APPROXIMATE CONTROLLABILITY FOR FRACTIONAL DIFFERENTIAL
EQUATIONS OF SOBOLEV TYPE VIA PROPERTIES ON RESOLVENT
OPERATORS
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ABSTRACT. This paper treats the approximate controllability of fractional differential systems of Sobolev
type in Banach spaces. We first characterize properties on the norm continuity and compactness of some
resolvent operators (also called solution operators). And then via the obtained properties on resolvent
operators and fixed point technique, we give some approximate controllability results for Sobolev type
fractional differential systems in the Caputo and Riemann-Liouville fractional derivatives with order
1 < a < 2, respectively. Particularly, the existence or compactness of an operator E~! is not necessarily
needed in our results.

1. INTRODUCTION

Let A and E be two closed linear operators defined on a Banach space X with domains D(A) and
D(FE), respectively. Consider the following fractional Sobolev (or also called degenerate) type system

(1.1) D (Eu)(t) = Au(t) + Bo(t) + f(t),  Bu(0) = uo,

where 0 < a < 1,¢ € [0,b], b > 0, f is a continuous function, D denotes the Caputo fractional derivative,
B is a bounded operator and the function v belongs to a Banach space of admissible control functions
(see the definition in Section 4).

We observe that the change of variable w(t) = FEu(t) reduces the system (1.1) to the fractional
differential system

(1.2) Dew(t) = Lw(t) + Bh(t) + g(t), w(0) =wy, € [0,b],

where h(t) = E~1o(t), g(t) = E71f(t), L = AE~! and D(L) = E(D(A)). Then, formally the approximate
controllability of system (1.1) can be studied by using the system (1.2), which has been studied by several
authors, see for instance [5, 14, 21, 30] and the references therein. However, we notice that this change
of variable needs the existence of E~! as a bounded operator, which in general is restrictive.

In case 0 < «a < 1, the approximate controllability (and controllability) of fractional differential systems
(for the Caputo fractional derivative) in the form of (1.1) has been studied by several authors by assuming
that D(E) C D(A), E is bijective and E~! : X — D(E) is a compact operator. In this case, AE~! is a
bounded operator and generates a compact Cp-semigroup T'(t) = eAF 71t, for ¢ > 0, and there exist two
characteristic solution operators 7p and Sg given by the following nice subordination formulas

(1.3) Te(t) = /OoEflga(G)T(to‘G)dG,

0

(1.4) Sp(t)

- “Lo¢ ()T (t*0)do
a/O E=106,(0)T(t°6)do),
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where ¢t > 0 and

€al0) = S0 0Thm (),
a
_ 1 G n—1 —an—lr(na+1) .
we(0) = ;;(—1) 0 Tsm(mra).

By using the representations (1.3) and (1.4) several and interesting results on the approximate control-
lability of system (1.1) have been obtained for instance in [4, 9, 12, 14, 15, 20, 25, 27] and the references
therein. Finally, we mention here that a different approach without the representations (1.3) and (1.4)
was done in [8] by using the compactness of a resolvent family S, (t) for ¢ > 0.

On the other hand, in case of Riemann-Liouville fractional derivative with order 0 < o < 1, we refer
to the work [19] where the authors study the approximate controllability of the system

D%u(t) = Au(t) + Bu(t) + f(t, u(t)), (91-a * u)(0) = uo,

where D% denotes the Riemann-Liouville fractional derivative, ug € X and A is the generator of a norm
continuous semigroup, by using again the representation (1.3)-(1.4). The case 1 < a < 2,

Du(t) = Au(t) + Bo(t) + f(t,u(t)), (92—a * u)(0) = 0, (ga—q * u)'(0) = uq,
was considered in [21] assuming the existence of a norm continuous resolvent operator S, o (t) satisfying
Saa(N) = (A* — A)~1. We remark that in this case, the authors do not use a subordination formula as
incase 0 < @ < 1.

In this paper we study the approximate controllability of following Sobolev type fractional differential
system

(1.5) Dy (Eu)(t) = Au(t) + Bu(t) + f(t,u(t)), Eu(0) =wuo, (Eu)'(0)=ui,
and
(1.6)  DY(Eu)(t) = Au(t) + Bu(t) + f(t, u(t), E(g2—a *u)(0) = ug, (E(ga—a *u))'(0) = u,

where t € [0,0], the order 1 < a < 2, the notations D and D® denote, respectively, the Caputo
and Riemann-Liouville fractional derivatives, B is a bounded operator, v belongs to a Banach space of
admissible control functions and the operators A and E generate a resolvent family {Sf 5(t)}i>o for a
suitable o, 8 > 0. Here it is not necessarily assumed the existence of E~1.

Through the Laplace transform, it is easy to see that the mild solution to the problems (1.5)-(1.6) can
be respectively expressed by

(1.7) u(t) = S’fil(t)uo + SﬁQ(t)ul + /0/ So]ia(t — 5)[Bu(s) + f(s,u(s))]ds,
and
(1.8) u(t) = Sﬁa_l(t)uo + S(ﬁa(t)ul + /0 Sﬁa(t — 8)[Bu(s) + f(s,u(s))]ds,

where, for a, 8 > 0, {Sfﬂ (t) }+>0 is the resolvent family generated by (A, E) (see definition below, Section

2) which Laplace transform satisfies Sfﬁ()\) = \"B(\YE — A)~! for all A > 0.

The approximate controllability of the system (1.5) in case where E is the the identity operator £ = Z,
was studied in [24] and [26] by assuming the compactness of SZ | (t),SZ ,(t) and SZ (t) for all t > 0.
However, it is not completely clear in what conditions SZ | (), SZ ,(t) and SE ,(t) are compact operators.
See also [5] for a finite dimensional approach.

To the best of our knowledge, the approximate controllability of general systems (1.5) and (1.6) in
case 1 < a < 2 (and E # 7) have not been addressed in the existing literature. Motivated by the
above mentioned works, in the present paper, we investigate the approximate controllability of Sobolev
type fractional differential systems (1.5) and (1.6). Our approach relies on the norm continuity and
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compactness of resolvent family {SOIZJ 5(t)}i>o for suitable a, B > 0, as well as some fixed point techniques.
In particular, the existence or compactness of E~! in common is not necessarily needed in our approximate
controllability results.

The paper is organized as follows. The Section 2 gives the Preliminaries. In Section 3, we characterize
the norm continuity and compactness of SE ﬁ( ) for t > 0 and suitable a, 8 > 0. Section 4 treats the
approximate controllability of system (1.5) in the Caputo fractional derivative. In Section 5 we consider
the approximate controllability of system (1.6) in the Riemann-Liouville fractional derivative. Finally,
the Section 6 is devoted to some applications.

2. PRELIMINARIES

In this section, we list some definitions, notations and preliminary results which are used in this paper.
Let (X, ||-|) and (Y, ||-||) Banach spaces. We denote by B(X,Y") the space of all bounded linear operators
from X into Y, and denote by B(X) the space of all bounded linear operators from X into itself. For a
closed and linear operator T : D(T) C X — X, where D(T) is the domain of T, we denote by p(T) its
resolvent set and by R(\,T) its resolvent operator, that is, R(\,T) = (A —T)~! which is defined for all
A€ p(T).

Now, we review some definitions and results on fractional calculus. For p > 0, we define

tr !
, t>0
gu(t):{ (;(H)t<0

where T'(+) is the Gamma function. We also define gy = dp, the Dirac delta. For p > 0, n = [y]
denotes the smallest integer n greater than or equal to u. The finite convolution of f and g is denoted by

(f*g)( fo f(t—s)g(s)ds.
Definition 2.1. [31] Let a > 0. The a-order Riemann-Liouville fractional integral of u is defined by

J%u(t) := /0 Jo(t — s)u(s)ds, t>0.

Also, we define J%u(t) = u(t). Because of the convolution properties, the integral operators {J*},>0
satisfy the following semigroup law: J*J8 = Jo+8 for all o, B > 0.

Definition 2.2. [31] Let a > 0. The a-order Caputo fractional derivative is defined

t
Difu(t) ::/ In—a(t — s)u'™(s)ds,
0
where n = [a].
Definition 2.3. [31] Let a > 0. The a-order Riemann-Liouville fractional derivative of u is defined

dm t
D%u(t) := %/ In—o(t — s)u(s)ds,
0

where n = [a].

We notice that if « =m € N, then D]® = D™ = ;;:L.
Throughout this paper we use the notation Df* and D to the a-fractional derivative of Caputo and

Riemann-Liouville, respectively. The Riemann-Liouville derivative operator D satisfies
D J%u(t) = u(t),

and

(JaDa) = Z In—a (O)ga+1+k:7n(t>7

o



4 YONG-KUI CHANG, ALDO PEREIRA, AND RODRIGO PONCE

n = [a]. On the other hand, the Caputo derivative operator D§* satisfies
Dy J%u(t) = u(t),

and
(JDEYult) = ult) — 3w (0)ges (1)
k=0

For more detailed results on fractional calculus and fractional differential equations, we refer to [1, 2, 3,
13, 17, 22, 29, 31] and references therein.

If we denote by f (or L(f)) to the Laplace transform of f, we have the following properties for the
fractional derivatives

(2.1) Dou(\) = \*a(\) — Ti(gn_a £ ) B (0) A= 1-H
k=0
and
(22) BRu() = xa() — 32 a1+,
k=0

where n = [a] and A € C. For «, 8 > 0 and z € C, the generalized Mittag-Leffler function is defined by
k

sl = 2 ek T )

and its Laplace transform L satisfies
Ne—h

£ e (o)) = 12—
The E-modified resolvent set of A, pp(A), is defined by
pe(A) ={AeC:(A\E—-A): D(A)ND(E) > X
is invertible and (AE — A)~! € B(X, [D(A) N D(E)])}.
The operator (AE — A)~! is called the E-resolvent operator of A.
A strongly continuous family {T'(¢)};>0 C B(X) is said to be of type (M,w) or exponentially bounded

if there exist constants M > 0 and w € R, such that ||T(¢)|| < Me*t for all £ > 0. Observe that, without
loss of generality, we can assume w > 0.

Definition 2.4. Let A: D(A) C X — X, E: D(E) C X — X be closed linear operators defined on a
Banach space X satisfying D(A)ND(E) # {0}. Let o, 8 > 0. We say that the pair (A, E) is the generator
of an («, B)-resolvent family, if there exist w > 0 and a strongly continuous function SE,B : [0, 00) = B(X)
such that Sgﬁ(t) is exponentially bounded, {\* : ReA > w} C pr(A), and for all x € X,

‘l/a.

p € C,Red > |p

NPEWNE—-A) = / efMSCIiB(t)zdt, ReA > w.
0

In this case, {Sgﬁ(t)}tzo is called the (o, B)-resolvent family generated by the pair (A, E).
Finally, we recall the following results.

Theorem 2.5 (Mazur Theorem). If K is a compact subset of a Banach space X, then its conver closure
conv(K) is compact.

Theorem 2.6 (Schauder’s fixed point Theorem). Let C' be a nonempty, closed, bounded and convex
subset of a Banach space X. Suppose that I' : C — C' is a compact operator. Then I' has at least a fixed
point in C.
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Lemma 2.7. [28, Corollary 2.3] Let (2, ) be a measure space and t € Q — Ty € B(X,Y) be a strongly
integrable function, i.e.,

(2.3) Te = / Tyxdu(t)

Q
exists for all z € X as a Bochner integral and [, | Ti||du(t) < oo. If p-almost all Ty in (2.8) are compact,
then T is compact.

Lemma 2.8. [10, Proposition 2.1] Let X,Y be Banach spaces, let S : [0,00) — B(X,Y) be strongly
continuous, and let a € Lj, [0,00) be a scalar function, both a and S of finite exponential type. Then for
every w > wo(S),wp(a) one has

w+iN /\
lim —/ eM(axS)(A\)d\ = a S,
w—iN

in B(X,Y), uniformly in t from compact subsets of [0,00).
3. NORM CONTINUITY AND COMPACTNESS OF Sfﬁ(t).

In this section we present some results on the norm continuity and compactness of Sf’ B(t) for given
a, B > 0.

Proposition 3.9. Let o > 0 and 1 < 5 < 2. Suppose that {Sf,a(t)}tzo is the («, B)-resolvent family of
type (M,w) generated by (A, E). Then the function t — Sgg(t) is continuous in B(X) for allt > 0.

Proof. Firstly, let 1 < 8 < 2. By the uniqueness of the Laplace transform, it is obvious to see that
SE (t) = (gs—1 % SE1)(t), for all t > 0. Now, we take 0 < to < t1. Then

a,f3
(98-1 % SE1)(t1) = (gp—1 % SE1)(to)

Sf,,@(tl) - So]iﬂ(to)
t1 to
/ 951 (tr — 1) SE (r)dr + / 951(ts — ) — go (o — )]Sa 12 (r)dr
0

to

= Il +12
Since 8 > 1, g3(0) = 0 and we obtain

ty1
I < / gs—1(t1 — r)||S£1(7°)||dr < M@wt195<t1 —tp) = 0, as t; — to.
to
On the other hand,

to
L] < /O l95-1(t1 = 1) = ga—1(to = )[[|S5 1 (r)l|dr

IN

to
Mevt /0 lgg—1(t1 —r) — gs—1(to — r)|dr

to
= Me¥n / lgs—1(t1 —to +7) — gg—1(r)|dr.
0
Since 1 < 8 < 2, the function r — gz_1(r) is decreasing in [0, c0) and therefore gs_1(r)—gg—1(t1—to+r) >
0, for all > 0, obtaining
I12]| < Me“" [ga(to) — ga(t1) + ga(ts — to)] — 0,as t1 — to.

Therefore S, g 5(t) is continuous for 1 < 8 < 2.
Finally, if 8 = 2, then the uniqueness of the Laplace transform implies

t
552(t)x = (g1 * Sil)(t)x = / Sf’l(r)xdr,
0
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for all x € X. For 0 < tg < t; we have
ty
||S£2(t1)x — 552(t0)x|| < / HSO]il(r)der < Me¥||z||(ty — to) — as t; — to, for all x € X.
to

Therefore ||SF,(t1) — SEo(to)|| — 0 as t1 — to. O

Lemma 3.10. Suppose that the pair (A, E) generates an (a, 3)-resolvent family {Sfﬁ(t)}tzg of type

(M,w). If v > 0, then (A, E) also generates an («, 8 + 7v)-resolvent family of type (%,w) .

Proof. Analogous to the proof of [23, Lemma 3.12]. |

Definition 3.11. We say that the resolvent family {Soliﬁ(t)}tzo C B(X) is compact if for every t > 0,
the operator Sﬁﬁ(t) is a compact operator.

The next result gives a compactness criteria of {Sf 5(t)}>0. In what follows, we will assume that
{SZ 5(t)}e>0 is strongly continuous for all a, 3 > 0.

Theorem 3.12. Let a > 0, 1 < 8 < 2 and {SF 5(t)}i>0 be an (a, B)-resolvent family of type (M,w)
generated by (A, E). Then the following assertions are equivalent

i) Sﬁg(t) is a compact operator for all t > 0.

i) (uE — A)~' is a compact operator for all p > w'/®.

Proof. Suppose that the resolvent family {SaE B(t)}t>0 is compact. Let A > w be fixed. Then we have

(oo}
NBAE — A)7L = / e MSE j(t)dt,
0
where the integral in the right-hand side exists in the Bochner sense, since {SO]:J 5(t)}>0 is continuous in

the uniform operator topology (by Proposition 3.9) we conclude that (A*E — A)~! is a compact operator
by by Lemma 2.7.
Conversely, let t > 0 be fixed. Assume that 1 < 8 < 2. Owing to 8 > 1, it follows that gs_1 € L{. [0, 00)
and therefore, by Lemma 2.8 we obtain
w+iN e
fim o [ Mg = SEDMNA = (951 % ST = SE4(0)
in B(X). Hence,
1 Atya— -
— MNTPNE — A)7tad = SE (1), t>0
5 [ AR - 4) a0, t>0,

where T is the path consisting of the vertical line {w 4 is : s € R}. By hypothesis and Lemma 2.7, we
conclude that Sg 5(t) is compact for all & > 0 and 1 < 8 < 2. Now, in case § = 2 we observe that in
B(X) we have

) 1 w+iN —

Jim o [ M ST = (a1 = SE() = SEa(0),

by Lemma 2.8, and we conclude that 552(1?) is compact for all ¢ > 0, analogously to case 1 < < 2. O
The Theorem 3.12 implies the following corollary.

Corollary 3.13. Let 1 < o <2 and {SF,(t)}¢>0 be an (o, a)-resolvent family of type (M,w) generated
by (A, E). Then the following assertions are equivalent

i) Sf@(t) is a compact operator for all t > 0.
i) (uE — A)~' is a compact operator for all p > w'/*.
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To obtain a compactness criteria of {S¥,(t)}>0 and {SF, | (t)}i>0 (that is, in case 5 = 1 and

B = a—1) we need an additional hypothesis: the norm continuity of ¢ — SZ,(t) and t — SF, ,(t),
respectively. Again, the proofs follow similarly to Theorem 3.12 and [23, Proposition 3.16 and 3.17].

Proposition 3.14. Let 1 < o < 2, and {SE | (t)}i>0 be the (v, 1)-resolvent family of type (M,w) generated
by (A, E). Suppose that Sﬁl(t) is continuous in the uniform operator topology for all t > 0. Then the
following assertions are equivalent

i) SE,(t) is a compact operator for all t > 0.
i) (uE — A)~' is a compact operator for all p > w'/<.
Proposition 3.15. Let 3 < a <2, and {SF,_,(t)}i>0 be the (a, o0 — 1)-resolvent family of type (M, w)

generated by (A, E). Suppose that S’f’afl(t) is continuous in the uniform operator topology for all t > 0.
Then the following assertions are equivalent

i) SE,_,(t) is a compact operator for all t > 0.
i) (uE — A)~' is a compact operator for all p > w'/<.

4. APPROXIMATE CONTROLLABILITY. THE CAPUTO CASE.

In this section we study the approximate controllability of the system, for the Caputo fractional
derivative, given by

D (Eu)(t) = Au(t)+ Bv(t) + f(t,u(t)), tel:=][0,b]
(4.4) Eu(0) = o
(Ew)(0) = w,

where ug,u; € X, 1 < a <2,b>0and A and E are closed linear operators defined on X which generates
the (a, 1)-resolvent family {SZ | (¢)}+>0, the state u(-) takes values in X and the control function v(-) is
given in V, the Banach space of admissible control functions, where

V=L*I,V)

and V is a Banach space. The operator B : V — X is assumed to be a bounded linear operator. The
function f will be specified later.

Definition 4.16. For each v € V and ug,u1 € X, a function v € C(J, X) is said to be a mild solution
to system (4.4) if
t
ult) = Sgy (t)uo + (91 % S 1) (H)u +/ (ga—1 * S51)(t = s)[Bu(s) + f(s,u(s))]ds,
0
for all t € ]0,b).

Remark 4.17. We notice that, from the uniqueness of the Laplace transform, it is easy to see that the
mild solution to (4.4) can be written as

u(t) = Sf,l(t)uo + SﬁQ(t)ul —|—/O Sga(t — 8)[Bv(s) + f(s,u(s))]lds, te€]0,b].

Definition 4.18. Let u be a mild solution of the fractional system (4.4) corresponding to the control
v. The system (4.4) is said to be approximately controllable on the interval I if for desired final state
x0 € X and € > 0 there exists a control v € V such that ||u(b) — xo|| < e. The set

Ko(f) :=={u(d) € X : v € V,u is the mild solution of (4.4) with control v}.
is called the reachable set of system (4.4).



8 YONG-KUI CHANG, ALDO PEREIRA, AND RODRIGO PONCE

We notice that the system (4.4) is approximately controllable on if and only if Kp(f) is dense in X.
Now, we introduce the following operators. The operator I'§ : X — X is defined by

b
I, = /Sﬁa(b—s)BB*sgg(b—s)ds,
0

and R(v,T}) is defined from X into X by
R(v,Tg) = (vI +T5) 7",

where B* and Sf; (t) denote the adjoint operators of B and S¥ (t) respectively.
It will be shown that for every v > 0 and xy € X there exists a continuous function u(-) € C(I, X)
such that

(4.5) u(t) = Sﬁl(t)uo + (g1 * S(Iil)(t)ul +/0 (Ga_1 * 551)@ — s)Bu(s)ds

t
b [ gam < SE ) = )75, uls))ds,
0
where the function v is the control function defined by
(4.6) ot) = B'STL(b— )R, Th)p(u()),

and

b
p(u(-)) = w0 — 851 (b)uo — (g1 * S5 1) (b)us — /0 (ga—1 % S5 1) (b~ )£ (s, u(s))ds.

Now, we assume the following hypotheses:

(H1) The pair (A, E) generates the (a,1)-resolvent family {SZ,(t)}+>0 of type (M,w), the operator
(A*E — A)~! is compact for all \* € pg(A) and {SZ(t)}:>0 is norm continuous for all ¢ > 0.
(H2) There exists a continuous function p : I — Ry such that

If (&)l < p@®llul, Vtel, uweC(,X).
Now, we shall prove that the operator P : C(I,X) — C(I, X) defined by

¢
Pu(t) := 851 (H)uo + (g1 * S¥1) (t)ur +/ (ga—1 % Sa1)(t = 5)[Bu(s) + f(s,u(s))]ds,
0
has a fixed point. For R > 0 we denote by Bg the set B := {u € C(I,X) : |Ju(t)|| < R,t € I}.
Under the assumptions (Hy)-(Hs) we prove the following results.
Lemma 4.19. Let p > 0 be given by

Me“?||p]|ocb
wozfl

(4.7) p=

Mb||B||e*® M||B
o AUBE B o),

wa—1 vwe—1
If p < 1, then there exists a constant R > icp, where

wb

U Mb||B|lev® M|| B Me
C = Mewb |:|u0|| + ||w1||:| + ” H || Hewb |:||x0|| +Mewb||u0H +

wa—1 vwe—1 w ||’LL1|| )

such that PBr C Bpg.
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Proof. Take u € Bg. For all t € [0,b] we have

IPu®) < 1182, HUOIH||(91*S£1)(t)lll\m\|+/0 1(ga—1* S1)(t = ) 1 Bu(s) + f(s,u(s))llds

t
< Meluol| + ew(t_s)lle(S)+f(87u(8))||d8
M@wb M| B ! —s M|u w —s
< e gl + 2 )+ VB [ ot spas + 2 [ =
Mew? MBI [* ois MRe“b s
< metugl + L g 4 LB [ et ogyas 4 LD [ e
w w 0 0
w Me“® M||B|| ! elt—s MRe+?
< MeP|lugll + ——lwill + ——- =)y ()“d8+T||HHoo
w w
w Mevb M||B||e“’b
< Me b||uo||+THu1|| / [v(s)llds J M ol ||M||oo
Next, we notice that the control v satisfies
||BHM wb
lo@®)| < oo 1€ [p(u())l
IBIM . Mes? MRe*b
S ami€ " lzoll + Me“?||uo|| + Hu1\|+T||MHoo :

Therefore,

M Re*?
[Jua || + FHMHOOI)

Mewb
[Put)] < Me“luol| +
Mb||Ble<* M| B||

wa—l Vwa—l

Mewb M Rew?
e’ {Ill’oll + Me“|lug|l + Jull + —= ||Noob} ;
w w

which implies PBr C Bg. O

Lemma 4.20. For every t € I, the set H(t) := {(Pu)(t) : u € Bgr} is relatively compact.

Proof. Obviously, H(0) is relatively compact in X.
Now, we take ¢t > 0. For 0 < ¢ < t we define on Bg the operator

(Pu)(t) = = /O 76(9(1—1 % S31)(t = s)[Bu(s) + f(s, u(s))]ds.

The hypotheses (H;) and Corollary 3.13 imply the compactness of (ga—1%SE,)(t) = SE ,(t) for all £ > 0.
Therefore the set K¢ := {(ga—1 * Sa,1)(t — s)[Bv(s) + f(s,u(s))] : u € Bg,0 < s <t — ¢} is compact
for all € > 0. Then conv(K,) is also a compact set by Theorem 2.5. The Mean-Value Theorem for the
Bochner integrals (see [7, Corollary 8, p. 48]), implies

(P5u)(t) € teconv(K.), for all ¢ € [0, b].

We conclude that the set HS(t) := {(P5u)(t) : uw € Bg} is relatively compact in X for all € > 0. Next,
we define the operator P, on C(I, X) by

(Pou)(t): = / (go1 % SE,)(t — )[Bu(s) + £(5,u(s)))ds.
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Now, observe that

[(Pau)(t) = Pru)(®)|| < /t 1(ga—1* Sa1)(t = ) 1 Bu(s) + f(s,u(s))llds

—€

MIB wb t M wb t
MBI [ cmpotopas + 25 [ emerutas
t t

a—1 a—1
w —e w

IA

—€

Since s — e “%||lv(s)|| and s — e “Su(s) belong to L'([t — ¢,t],R.) we conclude by the Lebesgue
Dominated Convergence Theorem that

tim |(Pyu)(£) — (P§u) (1)) = 0.

Therefore the set {fot(ga,l * SE)(t — s)[Bu(s) + f(s,u(s))]ds : u € Bg} is relatively compact for all
t € (0,b]. The compactness of SF,(t) and (g1 * SF,)(t) = SE,(t) (see Proposition 3.14 and Theorem
3.12) imply that {(Pu)(t) : u € Bg} is relatively compact for each ¢ € (0, b]. O

Lemma 4.21. The set {Pu: u € Bg} is equicontinuous.

Proof. Take u € Bg. For 0 <ty < t; < b we have
[Pu(tr) — Pultz)| <

< N (SEL(t) — SE (t2)) uoll + || (91 % SE 1) (1) — (91 % SE1)(t2)) wall

+ / gt # Saa)(tr = s)[Bu(s) + f(s,u(s))]|lds

ta

+ / 1 (gt * SE )t — 5) — (g % SE,)(ts — 5)) [Bo(s) + £(5,u(s))]ds
I+ 1+ Is + 1.

In I; we have
I < |(SE 1 (t) = S (t2))]] [[uoll-

«,
By hypothesis, using the norm continuity of Sgl(t), we obtain that limy, ., I1 = 0.
The uniqueness of the Laplace transform and Lemma 3.10 imply (g1 * SE)(t) = SF,(t) for all £ > 0
and the Proposition 3.9 implies that (g1 * SZ,)(t) is continuous in B(X). Therefore

Ip < (g1 % SE ) (t1) — (92 % SE) (t2)| [[uoll — 0,
as t; — to. On the other hand,
Mewt [t s M||B|le? [ —ws M Re®?
< — 5 / e[| B[ [[v(s)]| + n(s)[luls)|[]ds < 7/ e o(s)llds + ==~ ulleo(tr = t2),
ta

a—1
to w

and therefore (by (4.8)) we obtain limy, ¢, I3 = 0. Finally, to estimate I, we observe that

L < / (gt * SE )t — 3) — (gor * SE4)(ts — )| [ Bu(s) + f(s, u(s)) |ds

IN

1B /O (gt # Saa)(tr = 8) = (ga—1 % S31) (t2 = 5)| [[v(s) | ds

R / ") (gams * SE 1) (11 — 8) — (g * SB1)(t2 — 9)|| [u(s) |ds.

Since

wb

PO et = SE)(0 ) = (ga1 # SE)(E2 — )| < 2t () € LH(LR),
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(ga—1%SE)(t) = SE ,(t) for all £ > 0 (see Lemma 3.10) and S (t) is norm continuous (see Proposition
3.9) we have that if t; — 5, then (ga—1 % SF,)(t1 — 5) — (ga—1 * S5 1) (t2 — s) = 0 in B(X). By using
(4.8) we obtain that the first integral in the above estimate goes to 0 as t; — to and the Lebesgue’s
dominated convergence theorem implies that the second integral goes also to 0 as t; — t2. We conclude
that limg, 4, I4 = 0 and therefore, {Pu : u € B} is an equicontinuous set. ]

Theorem 4.22. Assume that conditions (Hy)-(Hz) hold. If p given by (4.7) satisfies p < 1, then for
every v > 0 and xg € X there exists at least one function u defined on I such that u satisfies (4.5) and
(4.6).

Proof. From Lemmata 4.19-4.21 and the Ascoli-Arzela theorem, it follows that the set {Pu: u € Br} is
relatively compact. We conclude that P is a compact operator on Bg. The Schauder fixed point theorem
(Theorem 2.6) implies the existence of a fixed point to P on Br. Now, we observe that any fixed point
of P is a mild solution to problem (4.4) on I which satisfies (Pu)(t) = u(t) for all ¢ € [0, D]. O

If we denote by u, the function given in Theorem 4.22, we will approximate any point o € X by
using the set {u, : ¥ > 0}. This will imply that the system (4.4) is approximately controllable. We need
the following assumptions.

(H3) vR(v,T%) — 0 as v — 01 in the strong operator topology.

(Hy) The function f :[0,b] x X — X is continuous and there exists a positive constant K such that
[ftwll <K, Vtel uel(l,X).

Theorem 4.23. Assume that conditions (Hy)-(H3z) hold. If p given by (4.7) satisfies p < 1, then the
system (4.4) is approzimately controllable.

Proof. The assumptions and Theorem 4.22 imply that for every v > 0 and xy € X there exists u, €
C(I,X) verifying (4.5) and (4.6). Moreover, an easy computation shows that

uy (b) = xo — vR(v, Fg)p(uu).
Now, the hypothesis (H,) implies that

/b 1£(s,u(s))|IPds < Kb
0

and therefore, the sequence {f(-,u,(-)) : v > 0} is bounded in V, which implies there is a subsequence
still denoted by {f(-,u,(-)) : v > 0} which converges weakly to some point F'(-) € V. Now, we write

b
w =X — Sfil(b)uo — (g1 * Sﬁﬁ(b)ul - / (ga—1 * Sﬁl)(b — s)F(s)ds.
0

Hence

Ip(z,) —wl| <

b
/0 (Gor % SE)(b — 5)[f (5. u,(s)) — F(s)]ds

Since (ga—1 * SE)(t) = SF . (t) is a compact operator (see Corollary 3.13), the operator g — fot(ga,l *
SE )t — s)g(s)ds is compact, we obtain ||p(u,) — w|| — 0 as v — 0F. Moreover, the assumption (Hs)
implies

e (8) = 2oll < VR, Th)wll + [vR(v, D) [p(u,) — w]| = 0, as v — 0%,

Therefore, the system (4.4) is approximately controllable. O
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5. APPROXIMATE CONTROLLABILITY. THE RIEMANN-LIOUVILLE CASE.

In this section we consider the system for the Riemann-Liouville fractional derivative

D*(Eu)(t) = Au(t)+ Bo(t) + f(t,u(t)), te]l0,b]
(5.8) (E(g2—axu))(0) = uo
(E(g2-a xu))'(0) = wu,

where ug,u1 € X, 3/2 < a < 2, A and E are closed linear operators defined on X, B : V — X is a bounded
operator, and the control function v belongs to V. Assume that (A4, E) generates the (a, & — 1)-resolvent
family given by {Sﬁa_l(t)}tzo.

Definition 5.24. For each v € V and ug,u1 € X, a function u € C(J, X) is said to be a mild solution
to system (5.8) if

lt) = S50 1 (o + (1= 850 )0 + [ (g1 % 5E o) (E - 9)[Bo(s) + F(s, u(s)]ds,

for allt € [0,0].

From the uniqueness of the Laplace transform, it is easy to prove see that the mild solution to (5.8)
can be written as

u(t) = Sﬁu_l( Yuo + S t)uy +/ o(t — s)Bu(s)ds +/ —5)f(s,u(s))ds,

t €[0,0].
Next, we define the operator Q : C(I, X) — C(I, X) by

Qu(t) == Sy o1 (H)uo + (91 % S5 1) (H)ur + /O (91 % S5 a—1)(t = 8)[Bu(s) + f(s,u(s))]ds.

The definition of approximate controllability to system (5.8) is analogous to Definition 4.18 and we
consider the same operators I'} and R(v,I'})) in this case.

As in Section 4 we shall prove that for every v > 0 and xg € X there exists a continuous function
u(+) € C(I,X) such that

t
(5.9) u(t) = S¥a_1(t)uo+ (91 ST 1)) +/ (91 % 8% a—1)(t = 5)[Bu(s) + f(s,u(s))]ds,
0
where the function v is the control function defined by
(5.10) u(t) = B'SZa(b—t)R(vIf)q(ul)),

and

b
q(u()) = xo — S5 a1 (b)uo — (91 % S5 1) (b)us — /0 (91 % S a-1)(b— 8)f(s,u(s))ds.

Now, we assume the following hypothesis

(Hs) The pair (A, E) generates the (a, o — 1)-resolvent family {SZ¥, (t)}:>0 of type (M,w), the
operator (A*E — A)~! is compact for all \* € pp(A) and {SF, | (t)}¢>0 is norm continuous for
all t > 0.

The proof of the following Lemma follows similarly to Lemma 4.19.
Lemma 5.25. Let p > 0 given by

Mewb b Mb|| Blle<® M||B
(5.11) 5= Moo [}, MBI Blle” MIB] .

w w |4%
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c

If p < 1, then there exists a constant R> =5 where
~ w U Mb||B|le“® M||B|| w Me?
¢ = are | fug + 1220 VTN S o -4 e + 2= .
w w Vw w

such that QBp C Bj.
Lemma 5.26. For everyt € I, the set H(t) := {(Qu)(t) : u € By} is relatively compact.

Proof. We give here only the details on the relatively compactness of {Qu(t) : u € B} in X for each
t € (0,b]. The Theorem 3.12 implies the compactness of (g1 * ST, )(t) = SE ,(t) for all ¢ > 0 and

a,a—1

therefore the set {fot(gl * SE o 1)t — s)[Bu(s) + f(s,u(s))]ds : u € By} is relatively compact for all

t € [0,b], see the proof of Lemma 4.20. On the other hand, from (Hs5) and Proposition 3.15 we get the

compactness of S, (t) for all ¢ > 0. Therefore, {(Qu)(t) : u € By} is relatively compact for each

t € (0,0]. 0O
Lemma 5.27. The set {Qu :u € By} is equicontinuous.

Proof. Follows similarly to the proof of Lemma 4.21, because 557 o—1(t) is norm continuous for all ¢ > 0
(see (Hs)) and t — (g1 % SF,_1)(t) is also norm continuous by Proposition 3.9. O

From the hypotheses it is easy to show that Q is a compact operator on B. The proof of the following
result is analogous to the proof of Theorem 4.22. We omit the details.

Theorem 5.28. Assume that conditions (Hz), (Hs) hold. If p given by (4.7) satisfies p < 1, then for
every v > 0 and xo € X there exists at least one function u defined on I such that u satisfies (5.9) and
(5.10).

Finally, we present an approximate controllability result for the Riemann-Liouville case. The proof is
similar to Theorem 4.22.

Theorem 5.29. Assume that conditions (Hs)-(Hs) are satisfied. If p defined by (5.11) satisfies p < 1,
then the system (5.8) is approximately controllable on I.
6. APPLICATIONS
In this section, we give some applications of our results.
Ezample 6.30.

Consider the semilinear problem

D¢ (Eu)(t) = Au(t)+ J?>~[Bvu(t) + f(t,u(t))], tel:=][0,0b]
(6.12) Eu(0) =
(Bu)'(0) = w,

where ug,u; € X, J2~° denotes the Riemann-Liouville fractional integral operator, f is a suitable con-
tinuous function and B is a bounded operator. Assume the pair (A4, F) generates the (a,1)-resolvent
family {S¥, (t)}¢>0. The mild solution of (6.12) is given by

u(t) = S5y (tuo + (91 % S51)(Hus +/O (91 % S31)(t = s)[Bu(s) + f(s,u(s))lds, tel.

The approximate controllability in case 0 < o < 1 and E = 7 (the identity operator) was recently studied
in [8]. If SF,(t) is norm continuous, then SZ, (t) is compact for all £ > 0 (see Section 3). The proof of
the next result follows similarly to Theorem 4.22. We omit the details.
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Theorem 6.31. Let 1 < oo < 2. Let (A, E) be the generator of an (a,1)-resolvent family {SF,(t)}+>0 of

type (M, w) which is norm continuous. Suppose that (\*E — A)~' is compact for all X > w'/®. Let p > 0
given by

Me”bl[puoob 1+ M\|BUL|eWbb:| . iV =L®(V),
p = MewbHNHoob 1 I MHB”ewbbl/Zi| 7 ZfV _ L2(17V)

Assume that the operator W : V — D(E) defined by

b
= k E — S V(S S
Wwféwlswm \Bu(s)d

has a bounded right inverse operator W1 : D(E) =V and |W ™| < K for a suitable K > 0.
If p < 1, then under assumptions (H3), the system (6.12) is approximately controllable in I.
Erample 6.32.

Now, we consider the Riemann-Liouville fractional Cauchy system

DY(Eu)(t) = Au(t)+ J**[Bo(t) + f(t,ut))], tel:=][0,b]
(6.13) (E(g2-axu))(0) = uo
(E(g2-a *u))'(0) = u,

where ug,u; € X, 3/2 < a < 2 and A, E are closed linear operators defined on X. We notice that the
controllability of a system in the form of (6.13), in case F = Z and uo = 0, was recently studied in [21]
by assuming that A is the generator of an («, av)-resolvent family.

The mild solution to problem (6.13) can be written as

u(t) = S5 a1 (B0 + (91 % S50 1) (H)ur + /O (93-a * S&.o1)(t = 8)[Bu(s) + f(s,u(s))]ds,

for all ¢ € [0,b], where we assume that (A, E) generates the (o, — 1)-resolvent family {SZ__,(#)}i>o.

a,a—1

On the other hand, if S£__;(¢) is norm continuous, then the Proposition 3.15 shows that SZ _,(#) is

a,a—1 a,a—1
compact for all ¢ > 0. Therefore, we have the following controllability result. We omit the proof.

Theorem 6.33. Let 3/2 < a < 2. Let (A, E) be the generator of an (o, — 1)-resolvent family
{SE . _1(t)}i=0 of type (M,w) which is norm continuous. Suppose that (A\*E — A)~' is compact for
all A > w'/*. Let p > 0 given by

Me“"||u]locb
w3—o

L MBI iy = £(1,V),
P = Qb cwbpi/2 )
Mo fulost [4 4 MIBLEOTE] iy = L2(L V).

Assume that the operator W : V — D(E) defined by

b
Wo = / (g3—a * Sf,a_l)(b — 8)Bu(s)ds
0

has a bounded right inverse operator W1 : D(E) =V and |[W ™| < K for a suitable K > 0.
If p < 1, then under assumptions (Hs), the system (6.13) is controllable in I.

Ezample 6.34.
Take X =V = L2[0, nr]. Consider the following problem

D [u(t, x) — Ugy(t, )] = =ty (t, ) + f(t,u(t,z)) + Bo(t), (¢,x) € [0,1] x [0, ],
u(t,0) =wu(t,7) =0, te]lo0,1],

U(O,.’E) = UO(m)v T e [07’” )

u(0,2) = ur(x), = €]0,n],

(6.14)
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where 1 < a < 2. On X We consider the operators A : D(A) C X - X and E: D(E) C X —» X
given respectively by Au := 8 £ % = Uy, and Fu = u — Uy, with domain D(E) = D(A) :={ue X :u €
H2([0, 7)), u(t,0) = u(t,m) = 0}. It is well known that A has discrete spectrum with eigenvalues of the
form —n?,n € N, and the corresponding normalized eigenfunctions are given by u,(s) := ( %)% sin(ns).
In addition, {u, : n € N} is an orthonormal basis for X, and thus A and E can be written as (see [16]):

oo

Au = Z —n?(u, wp ), u € D(A),
n=1
Eu = Z(l 4+ n2) (u, Uy Y, u € D(E).
n=1

Hence, for any u € X and 1 < 8 < 2, we have
Xo—h
Z A%(14n?) + n?

AP\ E — A)71 (u, wp)un

o0

Aa—h

- > ()
n +1)\a+n2+1

1 S "
- Y o /O MR (), Y

= / —Atz — o5 () dt(w, ),

t“) satisfies fALZB()\) = Lﬂ for all A > 0. Therefore,

)\‘3‘+n2+1

2+1

where the function A7} 5(t) := t°"eq s (

the pair (A, E) generates the («, 8)-resolvent family {Soliﬁ(t)}tzo given by

=1

E n
S(x,B(t)u = nz::l n2 n 1ha,5(t)<u,un>um
for all w € X. In particular, if 8 =1, then S7,(t) = 300 igha (t) = X021 21an <_ng‘i1ta) '

We claim that SZ,(¢) is norm continuous. In fact, for each ¢ > s we have

IS21(8) = SZa(s)ll = sup [IST,(t)u— S5y (s)ul

lul<1
n2 o n2
<_n2 ¥ 1t ) — Cal <_7”L2 T 152>‘ ||<U7Un>u||a

n=1 n2+1 that ”S ( )
Sgl(s) | = 0ast— s. Now, to see the compactness of (\*E — A)~! we notice that in the representatlon

oo

1
sup Zm €a,1

llull<1 ;=4

IN

which implies, because of the continuity of e, 1(-) and the Convergence of S°°°

0 1 )\a—l
XNTYNE —A) " = Z I v (u, up )y, forallu e X,
n=1 n?+1
we have limy,_y oo — L =0 for all A > 0, and therefore \*~ B()\O‘E A)~!is a compact operator

n2+1 )\a+ w
on the Hilbert space X, Wthh implies the compactness of (\A*E — A)~! for all A > 0. Now, assume the

condition (Hz). We consider here B : V' — X defined by B := kZ where k > 0 and Z denotes the identity
operator.
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Next, we observe that for each v € X we have by [6]

(o9}

. >~ 1
ISea®ul < > mmg b @l vl < Ca 3 o
n=1

+11+

n?+1

n=1

oo 2
ol £ G 3l = G bl
where C, is a positive constant given in [6, Theorem 1]. Therefore, S, (t) is of type (Ca%z, 1), that is
M = C’a%g and w = 1. Finally, we define the function f : [0,1] x D(A) — X by

e tu(t, z)

Jult o) = i Tt )’

where Cy > 0 will be chosen later. We observe that in this case u(t) = %, and ||pt]|eo = 1/C4 (see the
notation in Section 4). Hence,

1 [(Cuer?® Cyke*n*
pP= + .

Ch 6 36
We take C > 0 such that p < 1. We observe that, in particular, if « = 3/2, then (by [11, Formula 7.7])

we have
n n2 N 1 o S1/2 (a2 %ts 1 oo 31/2 1
Par ] = ca (‘ t ) - */o A */0 ety

n2+1 T 1483 s
which means that C3/, = % If £k =1 we obtain
_ i 67772 e2nt . 8.1549
- 0

p 18 108

Thus, in this case, we can choose C7; = 9. In this conditions, the system (6.14) can be written in the
abstract form (4.4). Moreover, the assumptions (H;)-(Hs) are valid, and therefore the system (6.14) is
controllable in [0, 1] by Theorem 4.22.

6.1. Conclusions. In this paper, we obtain conditions implying the norm continuity and compactness
of the family {S f 5(t)}t>0. As consequence, we obtain results on the controllability of fractional systems
of Sobolev type for the Caputo and Riemann-Liouville fractional derivatives. We remark that in our
results, the existence or compactness of E~! is not necessarily needed.
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