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1 Introduction

Fractional calculus is an important generalization of ordinary differentiation
and integration to arbitrary non-integer order, which has been regarded as
one of the most powerful tools to describe long-memory processes in the last
decades. Many phenomena from viscoelasticity, electrochemistry, nonlinear os-
cillation in mechanics, among others, can be modelled by differential equations
involving fractional derivatives. We refer the reader to monographs [1,2] for
more details. The optimal control is one of the fundamental topics in the field
of mathematical control theory, which plays a key role in control systems [3,4].
In recent years, solvability and optimal control governed by fractional differen-
tial equations have been considerably studied. For instance, the existence and
optimal control for semi-linear fractional finite time delay evolution systems of
order ]0, 1] were investigated in [2]. Liu and Wang [5] considered the solvability
and optimal controls for systems governed by semi-linear impulsive fractional
differential equations of order )0, 1]. Since noise or stochastic perturbation are
unavoidable in real world [6,7], it is of interest to consider stochastic effects in
optimal control problems. Balasubramaniam and Tamilalagan investigated the
solvability and optimal controls for fractional stochastic systems of order in
]0,1] in [8]. Yan and Jia [9] discussed optimal controls for fractional stochastic
functional differential equations of order |1, 2].

On the other hand, Sobolev-type evolution equations find wide applica-
tions in mathematical models such as flow of fluid through fissured rocks,

thermodynamics, propagation of long waves of small amplitude and so on, see



for instance [10,11] and references therein. Sobolev-type fractional equations
have attracted great interest recently. There are already some fundamental
results on Sobolev-type fractional equations of order in |0, 1]. For example,
Zhou gave some controllability results on Sobolev-type fractional systems in
[2]. Debbouche et al established some sufficient conditions for the existence of
optimal multi-controls governed by Sobolev-type fractional equations in [12].
Benchaabane and Sakthivel [13] investigated the existence and uniqueness of
mild solutions for a semi-linear Sobolev-type fractional stochastic differential
equations in Hilbert spaces. In above mentioned topics, the solution operators
of Sobolev type fractional equations were obtained via the so-called subor-
dination formulas of a strongly continuous semigroup. However, in order to
ensure the existence of such operators, is necessary an order of fractional in-
tegration in |0, 1[ (for the Caputo fractional derivative) and the existence and

compactness of certain inverse operator.

In this paper, we study the existence and optimal controls for Sobolev-
type fractional stochastic evolution equations of order in |1, 2[ in Caputo and
Riemann-Liouville fractional derivatives. We also note that there are few re-
sults available on existence and optimal controls for Sobolev-type fractional

stochastic evolution equations of order in |1, 2[.

The rest of this paper is organized as follows. Section 2 presents the Prob-
lem to study in this paper. Section 3 collects the Preliminaries. Sections 4 and
5 are devoted to the existence and optimal controls for addressed systems. Sec-

tion 6 gives some applications and in Section 7 we present some Conclusions.
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2 Problem Statement

The main objective of this paper is to investigate the following Sobolev-type

fractional stochastic evolution equations of the order « €]1, 2]

O (Ex)(t) = Az(t) + f(t,z(t)) + B(t)u(t) + X(t, z(t)) dm;t(”, tel 0
Ex(0) = Exo, (Ex)'(0) = Ex1,
and
09 (E)(t) = Ax(t) + f(t, 2(t)) + B)u(t) + St 2) D et

(2)
E(g2—q *xx)(0) = Exg, (E(g2-0 *xx)) (0) = Exq,

where I := [0,b], 0% and 9% denote, respectively, the Caputo and Riemann-
Liouville fractional derivatives, the state z(t) takes values in a separable Hilbert
space ‘H with inner product (-,-)3; and norm || - ||%, A and E are two closed
linear operators defined on H with domains D(A) and D(FE), respectively.
{W(t)}i>0 is a given K-valued Wiener process with a finite trace nuclear co-
variance operator (Q > 0, and K is another separable Hilbert space with inner
product {-,-)x and norm | - ||x. The control u takes values from a separable
reflexive Hilbert Y, B : I - B(Y,H), f: IXxH - H, X : I xH — B(K,H),
which will satisfy some additional conditions. Here, B(K, H) denotes the space
of all bounded linear operators from K into H. If K = H, then we just write

B(K). The function “g,(-)” and its finite convolution “*” will be specified later.

Observe that the change of variable y(¢f) = Exz(t) allows to write (1) as

dW (t)

O y(t) = Ly(t) + glt) + BOu(®) + h(t) =,

,4(0) = v0,y'(0) = y1, where



gt) = E7Lf(t,x(t)), L = AE7L, h(t) = E7'X(t,2(t))(t) and yo = Exo,
D(L) = E(D(A)), y1 = Ez;. Then, formally the system (1) can be studied by
above reduced system. However, this change of variable needs the existence
of E~! as a bounded operator, which in general is restrictive. On the other
hand, a common assumption to deal with the problem (1) is: E, A are closed
linear operators; D(E) C D(A) and E is bijective; and E~! is a compact oper-
ators. In this case, —AE~! is a bounded operator which generates a uniformly

continuous Cy-semigroup. See for instance [13,14] and the references therein.

In this paper, we establish sufficient conditions for the existence of mild
solutions to (1) and (2). And then we prove the existence of optimal state-
control pairs of the limited Lagrange optimal systems governed by (1) and
(2). The solution operators for (1) and (2) are directly expressed as fractional
resolvent operator family generated by the pair (A, F) without assuming the
existence or compactness of E~!. The main results are investigated under the
mixed Carathéodory and Lipschitz conditions via compactness of fractional
resolvent operator family, and thus, the optimal control results are derived

without uniqueness of solutions for controlled evolution equations.

3 Preliminaries

In this section, we list some basic definitions, notations and results. For more
detailed facts on stochastic and fractional differential equations, see [1,2,15]

and references therein.
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Let (£2, F,P) be a complete probability space equipped with a normal filtra-
tion F3, ¢ € I satisfying the usual conditions (i.e., right continuous and Fy con-
taining all P-null sets). For Q-Wiener process on ({2, F,P) with linear bounded
covariance operator @) satisfying tr@Q) < co, we assume that there exists a com-
plete orthonormal system {ey},>1 in K, a bounded sequence of non-negative
real numbers {\, },>1 such that Qe,, = A\, e,, and a sequence {W,, },,>1 of inde-
pendent Brownian motions such that (W (t),e)x = >0 vV An{en, €)W (t),
for e € K,t € I and F; = F}V, where F}V is the o-algebra generated by
{W(s) : 0 < s < t}. Let L2(£2,H) be the space of all F-measurable square
mean integrable random variables with values in the Hilbert space H. We de-
note by C(I, L*(£2,H)) the space of continuous maps from I into L?(£2, H) sat-
isfying the expectation condition sup E||z(t)||* < co. Let C(I,H) be the closed

tel
subspace of C'(I, L?(£2,7H)) consisting of measurable and F;-adapted H-valued

1

2

process x € C(I, L*(§2,H)) endowed with the norm ||z||¢c = (supE||a:(t)||2)
tel

Then (C, || - ||c) is a Banach space.

In what follows, we introduce the admissible control set. Let Y be a sep-
arable reflexive Hilbert space from which the control u takes values. Let
L%(1,Y) be the closed subspace of L%(I x §2,Y), consisting of all measur-
able and F;-adapted, Y-valued stochastic processes satisfying the condition
Efob lu(t)||?-dt < oo, and furnished with the norm |lu|| = (]E fob ||u(t)||%/dt>%
Let P(Y') be a class of nonempty closed and convex subsets of Y. We assume

that the multivalued map U : I — P(Y") is graph measurable, U(-) C =, where



Z is a bounded set of Y. The set Uyq:={u € L%(I,Z) :u(t) e U(t) a.e. t € I}

is called the admissible control set, and from [16] it follows that Ugq # 0.

a—1

For o > 0, we define g,(t) := 7}((1),

for t > 0 and g,(t) = 0 for t < 0,
where I'(-) is the Gamma function. We also define gy = dp, the Dirac delta.

For @ > 0, n = [a] denotes the smallest integer n greater than or equal to «.

The finite convolution of f and g is defined by (f * g)(t) := fot flt—s)g(s)ds.

Definition 3.1 Let a > 0. The a-order Riemann-Liouville fractional integral

of v is defined by JY(t) := (ga * v)(t). Also, we define J° as JOv(t) = v(t).

Definition 3.2 Let o > 0. The a-order Caputo and Riemann-Liouville frac-
tional derivatives of v are defined, respectively by 9fv(t) == (gn_a * v™)(t)

and 9%v(t) = L2 (gp_a * v)(t), where n = [a].

In the following, we recall some results on fractional resolvent operator
family {So]i,@ (t)}+>0, which can be found in details in [17,18]. The E-modified
resolvent set of A, pg(A), is defined by pr(4) := {A € C : (A\E — A) :
D(A) N D(E) — H is invertible and (A\E — A)~! € B(H,[D(A) N D(E)])}.
The operator (AE — A)~! is called the E-resolvent operator of A. A strongly
continuous family {T(¢)}:>0 C B(H) is said to be of type (M,w) or exponen-
tially bounded if there exist M > 0 and w € R, such that || T(¢)|| < Me“" for

all £ > 0. Note that, without loss of generality, we can assume w > 0.

Definition 3.3 Let A: D(A) CH — H, E: D(E) C H — H be closed linear
operators on a Hilbert space H satisfying D(A) N D(E) # {0}. Let o, 8 > 0.

The pair (A, E) is said to be the generator of an («, 8)-resolvent family, if there
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exist a constant p > 0 and a strongly continuous function S, f 51 [0,00[— B(H)
such that Sgﬁ(t) is exponentially bounded, {A\* : ReA > p} C pgp(A), and for
(o)
allz € H, \*PE(NE — A) 'z = / e_’\tSfiﬂ(t)xdt,Re)\ > . In this case,

0
{SZ 5(t)}e>0 is called the (a, §)-resolvent family generated by the pair (4, E).

Definition 3.4 The resolvent family {SZ ;(¢)};>0 C B(#) is said to be com-

pact, if for every ¢ > 0, the operator Sgﬁ(t) is a compact operator.

Lemma 3.1 Let o > 0 and 1 < 8 < 2. Suppose that {SZ ;(t)};>0 is the
(a, B)-resolvent family of type (M, w) generated by (A, E). Then, the function

t = SF 5(t) is continuous in B(H).

Lemma 3.2 If (A, E) generates an («, §)-resolvent family of type (M, w) and

~v > 0, then (A, E) also generates an («, S+7)-resolvent family of type (M w) .

wY?

Lemma 3.3 Let a > 0, 1 < 8 < 2 and {S 4(t)}+>0 be an (a, §)-resolvent
family of type (M,w) generated by (A, E). Then, the following assertions are
equivalent: i) Sﬁﬂ(t) is a compact operator for all ¢ > 0; ii) E(uE — A)~!is a

compact operator for all > w!/.

Lemma 3.4 Let 1 < a < 2, and {SZ,(t)}:>0 be the (a,1)-resolvent family
of type (M,w) generated by (A, F). Suppose that t — Sgl(t) is continuous
in B(H). Then, the following assertions are equivalent: i) S¥ () is a compact

operator for all t > 0; ii) E(uE — A)~' is a compact operator for all > w'/®.

3
Lemma 3.5 Let 5 <a< 2, and {SE__,(t)}+>0 be the (o, o — 1)-resolvent

a,a—1

family of type (M,w) generated by (A, E). Suppose that t — S¥_ (t) is

a—1



continuous in B(#). Then, the following assertions are equivalent: i) S¥ ()

is compact for all t > 0; ii) E(uE — A)~! is compact for all p > w'/®.
Finally, we recall the following results, which can be found in [19].

Lemma 3.6 If K is a compact subset of a Banach space X, then its convex

closure is compact.

Lemma 3.7 The closure and weak closure of a convex subset of a normed

space are the same.

Lemma 3.8 Let C be a closed, convex and nonempty subset of a Banach
space X. Let operators N1, Ny satisfy that: i) If u,v € C, then Nyu+ Nov € C;
ii) N7 is a contraction; iii) No is compact and continuous. Then, there exists

z € C such that z = N1z + Naz.

4 Existence of Mild Solutions

In this section, we shall establish some existence results of mild solutions to
systems (1) and (2) under the mixed Carathéodory and Lipschitz conditions.

Let us list the following assumptions.

(A1) The pair (A, E) generates the (o, 1)-resolvent family {SZ,(£)}i>0 of type
(M,w), EQ\*E — A)~! is compact for all \* € pp(A) with A > w=.

(A2) f:I xH — H satisfies the following conditions: (a) For a.e. t € I, f(¢,-)
is continous, and for each x € H, f(-,x) is measurable; (b) There exists a

function ¢ € L(I,R,) such that E|/f(t,z)||? < ¢(t)E|jz|? Vt € I, € H.
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(A3) B : I — B(Y,H) is essentially bounded, i.e. B € L>(I,B(Y,H)).

(A4) The function X' : I xH — B(KC,H) is continuous and there exists a constant
Ls > 0 such that E|X(t,2) — 2(t,y)||> < LsE|lz —y|?, t € I, 2,y € H.

(H1) Let 1 < o < 2, and the pair (A, F) generates the («, @ —1)-resolvent family
{SE . 1(t)}i>0 of type (M,w) and the operator E(A*E — A)~! is compact

for all A € pg(A) with A > wa.

Definition 4.1 An F;-adapted stochastic process x : I — H is called a mild

solution to (1), if for each ¢ € I it verifies the following integral equation

w(t) = Sq1(t)zo + (91 % S5 1) (H)a +/O (ga—1 % S51)(t = )X (s, 2(s))dW (s)

+ / (Gor * SE1)(t — 5)B(s)u(s)ds + / (Gor * SB1)(t — 5) (5, 2(s))ds.

Definition 4.2 An F;-adapted stochastic process x : I — H is called a mild

solution to (2), if for each ¢ € T it verifies the following integral equation

(t) =S a1 (t)ot(g1 % Siafl)(t)x1+é (1% S5 a—1)(t = 8)X(s,2(s))dW (s)

4 / (g1 % SZ )t — 5)B(s)u(s)ds + / (g1 % 5B _1)(t — 5)f (5, 2(s))ds.

Theorem 4.1 If conditions (A1)-(A4) hold, then the system (1) has at least

one mild solution solution on I provided that

10

A4262Wbb 1
T [any +L2] <1
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Proof For a constant r > 0, we define B,:={z € C(I,H):E[z(t)|* <r, t € I}.

We further define the map N := Ny + Ny : C(I,H) = C(I,H) as

(N12)(t) := S51 (D70 + (91 % S51) ()21
[ gams # SE )t = ) S5 W (),
0
(Naa)(0) = [ (a1 # SE)(E = 3)[F(5:2() + Bhu(s))ds.

Obviously, the fixed points of N are mild solutions of the system (1). We shall
show that N admits a fixed point. The proof will be given in several steps.

Step 1. There exists a constant r > 0 such that N(B,) C B,. Indeed, if it is
not true, then for each r > 0, there exists z € B, E||(Nx)(t)||? > r for some

t € I. From the definition of NV, we have

M262wb M2 2wbb
r <E|[[(Nz)(t)|[?<5M>¢**E||xo|* + 5 Ellz:|? + 5y Tl

M2 ewa

+5w2(a—1)

b
b||9s||2uu||izf<f,y>+2Lzbr+z / E|2<s,o>||2ds] .

Dividing both sides by r and taking the lower limit as » — oo, we obtain

1 < 10X [3ll¢llzr + L], which is a contradiction to (3). Thus, there

w2(a—1)

exists r > 0 such that N(B,) C B,.

Step 2. N; is a contraction in B,. In fact, for x,y € B, and t € I, we have

M2e2wbb
E|(Niz) (6) — (Nig) (1) < gy L super Ella(s) ~y(s) . Thus, we have

2 wab

E||Niz — Nyy||? < LsE|z —y||?. By (3), Ny is a contraction in B,.

w2(a=1)

Step 3. N is continuous in B,.. In fact, let z,,,x € B, be such that xz,, — z in

M2 2wbb

B, as n — oo. Then E||(No2z™)(t) — (Nox)(1)]|? < 2D 47"/ ¢(s)ds. Note
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that the function s — ¢(s) is integrable on I. Thus, the Lebesgue dominated
convergence theorem implies that N, is continuous in B,..

Step 4. Ns is equicontinuous. Let x € B,., and take 0 < t5 < t; < b. Then

E[|(Naz)(t1) — (Naz)(t2)]?

< || " (Gt # SE1) (0 — )1 (s, 2(s))ds

to

2

+4E /0 1(ga_1 * Sﬁl)(tl — 5)B(s)u(s)ds

+4E /0 2[(9(1—1 * 551)@1 —8) — (ga-1 * Sf,l)(tQ — 8)|f (s, 2(s))ds

2

o /0 2[(%’1 * St = 8) = (ga—1 % SE1)(t2 — 8)]B(s)u(s)ds

=L+ 1+ I3+ 1.

y 2
By (A2), for the term I, as t; — to, we have I < 4%E ftt; f(s,x(s))ds”
< 41‘“{22<a2wf>b f s)ds — 0. From (A3), for the term I3, as t; — t2, we have

I, < 4M2e0 Z“bbn%n S Elu(s)||Pds < 42229812 [ Elu(s)||*ds — 0. For

w2(a—1) w2(e—1)

terms I3, I4, we get by Holder’s inequality

ta
Iz < 47527“/ [(ga1 % SE)(t1 = 5) = (ga—1 * SE1)(t2 — s)[Pd(s)ds
0

ta
I <t [ gams * SEL (0~ 8) = (gars * SE(t2 = 5) PEIB(s)us) s
0

2 _2wb

Note that [|(ga—1 * SE1)(t1 — ) = (ga1 * SE1)(ts — )|[2(s) < 420 g(s)
€ LYILRY), [(gat * SE )t — ) = (gai * SE1)(t2 — )| 2E|B(s)u(s)|?
< 4MU R B (s)u(s)||2 € LI, RY), (g1 * SE)() = SE (t) for all t > 0

(sece Lemma 3.2) and S%,(t) is norm continuous (see Lemma 3.1), we have
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(ga—1 % SE )1 — 5) — (ga—1 % SE,)(t2 — s) = 0 in B(H) as t1 — to. By the
dominated convergence theorem, we obtain tlhng I3 =0, 113%2 I, =0.
Step 5. The set V(t) := {(Na2z)(t) : * € B,} is relatively compact for each
t € I. In fact, clearly the set V(0) is relatively in H. Let ¢ €]0,b] and € €]0, ¢],
we define (N5x)(t) := /Ot E(ga,l x SE )t — s)[f(s,2(s)) + B(s)u(s)]ds. The
condition (A1) and Lemma 3.3 imply that (ga—1 % SF,)(t) = SZ ,(t) is com-
pact for all ¢+ > 0. Considering Bu € L?(I,H) for all u € Uy, the set O, =
{(ga—1%SE )t —9)f(s,2(s)) +B(s)u(s)] : 2 € B,,0 < s <t —e} is compact
for all € > 0. Then, conv(O,) is also a compact set by Lemma 3.6. By the mean
value theorem for Bochner integrals, we obtain that (N5z)(t) € (t—¢)conv(O,)
for all ¢ € I. Thus, the set V.(¢t) = {(N5z)(t) : * € B, } is relatively compact
in H for every ¢ €]0,t]. Furthermore, for z € B,, E||(Naxz)(t) — (Nsz)(t)||* <
2%?;?? { ft _d(s)ds + b]|B|)? ||u||L2 Iy) . Since the map s — ¢(s) be-
longs to L([t — ¢,t],R), by the dominated convergence theorem we have
that glg(l)EH(Ngx)(t) — (N5z)(t)||* = 0. So, there are relatively compact sets
arbitrarily close to the set V(¢), and V(t) is relatively compact for every ¢ € I.
As a consequence of Steps 1-5, we deduce that Ny is a contraction in B,
and Ny is completely continuous in B,. By Lemma 3.8, there exists a fixed

point z(-) for N7 + Na in B,.. Thus, the system (1) admits a mild solution.

Theorem 4.2 Assume that conditions (H1), (A2)-(A4) are satisfied. Then,

the system (2) admits at least one mild solution on I provided that

M2 2wbb
1M [

L +L2] . (4)
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Proof We define the operator N := Nj + Ny as

(N1z)(t) == SE .1 (O)xo + (91 % SE 4_1) (V)21
+ / (g2 % SE 1) (t — )5 (s, 2(s))dW (5),
0

(No) (1) = / (g% SZ,_ 1)t — )[f(5,2(5)) + B(s)u(s)]ds.

As in the proof of Theorem 4.1, if for each r > 0 there exists z € B,. such that

M262wb M262wbb
r<E|[(Nz)(t)|* < 5M>e**E||zo|* + 5 Ellz1]* +5——5—rl¢ll.:

b

M262wb ) ) 0
1Bl s )b+ 2Lsbr+2 / E||2(s, 0)]2ds| .

w2

+5

then dividing by r and taking r — oo, we obtain 1 < 10% [2lloll + Lx].
In view of (4), there exists a constant r > 0 such that N(B,) C B,. We can

show N; is a contraction in B, as Step 2 in Theorem 4.1. Since Sga_l(t) is

norm continuous (see (H1)) and t + (g1 x S _,)(t) is also norm continuous

a,a—1
by Lemma 3.1, we can similarly prove that Ny(B,) is equicontinuous. The
Lemma 3.3 implies the compactness of (g1 ST, 1)(t) = SZ(t) for all t > 0.
Thus, the set V(t) := {(Naz)(t) : « € B,} is relatively compact for each ¢ € I.
By the Arzela-Ascoli theorem, we can deduce that N, is completely continu-

ous. From Lemma 3.8, there exists a fixed point z(-) for N; + N5 on B,.. Thus,

the system (2) admits a mild solution.
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5 Existence of Optimal Controls

This section is concerned with the existence of optimal state-control pairs
of the limited Lagrange optimal control problems governed by the systems
(1) and (2), respectively. The main results are derived via some compactness
results of corresponding operators, and thus the uniqueness of solutions to (1)
and (2) is not necessarily needed.

For any u € U,q, let B, be defined as before and S(u) denotes the set of
all mild solutions to the systems (1) or (2) in B,.. Let 2* € B, denote the mild
solution to the systems (1) or (2) corresponding to the control u € U,q, and
consider the following limited Lagrange problem (LP): Find 2° € B, C C(I,H)
and u® € U,q such that for all u € Uyg, J(z%,u") < J(z%, u), where 2° € B,
denotes the mild solution to the systems (1) or (2) related to the control
u® € Uyg, and J(z%,u) :=E {fob S(t,x“(t),u(t))dt}.

We remark that under the conditions of Theorems 4.1-4.2, a pair (z(-), u(-))
is feasible if it verifies the systems (1) or (2) for z(-) € B,, and if (z¥(-),u(-))
is feasible, then z* € S(u) C B,.

In order to seek results of optimal control, we need the following conditions.

(A5) The function £: 1 x H x Y — R|J{oo} satisfies:
(A5.1) The function £: I x H x Y — R|J{oo} is Borel measurable;
(A5.2) £(t,-,-) is sequentially lower semicontinuous on H x Y for a.e. ¢ € I;
(A5.3) £(t,x,-) is convex on Y for each x € H and a.e. t € I;
(A5.4) There exist constants ¢ > 0,d > 0, v is non-negative and ¢ € L'(I,R)

such that £(¢,z,u) > ¥ (t) + cE|/z|]* + d||ul|}.
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(A6) t — SE,(t) is continuous in B(H).

(H2) Let 2 < o < 2, and the pair (4, E) generates the (c, «—1)-resolvent family
{SE ,_1(t)}i>0 of type (M,w). Assume that the operator E(A*E —A)~! is
compact for all A* € pg(A) with A > w= and ¢ > SE . 1(t) is continuous

in B(H).

Remark 5.1 Conditions (A1), (A6) and Lemma 3.4 imply that SF, (t) is com-

E
a,a—1

pact for all ¢t > 0. According to Lemma 3.5, S (t) is also compact for all

t > 0 under the condition (H2).

Taking into account the proofs of Lemma 3.2 and Corollary 3.3 of Chapter 3

in [3], we have the following similar results.

Lemma 5.1 Assume that Sﬁ o(t) is compact for all ¢ > 0. Then, the operator

IT by (ITu)(+) = / Solia(—s)%(s)u(s)ds, Vu(-) € Uaqg C L%(I,Y) is compact.
0

Moreover, if u, € U,q converges weakly to u as n — oo in L%_-(I,Y), then

IHu,, — IIu as n — oo.

Theorem 5.1 Assume that conditions (A1)-(A6) and (3) hold. Then, the

problem (LP) governed by (1) admits at least one optimal feasible pair.

Proof We define J(u) = ilg( )J(x“,u),Vu € Ugq. If the set S(u) admits fi-
zresS(u

nite elements, there exists some * € S(u) such that J(Z%,u) = ir}gf( : J(z%, )
zresS(u

= J(u). If the set S(u) admits infinite elements and iI}gf( )J(x“,u) = 400,
zheS(u

there is nothing to prove. Now, we assume that J(u) = ir‘lsf( : J(z", u) < 4o0.
zresS(u

By (A5), we have J(u) > —oco. We now divide the proof into several steps.

Step 1. By the definition of the infimum, there exists a sequence {z%} C S(u)
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satisfying J(z%,u) — J(u) as n — oo. Considering {z¥,u} as a sequence of

feasible pairs, we have

() = Sy 1 (H)zo+ (91 % 851 (t)a +/0 (Ga—1 % 851)(t = 5)X(s, 23, (5))dW (s)

+ /0 (ga—1 % Sa1)(t = 8)[f (s, 231(5)) + B(s)u(s)lds, tel. ()

Step 2. We now show that there exists some % € S(u) such that J(Z%,u)
= irgf( )J(:c“,u) = J(u). To do this, we first prove that for each u € Ugq,
zreS(u

the set {z"},¢cn is relatively compact in C(I, H). Note that

n(t) = SZ1(Hzo+ (g1 * 551)(t)$1+/0 (ga—1 % SE1)(t = 5)X(s, 23 (5))dW (s)
+/ (ga—1 % S 1) (t = 8)[f (s, 271(5)) + B(s)u(s)]ds
0

= hall + Lz, + Isxl + Iz,

From (A1), (A6), Lemmas 3.3-3.4 and Remark 5.1, and analogously to Steps
3-5 in Theorem 4.1, we can similarly obtain that {I[1z%}nen, {I22¥}nen,
{21} en and {I42% },en are all precompact subsets of C(I, H). Consequently,
the set {a¥},en is precompact in C(I,H) for u € Uyq. Without loss of gen-
erality, we may assume that z¥ — % in C(I,H) for u € Uyq as n — oo. Let
n — oo in both sides of (5), by the Lebesgue dominated convergence theorem,

we obtain that

B (t) =S5 (t)zo+ (g1 * S31) ()21 +/0 (ga—1 % Sa1)(t = 5)2(s,3"(s))dW (s)

+/ (ga—1 % Sea)(t = s)[f(5,8"(5)) + B(s)u(s)lds, tel,
0
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which implies that z* € S(u). Now we claim that J(Z%,u) = irgf( : J(x¥ u) =
zveS(u

J(u) for any u € Uyq. In fact, owing to C(I,H) is continuously embedded in

LY(I,H), through the definition of a feasible pair, the assumption (A5) and

Balder theorem ([20]), imply

b b
Ju)= lim | £(tz"(t), u(t))dt > /0 S(t, 74 (), u(t))dt = J(F%,u) > J(u),

n—oo 0

ie. J(Z*,u) = J(u). This shows that J(u) attains its minimum at * € C(I,H)
for each u € Ugy.

Step 3. It is shown that there exists u® € U,y such that J(u®) < J(u) for
all uw € Ugq. If inf J(u) = +o00, then there is nothing to prove. Assume that

u€Uqq

inf J(u) < 4o0. Similarly to Step 1, we can prove that inf J(u) > —oo,
u€Uqq u€Uqq

and there exists a sequence {u,} C U,q such that J(u,) — g{l}f J(u) as
u ad

n — oo. Since {u,} C Uqa, {un} is bounded in L%(I,Y) and L%(1,Y) is

a reflexive Banach space, there exists a subsequence still denoted by {u,}

weakly convergent to some u’ € L%(I,Y) as n — co. Note that Uyq is closed

and convex, and by Lemma 3.7 it follows that u® € Uyq.

Suppose Z%" is the mild solution to Equation (1) related to w,, where
J(uy,) attains its minimum. Then, (Z%", u,) is a feasible pair and verifies the

following integral equation for ¢ € I,

Fn (1) = Sy (t)zo+ (g1 % Sip) ()21 +/0 (ga—1 % S51)(t — 5)X(s, " (5))dW (s)

+/ (gam1 % Se1)(t = 8)[f (5,87 () + B(s)un(s)]ds
0

= At (t) + Ao ¥ (t) + A" (t) + Agztm (t) + Asu, (t) (6)
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By (Al), Lemmas 3.3-3.4, and analogously to Steps 3-5 in Theorem 4.1,
we can similarly obtain that the sets {A1Z"" },en, {A2Z%" }ren, {A3Z¥" }ren,
{A43" }en are all relatively compact subsets of C(I,H). Furthermore, by
Lemma 5.1, Asu, — Asu® in C(I,H) as n — oo and Aj is compact. Thus,
the set {z"~} C C(I,H) is relatively compact, and there exists a subsequence
still denoted by {#%»}, and #* € C(I,H) such that & — #* in C(I,H) as

n — oo. If n — oo in both sides of (6), then we have

0 0

B (t) =551 (t)zo+ (g1 * S21) (821 +/0 (ga—1 % S2)(t = 5)X(s, 3" (5))dW (s)

—|—/0 (ga—1 * Sfil)(t - s)[f(s,a?"o(s)) +B(s)u’(s)]ds, tel,

which implies that (i“o,uo) is a feasible pair. Since C(I,H) is continuously
embedded in L' (I,H), by the assumption (A5) and Balder theorem ([20]), we

have

b b
inf J(u) = Tm [ S0 (), un(t))dt > / (5 (1), u0(t))dt
0

u€Uqq n—00 0

=JE,u0) > inf J(u).

u€Ugyq

Thus, J(i“o,uo) =Jw®) = inf J(x“o,uo). Moreover, J(u®)= inf J(u),

2u0 €S (uv) u€Uaq

i.e., J attains its minimum at «® € U,q. This finishes the proof.

Theorem 5.2 Assume that conditions (H2), (A2)-(A5) and (4) hold. Then,

the problem (LP) governed by (2) admits at least one optimal feasible pair.

Proof According to Remark 5.1, SE_ | (¢) is compact for all ¢+ > 0 under the

a,a—1

condition (H2). Since the operator E(A*E — A)~! is compact for all A € p(A)
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with A > wa (see (H2)), the operator (g «SE _)(t) = SE ,(t) is compact for

all t > 0 by Lemma 3.3. Considering Lemma 5.1, we can proceed the remainder

analogously to that of Theorem 5.1. We omit the details here.

6 Some Applications

In this section, we present some applications. We consider the following frac-

tional stochastic evolution equations of Sobolev type with 1 < a < 2,t €[

9P (Ea) (1) = Ax() + 22170020 + RO + 200200 TG0
Ex(0) = Exg, (Ez)'(0) = Ex1, u € Ugq,

and
9 (Ea)() = Ax() + J2L7(00) + BOWO) + 202 TG0

(E(g92—a *2))(0) = Exo, (E(g2—a *x)) (0) = Ex1,u € Uggq.

Under the condition (A1), the mild solution to Equation (7) is given by

w(t) =551 (two+ (g1 * Sf,l)(t)ler/o (91 % S31)(t = 5)f(s,2(s))ds

+ / (g1 % SE)(t — 5)B(s)u(s)ds + / (g1 % SE)(t — ) 5(s, 2(s))dVW ()

and by condition (H1), the mild solution of Equation (8) can be written as

o (t)=55 a1 (Hro+(g1 *Sﬁafl)(t)xﬁ/o(ggfa %55 o 1) (t = 8)Z(s, 2(5))dW (s)

+ / (93-a * S& o 1)(t = 5)[f(5,2(5)) +B(s)u(s)]ds.
0
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Me®t
w3« ’
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M wt
Since ||(g1 % SE,)(®)] < Te, and ||(gs—a * SEo_1)(0)]| we can

prove the following results similarly to Theorems 5.1-5.2.
Lemma 6.1 Under conditions (A1)-(A6) and (4), the problem (LP) governed

by Equation (7) admits at least one optimal feasible pair.

w2@B—a)

w 1
Lemma 6.2 If 102L¢" {2|¢||L1 +L2] < 1 and (H2), (A2)-(A5) hold,

then the problem (LP) governed by (8) has at least one optimal feasible pair.

Ezample 6.1 Consider the following fractional system of order a €]1, 2|

op [w(t,€) = G5 (4, O)] =55 (1,€) + F(t,2(t,€)) + u(t,€) + o (¢, 2(1,€)) 252,

z(t,0) =z(t,m) =0, te€]l0,1],

9)
z(0,§) = zo(§), €€ [0,
xt(07£):x1(£)7 §€ [0771-]7
where f(t,z(t,&)) = S {9 B— o(t,x(t,€)) == e w8 Take
T T (36041) (14| (2,6)])? T T (7204) (A= (8,E)])

J(a,u) = E{ 7 [ ol &) Pdtdg + [ [y Ju(t, €)Pdedg }, and a(-)(€) = a(-,€),
B(Ju(-)(€) :=u(-,&). Set H =Y := L?[0, 7], W(t) is a standard Brownian mo-
tion in H defined on a stochastic space (§2, F,P). Define A: D(A) CH — H
and E : D(E) C H — H, respectively by Az := fg%ff and Bz := = — g%”,
with domain D(E) = D(A) := {z € H: 2 € H*([0,7]),z(t,0) = z(t,7) = 0}.
It is known that A has discrete spectrum with eigenvalues —n*,n € N, with
corresponding eigenvectors z,,(s) := \/gsin(ns). Furthermore, {z, : n € N}

is an orthonormal basis for H, and operators A, E can be expressed by (see

[10]) Az = =307 n*{(z,z,)xy), and Ex = Y 07 (1 + n?){(z, z,),,. Accord-
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ing to [17, Example 6.3], we conclude that (A, F) generates the (o, 1)-resolvent

family {SE,(t)}i>0 given by ST, (t)z = 30" h , (t)(x, 2n)xy, for all z € H,

n=1""a,1

where hy, (1) 1= ea (—ng—;ta), and eq,1(2) = Y opog F(a2715+1) Moreover

(see also [17, Example 6.3]), the operator E(A\*E — A)~! is compact on H, the
operator SE () is norm continuous and satisfies ||Sfl(t)m’| < 2|jz|| for each
x € H. Thus, SZ,(t) is of type (2,1), i.e. M = 2 and w = 1. Let I := [0, 1]
and X (t,z) := o(t,z). Then, the Problem (9) can be written in the abstract
form (1). Note that in this case ||¢[|,1 < 555, Ly < =35,b = w = 1, and thus

10% [%H¢||L1 + Lg] < % < 1. According to Theorems 4.1 and 5.1, there

exists a mild solution to (9), and its corresponding limited Lagrange problem

admits at least one optimal feasible pair.

7 Conclusions

In this paper, some sufficient conditions are established for the existence
of mild solutions and optimal state-control pairs to Sobolev-type fractional
stochastic evolution equations of order « €]1,2[. The main results are investi-
gated under the mixed Carathéodory and Lipschitz conditions via compactness
of fractional resolvent operator family, and thus the optimal control results are
derived without uniqueness of solutions for addressed evolution equations. We
propose to investigate the existence of solutions to Sobolev-type fractional
stochastic equations by the uniform continuity or some decay properties of

the resolvent family in future works.
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