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Abstract

This paper is mainly concerned with controlled time fractional differential equa-
tions of Sobolev type in Caputo and Riemann-Liouville fractional derivatives with the
order in (1,2) respectively. By properties on some corresponding fractional resolvent
operators family, we first establish sufficient conditions for the existence of mild solu-
tions to these controlled time fractional differential equations of Sobolev type. And
then we present the existence of optimal controls of systems governed by correspond-
ing time fractional differential equations of Sobolev type via setting up approximating
minimizing sequences of suitable functions twice.
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1 Introduction

This paper mainly treats controlled time fractional differential equations of Sobolev
type and optimal controls. Concretely, let A: D(A) C X — X, F: D(E) C X — X be
closed linear operators defined on a Banach space X with the norm |||, zg,z1 € X. Now,
we consider the following controlled fractional differential equations of Sobolev type

[ PEER) = s & 16,50) + BE00 o
Ex(0) = Exg, (Ex)(0) = Ex1, u € Uy, '
and
{ g N0 = o) 4 6 (6 5 "
E(g2—a *)(0) = Exg, (E(g2—a *2))'(0) = Ex1, u € Uy, '

where t € I := [0, b], the order 1 < v < 2, the notations D and D® denote, respectively,
the Caputo and Riemann-Liouville fractional derivatives, and the operator pair (A, E)
generates a resolvent family {SF 5(t)}i>0 (see definition below, Section 2) for suitable
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a,B > 0, Uyq is a control set, nonlinear perturbation f : I x X — X and the functions
B(-), g«(-) will also specified in Section 2.

It is noted that there are already some fundamental results on abstract fractional
differential equations of Sobolev type with the order 0 < o < 1, see for example [6] 9]
10], 14, 18], BT, B2] and the references therein. The main techniques in these mentioned
work are based upon the following condition (C): D(E) C D(A), E is bijective and E~! :
X — D(FE) is a compact operator. Under this condition, the so-called subordination
formulas can be applied to deal with solution representations and related problems. It
should be mentioned that another method to deal with abstract time fractional differential
equation of Sobolev type with the order 0 < o < 1 is developed in [I8, 32], where solution
representations are derived from subordination formulas of propagation family (see [20])
without the above condition (C).

Controlled fractional differential equations of Sobolev type are naturally applied to
the control of dynamical system when the controlled system or the controller is described
by a fractional differential equation of Sobolev type. We especially point out that in
Refs [9, [10], some interesting results on optimal multi-controls and optimal multi-integral
controls governed by fractional abstract evolution equations of Sobolev type have been
established. The fractional derivative in Refs [9] [10] is understood in Caputo sense with
the order 0 < a < 1, and solution operators are based upon subordination formulas under
the condition (C). For more detailed results on optimal control theory and applications,
we refer to [19), B7, 42, [43] and the references therein.

Notice the order 1 < a < 2, the above mentioned techniques are no longer directly
applicable to and . As far as we know, existence of solutions and optimal
controls for controlled systems and in case 1 < a < 2 (and F # Z, identity
operator) have not been addressed in the existing literature. In present paper, we shall
first establish sufficient conditions for the existence of mild solutions to Eq. and
Eq. respectively based upon properties on resolvent operator generated by the pair
(A, E). And then we shall present the existence of optimal controls of systems governed
by Eq. or Eq. via constructing approximating minimizing sequences of suitable
functions twice. We remark that our results are directly established through resolvent
operators generated by the pair (A4, E), and thus previous condition (C) is not necessarily
needed. Finally, some applications are also given to illustrate our main results.

The rest of this paper is organized as follows. Section 2 is involved in Preliminar-
ies. Section 3 is devoted to investigate controlled time fractional differential equations
of Sobolve type Eq. and Eq. , respectively. Section 4 is involved in some
applications.

2 Preliminaries

In this section, we list some definitions, notations and recall some basic results which
are used throughout this paper. Most of these results can be found in monographs [3], 21}
411, [42), papers [T}, 2], 4 (5 8l 12} 15, 25, 26, 27, 28, 29, 30, 33, 34} 38, 39, 40] and references
therein.
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Let (X, |- |I), Z be Banach spaces. We denote by B(X,Z) the space of all bounded
linear operators from X into Z, and denote by B(X) the space of all bounded linear
operators from X into itself. Let C'(I, X) be the Banach space of all continuous functions
from I to X with the norm ||z|s = Sup||u( )|| and LP(I,X)(1 < p < +4o0) be the

te

Banach space of all X- Valued Bochner mtegrable functions defined on I with the norm

el = ( Hx(t)ﬂpdt)

For a closed and linear operator A : D(A) C X — X, where D(A) is the domain
of A, we denote by p(A) its resolvent set and by R(\, A) its resolvent operator, that is,
R(\, A) = (A — A)~! which is defined for all A € p(A). For u > 0, we define

th—1 0
/. 0\ t> )

9u(t) = T(w) (2.1)
0, t<O0,

where I'(+) is the Gamma function. We also define gop = dg, the Dirac delta. For p > 0,
n = [p]| denotes the smallest integer n greater than or equal to p. The finite convolution

of f and ¢ is denoted by (f * g)(¢ /ft—s

Definition 2.1 Let o > 0. The a-order Riemann-Liouville fractional integral of u is
defined by

J%u(t) := /0 go(t — s)u(s)ds, t>0.

Also, we define J%u(t) = u(t). Because of the convolution properties, the integral operators
{J%} 40 satisfy the following semigroup law: J*J? = Jot8 for all a, 8 > 0.

Definition 2.2 Let o > 0. The a-order Caputo fractional derivative is defined
t
DFult) = [ gu-alt = 5ju (5)ds,
0

where n = [«].

Definition 2.3 Let a > 0. The a-order Riemann-Liouville fractional derivative of w is

defined

dn
D%u(t) := g7 gn ot — s)u(s)ds,
where n = [«].
. am
ItlsclearDm:Dm—dt—mlfoz—mGN

Let f (or L(f)) denote the Laplace transform of f, we have the following facts for the
fractional derivatives

i
L

Dou(A) = A4A) = Y (gna * ) B (0)A"1F (2.2)
0

TT
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and
. n—1
Deu(X) = Aa(x) = > uk (0)r17F, (2.3)
k=0

where n = [a] and A € C. For «, 5 > 0 and z € C, the generalized Mittag-Leffler function
is defined by

0rl2) = X T (ak+B)’

k=0
and its Laplace transform L satisfies
B—-1 o xe—h 1/a
LA eas(pt®)(A) = 13 — PE C,ReA > |p| /.

The E-modified resolvent set of A, pg(A), is defined by

pE(A) ={AeC:(A\E—-A): D(A)NDE) > X
is invertible and (AE — A)™! € B(X,[D(A) N D(E)))}.
The operator (AE — A)~! is called the E-resolvent operator of A.
A strongly continuous family {7T'(t)}+>0 C B(X) is said to be of type (M,w) or expo-

nentially bounded if there exist constants M > 0 and w € R, such that | T(¢)|] < Me“! for
all ¢ > 0. Observe that, without loss of generality, we can assume w > 0 in the sequel.

Definition 2.4 Let A: D(A) C X — X, E: D(F) C X — X be closed linear operators
defined on a Banach space X satisfying D(A) N D(E) # {0}. Let o, 8 > 0. We say that
the pair (A, F) is the generator of an (a, #)-resolvent family, if there exist x > 0 and

a strongly continuous function Sf’ 5 1 [0,00) = B(X) such that Sfi 5(t) is exponentially
bounded, {A* : ReA > u} C pg(A), and for all z € X,

NTPENE-A) e = / e*)‘thﬁ(t)xdt, ReX > p.
0

In this case, {Sf,ﬂ (t) }+>0 is called the (a, B)-resolvent family generated by the pair (A, E).

It is easy to show (see [24, Proposition 3.1 and Lemma 2.2])) that if (A, E) generates
an (a, B)-resolvent family {SZ 5(t) }t>0, then it satisfies the following properties:

i) SE¥5(0)Ex = gg(0)Ex, for all z € D(E);

ii) SE s(t)x € D(A)ND(E) and Sgﬁ(t)Ax = ASiﬁ(t)a:, Sfﬁ(t)E:c = Esgﬁ(t)x, for all
x e D(A) N D(E) and t > 0;

iii) Sf’ﬁ(t)El‘ = gg(t)Ex + fg 9o (t — S)AS£6(8)$(18, for all z € D(A)N D(E) and t > 0;
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iv) fg 9a(t —)SE 5(s)zds € D(A) and SF 5(t)Ex = gg(t) Ex + A fot ga(t —5)SE 5(s)ads,
for all z € D(A)N D(E) and t > 0.

We notice that the Definition [2.4] corresponds to some well-known concepts in the
literature. In fact, the case S’ (¢) corresponds to degenerate semigroups (see [13] and [16]
Chapter 1, Section 1.5]), if « = 1,5 =k + 1, then kaH(t) is a degenerated k-integrated
semigroup (see [16, Chapter 1, Section 1.5] and [7]), and Sfl(t) is a cosine degenerate
family (see [I6, Chapter 1, Section 1.7]). If E = I, then S{’l(t),Sll’kH(t) and Sil(t)
correspond to a Cy-semigroup, a k-integrated semigroup and a cosine family, respectively.
Finally, if 8 = 1, then S(;l(t) is the a-resolvent family (also called the a-times resolvent
family) for fractional differential equations.

Definition 2.5 The resolvent family {Sfiﬂ(t)}tzo C B(X) is said to be compact if for
every t > 0, the operator Sfﬁ(t) is a compact operator.

Next we give some results on the norm continuity and compactness of Sﬁ B(t) for given
a, 3 > 0. The proofs of these results can be conducted similarly to [28, Proposition 11,
Lemma 12, Theorem 14, Corollary 15, Propositions 16-17], we can also refer to [§] for
details.

Lemma 2.1 Let @ > 0 and 1 < 8 < 2. Suppose that {Sfﬁ(t)}tzo is the (a, §)-resolvent

family of type (M,w) generated by (A, E). Then the function t Sﬁ 5(t) is continuous
in B(X) for all t > 0.

Lemma 2.2 Suppose that the pair (4, E') generates an (o, 5)-resolvent family {Sfﬁ (t) }+>0
of type (M,w). If v > 0, then (A, E) also generates an (a, 8 + 7)-resolvent family of type

<M
wY
Lemma 2.3 Let « > 0,1 < 8 <2 and {Sfﬁ(t)}tzo be an («, 5)-resolvent family of type
(M,w) generated by (A, E). Then the following assertions are equivalent
i) Sf’ﬁ(t) is a compact operator for all ¢t > 0.
ii) B(uE — A)~! is a compact operator for all pu > w'/®.

Lemma 2.4 Let 1 < a <2 and {S%,(t)}1>0 be an (a, a)-resolvent family of type (M,w)
generated by (A, E). Then the following assertions are equivalent:

i) SF,(t) is a compact operator for all ¢ > 0.
ii) E(uE — A)~! is a compact operator for all > w!/®.

Lemma 2.5 Let 1 < a < 2, and {Sgl(t)}tzo be the (a, 1)-resolvent family of type (M, w)
generated by (A, E'). Suppose that Si 1(t) is continuous in the uniform operator topology
for all £ > 0. Then the following assertions are equivalent
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i) Sgl(t) is a compact operator for all ¢ > 0.
ii) E(uE — A)~' is a compact operator for all 1 > w!/®.

3
Lemma 2.6 Let 5 <a< 2, and {Sga_l(t)}tzo be the (a, a — 1)-resolvent family of type
(M, w) generated by (A, E). Suppose that Sg o1 (t) is continuous in the uniform operator

topology for all £ > 0. Then the following assertions are equivalent
i) S’fia_l(t) is a compact operator for all ¢t > 0.

ii) B(uE — A)~! is a compact operator for all pu > w!/®.

Remark 2.1 If F = 7 (the identity operator), then the facts of above lemmas are reduced
to the corresponding results in [28, Lemma 3.12, Theorem 3.14, Propositions 3.16-3.17,
Proposition 7.1] with Sgﬁ(t) = Sq5(t).

Finally, we recall the following results.

Lemma 2.7 If K is a compact subset of a Banach space X, then its convex closure
conv(K) is compact.

Lemma 2.8 The closure and weak closure of a convex subset of a normed space are the
same.

Lemma 2.9 Let C be a nonempty, closed, bounded and convex subset of a Banach space

X. Suppose that T : C — C is a compact operator. Then T has at least a fixed point in
C.

In what follows, we introduce the admissible control set as [9] and [42], pp.141]. Let Y
be another separable reflexive Banach space from which the control u takes values. Let 1 <
p < 400 and LP(I,Y’) denote the usual Banach space of all Y-valued Bochner integrable
functions having p-th power summable norms. Denoted P(Y) by a class of nonempty
closed and convex subsets of Y. We assume that the multivalued map U : I — P(Y) is
graph measurable, U(-) C Z, where = is a bounded set of Y. The admissible control set is
defined as

Una = S, = {u(-) € LP(Z)[u(t) € U(t), ae. t € I}, 1< p < +oo.

Then Uyq # 0, which can be found in [I7].

3 Controlled fractional differential equations of Sobolev type

In this section, we will prove our main results.
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3.1 The Caputo case-Eq. (1.1]

Let us list the following assumptions.

(A1) The pair (A, E) generates the («, 1)-resolvent family {Sf:l(t)}tzo of type (M,w), the

operator E(A\*E — A)~! is compact for all \* € pg(A) with A > wa and {SE1(®)}e=0
is norm continuous for all ¢ > 0.

(A2) f:1Ix X — X satisfies the following conditions:
(a) For a.e. t € I, f(t,-) is continous, and for each x € X, f(-,z) is measurable;
(b) There exists a function ¢ € L*(I,R,) such that

1t o)l < o)), Vi€ [,z € X.

(A3) B : I — B(Y, X) is essentially bounded, i.e. B € L*(I,B(Y, X)).

(A4) There exists a constant r > 0 such that

1 r 1
Me“® |||zl + =l || + — ol + ——I1Bullp | <7
w w w

According to the properties of the Laplace transform we can give the following defini-
tion of mild solution to problem (|1.1J).

Definition 3.1 For each xp,z; € X, a function x € C(I, X) is said to be a mild solution
to Eq. (L.1)) if it verifies the following integral equation

x(t) = Sgl(t):no + 5572(75)@ + /0 Sia(t —8)[f(s,x(s)) + B(s)u(s)]ds.

Remark 3.1 (i) By the uniqueness of the Laplace transform, it is clear that the mild
solution to Eq. (1.1]) can expressed as

t
z(t) = S31()zo + (91 % S31) (t)x1 + /0 (ga—1 % Sa)(t = 8)[f(5,2(s)) + B(s)u(s)]ds.

(ii) In view of Lemma the condition (A1) implies Sf’ 1(t) is compact for all ¢ > 0.
(iii) [42, pp.141] According to the assumption (A3) and the definition of the admissible
set Uyg, it is concluded that Bu € LP(I,X) with 1 < p < oo for all u € U,y. Thus,
Bu € L'(I,X) and ||Bu| 1 < +oo.

For r > 0 we define B, :={z € C(I,X) : ||z(t)|| <t e I}.

Theorem 3.1 If assumptions (A1)-(A4) hold, then Eq. (l.1) admits at least one mild
solution on I.
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Proof: Consider the operator N : C(I,X) — C(I,X) defined by

(Na)(t) = 2y (Do-+(g1% ) (B)21 + /0 (9121 (t—5)[f (s,2(s)) +B(s)u(s)]ds, t € I.

Clearly, the fixed points of N are mild solutions to Eq. ((1.1). We shall show that N
admits a fixed point. The proof will be given in several steps.
Step I. N maps B, into B,.

[(Nz) ()]
t
< 551(t)$0+(91*551)(t)$1+/0(ga1*551)(t—8)[f(8,93(5))+55(S)U(8)]d5
t M ¢
< Me” ||f60||+we“’tllﬂflllera1/0 U= [p(s) [z (s)]| + B (s)u(s)]] ds
M M wb t
< M aol + LMol + 21 [ e os)ds
w w 0
Mewb t s
+— / e “%|IB(s)u(s)||ds
w 0
w M, Mre®? Mewb
< Me|lao|l + — el || + —— Il + —— 1Bull
w w w
wb 1 T 1
< Me*” |||lzoll + =llz1ll + —= I8l + ——Bull
w w w
< rn

By (A4), we conclude that Nz € B,.
Step II. N is continous in B,.
Let z,,z € B, be such that z,, — = in B,. In view of Lemma [2:2] we have

[(Nzn)(t) — (Nz)(@)]| - < /0(ga—l*551)(t—8)[f(87wn(8))—f(sw(S))]ds

M wb  rt

< oo | eI o) - Fa)]ds
Me?

< —

o /0 ¢(s)(lzn(s)]| + llz(s)[)ds

€M wb t
< =° /¢(s)ds.
0

w*™
Note that the function s — ¢(s) is integrable on I. By the Lebesgue Dominated Conver-

t
gence Theorem / | f(s,xn(s)) — f(s,z(s))||ds — 0,n — oco. Hence, N is continuous in
0

B,.
Step III. N is equicontinous.
Let x € B,, and take 0 < to < t; < b. Observe that

[(Nz)(t1) — (Nx)(t2) |
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IN

1 (SE1(t) = SE1(t2)) woll + || ((g1 % SE1)(t1) = (91 % SE1)(t2)) 24|

t1
+/ 1(ga—1 % SE1) (1 = 5)[f (s,2(s)) + B(s)u(s)] || ds

to
to
+/0 1 ((gam1 % S21)(t1 = 8) = (ga—1 * S51)(t2 — 5)) [f (s, 2(5)) + B(s)u(s)]||ds
= L +1x+ I3+ Iy
For the term I7, we have

I < [[(Saa(t1) = S5 (t2)) ol

By the norm continuity of S¥,(¢) in assumption (A1), we get tlin% I =0.
’ 112

For the term Iy, we have (g1 * SZ,)(t) = 5’52@) for all ¢ > 0 due to the uniqueness of the
Laplace transform and Lemma Meanwhile, the Lemma [2.1| implies that (g1 * Sg 1) (@)
is continuous in B(X). Hence

Io < [[(g1 * Sa1)(t1) = (91 % San)(t2) | [|21]] = 0, as t — t.
For the term I3, as t; — t5, we have

Mewb

I3 S wa—l

/t e [g(s)la(s)]| + [ B(s)u(s)]lds

Mrewt [t Mewb

< o(s)ds +
to

wafl wafl

/tl 19 ()u(s) | ds — 0.

Finally for the term I, we have

Iy < /0 2 [[(ga-1%SE1)(t1 = 8) = (ga1 * SZ1)(t2 = )] || [[f (s, 2(s)) + B(s)u(s)] | ds

IN

/O 2 [[(ga1 % SE1)(t1 — 8) = (ga—1 * SE1)(t2 — 8)]|| #(8)[|z(s) | ds
+/02H[(9a—1 *SE) (81— 8) = (gae1 * SE) (2 — 5)] || B(s)u(s)ds
= 7"/0 2 | [(ga—1 % SE ) (1 = 8) = (ga—1 * S ) (ta — 5)]|| ¢(s)ds

+ /0 1[Gt * SE (b1 — 8) — (g * SE1)(E2 — 9)]|| [B(s)u(s) |ds.

Now taking into account that

Mewb

1(ga—1 % San)(tr =) = (ga—1 * Sg1)(t2 = )llé(s) < 2 (s) € L'(I,R+),

wa—l

Mewb

wafl

[[(ga—1%S51)(t1 = 8) = (ga—1 * Sa1)(t2 — 5)] || B(s)u(s)| < 2 1B (s)u(s)|l € L'(1,Ry),
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(ga—1 * Sofil)(t) = SE (t) for all t > 0 (see Lemma and S, (t) is norm continuous
(see Lemma , we have (ga—1 * 551)@1 —8) = (ga—1 * 5’51)(@ —s) — 0 in B(X) as

t1 — to. By the Lebesgue’s dominated convergence theorem, we conclude tlirr% 1y =0.
1—t2

Step IV. The set H(t) := {(Nz)(t) : x € B, } is relatively compact for every t € I.
Clearly, H(0) is relatively compact in X. For x € B,, we define the following operator

(Noz)(t) = /0 (ga—1 % Sz1)(t = 8)[f(s,2(s)) + B(s)u(s)]ds.

Now, let 0 <t < b and € be a real number satisfying 0 < & < t, we further introduce

(N3z)(t) = /0 _E(ga—l % S31)(t = 5)[f (s,2(5)) + B(s)uls)]ds.

The assumption (A1), Remark (iii) and Lemma [2.4] imply the compactness of (go—1 *
Sﬁl)(t) = SF,(t) for all t > 0. Therefore the set K. := {(ga—1 * SaEJ)(t —9)[f(s,z(s)) +
B(s)u(s)] : x € Br,0 < s < t— e} is compact for all € > 0. Then conv(K;) is also a
compact set by Lemma [2.7] In view of Mean-Value Theorem for the Bochner integrals,
we have (N5x)(t) € tconv(K,) for all t € I. Thus the set H.(t) = {(N5z)(t) : = € B} is
relatively compact in X for every e, 0 < & < t. Moreover, for x € B,,

[(N2x) () — (N3z)(B)]| < ‘ /t (ga—1* Sya)(t = 5)[f (s, 2(s)) + B(s)u(s)lds

—E&

M@wb

S wafl

/t e “lro(s) + [|B(s)u(s)]l]ds.

Since s + e “[ré(s) + ||B(s)u(s)||] belong to L([t — ¢,t],R;), we conclude by the
Lebesgue Dominated Convergence Theorem that hH(l) |(Noz)(t) — (N5x)(t)|| = 0. Thus,
E—

the set {/t(gal * Sgl)(t —5)[f(s,z(s)) +B(s)u(s)]ds : x € BT} is relatively compact
0

for all ¢t € (0,b]. The compactness of Sﬁl(t) and (g * Sgl)(t) = SgQ(t) (see Lemma [2.5
and Lemma imply that H(t) := {(Nz)(t) : x € B,} is relatively compact in X.

As a consequence of the above steps and the Arzela-Ascoli theorem, we can deduce
that N is a compact operator. By the fixed point theorem Lemma [2.9] there exists a fixed
point z(+) for N on B,. Thus, Eq. admits a mild solution. This completes the proof.

Next, we consider the existence of optimal controls for Eq. . For any u € U,q, let
S(u) denote all mild solutions to Eq. in B,.

Let 2* € B, denote the mild solution to Eq. corresponding to the control u € Uygq,
we consider the following limited Lagrange problem (LP):

Find 2° € B, C O(I,X) and u® € U,q such that for all u € Uug, J(2°,u%) < J(z%, u),
where

b
(") = /0 (1, 2" (1), ult))dt,

and z° € B, denotes the mild solution to Eq. (1.1)) related to the control u® € Uyq.
We need the following assumption.
(A5): The function £: I x X xY — R|J{oo} satisfies:
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1) The function £: 1 x X x Y — R|J{oo} is Borel measurable;

2) £(t,-,-) is sequentially lower semicontinuous on X x Y for a.e. t € I;

3) £(t,x,-) is convex on Y for each x € X and a.e. t € I;

(1)
(2)
(3)
(4)

4) There exist constants ¢ > 0,d > 0, 9 is nonnegative and 1 € L'(I,R) such that
L(t,x,u) = P(t) + cllzl| + dlully,

where 1 < p < co. We remark that under the conditions of Theorem a pair (z(-),u(+))
is feasible if it verifies Eq. (1.1)) for z(-) € B,, and if (z*(-),u(-)) is feasible, then z* €
S(u) C B,. We first list the following result.

Lemma 3.1 Assume that assumptions (A1) and (A3) hold and 1 < p < 4+o00. Define the
operator II by

(TTu)(-) = /O (g1 * SE)(- — 5)B(s)u(s)ds, Yu() € Upa C IP(IY).

Then, IT: U,y C LP(1,Y) — C(I, X) is compact. Moreover, if u,, € U,4 converges weakly
to u as m — oo in LP(1,Y), then ITu,, — ITu as n — oo.

Proof: The assumption (Al) and the Lemma imply the compactness of (go—1 *
Sf:l)(t) = Sofia(t) for all £ > 0. Conducted similarly as the proof of Theorem , we
can show that II is a compact operator. The convergence of ITu,, — Ilu follows as in proof
of Lemma 3.2 and Corollary 3.3 of Chapter 3 in [19].

Now, we can establish the existence of optimal controls for the problem (LP).

Theorem 3.2 Assume that conditions (A1)-(A5) hold. Then the problem (LP) admits
at least one optimal feasible pair.

Proof: For any u € U,y, we define

J(uw)= inf J(z" u).
If the set S(u) admits finite elements, there exists some % € S(u) such that J(Z%, u) =

inf J(z% u) = J(u). If the set S(u) admits infinite elements and inf J(z" u) =
z*eS(u) z¢eS(u)

+00, there is nothing to prove. We assume that J(u) = irg( )J(Jc“,u) < 4o00. By (A5),
zveS(u

we have J(u) > —oco. We now divide the proof into the following steps.
Step 1. By the definition of the infimum, there exists a sequence {z} C S(u) satisfying
J(xz¥ u) = J(u) as n — oo. Considering {z¥, u} is a sequence of feasible pairs, we have

ap(t) = SEi(t)zo+ (g1 SE1)(t)a

+/0 (ga—1 * Sgl)(t —3)[f(s,x2(s)) + B(s)u(s)]ds,t € 1. (3.1)



12 Y .-K. Chang, R. Ponce

Step 2. We show that there exists some " € S(u) such that J(z", u) = ir}gf( : J(x" u) =
zveS(u

J(u). To do this, we first prove that for each u € U,q, {z}} is relatively compact in C'(I, X).
Note that

zi(t) = Saa(t)ro + (g1 % Say) ()

[ oy # SED(E = 9 (5.23(5)) + Bs)u(s)ds
0

= 1'196% =+ IQ.Z'Z + Igl‘%

From (A1), Lemmas and Steps III-IV in the proof of Theorem we can conclude
that {l1z!}, {loxt}, {Isx!} are all precompact subsets of C (I, X). In consequence, the
set {z} is precompact in C(I, X) for u € U,q. Without loss of generality, we may assume
that zi — % in C(I, X) for u € U,q as n — oo. Let n — oo in both sides of , by the
Lebesgue Dominated Convergence Theorem, we obtain that

zU(t) = SEi(t)wo+ (g1 % SE1)(t)an

+ [ gamr = SE = 9)1F(5,3%(5) + Bls)uls)lds.t € 1,
0

which implies that % € S(u).

We claim that J(z%,u) = ir‘lsf( )J(w“,u) = J(u) for any u € U,q. In fact, owing to
zeS(u

C(I,X) is continuously embedded in L'(I, X), through the definition of a feasible pair,
the assumption (A5) and Balder theorem, we have

b b
J(u) = ILm L(t, xpi(t), u(t))dt > / L(t, z%(t), u(t))dt = J(2“,u) > J(u),
ie. J(z% u) = J(u). This shows that J(u) admits its minimum at % € C(I, X) for each
u € Ugyg.
Step 3. We show that there exists u’ € U,q such that J(u®) < J(u) for all u € Uyg. If

inf J(u) = 400, there is nothing to prove. Assume that inf J(u) < +oo. Similarly
u€Uyq u€Uqq

to Step 1, we can prove that iI[ljf J(u) > —oo, and there exists a sequence {u,} C Uyq
uelUgq

such that J(u,) — énUf J(u) as n — oo. Since {u,} C Uyg, {un} is bounded in LP(I,Y)
u ad

and LP(I,Y) is a reflexive Banach space for 1 < p < 400, there exists a subsequence still
denoted by {u,} weakly converges to some u’ € LP(I,Y) as n — co. Note that U,q is
closed and convex, by Lemma it follows that u® € U,g.

Suppose Z%" is the mild solution to Eq. related to w,, where J(u,) attains its
minimum. Then (%", u,) is a feasible pair and verifies the following integral equation

() = SE(t)wo+ (g1 S5 ()2

+/0 (ga—1 * Sfil)(t —38)[f(s,2%(s)) + B(s)un(s)]ds,t € I. (3.2)
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Define
Mavn(t) = SEiWxo, M@ (t) = (g1 % SE1) ()1,
A (0) = [ (gut# SE(E = )57 (5
Agun(t) = /Ot(ga1*551)(t—5)%(s)un(s)ds.
Then

FU () = Ay (t) + Agd"™ () + AgE™ (t) + Aqun(t), t € I.

From (A1), Lemmas and similarly to Steps III-IV in the proof of Theorem
we can conclude that {Ajz%"}, {Aaz""}, {Asz¥"} are all relatively compact subsets of
C(I,X). Moreover, by Lemma Mgy — Agu® in O(I, X) as n — oo and A4 is compact.
Thus, the set {z%»} C C(I,X) is relatively compact, and there exists a subsequence still
denoted by {#"}, 4’ € C(I, X) such that #*» — 7’ in C(I, X) as n — co. Let n — 0o
in both sides of , we have

0

() = Ser(two+ (g1% S5 (B

+ /0 (g1 * SE)(t — 5)[f (s, 5

0

(5)) + B(s)u’(s)]ds, t € I,

which implies that (33“0, u®) is a feasible pair.
Since C(I,X) is continuously embedded in L!(I, X), by the assumption (A5) and
Balder theorem, we have

b b

inf Jw) = Tim [ S0 (1), un(t))dt > / ot 7 (1), u(¢))dt
u€Ugyq n—00 0 0
= J@E*,u®) > inf J(uw).
@8> I
Therefore,

J@E ) = Jw®) = inf J@* u0).
240 eS(ud)
Furthermore,

JW®) = inf J(u),

u€Uqq

i.e., J admits its minimum at u® € U,y4. This finishes the proof.

3.2 The Riemann-Liouville case-Eq. ([1.2))

For Eq. ([1.2]), we need the following hypotheses.
(H1) Let 5 <a< 2, and the pair (A, E) generates the (a,a — 1)-resolvent family
{SE 1 (t)}i>0 of type (M, w), the operator E(A*E — A)~! is compact for all \* € pg(A)

a,a—1
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with A > wa and {Sfia_l(t)}tzo is norm continuous for all ¢ > 0.
(H2) There exists a constant r > 0 such that

1 T 1
Me*® ||lzoll + =[lz1ll + =@l + —[1Buf 2 | <7
w w w

By using the properties of the Laplace transform we are able to give the following
definition of mild solution to problem ([1.2)).

Definition 3.2 For each xp, 1 € X, a function x € C(I, X) is said to be a mild solution
to Eq. ([1.2)) if it verifies the following integral equation

z(t) = SY o1 (t)mo + SE, (t)x +/0 SE (= 9)[f(s,2(s)) + B(s)u(s)]ds.

Remark 3.2 (i) By the uniqueness of the Laplace transform, it is clear that the mild
solution to Eq. (1.2]) can expressed as

z(t) = Sia-1(t)z0 + (91 % Sia 1) (t)21 +/0 (91 % Saa1)(t = 8)[f(5,2(s)) + B(s)u(s)]ds.

(ii) In view of Lemma the condition (H1) implies SZ__,(¢) is compact for all ¢ > 0.

a,a—1

Theorem 3.3 Let assumptions (H1)-(H2), (A2)-(A3) hold, then Eq. (1.2]) has at least

one mild solution on I.
Proof: We define the operator N : C(I,X) — C(I,X) as
(Nz)(t) = SEo 1(t)zo+ (91 %554 1) ()2

—i—/o (g1 * Sga_l)(t —9)[f(s,2(s)) + B(s)u(s)]ds,t € I.

The remainder can be conducted similarly as the proof of Theorem Since

[(Nz) ()|
t
< ‘Sf,al(t)xo + (g1 % SE o) ()21 +/ (g1% SE o 1)t — 8)[f(s,2(s)) + B(s)u(s)]ds
0
w M w M t w(l—s
< Me*||zo| +—e ltH=’JC1H+W/O =) [p(s)||z(s)]| + [|B(s)u(s)][] ds
M M wb t
< Meaol + LM+ [ o(s)ds
0
M wb t
422 / =5 ||B (s)u(s)||ds
0
w M, Mre<? Me?
< Me“P||xol| + —e*’|z1 | + Bl + | Bul| 2
w w w
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1 r 1

< Med [\960” Yol Dl + LBl
w w w

<

By (H2), we conclude that Nz € B,.

Because SP,_(t) is norm continuous for all ¢ > 0 (see (H1)) and ¢ — (g1 * Sfia_l)(t)
is also norm continuous by Lemma we can similarly prove N(B,) is equicontinuous.
The Lemma implies the compactness of (g1 * Sfia_l)(t) = S’ga(t) for all t > 0 and
therefore the set {fg(gl * Sf’a_l)(t —5)[f(s,2(s)) + B(s)u(s)]ds : * € B,} is relatively
compact for all t € I (as in the proof of Theorem . On the other hand, from (H1)
and Lemma we get the compactness of SF,_;(t) for all £ > 0. Thus, we show the set
H(t) := {(Nxz)(t) : * € B,} is relatively compact in X. By the Arzela-Ascoli theorem,
we can deduce that N is a compact operator and by Lemma there exists a fixed point
z(+) for N on B,. Thus, Eq. admits a mild solution.

We also have the following result, which can be proved similarly to Lemma [3.1

Lemma 3.2 Assume that assumptions (H1) and (A3) hold and 1 < p < 400. Then the
operator defined by

(Mu)(-) = /0.(91 #Saa-1)(- = 5)B(s)u(s)ds, Yu() € Upa C LP(1,Y)

is compact. Moreover, if u,, € Uy converges weakly to u as n — oo in LP(I,Y), then
ITu,, — Ilu as n — oo.

Next, we consider the existence of optimal controls for Eq. . For any u € Uy,
we still denote by S(u) all mild solutions to Eq. in B,. Let 2" € B, denote the
mild solution to Eq. corresponding to the control u € U,q, we consider the following
limited Lagrange problem (LP’):

Find 2° € B, € C(I,X) and u® € Uyq such that for all u € Uy, J(2°,u%) < J(z% u),
where
T
Tatu) = [ st ult)ar
0
and z° € B, denotes the mild solution to Eq. related to the control u° € U,g.

Theorem 3.4 Assume that conditions (H1)-(H2), (A2)-(A3) and (A5) hold. Then the
problem (LP’) admits at least one optimal feasible pair.

Proof: From (H1), Lemmas Lemma and Lemma we can complete the
proof similarly to that of Theorem [3.2

4 Some applications

In this section, we make some further discussions as applications. Let us consider
special cases with £ = Z, then Eq. (1.1) and Eq. (1.2)) can be rewritten respectively in
the following

{ Dix(t) = Az(t) + f(t,2(t)) + B(t)u(t), (4.1)

x(0) = xg, 2'(0) = x1, u € Uyy,
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and

{ Dox(t) = Ax(t) + f(t,2(t) + B(t)u(t), (4.2)

(92—a * 2)(0) = w0, (92-a *2)'(0) = 21, u € Usa-
Accordingly, we list the following assumptions.
(A1") The operator A generates the («, 1)-resolvent family {S, 1 () }+>0 of type (M, w), the
1
operator (A\* — A)~! is compact for all A* € p(A) with A > we and {Sa1(t)}i>0 is
norm continuous for all ¢ > 0.
(H1") Let g < a < 2, and the operator A generates the (a,a — 1)-resolvent family
{Sa.a—1(t)}t0 of type (M,w), the operator (A* — A)~! is compact for all \* € p(A)

with A > wa and {Sa,a—1(t)}+>0 is norm continuous for all ¢ > 0.

For each zg,z1 € X, the mild solution to Eq. (4.1) can be expressed as

x(t) = Saa(t)xo + (g1 * Sa1)(t)x1 + /Ot(gal % Sa.1)(t — s)[f(s,z(s)) + B(s)u(s)]ds,

and the mild solution to Eq. (4.2]) can be expressed as

x(t) = Sa,a—1(t)zo + (g1 * Sa,a—1)(t)x1 + /Ot(gl % Saa—1)(t = 9)[f(s,z(s)) + B(s)u(s)]ds.

From Remark and |28, Proposition 11, Lemma 12, Theorem 14, Corollary 15, Propo-
sitions 16-17], we can obtain the following results.

Corollary 4.1 If assumptions (Al’), and (A2)-(A4) hold, then Eq. (4.1]) admits at least
one mild solution on I.

Corollary 4.2 Let assumptions (H1')-(H2), and (A2)-(A3) hold, then Eq. (4.2) has at
least one mild solution on 1.

Corollary 4.3 Assume that conditions (A1’)-(A5) hold. Then the limited Lagrange prob-
lem related to Eq. (4.1)) admits at least one optimal feasible pair.

Corollary 4.4 Let conditions (H1')-(H2), (A2)-(A3) and (A5) hold. Then the limited
Lagrange problem related to Eq. (4.2]) admits at least one optimal feasible pair.

Now, we consider the following semilinear equation in the Caputo fractional derivatives

{ D (Ex)(t) = Az(t) + J>~[f(t,x(t)) + B(t)u(t)],t € I,

Ex(0) = Exo, (Ex)'(0) = Eay, (4.3)

where zg,21 € X, 1 < a < 2, J>~® denotes the Riemann-Liouville fractional integral
operator. Assume the pair (A, E') generates the (o, 1)-resolvent family {Sgl(t)}tzo. The
mild solution to Eq. (4.3) is given by

2(t) = Sq1(t)zo + (g1 % S31) (D)2 +/0 (91 % San)(t = 5)[f (s, 2(s)) + B(s)u(s)lds, t € .
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On the other hand, for the semilinear equation in Riemann-Liouville fractional derivative

{ DY(Ex)(t) = Az(t) + J>~[f(t,z(t)) + B(t)u(t)],t € I,

(B(g2o * 2))(0) = Exp, (E(g2_o * 1)) (0) = Exy, (4.4)

3
where 5 <a< 2. Let the pair (A4, F) generate the (o, a—1)-resolvent family {Sﬁa_l(t) He>o,
then the mild solution to Eq. (4.4)) can be written as

x(t) = Sﬁal(t)xo—k(gl*Sga1)(t)x1+/0 (gg_a*Sf,afl)(t—s)[f(s, z(s))+B(s)u(s)]ds,t € I.

Note that

ewt Mewt

M
o+ SE)@I < 2 and (g0 ¢ SEa )00 < 5

According to proofs of Theorems we can similarly obtain the following results.

Lemma 4.1 If assumptions (A1)-(A3) and (H2) hold, then Eq. (4.3) admits at least one
mild solution on I.

Lemma 4.2 Assume that conditions (A1)-(A3), (H2) and (A5) hold. Then the limited
Lagrange problem related to Eq. (4.3 admits at least one optimal feasible pair.

Lemma 4.3 Let assumptions (H1), (A2)-(A3) and the following condition
(H2') There exists a constant r > 0 such that

T 1
[l + —= IBullp | <

1
M wb -
e llzoll + —lzall + —5=5 3

hold. Then Eq. (4.4) has at least one mild solution on I.

Lemma 4.4 Assume that conditions (H1), (H2'), (A2)-(A3) and (A5) are satisfied. Then
the limited Lagrange problem related to Eq. (4.4)) admits at least one optimal feasible
pair.

Example 4.1 In the following, we end this paper with a simple example. Take X =
L2[0,7], (t, &) € [0,1] x [0, 7], consider the following problem

D [0(t,€) = 4 (4,6)| = G5 () + F(t,2(t, ) + u(t,©),

z(t,0) = z(t,7) =0, te]|0,1], (4.5)
x(O,f):x0(§)7 §€ [077@7

xt(oag) = 1'1(5)7 §€ [O,ﬂ'],

e"x(t, §)
(6 + ) (1 +[z(,)])

T 1 T 1
_ 2 2
J(a,u) = /0 /0 (¢, €)Pdtde + /0 /0 fut, €)|2dtde.

where 1 < o < 2, f(t,z(t,§)) :=
u('7§)7 and

- Let 2(-)(§) = (-, €), B()u(-)(§) =
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Define the the operators A: D(A) C X — X and E: D(E) C X — X respectively by

oL’

2
Ex:xfg—g,

Ax =

with the domain D(E) = D(A) := {z € X : x € H*([0,7]),2(t,0) = z(t,7) = 0}. Tt is
known that A has discrete spectrum with eigenvalues of the form —n* n € N, and the

2\ 2
corresponding normalized eigenvectors are given by xp(s) := <> sin(ns). Moreover,
s

{x;, : n € N} is an orthonormal basis for X, and thus A and E can be written as (see [23])

o0
Az = — Zn4<m,azn>xn, x € D(A),

n=1
00

Ex = Z(l +n2)(x, zp)xn, z € D(E).

n=1
Thus, for any x € X and § = 1, we have

& )\a—l(1+n2)
a 2 4
A (1+n) +n

NTIEWE — A7l = (@, Tp)Tn

> )\afl
n=1 AY + n24+1

= [T W),
0 n=1

Aafl
= ———5 forall A>0.
AY + n2+1

Therefore, the pair (A4, F) generates the (a, 1)-resolvent family {SOIZJ 1(t)}+>0 given by

where the function hy, ;(t) == ea1 (—n;‘ilt’”) satisfies 331(/\)

SE () =) hi 1 (8){@, 2n)wn, for all x € X,
n=1

From the continuity of e, 1(+), we can conclude that 557 1(t) is norm continuous. From 1j
a—1

and the fact lim = 0 for all A\ > 0, we can also deduce that E(\*E — A)~1

n—oo \« + ;"04
n+1
is a compact operator on the Hilbert space X. Furthermore, for each z € X we have (by

[11])

ISca @)l < 2.

Therefore, S’gl(t) is of type (2,1), i.e. M =2 and w = 1.
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Let I := [0, 1]. We note that Eq. (4.5)) can be rewritten in the abstract form (1.1)). We

e_t wb

1 M
also observe that in this case ¢(t) := 61t ol < g,b =w =1 and wTe_lHqﬁﬂLl < g <

1, thus we can choose a suitable constant  in (A4). According to Theorems the
Eq. has a mild solution, and its corresponding limited Lagrange problem admits at
least one optimal feasible pair.
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