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Abstract. Let X be a Banach space. Let A be the generator of an immediately norm continuous
C0-semigroup defined on X. We study the uniform exponential stability of solutions of the

Volterra equation u′(t) = Au(t) +
∫ t
0 a(t − s)Au(s)ds, t ≥ 0, u(0) = x, where a is a suitable

kernel and x ∈ X. Using a matrix operator, we obtain some spectral conditions on A that ensure

the existence of constants C,ω > 0 such that ∥u(t)∥ ≤ Ce−ωt∥x∥, for each x ∈ D(A) and all
t ≥ 0. With these results, we prove the existence of an uniformly exponential stable resolvent

family to an integro-differential equation with infinite delay. Finally, sufficient conditions are
established for the existence and uniqueness of bounded mild solutions to this equation.

1. Introduction

In the classical theory of heat conduction, it is assumed that the internal energy and the heat
flux depend linearly on the temperature u and on its gradient ∇u. If we denote by u = u(x, t) the
temperature at position x ∈ D and time t, (where D is a bounded subset of Rn) and the heat flux
by q = q(x, t), then the temperature u and the heat flux q are related by a constitutive relation,
known as the Fourier’s law for the heat flux, given by

q = −λ∇u,

where λ > 0 is the coefficient of thermal diffusion. Assuming that ut = −divq we obtain the
diffusion equation

ut = λ∆u.(1.1)

Under these conditions, the classical heat equation (1.1) describes sufficiently well the evolution
of the temperature in different types of materials. However, this description is not satisfactory in
materials with fading memory. The problem of heat conduction in material with memory was firstly
discussed by Coleman and Gurtin [7], Gurtin and Pipkin [15], and Nunziato [25] among others.
Gurtin and Pipkin [15] consider, after a linearization, that the density e(x, t) of the internal energy
and the heat flux q are related by

e(x, t) = νu(x, t) +

∫ t

−∞
b(t− s)u(x, s)ds, and q(x, t) = −

∫ t

−∞
a(t− s)∇u(x, s)ds,(1.2)

where ν ̸= 0 (known as the heat capacity) and a, b are positive relaxation functions. On the other
hand, Coleman and Gurtin [7] consider the heat flux as a perturbation of the Fourier law, that is,

q(x, t) = −γ∇u(x, t)−
∫ t

−∞
a(t− s)∇u(x, s)ds,(1.3)
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where γ > 0 is the constant of thermal conduction. The heat relaxation function a is assumed to

be in L1(R+). A typical choice of a is a(t) = α tµ−1

Γ(µ) e
−βt, where α < 0, β > 0 and µ > 0, see [23, 28]

and the references therein.
With the equations (1.2) and (1.3) we obtain the heat equation with memory

ν∂tu(x, t) = γ∆u(x, t) +

∫ t

−∞
a(t− s)∆u(x, s)ds+ f(x, t, u(x, t)), t ∈ R,

where f(x, t, u) is the energy supply which may depend on the temperature. This equation can be
written in the abstract form

(1.4) u′(t) = Au(t) +

∫ t

−∞
a(t− s)Au(s)ds+ f(t, u(t)), t ∈ R,

where A : D(A) ⊂ X → X is a closed linear operator defined on a Banach space X, a ∈ L1(R+)
and f is a suitable function.

In this paper we study the problem of existence, uniqueness and regularity of solutions for
equation

(1.5) u′(t) = Au(t) +

∫ t

−∞
a(t− s)Au(s)ds+ f(t), t ∈ R,

where a(t) := α tµ−1

Γ(µ) e
−βt, α, β, µ ∈ R, Concretely, we prove that under appropriate assumptions on

α, β, µ,A and on the forcing function f there exists a unique mild solution to (1.5) which behaves in
the same way that f does. To do that, first we study the uniform exponential stability of solutions
to the Volterra equation

(1.6)

 u′(t) = Au(t) +

∫ t

0

a(t− s)Au(s)ds, t ≥ 0

u(0) = x,

where A generates an immediately norm continuous C0-semigroup on a Banach space X and x ∈ X.
The problem of existence of uniformly exponentially stable solutions to problem (1.6) has been
studied by many researchers, see [10, 11, 14, 16] and the references therein.

Under appropriate assumptions on α, β, µ and A we prove that the solution u to equation (1.6) is
uniform exponential stable, that is, there exist C,ω > 0 such that for each x ∈ D(A), the solution
∥u(t)∥ ≤ Ce−ωt∥x∥ for all t ≥ 0. It is remarkable that the examples show that with a small changes
on the parameters α, β or µ we can loose the uniform exponential stability of solutions to Eq. (1.6),
see Example 2.5 below. With this result, we are able to prove that the equation (1.5) has a unique
mild solution given by

u(t) =

∫ t

−∞
S(t− s)f(s)ds, t ∈ R,

where {S(t)}t≥0 ⊆ B(X) is the resolvent family generated by A, B(X) denotes the space of bounded
linear operators form X into X endowed with the operator topology. We notice here that S(t) is
given by S(t)x := u(t;x) = u(t), where u(t) is the unique solution of the problem (1.6).

The existence and regularity of bounded mild solutions to equation (1.5) in case µ = 1 have
been studied by many researchers, see [2, 6, 8, 10, 21, 28] and the references therein.

The paper is organized as follows. In the second section, we find conditions on α, β, µ and A
that ensure the uniform exponential stability of solutions to (1.6). Several examples are examined.
In Section 3 we study the existence of bounded mild solutions to the linear case in equation (1.5).
Using the results in Section 2, we find a resolvent family associated to equation (1.5), which is
uniformly exponentially stable. Assuming that A generates an immediately norm continuous C0-
semigroup, we are able to give a simply spectral condition on A in order to guarantee the existence
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of bounded and continuous solutions to equation (1.5) in the linear case. In Section 4, we present
the results for the semilinear equation (1.4). There, using the previous results on the linear case
and the Banach contraction principle, we present some existence results of solutions that are based
directly in the data of the problem. We finish this paper with an example, to show the feasibility
of the abstract results.

2. Uniform exponential stability of solutions to an abstract Volterra equation

In this section, we study the uniform exponential stability of solutions to the homogeneous
abstract Volterra equation

(2.1)

 u′(t) = Au(t) +

∫ t

0

a(t− s)Au(s)ds, t ≥ 0

u(0) = x,

where a(t) := αe−βt tµ−1

Γ(µ) , t > 0, α ∈ R, β > 0, µ ≥ 1, A generates a C0-semigroup on a Banach

space (X, ∥ · ∥) and x ∈ X. We say that a solution of (2.1) is uniformly exponentially stable if there
exist ω > 0 and C > 0 such that for each x ∈ D(A), the corresponding solution u(t) satisfies

(2.2) ||u(t)|| ≤ Ce−ωt∥x∥, t ≥ 0.

Definition 2.1. Let X be a Banach space. A strongly continuous function T : R+ → B(X) is said
to be immediately norm continuous if T : (0,∞) → B(X) is continuous.

As in [10], to study the uniform exponential stability of solutions to (2.1), we introduce a matrix
operator as follow. We define the operator A|D, on X := X×M by

A|D
(
x

f

)
=

(
A δ0
B d

ds

)(
x

f

)
(2.3)

with domain D(A|D) = D(A)×M, where Bx := a(·)Ax, δ0f = f(0), and M := {sµ−1e−βsx : x ∈
X}. Observe that M is a closed subspace of Lp(R+,X) for all p ≥ 1. Now, we study some spectral
properties of A|D.

Proposition 2.2. Let a(t) := αe−βt tµ−1

Γ(µ) , where α ̸= 0, β > 0 and µ ≥ 1. The following assertions

holds

(1) −β is an eigenvalue of A|D that is, −β ∈ σp(A|D) if and only if 0 ∈ σp(A).
(2) If α

βµ = −1, then 0 ∈ σp(A|D).

(3) If α
βµ ̸= −1 and λ ̸∈ {−β, (−α)1/µ − β}, then λ ∈ σp(A|D) if and only if λ(λ + β)µ((λ +

β)µ + α)−1 ∈ σp(A).

Proof. (1) Consider the equation

(λ−A|D)

(
x

f

)
= 0,

which is equivalent to the initial value problem{
(λ−A)x− f(0) = 0

−αe−βs sµ−1

Γ(µ)Ax+ λf(s)− f ′(s) = 0.
(2.4)

If λ = −β, then from (2.4) we obtain{
(−β −A)x− f(0) = 0

f(s) = e−βsf(0)− αe−βs sµ

Γ(µ+1)Ax.
(2.5)

Thus, there exists a nonzero f(s) ∈ M if and only if Ax = 0 for some nonzero x ∈ D(A). Therefore,
−β ∈ σp(A|D) if and only if 0 ∈ σp(A).
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On the other hand, if λ ̸= −β, then from (2.4) we get (using the method of variation of
parameters) that f(0) = α

(λ+β)µAx, and

f(s) = f(0)eλs − eλs

Γ(µ)

α

(λ+ β)µ

∫ (λ+β)s

0

vµ−1e−vAxdv.(2.6)

The first equation in (2.4) yields

α

(λ+ β)µ
Ax = (λ−A)x.(2.7)

If x = 0, then from (2.7) we get f(0) = 0 and therefore from (2.6) we conclude that f(s) = 0 for
all s. From (2.7) we conclude that λ ∈ σp(A|D) if and only if there exists x ̸= 0 such that[

λ−
(
1 +

α

(λ+ β)µ

)
A

]
x = 0.(2.8)

(2) If α
βµ = −1, then by (2.8) (with λ = 0) we conclude 0 ∈ σp(A|D).

(3) Suppose that α
βµ ̸= −1 and λ ̸∈ {−β, (−α)1/µ − β}. From (2.8) we have

0 =

[
λ−

(
1 +

α

(λ+ β)µ

)
A

]
x =

(
1 +

α

(λ+ β)µ

)[
λ

(λ+ β)µ

(λ+ β)µ + α
−A

]
x,

and therefore, λ ∈ σp(A|D) if and only if λ (λ+β)µ

(λ+β)µ+α ∈ σp(A). �

Lemma 2.3. Let a(t) := αe−βt tµ−1

Γ(µ) , where α ̸= 0, β > 0 and µ ≥ 1. If λ ̸= (−α)1/µ − β and

λ(λ+ β)µ((λ+ β)µ + α)−1 ∈ ρ(A), then λ ∈ ρ(A|D).

Proof. Consider the eigen-equation

(λ−A|D)

(
x

f

)
=

(
y

g

)
,(2.9)

which is equivalent to the initial value problem{
(λ−A)x− f(0) = y

−αe−βs sµ−1

Γ(µ)Ax+ λf(s)− f ′(s) = g(s).
(2.10)

Multiplying by e−λs the second equation in (2.10) and integrating from s = 0 to s = ∞ we get

(λ+ β)µ + α

(λ+ β)µ

[
λ(λ+ β)µ

(λ+ β)µ + α
−A

]
x = ĝ(λ) + y

By hypothesis, we conclude that

x =
(λ+ β)µ

(λ+ β)µ + α

[
λ(λ+ β)µ

(λ+ β)µ + α
−A

]−1

[ĝ(λ) + y].

To find f in equation (2.9) we solve the initial value problem (2.10) and we obtain

f(s) =

(
−
∫ s

0

g(v)e−λvdv −
∫ s

0

αe−βv v
µ−1

Γ(µ)
e−λvAxdv

)
eλs.

Therefore, λ ∈ ρ(A|D). �

The following Theorem is the main result in this section and it is an extension of [10, Theorem
3.4].
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Theorem 2.4. Let α ̸= 0, β > 0, µ ≥ 1 such that Re((−α)1/µ − β) < 0. Assume that
(a) A generates an immediately norm continuous C0-semigroup on a Banach space X;
(b) sup

{
Reλ, λ ∈ C : λ(λ+ β)µ((λ+ β)µ + α)−1 ∈ σ(A)

}
< 0.

Then, the solutions of the problem (2.1) are uniformly exponentially stable.

Proof. An easy computation shows that the space M := {sµ−1e−βsx : x ∈ X} satisfies the hypoth-
esis in [10, Theorem 2.9]. By Lemma 2.3 we obtain that

σ(A|D) ⊂
{
λ ∈ C : λ(λ+ β)µ((λ+ β)µ + α)−1 ∈ σ(A)

}
∪ {(−α)1/µ − β}.

Therefore, the solutions to (2.1) are uniformly exponentially stable by [10, Theorem 2.9]. �

Example 2.5. Take X = C and A = −I in the problem (2.1).

(1) If α = 1, β = 1, µ = 2, then a(t) = te−t and the solution to (2.1) is given by

u(t) =

(
1

3
e−2t +

2

3
e−t/2 cos

(√
3

2
t

))
x,

and therefore, ∥u(t)∥ → 0 as t → ∞.
(2) If α = −1, β = 1, µ = 2, then a(t) = −te−t and the solution to (2.1) is given by

u(t) =

(
1

3
+

2

3
e−3t/2 cos

(√
3

2
t

))
x.

Therefore, ∥u(t)∥ → 1/3 as t → ∞.
(3) If α = 2, β = 2, µ = 2, then a(t) = 2te−2t and the solution to (2.1) is

u(t) =

(
1

5
e−3t +

2

5
e−t(2 cos t+ sin t)

)
x.

Then ∥u(t)∥ → 0 as t → ∞.
(4) If α = −4, β = 2, µ = 2, then a(t) = −4te−2t and the solution to (2.1) is

u(t) =

(
1

2
+

1

14
e−5t/2

(
7 cos

(√
7t

2

)
+
√
7 sin

(√
7t

2

)))
x,

and therefore ∥u(t)∥ → 1/2 as t → ∞.

(5) If α = −1/2, β = 1, µ = 3, then a(t) = − t2

4 e
−t and a numerical computation shows that

the solution to (2.1) satisfies ∥u(t)∥ → 0 as t → ∞.
(6) If α = −2, β = 1, µ = 3, then a(t) = −t2e−t and a numerical computation shows that the

solution to (2.1) satisfies ∥u(t)∥ → ∞ as t → ∞.

Remark 2.6. An easy computation shows that the parameters α, β and µ in the cases 1, 3, 5 in
Example 2.5 satisfy the hypothesis in Theorem 2.4, whereas in the cases 2, 4, 6 the hypothesis are
not fulfilled. On the other hand, several examples in case µ = 1 can be found in [10].

Example 2.7. Consider the problem

(2.11)


∂u

∂t
(t, x) =

∂2u

∂x2
(t, x) +

1

2

∫ t

0

(t− s)e−
(t−s)

3
∂2u

∂x2
(s, x)ds, t ≥ 0,

u(0, t) = u(π, t) = 0,
u(0) = u0.

Let X = L2[0, π] and define A := d2

dx2 , with domain D(A) = {g ∈ H2[0, π] : g(0) = g(π) = 0}. Then
(2.11) can be converted into the abstract form (2.1) with α = 1/2, β = 1/3 and µ = 2. It is well
known that A generates an analytic (and hence immediately norm continuous) C0- semigroup T (t)
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on X. Moreover, σ(A) = σp(A) = {−n2 : n ∈ N}. Since we must have λ(λ+β)µ((λ+β)µ+α)−1 ∈
σ(A), we need to solve the equations

λ(λ+ 1
3 )

2

(λ+ 1
3 )

2 + 1
2

= −n2,

obtaining that the solutions are given by

λn,1 =
−(2 + 3n2)

9
− 2

2
3 an
cn

+
1

9 3
√
4
cn,

λn,2 =
−(2 + 3n2)

9
+

(1 +
√
3i)an

2
1
3 cn

− 1

18 3
√
4
(1−

√
3i)cn,

λn,3 =
−(2 + 3n2)

9
+

(1−
√
3i)an

2
1
3 cn

− 1

18 3
√
4
(1 +

√
3i)cn,

for all n ≥ 1, where

an := −1

9
+

2

3
n2 − n4, cn :=

(
4− 765n2 + 108n4 − 108n6 + 27n

√
−8 + 801n2 − 216n4 + 216n6

) 1
3

.

It is easy to see that

sup

Reλ : λ

(
λ+

1

3

)2
((

λ+
1

3

)2

+
1

2

)−1

∈ σ(A)

 < 0.

Therefore, from Theorem 2.4 we conclude that the solution u to problem (2.11) is uniformly expo-
nentially stable.

Remark 2.8. If β = 0 in equation (2.1), then we obtain the fractional differential equation

u′(t) = Au(t) + α

∫ t

0

(t− s)µ−1

Γ(µ)
Au(s)ds, t ≥ 0,(2.12)

with the initial condition u(0) = x, where
∫ t

0
(t−s)µ−1

Γ(µ) v(s)ds corresponds to the Riemann-Liouville

fractional integral of order µ (see [24]). By using the properties of fractional calculus (see [19,
Chapter 2]) the equation (2.12) can be written as

Dµ+1
t u(t) = ADµ

t u(t) +Au(t), t ≥ 0,(2.13)

where Dµ
t denotes the Caputo fractional derivative of order µ. The existence of mild solutions to

equations in the form of (2.13) has been widely considered by several authors in the last years, see
for instance [3, 9, 12, 17, 22] and the references therein.

On the other hand, if u is a T -periodic function, then Au and u′ are also T -periodic functions.

However, the Riemann-Liouville integral α
∫ t

0
(t−s)µ−1

Γ(µ) Au(s)ds can not be a T -periodic function

(see [4, 5]), except in case α = 0. The existence of periodic functions, almost periodic functions,
among other, to an integro-differential equation will be considered in the next section.

3. Bounded mild solutions for equations with infinite delay

In this section we study bounded solutions for the linear integro-differential equation

(3.1) u′(t) = Au(t) +

∫ t

−∞
a(t− s)Au(s)ds+ f(t), t ∈ R,

where a(t) := α tµ−1

Γ(µ) e
−βt, A generates an immediately norm continuous C0-semigroup on a Banach

space X, α, β, µ ∈ R are given and f is a bounded and continuous function. To begin our study,
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we note in the next Proposition that under the given hypothesis on A, it is possible to construct
for (3.1) a strongly continuous family of bounded and linear operators, that commutes with A
and satisfies certain resolvent equation. This class of strongly continuous families has been studied
extensively in the literature of abstract Volterra equations, see e.g. Prüss [28] and references
therein.

Proposition 3.1. Let a(t) := α tµ−1

Γ(µ) e
−βt where α ̸= 0, β > 0 and µ ≥ 1 and Re((−α)1/µ −β) < 0.

Assume that
(a) A generates an immediately norm continuous C0-semigroup on a Banach space X;
(b) sup

{
Reλ, λ ∈ C : λ(λ+ β)µ((λ+ β)µ + α)−1 ∈ σ(A)

}
< 0.

Then, there exist an uniformly exponentially stable and strongly continuous family of operators
{S(t)}t≥0 ⊂ B(X) such that S(t) commutes with A, that is, S(t)D(A) ⊂ D(A), AS(t)x = S(t)Ax
for all x ∈ D(A), t ≥ 0 and

(3.2) S(t)x = x+

∫ t

0

b(t− s)AS(s)xds, for all x ∈ X, t ≥ 0,

where b(t) := 1 +
∫ t

0
a(s)ds, t ≥ 0.

Proof. For t ≥ 0 and x ∈ X define S(t)x := u(t;x) = u(t), where u(t) is the unique solution of
equation (2.1). See [13, Corollary 7.22, p.449] for the existence of such solution and their strong
continuity. We will see that S(·)x satisfies the resolvent equation (3.2). Since S(t)x is the solution
of (2.1), we have that S(t)x is differentiable and satisfies

(3.3) S′(t)x = AS(t)x+

∫ t

0

a(t− s)AS(s)xds.

Integrating (3.3), we conclude from Fubini’s theorem that,

S(t)x− x =

∫ t

0

AS(s)xds+

∫ t

0

∫ s

0

a(s− τ)AS(τ)xdτds

=

∫ t

0

AS(s)xds+

∫ t

0

∫ t

τ

a(s− τ)AS(τ)xdsdτ

=

∫ t

0

AS(s)xds+

∫ t

0

∫ t−τ

0

a(v)AS(τ)xdvdτ

=

∫ t

0

AS(s)xds+

∫ t

0

(b(t− τ)− 1)AS(τ)xdτ

=

∫ t

0

b(t− τ)AS(τ)xdτ.

The commutativity of S(t) with A follows in the same way that [28, p. 31,32]. Finally, from
Theorem 2.4 there exist C,ω > 0 such that ∥S(t)∥ ≤ Ce−ωt for all t ≥ 0, that is, {S(t)}t≥0 is
uniformly exponentially stable. �

We recall that a function u ∈ C1(R;X) is called a strong solution of (3.1) on R if u ∈ C(R;D(A))
and (3.1) holds for all t ∈ R. If u(t) ∈ X instead of u(t) ∈ D(A), and (3.1) holds for all t ∈ R we
say that u is mild solution of (3.1). Let BC(X) := {f : R → X : ∥f∥∞ := supt∈R ∥f(t)∥ < ∞} be
the Banach space of all bounded and continuous functions.

For T > 0 fixed, PT (X) denotes the space of all vector-valued periodic functions, that is,
PT (X) := {f ∈ BC(X) : f(t + T ) = f(t), for all t ∈ R}. We denote by AP (X) to the space of all
almost periodic functions (in the sense of Bohr), which consists of all f ∈ BC(X) such that for
every ε > 0 there exists l > 0 such that for every subinterval of R of length l contains at least one
point τ such that ∥f(t+ τ)− f(t)∥∞ ≤ ε. A function f ∈ BC(X) is said to be almost automorphic
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if for every sequence of real numbers (s′n)n∈N there exists a subsequence (sn)n∈N ⊂ (s′n)n∈N such
that

g(t) := lim
n→∞

f(t+ sn)

is well defined for each t ∈ R, and

f(t) = lim
n→∞

g(t− sn), for each t ∈ R.

We denote by AA(X) the Banach space of all almost automorphic functions.
On the other hand, the space of compact almost automorphic functions is the space of all

functions f ∈ BC(X) such that for all sequence (s′n)n∈N of real numbers there exists a subsequence
(sn)n∈N ⊂ (s′n)n∈N such that g(t) := limn→∞ f(t+sn) and f(t) = limn→∞ g(t−sn) uniformly over
compact subsets of R.

We notice that PT (X), AP (X), AA(X) and AAc(X) are Banach spaces under the norm || · ||∞
and

PT (X) ⊂ AP (X) ⊂ AA(X) ⊂ AAc(X) ⊂ BC(X).
We notice that all these inclusions are proper. Now we consider the set C0(X) := {f ∈ BC(X) :
lim|t|→∞ ||f(t)|| = 0}, and define the space of asymptotically periodic functions as APT (X) :=
PT (X)⊕ C0(X). Analogously, we define the space of asymptotically almost periodic functions,

AAP (X) := AP (X)⊕ C0(X),

the space of asymptotically compact almost automorphic functions,

AAAc(X) := AAc(X)⊕ C0(X),

and the space of asymptotically almost automorphic functions,

AAA(X) := AA(X)⊕ C0(X).

We have the following natural proper inclusions

APT (X) ⊂ AAP (X) ⊂ AAAc(X) ⊂ AAA(X) ⊂ BC(X).

Again, all these inclusions are proper.
Throughout, we will use the notationN (X) to denote any of the spacesAPT (X), AAP (X), AAAc(X)

and AAA(X) defined above. Finally, we define the set N (R×X;X) which consists of all functions
f : R×X → X such that f(·, x) ∈ N (X) uniformly for each x ∈ K, where K is any bounded subset
of X. We have the following result in the abstract case.

Theorem 3.2. Let a(t) := α tµ−1

Γ(µ) e
−βt where α ̸= 0, β > 0, µ ≥ 1 and Re((−α)1/µ − β) < 0.

Assume that
(a) A generates an immediately norm continuous C0-semigroup on a Banach space X;
(b) sup

{
Reλ, λ ∈ C : λ(λ+ β)µ((λ+ β)µ + α)−1 ∈ σ(A)

}
< 0.

If f belongs to N (X), then the unique mild solution of the problem (3.1) belongs to N (X), which
is given by

u(t) =

∫ t

−∞
S(t− s)f(s)ds, t ∈ R,

where {S(t)}t≥0 is given in Proposition 3.1.

Proof. By Proposition 3.1, the family {S(t)}t≥0 is uniformly exponentially stable and therefore u is
well defined and belongs to N (X) (see [20, Theorem 3.3]). Since S satisfies the resolvent equation

S(t)x = x+

∫ t

0

b(t− s)AS(s)xds, x ∈ X,
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where b(t) = 1 +
∫ t

0
a(s)ds, we have that b is differentiable and the above equation shows that for

each x ∈ X, S′(t)x exists and

S′(t)x = AS(t)x+

∫ t

0

a(t− s)AS(s)xds.

It remains to prove that u is a mild solution of (3.1). Since A is a closed operator, using Fubini’s
theorem, we have

u′(t) = S(0)f(t) +

∫ t

−∞
S′(t− s)f(s)ds

= f(t) +

∫ t

−∞

[
AS(t− s)f(s) +

∫ t−s

0

a(t− s− τ)AS(τ)f(s)dτ
]
ds

= f(t) +

∫ t

−∞
AS(t− s)f(s)ds+

∫ t

−∞

∫ t−s

0

a(t− s− τ)AS(τ)f(s)dτds

= f(t) +Au(t) +

∫ t

−∞

∫ t

s

a(t− v)AS(v − s)f(s)dvds

= f(t) +Au(t) +

∫ t

−∞

∫ v

−∞
a(t− v)AS(v − s)f(s)dsdv

= f(t) +Au(t) +

∫ t

−∞
a(t− v)

∫ v

−∞
AS(v − s)f(s)dsdv

= f(t) +Au(t) +

∫ t

−∞
a(t− v)Au(v)dv.

This ends of the proof. �

In case of Hilbert spaces, we can refer to a result of You [29] which characterizes norm continuity
of C0-semigroups obtaining the following result.

Corollary 3.3. Let A be the generator of a C0-semigroup on a Hilbert space H. Let s(A) :=
sup{Reλ : λ ∈ σ(A)} be the spectral bound of A. Let α ̸= 0 and β, µ > 0 such that Re((−α)1/µ −
β) < 0. Assume that
(a) limµ∈R,|µ|→∞ ||(µ0 + iµ−A)−1|| = 0 for some µ0 > s(A);

(b) sup
{
Reλ : λ(λ+ β)µ((λ+ β)µ + α)−1 ∈ σ(A)

}
< 0.

If f belongs to N (H), then the unique mild solution of the problem (3.1) belongs to N (H).

Remark 3.4. In the case A = ρI, ρ ∈ C we obtain from (3.2), using Laplace transform, that for
each x ∈ X :

Ŝρ(λ)x =
(λ+ β)µx

λ(λ+ β)µ − ρ(λ+ β)µ − αρ
=

(λ+ β)µx

(λ+ β)µ+1 − (λ+ β)µ(ρ+ β)− αρ
.(3.4)

If β + ρ = 0, then

Ŝρ(λ)x =
(λ+ β)µx

(λ+ β)µ+1 − αρ
=

(λ+ β)µ+1−1x

(λ+ β)µ+1 − αρ

and therefore,

Sρ(t)x = e−βtEµ+1,1(αρt
µ+1)x,(3.5)

where Ea,b(z) denotes the Mittag-Leffler function.

In the next result we consider the case 0 < µ < 1.
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Theorem 3.5. Let A := ρI where ρ ∈ R be given. Suppose that β = −ρ, Re((−α)1/µ − β) < 0
and αρ < 0 for 0 < µ < 1. Let f ∈ N (X). Consider the equation

(3.6) u′(t) = ρu(t) + ρα

∫ t

−∞

(t− s)µ−1

Γ(µ)
e−β(t−s)u(s)ds+ f(t), t ∈ R.

Then the equation (3.6) has a unique mild solution u which belongs to N (X) and is given by

(3.7) u(t) =

∫ t

−∞
Sρ(t− s)f(s)ds, t ∈ R,

where {Sρ(t)}t≥0 is defined by (3.5).

Proof. Since A = ρI generates an immediately norm continuous C0-semigroup and σ(A) = {ρ},
we have that λ(λ+ β)µ((λ+ β)µ +α)−1 ∈ σ(A) if and only if λ(λ+ β)µ − ρ(λ+ β)µ −αρ = 0. We
claim that Sρ(t) is integrable. In fact, by [12, Theorem 1] there exists a constant C1 > 0 depending
only on α, ρ and µ such that

|tµEµ+1,1(αρt
µ+1)| = |t(µ+1)−1Eµ+1,1(αρt

µ+1)| ≤ C1

1 + |αρ|tµ+1
, t ≥ 0, x ∈ X.

Therefore, ∫ ∞

0

∥Sρ(t)∥dt ≤
∫ ∞

0

|e−βtt−µt(µ+1)−1Eµ+1,1(αρt
µ+1)|dt

≤ C1

∫ ∞

0

e−βtt−µ

1 + |αρ|tµ+1
dt

≤ C1

∫ ∞

0

e−βtt−µdt

=
C1

β1−µ
Γ(1− µ).

We conclude that Sρ(t) is integrable, proving the claim. Therefore, Theorem 3.2 and [20, Theorem
3.3], there exists a unique mild solution of equation (3.6) which belongs to N (X) and is explicitly
given by (3.7). �

Remark 3.6. Unfortunately, (to the best of our knowledge) if β + ρ ̸= 0, there is not a known
formula to the inverse Laplace transform of Sρ in (3.4).

Example 3.7. Let ρ = −1, µ = 1
2 , α = 1

2 , β = 1. Hence, by Theorem 3.5, for any f ∈ N (X) there
exists a unique mild solution u ∈ N (X) of the equation

(3.8) u′(t) = −u(t)−
∫ t

−∞

(t− s)−1/2

2Γ(1/2)
e−(t−s)u(s)ds+ f(t), t ∈ R,

given by

u(t) =

∫ t

−∞
e−(t−s)E3/2,1

(
− (t− s)3/2

2

)
f(s)ds, t ∈ R,

since, S−1(t) = e−tE3/2,1(− t3/2

2 ).

Remark 3.8. If we consider the limit case β = 0 in equation (3.1), we obtain the multi-term
fractional differential equation

Dµ+1u(t) = ADµu(t) + αAu(t) + F (t), t ∈ R,(3.9)

where here, Dµ denotes the Weyl fractional derivative (see [24]). Equation in the form of (3.9)
have been widely studied by several authors (see [1, 18, 26, 27] and the references therein).
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4. The semilinear case

In this section we study the existence and uniqueness of solutions in N (X) for the semilinear
integro-differential equation

(4.1) u′(t) = Au(t) +

∫ t

−∞
a(t− s)Au(s)ds+ f(t, u(t)), t ∈ R,

where a(t) := α tµ−1

Γ(µ) e
−βt, A generates an immediately norm continuous C0-semigroup on a Banach

space X, α, β, µ ∈ R are given and f ∈ N (R× X,X).

Definition 4.1. A function u : R → X is said to be a mild solution to equation (4.1) if

u(t) =

∫ t

−∞
S(t− s)f(s, u(s))ds,

for all t ∈ R, where {S(t)}t≥0 is given in Proposition 3.1.

Theorem 4.2. Let a(t) := α tµ−1

Γ(µ) e
−βt where α ̸= 0, β > 0, µ ≥ 1 and Re((−α)1/µ−β) < 0. Assume

that
(a) A generates an immediately norm continuous C0-semigroup on a Banach space X;
(b) sup

{
Reλ, λ ∈ C : λ(λ+ β)µ((λ+ β)µ + α)−1 ∈ σ(A)

}
< 0.

If f ∈ N (R× X,X) satisfies
(4.2) ||f(t, u)− f(t, v)|| ≤ L||u− v||,
for all t ∈ R and u, v ∈ X, where L < ω

C , where C and ω are given by Proposition 3.1. Then the
equation (4.1) has a unique mild solution u ∈ N (X).

Proof. Define the operator F : N (X) → N (X) by

(4.3) (Fϕ)(t) :=

∫ t

−∞
S(t− s)f(s, ϕ(s)) ds, t ∈ R

where {S(t)}t≥0 is given in Proposition 3.1. By [20, Theorem 3.3, Theorem 4.1], F is well defined
and belongs to N (X). By Proposition 3.1, there exist ω > 0, C > 0 such that ||S(t)|| ≤ Ce−ωt for
all t ≥ 0. For ϕ1, ϕ2 ∈ N (X) and t ∈ R, we have:

||(Fϕ1)(t)− (Fϕ2)(t)|| ≤
∫ t

−∞
||S(t− s)[f(s, ϕ1(s))− f(s, ϕ2(s))]||ds

≤
∫ t

−∞
L∥S(t− s)∥ · ∥ϕ1(s)− ϕ2(s)∥ds

≤ L∥ϕ1 − ϕ2∥∞
∫ ∞

0

∥S(r)∥dr

≤ LC

ω
∥ϕ1 − ϕ2∥∞.

This prove that F is a contraction, so by the Banach fixed point theorem there exists a unique
u ∈ N (X) such that Fu = u. �

In Hilbert spaces, we have the following result.

Corollary 4.3. Let A be the generator of a C0-semigroup on a Hilbert space H. Let α ̸= 0, β > 0
and µ ≥ 1 such that Re((−α)1/µ − β) < 0. Assume that
(a) limµ∈R,|µ|→∞ ||(µ0 + iµ−A)−1|| = 0 for some µ0 > s(A);

(b) sup
{
Reλ : λ(λ+ β)µ((λ+ β)µ + α)−1 ∈ σ(A)

}
< 0.

If f ∈ N (R×H,H) satisfies
||f(t, u)− f(t, v)|| ≤ L||u− v||,
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for all t ∈ R and u, v ∈ H, where L < ω
C . Then the equation (4.1) has a unique mild solution

u ∈ N (H).

In the special case A = ρI we obtain the following consequence of Theorem 3.5.

Corollary 4.4. Let A := ρI where ρ ∈ R be given. Suppose that β = −ρ, Re((−α)1/µ − β) < 0
and αρ < 0 for 0 < µ < 1. Let f ∈ N (R× X,X). Consider the equation

(4.4) u′(t) = ρu(t) + ρα

∫ t

−∞

(t− s)µ−1

Γ(µ)
e−β(t−s)u(s)ds+ f(t, u(t)), t ∈ R.

If f satisfies ||f(t, u)− f(t, v)|| ≤ L||u− v||, for all t ∈ R and u, v ∈ X, where L < β1−µ

C1Γ(1−µ) , and

C1 is given in the proof of Theorem 3.5, then the equation (4.4) has a unique solution u ∈ N (X)
given by

(4.5) u(t) =

∫ t

−∞
Sρ(t− s)f(s, u(s))ds, t ∈ R,

where {Sρ(t)}t≥0 is defined in (3.5).

Theorem 4.5. Let a(t) := α tµ−1

Γ(µ) e
−βt where α ̸= 0, β > 0, µ ≥ 1 and Re((−α)1/µ−β) < 0. Assume

that
(a) A generates an immediately norm continuous C0-semigroup on a Banach space X;
(b) sup

{
Reλ, λ ∈ C : λ(λ+ β)µ((λ+ β)µ + α)−1 ∈ σ(A)

}
< 0.

If f ∈ N (R× X,X) satisfies

||f(t, u)− f(t, v)|| ≤ Lf (t)||u− v||,

for all t ∈ R and u, v ∈ X, where Lf ∈ L1(R). Then the equation (4.1) has a unique mild solution
u ∈ N (X).

Proof. It follows similarly to [21, Theorem 4.2]. �

We finish this paper with the following application.

Example 4.6. Consider the problem

(4.6)


∂u

∂t
(t, x) =

∂2u

∂x2
(t, x)−

∫ t

−∞

(t− s)

2Γ(2)
e−(t−s) ∂

2u

∂x2
(s, x)ds+ f(t, u(t))

u(0, t) = u(π, t) = 0,

with x ∈ [0, π], t ∈ R. Let X, A and D(A) as in Example 2.7. Then we can write the problem (4.6)
in the abstract form (4.1) with α = −1/2, β = 1 and µ = 2. Since A generates an immediately
norm continuous, with σ(A) = {−n2 : n ∈ N}, then the solutions to equation

λ(λ+ 1)2

(λ+ 1)2 − 1
2

= −n2,

are given by

λn,1 =
−(n2 + 2)

3
− 6an

cn
+

1

6
cn,

λn,2 =
−(n2 + 2)

3
+ 3

an
cn

− cn
12

+

√
3

2

(
1

6
cn + 6

an
cn

)
i

λn,3 =
−(n2 + 2)

3
+ 3

an
cn

− cn
12

−
√
3

2

(
1

6
cn + 6

an
cn

)
i
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for all n ≥ 1, where

an := −1

9
+

2

9
n2 − 1

9
n4, cn :=

(
8 + 30n2 + 24n4 − 8n6 + 6n

√
24 + 9n2 + 72n4 − 24n6

) 1
3

.

An easy computation shows that

sup

{
Reλ : λ(λ+ 1)2

(
(λ+ 1)2 − 1

2

)−1

∈ σ(A)

}
< 0.

Therefore, from Proposition 3.1 we conclude that there exists a strongly continuous family of op-
erators {S(t)}t≥0 ⊂ B(X) such that ∥S(t)∥ ≤ Ce−ωt for some C,ω > 0. Thus, if f ∈ N (R× X,X)
satisfies

||f(t, u)− f(t, v)|| ≤ L||u− v||,
for all t ∈ R and u, v ∈ X, where L < ω

C , then the equation (4.6) has a unique mild solution
u ∈ N (X), by Theorem 4.2. On the other hand, if ||f(t, u) − f(t, v)|| ≤ Lf (t)||u − v||, for all
t ∈ R and u, v ∈ X, where Lf ∈ L1(R), then by Theorem 4.5, the equation (4.6) has a unique mild
solution u ∈ N (X).

Acknowledgements: The authors thank to the anonymous referees for their carefully reading
of the manuscript and for making suggestions which have improved the previous version of this
paper.
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