m). Thus E; N E; =0 for i # j. By Minkowski inequatility, for r > ro we
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s [ ([ 1ot.atoirar) Y
1

have

1/p

1 n t41
+m(rp>2/m_ L / ¢<a,a<xk>>||wg) it
) 1 1/p
) 1 —rr
1 1/p
53 s (f a0 —mirar)
’ k=17 Exn[—r,r
1 n t+1 1/p
tona Lo weea@rar)

<2 oo ([ lotomnrao) Y

T

Then
ﬁ /T p(t) (/ttH lp(a, a(a)||P da) v dt < (n+2)e (r>rg).

—-r

Hence

i = o ([ totcaeipar) -0

-

Therefore H(-) € B~ (PAAo(R, L?(0,1; X))). It follows that f(-,h(-)) € WPP,.,SP(R, X). O

Now, we obtain the existence and uniqueness of weighted pseudo antiperiodic solutions with help of
Theorem 2.16 and Theorem 3.2.

Theorem 3.4. Let p € Uy, andp > 1 and f =g+ h € WPP,,,5?(R x X, X) be given. Suppose that
(H1) There exists w > 0 such that f(t +w, —z) = —f(t, ).
(H2) There exist constants Ly, Ly > 0 such that
Hf(t,u)—f(t,v)” SLf||u_'v||7 ||g(t,u)—g(t,v)||SLgHu—vH, teR u,velX.
(H3) The operator A generates an a-resolvent family {Sqa(t) }1>0 such that ||So(t)]] < ¢al(t), for allt >
0, where o (-) € L*(Ry) is nonincreasing such that po := Y or i ¢a(n) < 0o and Ly < ||lpa| "
Then the Equation (3.1) has a unique mild solution in WPP,,,,(R, X).
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Proof. Consider the operator Q : WPPE,.,(R, X) = WPP,,,(R, X) defined by
t
- / S(t— ) f(s,u(s))ds, t€R.

First, we show that Q(WPP,4p(R, X)) C WPP,,4,(R, X). Let u = ug +ug € WPP,4,(R, X). Then u; €
Poop(R, X) and hence K := {u;(t) : t € R} is compact. Moreover, it is clear that u € WPF,,,,S?(R, X)
and hence (iii) in Theorem 3.3 is satisfied. From (H1) and (H2) we have the conditions (i) and (ii) in
Theorem 3.3. It follows that f(-,u(-)) € WPP,,4,SP(R, X). On the other hand, the hypothesis (H3) and
Theorem 2.16 imply that Q(u)(t) € WPP, (R, X). Now, if u,v € WPP,,4,(R, X) we have

1Q(u)(t) = Q(v)(t)[|c0 = sup

teR

< Lfigﬂg/() IS(s)lult — s) - v(t — 5)] ds

/ S(t—s8)[f(s,u(s)) — f(s,v(s))]ds

< Lyllu— vl / pols)ds.

This proves that @ is a contraction, so by the Banach Fixed Point Theorem we conclude that @) has
unique fixed point. It follows that Q(u) = u € WPP,,,(R, X) is unique. Hence u is the unique mild
solution of (3.1). O

We finish this paper with a simple application that no means generality but illustrates how our hy-
potheses apply.

a—1

ot

Example 3.5. Weput A= —pin X =R, a(t) = Z@’ 0>0,0<a<1,and f(t,u) = cos(u)g(t) +

i sin((2k + 1)t) and

@(t) cosu, where g(t) = 12 )

k=1
n_ T on e
b(t) = cos(t), te[2. 52"+ %], neN
0, otherwise.
The functions g(t,u) := cos(u)g(t), h(t,u) := ¢(t)cosu verify the hypothesis in Theorem 3.4 (with
p(t) = 1). Thus, we have equation (1.2) in the form

o [1 (t—s)
(3.2) Doult) = —ou(t) - & /_Oo iy u(eds + f(t. (), 1€ R
From [28, Example 4.17], it follows that A generates an a-resolvent family {S,(¢)}¢>0 such that
R AQ )\a—a/Q )\a—(x/? )

Sa()‘) = ()\a+2/g)2 = ()\04+2/g) . (>\a+2/9).

Thus, we obtain explicitly

Sa(t) = (rr)(t)

with r(t) = t2 71 E, o (—4t*), and where Eq, o (-) is the Mittag-Leffler function.
Note that f € WPP,,,,S(R, X) with weight p(t) = 1 for ¢ € R. Moreover,

It = st < (G4 1) = ol

Then, by Theorem 3.4, we can conclude that there exists a unique mild solution u(-) € WPP, (R, X)
of Eq.(3.2) prov1ded ISl < 2+6 We remark that given 0 < o < 1, we can choose the number ¢ > 0
such that ||S.|| < ﬂ2+6 as in the proof of [28, Lemma 3.9].
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