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Abstract

In this paper, we consider mild solutions to fractional differential inclusions with
nonlocal initial conditions. The main results are proved under conditions that: (i) the
multivalued term takes convex values with compactness of resolvent family of opera-
tors; (ii) the multivalued term takes nonconvex values with compactness of resolvent
family of operators; and (iii) the multivalued term takes nonconvex values without
compactness of resolvent family of operators, respectively.
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1 Introduction

A differential inclusion is a generalization of the notion of an ordinary differential
equation, which is often used to deal with differential equations with a discontinuous
right-hand side or an inaccurately known right-hand side [14], [32]. Differential inclusions
are also closely related to control theory, for instance, consider the control problem

v = f(x,u),u €U,

where u is known as a control parameter. It finds that the above control system and the
following differential inclusion

€ f(z,U) = U [z, u)
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has the same trajectories. If the set of controls depends upon the state x, i.e. U = U(x),
then we can obtain the following differential inclusion

7' € F(z,U(x)).

The above mentioned equivalence between a control system and the corresponding differ-
ential inclusion plays a key role in proving existence theorems in optimal control theory.
Differential inclusion has found its wide applications to models arising in economics, so-
ciology, and bio-ecology et al, and thus it has been considerably investigated by lots of
scholars in last decades, see for instance [7, 8, [16] 18, 20l 22, [32] and references therein.

The concept of nonlocal initial condition has been introduced to extend the study of
classical initial-valued problems. As indicated in [I3], this notion can be more natural and
more precise in describing nature phenomena than the classical notion since some addition-
al information is taken into account. Nonlocal initial conditions for abstract differential
inclusions, we can refer to [8, [I8], 19, 25] and references therein.

The concept of fractional calculus appeared for the first time in a famous correspon-
dence between G. A. de L’Hospital and G.W. Leibniz, in 1695 (see Preface in [39]). After
that, mangy mathematicians have devoted to further develop this theory. Fractional calcu-
lus can be seen a generalization of the ordinary differentiation and integration to arbitrary
non-integer order, and has been recognized as one of the most powerful tools to describe
long-memory processes in the last decades. Many phenomena from physics, chemistry, me-
chanics, electricity et al can been modelled by ordinary and partial differential equations
involving fractional derivatives, we refer to [2], 3, 4l 15, 241 [30} B35 38, 39] and references
therein for more details. We also note that fractional differential inclusions have also been
increasingly concerned, for instance [5] [0, 10} 2] 211, 23, 26], 29] 28, 31, B3], 36}, B34 [37].

Very recently, some new properties on the compactness of resolvent family of operators
related to fractional differential equations have been established in [27]. This new charac-
terization of compactness of resolvent family of operators provides a new way to consider
mild solutions of abstract fractional differential equations.

Let (X,|| -||) be a real Banach space and A be a closed and linear operator defined
in Banach space X. Let P(X) = {Y CX:Y #0}. The notation L}(J,X) = {v : J —
X]v is Bochner integrable} on a compact interval J of R. In this paper, we consider the
following abstract fractional differential inclusions with nonlocal initial conditions such as

Dfx(t) € Ax(t)+ JIOF(t,x(t), t € J :=[0,b] (1.1)
z(0) = xo+p(x), (1.2)

where 0 < o < 1, Jtﬁv(t) = f(f Ga(t — s)v(s)ds for v € LY(J,X), Gg(t) = % for 5> 0,t >
0, and I'() stands for the Gamma function, and
Dfz(t) € Ax(t)+ F(t,z(t), teJ (1.3)
2(0) = wo+p(x),2'(0) = 21+ ¢(2)

where 1 < a < 2, D{* is understood in Caputo sense, zg,z1 € X, F' : J x X = P(X), p,q
are suitable continuous functions specified later.
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We shall establish existence results of mild solutions to the above problems —
and (1.3)-(1.4) under different cases: (i) the multivalued term F' takes convex values with
compactness of resolvent family of operators; (ii) the multivalued term F' takes nonconvex
values with compactness of resolvent family of operators; and (iii) the multivalued term F
has nonconvex values without compactness of resolvent family of operators, respectively.

The rest of this paper is organized as follows. Section 2 is involved in Preliminaries.
Section 3 is devoted to investigate mild solutions to the problems — and —
, respectively. And Section 4 is Conclusions.

2 Preliminaries

Let (X,]| -||) be a Banach space. Denote Py (X) = {Y € P(X): Yclosed}, Py(X) =
{Y € P(X) : Y bounded}, Pe,p(X) = {Y € P(X) : Ycompact}, and Py (X) = {Y € P(X) :
Yconvex}. We also denote by £(X) the space of bounded linear operators from X into X.

A multivalued map G : X — P(X) has convex (closed) values if G(x) is convex (closed)
for all z € X. G is bounded on bounded sets if G(B) = [,z G(x) is bounded in X for
all B € Py(X), i.e. sup,ep {sup{|ly| : v € G(z)}} < .

The multivalued map G : X — P(X) is called upper semicontinuous (u.s.c.) on X if for
each g € X, the set G(x¢) is a nonempty, closed subset of X, and if for each open set N of
X containing G(zg), there exists an open neighborhood Ny of zg such that G(Ng) C N. G
is called lower semi-continuous (1.s.c.) if the set {z € X : G(z) ()4} is open for any open
subset 7 C X. Also, G is said to be completely continuous if G(B) is relatively compact
for every B € Pp(X). G has a fixed point if there exists € X such that z € G(z).

If the multivalued map G is completely continuous with nonempty compact values,
then G is u.s.c. if and only if G has a closed graph, i.e.,

Ty = Tuey Yn = Yxy Yn € G(xy) imply yi € G(xy).

The upper semicontinuous multivalued map G is said to be condensing if for any
B € Py(X) with v(B) # 0, we have v(G(B)) < v(B), where v denotes the Kuratowski

measure of noncompactness.

Definition 2.1 The multivalued map G : J x X — P(X) is said to be L!-Carathéodory if
(i) t — G(t, =) is measurable for each z € X;

(i) u +— G(t,z) is u.s.c on X for almost all t € J;

(iii) For each r > 0, there exists ¢, € L'(J,R;) such that

IG(t, @) [Py = sup{[[v]l : v € G(t, 2)} < @r(t),
for all ||z|| < r and for a.e. t € J.

Lemma 2.1 Let X be a Banach space. Let G : J xX — Pgp n(X) be an L'-Carathéodory
multivalued map with

Saa={f € L'(J,X): f(t) € G(t,2(t)), for ae. t € T} #0,
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and let T' be a linear continuous mapping from L'(J,X) to C(J,X), then the operator
I'oSg: C(J,X) = Pepev(C(J,X)), = (I'oSg)(x) :=T(Sq,2)
is a closed graph operator in C(J,X) x C(J, X).

Let A be a subset of J x B. A is £ x B measurable if A belongs to the o-algebra
generated by all sets of the form N x D, where N is Lebesgue measurable in J and D
is Borel measurable in B. A subset A of L'(J,X) is decomposable if, for all u,v € A
and all measurable subsets A of J, the function uxn + vy j_n € A, where x denotes the
characteristic function.

Let F: J x X — Pp(X). Assign to F' the multivalued operator

F:C(J,X) = P(LY(J,X))
by letting
F(z) = Spa = {v e LNJ,X) 1 v(t) € F(t,z(t)) for ae. t € J}.
The operator F is called the Niemytzki operator associated to F'.

Definition 2.2 [§] Let Y be a separable metric space and let N : Y — P(L'(J, X)) be a
multivalued operator. We say that NV has property (BC) if

(1) N is lower semicontinuous (l.s.c.);

(2) N has nonempty closed and decomposable values.

Definition 2.3 [§] Let F' : J x X — P,(X). F is called to be of lower semicontinuous
type (Ls.c. type) if its associated Niemytzki operator F is l.s.c. and has nonempty closed
and decomposable values.

Lemma 2.2 [I1] Let Y be a separable metric space and let N : Y — P(L'(J, X)) be
a multivalued operator with property (BC). Then N has a continuous selection, that is,
there exists a continuous function (single-valued) f : Y — L(J, X) such that f(z) € N(z)
for every z € Y.

Let (X, d) be a metric space induced by the normed space (X, || - ||). Let Hy : P(X) x
P(X) = Ry U{oo} be defined as

Hy(C,D) = max {sup d(c,D),sup d(C, d)} ,
ceC deD

where d(c, D) = infgep d(c,d), d(C,d) = infeec d(c,d). Then (Pp(X), Hg) is a metric
space and (Py(X), Hy) is a generalized (complete) metric space.

Definition 2.4 [§] A multivalued operator G : X — Py(X) is called
(i) y-Lipschitz if there exists v > 0 such that

Hi(G(z),G(y)) < ~vd(x,y), for each z,y € X;

(ii) a contraction if it is 7-Lipschitz with v < 1.
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For more detailed results on multivalued maps and differential inclusions, we refer to
I8, 14 20, 221 [32]. We now give some important properties of resolvent family of operators.

Definition 2.5 [39] Let a > 0. The a-order Caputo fractional derivative of v is defined
as

t
Du(t) := / Gm—alt — s)0™ (s)ds,
0
where m = [a].

Definition 2.6 [27] Let A be a closed and linear operator with domain D(A) defined
on a Banach space X and o > 0. We call A the generator of an («, 1)-resolvent family

if there exists w > 0 and a strongly continuous function S, : Ry — L(X) such that
{A\*: ReX > w} C p(A) and

AT —A) e = / e M8, (t)xdt, Rel > w,z € X.
0

In this case, the family {Sa(t)};>( is called an («, 1)-resolvent family generated by A.

Definition 2.7 [27] Let A be a closed and linear operator with domain D(A) defined on
a Banach space X and 1 < o < 2. We say that A is the generator of an («, o)-resolvent

family if there exist w > 0 and a strongly continuous function R, : Ry — £(X) such that
{A*: ReX > w} C p(A) and

A —A) e = / e MRy (t)zdt, Rel > w,z € X.
0

In this case, the family {Rq(t)}; is called an (a, a)-resolvent family generated by A.

Recall that a strongly continuous family {T'(t)},5, € £(X) is said to be of type (M, w) if
there exist constants M > 0 and w € R, such that ||T(¢)| < Me*! for all ¢ > 0.

Lemma 2.3 [27, Theorem 3.1] Let 0 < o < 1 and {S4(t) }+>0 be an (v, 1)-resolvent family
of type (M,w) generated by A. Suppose that S,(t) is continuous in the uniform operator
topology for all ¢ > 0. Then the following assertions are equivalent

(i) Sq(t) is a compact operator for all ¢ > 0.

(ii) (u — A)~! is a compact operator for all y > wa.

Lemma 2.4 [27, Theorem 3.5] Let 1 < o < 2 and A be the generator of an («, 1)-resolvent
family {S,(t) }+>0 of type (M,w). Then A generates an («, ov)-resolvent family { R, (t)}+>0

of type (%, w) and the following assertions are equivalent

(i) Ra(t) is a compact operator for all ¢ > 0.
(ii) (u — A)~! is a compact operator for all y > wa.

Next, we list some well-known fixed point theorems.
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Lemma 2.5 [I4] Let = be a bounded, convex and closed subsets of a Banach space X
and let T : Z — = be a condensing map. Then, T has a fixed point in Z.

Lemma 2.6 [I4] Let E be a bounded and convex set in Banach space X. T : £ — P(E)
is an u.s.c., condensing multivalued map. If for every z € =, T(z) is a closed and convex
set in Z, then T has a fixed point in Z.

Lemma 2.7 (see [8, Theorem 1.11]) Let (X, d) be a metric space. If G : X — Py (X) is a
contraction, then Fiz(G) # (), where Fix(G) denotes the fixed point set of G.

3 Mild solutions to fractional differential inclusions

In this Section we shall investigate some existence results for mild solutions to the
equation . and the equation (|1.3] . We shall prove our main results under
conditions that: ( ) the multivalued term takes convex values with compactness of resolvent
family of operators; (ii) the multivalued term takes nonconvex values with compactness
of resolvent family of operators; and (iii) the multivalued term takes nonconvex values
without compactness of resolvent family of operators, respectively.

For the problem (L.1)-(L.2)), according to [27], we have the following definition.

Definition 3.1 Let A be the generator of an («, 1)-resolvent family S, (¢), the mild solu-
tions of the problem ([1.1)-(1.2]) is defined as following

z(t) = Sa(t)[zo + p(x /S (t —s)v(s)ds,v € Spa,t € J.

We list the following assumptions:
(A1) A generates an (a,1)-resolvent family {S,(t)};>0 of type (M,w). (A* —A)~" is
compact for all A > w, and S, (t) is continuous in the uniform operator topology for all
t>0.
(A2) F : J x X = Pgp n(X) satisfies the following conditions:
(a) For a.e. t € J, F(t,-) is u.s.c, and for each z € X, F(-,x) is measurable. And for each
z € C(J,X), Spy is nonempty;
(b) There exists a function ¢ € L*(J,R,) such that

IF(t,2)lp < d@llell, ¥t € Jz € X.
(A3) p: C(J,X) — C(J,X) is continuous and there exists L, > 0 such that

Ilp(z) —pW)Il < Lpllz —yll, Yo,y € C(J,X).

Remark 3.1 (i) Of concern useful criteria for the continuity of S,(t) in the uniform
operator topology, one can refer to the work [I7]. For instance, this property holds true
for the class of analytic resolvent.

(ii) According to Lemma the condition (A1) implies S, (t) is compact for all ¢ > 0.
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Theorem 3.1 If conditions (A1)-(A3) hold, then the problem ([1.1))-(1.2]) admits at least
one mild solution on J provided that

M(Lp +l9]l 1) < 1, (3.1)

where M = max{M, Me“*}.

Proof: Consider the operator N : C(J,X) — P(C(J,X)) defined by
N(x):{hEC(J,X):h(t):S( [zo + p(z /S (t—s)v dsteJ}
where v € Sp,. Clearly, the fixed points of IV are mild solutions to . We shall
show that N satisfies all the hypothesis of Lemma [2.6| The proof W111 be given in several

steps.
Step 1. There exists a positive number r such that N(B,) C B,, where B, = {z €

C(J,X) : ||z|looc < r}. If it is not true, then for each positive number r, there exists a
function 2" such that A" € N(2") but ||h"(t)|| > r for some t € J,

K (t) = Sa(t)[zo + pla /s (t — s)v" (s)ds,

where v" € Sk . However, on the other hand, we have

r<

Sa(t)[xo + p(a” /S (t —s)v"(s)ds

IN

NE(lzoll + lp(a)|l) + 3T /0 16(5)] s

M lzol| + M (Lplla"[| + [p(0)[)) + MI|¢ par

<
< M(zo+ [lp(O)]) + M(Lp + [|9]| 1)r-

Dividing both sides by r and and taking the lower limit as » — co, we obtain

< M(Lyp + [[llz1),

which contradicts the relation (3.1)).

Step 2. N(z) is convex for each = € C(J,X).

Indeed, if hi,hy € N(z), then there exist vi,ve € Sp, such that for each t € J, we
have

t
hi(t) = Sa(t)[zo + p(z)] +/ Sa(t — s)vi(s)ds,i =1,2.
0
Let 6 € (0,1). Then for each t € J, we have

(01 + (1 — 0)h2)(t) = Sa(t)[zo + pl /s (t — 8)[0v1(s) + (1 — O)va(s)]ds.

Because Sp is convex (since F' has convex values), Ohi + (1 — 0)ha € N(x).
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Step 3. N(z) is closed for each z € C(J,X).
Let{hn}n>0 € N(x) such that h, — h in C(J,X). Then h € C(J,X) and there exist
{vn} € Sk such that for each t € J

hn(t) = Sa(t)[zo + p(z /S’ t — s)vp(s)ds.

Due to the fact that F' has compact values, we may pass to a subsequence if necessary to
get that v, converges to v in L'(J, X) and hence v € Sp. Then for each t € J,

hn(t) = h(t) = Sa(t)o + pl(a /s (t — 5)u(s)ds.

Thus, h € N(z).
Step 4. N is u.s.c. and condensing.
Now, we decompose N as N1+ N> as

(Mz)(t) = Sa(t)[zo+ p(z)]
No(z) = {mEC(JX /S (t—s)v dstEJ}

We only need to prove that Nj is a contraction and Ny is completely continuous.
To show that V7 is a contraction, for arbitrary x1,zs € B, and each t € J, we have
from (A3)

1N (1) () = Ni(@2) ()] = [|Sa(t) (1) = p(a2)][| < MLpler — 22|,

Thus )
[N1(21) — N1(22)[|oo < M Lpl|71 — 22| 0

From the relation , we conclude that N7 is a contraction.

Next, we show that N, is u.s.c. and condensing.

(i) No(B;) is obviously bounded.

(ii) Na(B,) is equicontinuous.

Indeed, Let € B, m € Na(x) and take t1,t2 € J with t3 < t;. Then there exists a
selection v € S, such that

/S (t — s)v(s)ds,t € J.

Then

Im(t1) —m(t2)]| < /1H5a(t1—8)v(8)\|d8

t2

[0S0t = 5) = St — o)
= L+ L.
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For the term Iy, as t; — t5, we have

n< [ i) as)lds < 5 [ 6(s)ds — 0.

to to

Next for the term I, we have
2]
Iy < / I[Sa(tr = 5) = Sa(ta — s)][l[[v(s)llds
0
to
< / [[Sa(ts — s) = Sa(tz — s)][¢(s)[|z(s)|ds
0

to
< v [ NiSattr = 9) = Salta = ) [6(s)ds.
0
Now take into account that

1[Sa(ts =) = Salts —)lll¢(s) < 2Mé(s) € L'(J,Ry),

and Su(t; — s) — Sa(ta — s) — 0 in L(X), as t; — t2 (see (Al)). By the Lebesgue’s
dominated convergence theorem, I — 0 as t; — to.

(iii) V(t) = {m(t) : m(t) € N2(By)} is relatively compact in X.

For t = 0, the conclusion obviously holds. Let 0 < ¢t < b and € be a real number
satisfying 0 < e < t. For x € B, and v € Sg, such that

m(t) = /0 Sa(t — s)v(s)ds,t € J.

Define

t—e
me(t) = Sa(t — s)v(s)ds,t € J.
0
In view of (Al) and Lemma we have S, (t) is compact for ¢ > 0. Therefore, the
set K = {Sa(t — s)v(s),0 < s < t — ¢} is relatively compact. Then convK is compact.
Considering m.(t) € tconvK for all t € J, the set Vo(t) = {me(t) : me(t) € Na(B,)} is
relatively compact in X for every ¢, 0 < ¢ < t. Moreover, for m € N(B,),

Sa(t — s)v(s)ds

t—e

lm(t) — me(®)]| < ‘

¢
< Mr o(s)ds.
t—e

Therefore, let € — 0, we see that there are relatively compact sets arbitrarily close to the
set V(t) = {m(t) : m(t) € Na(B,)}. Hence, the set V(t) = {m(t) : m(t) € Na(B,)} is
relatively compact in X.

As a consequence of the above steps and the Arzela-Ascoli theorem, we can deduce
that No is completely continuous.

(iv) N2 has a closed graph.
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Let z, — xx,m, € No(x,) and m,, — m,. We shall show that m, € Na(x,). Now
my, € Na(xy,) implies that there exists v, € Sp, such that

(1) = /O Su(t — s)on(s)ds, t € J.

We must prove that there exists v, € Sp,, such that

t
ma(t) = / St — s)ou(s)ds,t € J.
0
Consider the linear continuous operator defined by
t
P LN X) = C(LX)), ves (Do)(t) = / Su(t — s)u(s)ds.
0

From Lemma [21] it follows that ' o Sp is a closed graph operator. Moreover, we have
my(t) € T'(Ska,).

Since z, — @, and m, — m,, it follows again from Lemma [2.1] that m.(t) € I'(Sg., ).
That is, there must exists v, € Sg,, such that

my(t) = /0 Sa(t — s)vi(s)ds,t € J.

Therefore, Ny is u.s.c. On the other hand, N; is a contraction, hence N = Ny 4+ Ny is
u.s.c. and condensing. By the fixed point theorem Lemma there exists a fixed point
z(+) for N on B, . Thus, the problem ([1.1))-(1.2]) admits a mild solution. (]

Replace the condition (A2)(b) by
(b") There exist a constant 7 € (0,1) and a function ¢ € L'(J,R,) such that

1E® )l < @) (lz])7, vt € J,z € C(J, X).

From the above proof of Theorem [3.1} we can obtain the following result.

Corollary 3.1 If conditions (A1)-(A2)(a) and (A2)(b')-(A3) hold, then the problem (1.1)-
(1.2) admits at least one mild solution on J provided that

ML, <1. (3.2)
For the problem (|1.3)-(1.4). We first consider the following equation

Dix(t) = Ax(t)+o(t), t e J,
2(0) = w0,2'(0) = 1,

where 1 < o < 2,v € L'(J,X). By Laplace transform, we have

NOF(N) — AL (0) — A%22/(0) = AT(N) + T(N).
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That is
) = X — A g+ A2 —A) e+ (A= A) 7o)

= Sa(Nzo+ (G1 % Sa) (N1 + (Ra % 0)(N).

Thus, we have

x(t) = Sa(t)xo + /Ot Sa(0)x1dl + /Ot R, (t — s)v(s)ds.

Now, we can give the following definition.

Definition 3.2 Let 1 < a < 2 and A be the generator of an («, 1)-resolvent family
{Sa(t)}+>0 of type (M,w). Then A generates an («, a) resolvent family {R,(t)}+>0 of

type (a 1,w> and the mild solution of the problem (|1 can be given as

x(t) = Sa(t)[xo + p(x / Sa(0)[z1 + q(z)]dO + /Ot R, (t — s)v(s)ds,v € Spg,t € J.

Let us list the following basic assumptions:
(A4) Let 1 < o < 2 and A generates an (a, 1)-resolvent family {S,(t)}+>0 of type (M, w).
(A* — A)~! is compact for all A > w.
(A5) ¢ : C(J,X) = C(J,X) is continuous and there exists Ly > 0 such that

la(z) = q@)|l < Lqllz —yl, v,y € C(J, X).

Remark 3.2 If (A4) holds, according to Lemma A generates an (o, ov)-resolvent
family {Rq(t)}+>0 of type (a 1,w) and R, (t) is a compact operator for all t > 0. And

from the proof of [27, Theorem 3.5], R, (t) is continuous in the uniform operator topology
for all t > 0.

Theorem 3.2 If conditions (A2)-(A5) hold, then the problem ([1.3))-(1.4)) admits at least
one mild solution on J provided that

M(Lp +bLg + |9]l11) < 1, (3.3)
where M = max {i ﬁe“b}.

1’ a—1

Proof: Consider the operator N : C(J,X) — P(C(J,X)) defined by
N(z) = {hGC(J,X):h(t):S( (o + p(x /S )zt + q(x)]do

+ /Ot R (t — s)v(s)ds,t € J} )
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where v € Sp,. Clearly, the fixed points of IV are mild solutions to . We shall
show that N satisfies all the hypothesis of Lemma [2.6 The proof W111 be given in several
steps.

Step 1. There exists a positive number r such that N(B,) C B,, where B, = {z €
C(J,X) : ||z|loo < r}. If it is not true, then for each positive number r, there exists a
function z” such that A" € N(2") but ||h"(t)|| > r for some ¢ € J,

' (t) = Sa(t)[zo + p(a” /S Va1 + gz d9+/Rt—s (s)ds,

where v" € Sg .. However, on the other hand, we have

r < ’S()[xo—i-p /S Mzt + q(z dHH o(t — s)v"(s)ds
< M(Jzoll + [[p(a")I) + 0M([l1 ]| + lla(z")])) +M/O |¢(s)ll|z|ds
< 1\:4||:E0H + M (Ly|lz"|| + p(0)]) + bMHﬂflll +OM (Lg||2" || + |a(0)]) + M ||| 17
< M(zo + [[p(0)[| + bllz1]l 4 bllg(0)[l) + M(Lp + bLg + [|6]] 1)

Dividing both sides by r and and taking the lower limit as » — 0o, we obtain

1< M(Lp + qu + H¢HL1)7

which contradicts the relation (3.3)).

Step 2. N(z) is convex for each = € C(J,X).

Indeed, if hi,hy € N(z), then there exist vi,ve € Sp, such that for each t € J, we
have

hi(t) = Sa(t)[zo + p(x /S )z1 + q(x) d0+/R (t — s)vi(s)ds,i =1,2.
Let 6 € (0,1). Then for cach ¢ € .J, we have
(6h1 + (1 = 0)ha)(t) = Sa(t)[zo + plx /s )1 + q(x)]do
+/0 Ra(t — 8)[6vi(s) + (1 — 8)va(s)]ds.

Because Sp, is convex (since F' has convex values), 0hy + (1 — 0)ha € N(z).

Step 3. N(z) is closed for each z € C(J,X).

Let{hn}n>0 € N(z) such that h, — h in C(J,X). Then h € C(J,X) and there exist
{vn} € Sp such that for each t € J

hin(t) = Sa(t)[xo + p(z /S )z + gz d0+/R (t — s)vn(s)ds.
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Due to the fact that F' has compact values, we may pass to a subsequence if necessary to
get that v, converges to v in L'(J, X) and hence v € Sp. Then for each t € J,

hn(t) = h(t) = Sa(t)[zo + p(x / Sa(0)[z1 + q(x)]db —l—/o R, (t — s)v(s)ds.

Thus, h € N(z).
Step 4. N is u.s.c. and condensing.
Now, we decompose N as N1+ No as

(Ni)(t) = Sal®)lzo + p(a /s Y[+ q(a))do
No(z) = {mEC(JX /R (t—s)v dstEJ}

We only need to prove that Nj is a contraction and N, is completely continuous.
To show that Vi is a contraction, for arbitrary x1,zs € B, and each t € J, we have
from (A3) and (A5)

[N1(z1)(t) — Ni(z2)(t)]
1Sa(t)[p(21) — p(z2)]| +
MLy||x1 — 22|00 + bMLq||961 — Z2l|o0s

IN

- q(w2)}d9”

IN

Thus .
[N1(21) — Ni(22)[loo < M(Lp + bLg)[|71 — 22| co-

From the relation , we conclude that N7 is a contraction.

Next, we show that Ny is u.s.c. and condensing.

(i) N2(B;) is obviously bounded.

(ii) Na(By) is equicontinuous.

Indeed, Let x € B, m € Na(x) and take t1,t2 € J with to < ¢;. Then there exists a
selection v € Sg, such that

m(t) = /0 R, (t — s)v(s)ds,t € J.

Then

[m(t1) —m(t2)]| < /: [Ra(tr — s)u(s)||ds
t2
[ Raltr = 9) = Ralta = o)lo(s)ds
= I ‘EIQ.
For the term I, as t; — to, we have

t1 t1
L < M¢(s)||m(s)||ds < Mr o(s)ds — 0.

to t2
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Next for the term I, we have
t2
I < ‘/’\HRaﬁa-—S)—-Ra@2—-$HHh%@HdS
0
t2
< l/’\HRaﬁl—S)—-Ra@2—8ﬂH¢®Nhi$Hds
0

to
< v iRt = 9) = Ralta = 9)l6()ds
0
Now take into account that
I[Ra(ty =) — Ra(ta = )ll¢(s) < 2Me(s) € L' (J,Ry),

and Ry (t1 —s) — Ra(t2 —s) — 0 in L(X), as t; — t2 (see (A4)). By the Lebesgue’s
dominated convergence theorem, Iy — 0 as t1 — to.

(iii) V(t) = {m(t) : m(t) € N2(B,)} is relatively compact in X.

For t = 0, the conclusion obviously holds. Let 0 < ¢ < b and € be a real number
satisfying 0 < e < t. For x € B, and v € S, such that

m(t) = /0 R, (t — s)v(s)ds,t € J.

Define .
me(t) = / R, (t — s)v(s)ds,t € J.
0

In view of (A4) and Lemma we have R,(t) is compact for ¢ > 0. Therefore, the
set K = {Ra(t — s)v(s),0 < s <t — e} is relatively compact. Then convC is compact.
Considering m(t) € tconvK for all t € J, the set V.(t) = {me(t) : m:(t) € Nao(B,)} is
relatively compact in X for every ¢, 0 < € < t. Moreover, for m € N(B,),

Im() —me(t)]| < ’

/tt R, (t — s)v(s)ds

—€

< Mr tqb(s)ds.

t—e

Therefore, let € — 0, we see that there are relatively compact sets arbitrarily close to the
set V(t) = {m(t) : m(t) € Na(B,)}. Hence, the set V(t) = {m(t) : m(t) € No(B,)} is
relatively compact in X.

As a consequence of the above steps and the Arzela-Ascoli theorem, we can deduce
that No is completely continuous.

(iv) N2 has a closed graph.

Let x,, — xx,my € Nao(x,) and m, — m,. We shall show that m, € Na(z,). Now
my, € Na(xy,) implies that there exists v, € Sg, such that

my(t) = /0 R, (t — s)vp(s)ds,t € J.
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We must prove that there exists v, € Sg, such that

t
my(t) = / Ro(t — s)vi(s)ds,t € J.
0
Consider the linear continuous operator defined by
t
L2 LNJX) = CLX)), e (To)(t) = / Ro(t — $)o(s)ds.
0

From Lemma it follows that I' o Sg is a closed graph operator. Moreover, we have
mn(t) S F(Sp7x7L).

Since z, — x, and m, — m,, it follows again from Lemma 2.1 that m..(t) € ['(Sp., ).
That is, there must exist v, € Sg,, such that

my(t) = /0 Ry (t — s)vi(s)ds,t € J.

Therefore, No is u.s.c. On the other hand, N7 is a contraction, hence N = Nj + Ny is

u.s.c. and condensing. By the fixed point theorem Lemma there exists a fixed point
z(+) for N on B, . Thus, the problem ({1.1))-(1.2]) admits a mild solution. [

According to the above proof of Theorem we can also have the following result.

Corollary 3.2 If conditions (A2)(a), (A2)(b’) and (A3)-(A5) hold, then the problem
(1.1)-(1.2) admits at least one mild solution on J provided that

M (L, +bL,) < 1. (3.4)

Next we consider the problems (1.1))-(1.2]) and (1.3)-(1.4) when the multivalued map

F' takes nonconvex values with compactness of resolvent family of operators. Let X be a
separable Banach space X. We list the following condition:

(C1) F: J x X — Pep(X) satisfies

(I) (t,x) — F(t,z) is £ x B measurable;

(II) z — F(t,x) is Ls.c for a.e. t € J.

Theorem 3.3 Suppose hypotheses (A1), (A2)(b), (C1) and (A3) are satisfied. Then the
problem (|1.1)-(1.2)) admits at least one mild solution on J if the condition (3.1 holds.

Proof: Hypotheses (A2)(b) and (C1) imply that F' is of Ls.c. type. In view of Lemma
there exists a continuous function f : C(J,X) — L'(J,X) such that f(x) € F(z) for
all z € C(J,X). Now consider the following equation

Dex(t) = Aw(t)+JJOf(2)(t), te (3.5)
z(0) = zo0+p(x), (3.6)
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Notice that if z € C(J,X) is a solution of the problem (3.5))-(3.6)), then x is also a solution
of the problem (1.1))-(1.2). Next, we transform the problem ({3.5))-(3.6) into a fixed point
problem by defining N : C(J,X) — C(J,X) as

N(z) = S4(t)[xo + p(x /S (t—s)f(z)(s)ds,t € J.

We shall show that IV satisfies all the hypothesis of Lemma [2.5] The proof will be given
in several steps.

Step 1. There exists a positive number r such that N(B,) C B,, where B, = {z €
C(J,X) : [|z|loo <7}

This can be conducted similarly as Step 1. in the proof of Theorem [3.1}

We decompose N as N1+Ns as

M@ = Sa®lzo+ ()]
mw@:=/5t—s 2)(s)ds.

Step 2. N, is continuous on B,.
Let {x,} be a sequence such that z,, — x in B,. Then

N2 () (t) — Na(z) ()]
/IIS (t = )I[f(zn)(s) = f(x)(s)l|ds

IN

IN

MA¢@WMWHWMW
gwngmms

Note that ¢ € L'(J,Ry), fo | f(xn)(s) — f(z)(s)||ds — 0,n — oo by the Lebesgue’s
Dominated Convergence Theorem. Hence Ny is continuous.

Step 3. N is condensing.

Similarly conducted as the proof of Theorem [3.1] we can prove that Nj is a contraction
and N, is completely continuous.

From the above three steps, we can complete the proof via Lemma

Theorem 3.4 Suppose hypotheses (C1), (A2)(b) and (A3)-(A5) are satisfied. Then the
problem (|1.3)-(1.4) admits at least one mild solution on J if the condition (3.3 holds.

Proof: Deduced as the proof of Theorem we can transform the problem ([1.3))-((1.4)
into a single-valued problem. We define N = Ny + Ny : C(J,X) — C(J,X) as

Ni(z)(t) = Sa(t)[zo+ p(x /S )zt + q(x)]do

No(z)(t) = /ORa(t—s)f(ac)(s)ds.
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Similarly conducted as the proof of Theorems and we can prove that Nj is a
contraction and Ns is completely continuous. Thus, Lemma [2.5{can be applied to complete
the proof. |

Similarly, from proofs of Theorems [3.3] and [3.4] we have the following results.

Corollary 3.3 Suppose hypotheses (A1), (A2)(b), (C1) and (A3) are satisfied. Then the
problem (|1.1)-(1.2)) admits at least one mild solution on J if the condition (3.2 holds.

Corollary 3.4 Suppose hypotheses (C1), (A2)(b') and (A3)-(A5) are satisfied. Then the
problem (|1.3)-(1.4) admits at least one mild solution on J if the condition (3.4) holds.

In the following, we give some results when the multivalued map F' has nonconvex
values without compactness of resolvent family of operators. Let us list the following
assumptions:

(A6) F': J x X — Pep(X) satisfies the following conditions:
(1) F: JxX—= Pep(X): (-,x) = F(-,z) is measurable for each z € X;
(2) There exists a function [ € L'(J,R+) such that

Hd(F(t, le), F(t, 1’2))
d(0, F(t,0))

I(t)||x1 — x2]|, for a.e. t € J Va1, 29 € X

<
< I(t), for a.e. t € J.

Remark 3.3 [8] Owing to (A6)(1), for each x € C(J,X), F has a measurable selection,
thus Sp, £ .

Theorem 3.5 Let A be the generator of an («, 1)-resolvent family {S,(t)}+>0 of type
(M,w). Assume that conditions (A3) and (A6) are satisfied, then the problem ([1.1})-(1.2])
admits at least one mild solution on J provided that

M (Ly+ [lt) < 1, (3.7)
where M = max {M, Me‘“b}.

Proof: Transform the problem — into a fixed point problem. Let the multivalued
operator N : C(J,X) = P(C(J,X)) be defined as in Theorem We shall prove that N
admits at leas one fixed point. We divide the proof into two steps.

Step 1. For each x € C(J,X), N(z) € Py(C(J,X)).

This can be proved just as Step 3 in the proof of Theorem

Step 2. For each z,2 € C(J,X), there exists a constant 0 < v < 1 such that
Hy(N(z), N(#)) < 1l - 7l

Let z,z € C(J,X) and h € N(z). Then there exists v € S, such that for each t € J

h(t) = Sa(t)[zo + p(z)] + /0 Sa(t — s)v(s)ds.
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From (A6)(2), we have
Hy(F(t,x(t), F(t,2(t)) < 1(t)|=(t) — 2(t)].-
Thus there exists w € Sp; such that
[o(t) —w(®)l| < ) ||=(t) — @), t € J.
Consider U : J — P(X) defined as
W(t) ={w € X: v(t) —wt)| < 1@)[z(t) — 2@)]}-

Because U(t) = W(t)() F(t,Z) is measurable (see [9, Proposition III. 4]), there exists a
function 9(t), which is a measurable selection for U. Hence, 0(t) € F(t,Z(t)) and

[o(t) —o@)| < U(®)[l=(t) — (@), t € J.
For each ¢ € J, we now define
h(t) = Sa(t)[zo + p(Z /S (t — 5)0(s)ds.
Then for each ¢ € J, we have
Ih(t) =Rl < [1Sa(®)[p(z(t) — p(@) @]
/ Sa(t — 5)[v(s) — B(s)]ds

IN

MLy — & + M/ 1(s)ds |l — F]lo
0

IN

M [Ly + U 1] 1z = &loc.

Thus, 3 .
17 = hlloe < M [Lp + [l 1] |2 — Z[|oo-

By an analogous relation, obtained by interchanging the roles of £ and x, we can obtain
Hy(N(2), N(2)) < M [Ly + U 1] |z — Z]oc-

Owing to relation (3.7), we conclude that N is a contraction. Thus, by Lemma N
admits a fixed point, which just is one mild solution to the problem ([1.1})-(1.2]). [

Theorem 3.6 Let 1 < a < 2 and A generates an (o, 1)-resolvent family {S(t)}+>0 of
type (M,w). Suppose that conditions (A3), (A5) and (A6) are satisfied, then the problem
(1.3)-(1.4) has at least one mild solution on J provided that

M(Ly+bLy + |||l z1) < 1, (3.8)

M M wb
where M = max{ 1o g€ }
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Proof: Transform the problem — into a fixed point problem. Let the multivalued
operator N : C(J,X) — P(C(J,X)) be defined as in Theorem We shall prove that N
admits at leas one fixed point. We divide the proof into two steps.

Step 1. For each z € C(J,X), N(x) € Pu(C(J,X)).

This can be proved just as Step 3 in the proof of Theorem

Step 2. N is a contraction.

Let 2,z € C(J,X) and h € N(z). Then there exists v € Sg, such that for each ¢t € J

h(t) = Sa(t)zo + pla /S )z + gz d9+/R (t — s)v(s)ds.
From (A6)(2), we have
Hy(F(t,x(t), F(t,2(t))) < 1(t)[l=(t) — 2(t)]-
Thus there exists w € Sp; such that
lo(t) —w®)]| < U@®)llx(t) — @), t € J.
Consider U : J — P(X) defined as
W(t) = {w e X [lu(t) —wt)|| < Ut)]=(t) — 2@}

Because U(t) = W(t)() F(t,Z) is measurable (see [9, Proposition III. 4]), there exists a
function o(t), which is a measurable selection for U. Hence, 0(t) € F(¢,Z(t)) and

[v(t) —o@)[ < 1@)[=(@) —2@)], t € J.
For each t € J, we now define
h(t) = Sa(t)[zo + p(Z /S )z +q(Z d0+/R (t —s)ov(s)ds.
Then for each t € J, we have
Ih(t) =@ < 1Sa(®)p(=() — p(F)(®)]]

+ [ @t - azo)las
+ /0 Ralt - s>{v<s:> ~ (s)]ds
MLy||z — Z|loc + bM Lg|lz — Z|o

~ t -
+M/O l(s)ds||z — Z|| oo

M [Lp + bLg + [[U11] & = &lloo-

IN

IN

Thus, 3 3
1= hlloo < M [Lp +bLg + [l 1] [ — Z[[co-
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By an analogous relation, obtained by interchanging the roles of & and z, we can obtain
Hy(N (), N(#)) < M [Ly + 0Lq + U 1] |2 = #]|oo-

Owing to relation (3.8), we conclude that N is a contraction. Thus, by Lemma N
admits a fixed point, which just is one mild solution to the problem ([1.3])-(1.4). [

Example 3.1 As a simple application, we consider the following equations

2
D{u(t,z) = 882 (t,z) + g(t,u(t,x)), (t,x) € [0,1] x [0,n], (3.9)

u(t,0) = u(t,m) = 0,ul(¢,0) = ul (¢t,7) = 0, t € [0,1], (3.10)
w(0,2) = > p_y agu(t,z) + uo(z), w(0,2) = 0, b/ (t, x) + ui(z), (3.11)

where 1 < a < 2, ag, b € R,n € N. Let X = L?([0,7]) and consider the operator
A: D(A) C X — X defined by D(A) := {u € X : u € H*([0,7]),u(0) = u(n)} and for

2

u € D(A), Au := gz Define the functions g : [0,1] x D(A) — X, and p,q : D(A) - X
x

by

e tu(t, x
g(t,u(t,x)) := G100 Eku()t,x)) Zaku (t,x) Zbku (t,z)

It is well-known that A generates a compact and analytic (and hence norm continuous
for all t > 0) Cp-semigroup {T'(t) }+>0 on X such that | 7(¢)|| < 1. Now, we can extract an
(o, av)-resolvent family {R ( ) }e>o0 of type (1,1) (see [1]). Meanwhile, the compactness of
T(t) implies that (\* — A)~" is compact.

Let F' =: {g}, J 1 We note that the above problem ({3.9)-(3.11] can be rewritten
‘ 3

in the abstract form 1.4)). Furthermore, we assume that > _;_, ]ak] < s gy bkl <

5 We also observe that in this case

ot) = S b= NI =1, and L, = - Nl < -
= = = n ==z
6+t »and Ly = &, L L= g

According to Theorem the problem (3.9))-(3.11)) has at least one mild solution on J.

4 Conclusions

In this paper, we establish some sufficient conditions to guarantee the existence of mild
solutions to abstract fractional differential inclusions with nonlocal initial conditions under
conditions that: (i) the multivalued term takes convex values with compactness of resolvent
family of operators; (ii) the multivalued term takes nonconvex values with compactness
of resolvent family of operators; and (iii) the multivalued term takes nonconvex values
without compactness of resolvent family of operators, respectively. The main results are
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based upon theories of resolvent family of operators, multivalued analysis and fixed point
approach.
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