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EXPLICIT REPRESENTATION OF DISCRETE FRACTIONAL RESOLVENT
FAMILIES IN BANACH SPACES.

JORGE GONZALEZ-CAMUS AND RODRIGO PONCE

ABSTRACT. In this paper we introduce a discrete fractional resolvent family {Sg,ﬁ}neNo generated by a
closed linear operator in a Banach space X for a given «, 8 > 0. Moreover, we study its main properties
and, as a consequence, we obtain a method to study the existence and uniqueness of the solutions to
discrete fractional difference equations in a Banach space.

1. INTRODUCTION

During the last six decades, the theory of Cy—semigroups of operators on Banach spaces has been used
by many authors as a powerful tool to study linear and nonlinear partial differential equations, as well as,
to study concrete equations arising in mathematical physics, probability theory, engineering, biological
processes, among others. See for instance [15]. Typically, in these situations, the problems are modeled
by using partial differential equations of first order with unbounded linear operators. However, there
are many problems in applied sciences, including, problems in transport dynamics, anomalous diffusion,
non-Brownian motion, and many others, where the model of a partial differential equation of first order
is not completely satisfactory.

In recent decades, some investigations have demonstrated that some of these phenomena can be de-
scribed more appropriately by means of time-fractional differential equations, see for instance, [6, 11, 30,
33, 34, 40, 45]. As the one-parameter semigroups represent the natural framework to study differential
equations of first order, in the case of time-fractional differential equations, the theory of continuous
fractional resolvent families of one-parameter (that extends the theory of semigroups) gives one of the
main tool to study such equations, see for instance [23, 32, 33, 41]. For example, if we consider the
time-fractional differential equation

(1.1) Ovu(t) = Au(t) + f(t), t>0,

under the initial condition u(0) = zp, where for 0 < a < 1, 98 corresponds to the Caputo fractional
derivative, f is a suitable function and A generates an exponentially bounded fractional resolvent family
{Sa.a(t)}i>0 (see for instance [12, 23, 32, 33, 41]). Then, the solution to (1.1) is given by

t
u(t) = Sa,l(t)xo +/0 Sa,oz(t - S)f(s)dsa

where S, 1(f) == Ot %Saﬁa(s)d& This theory of continuous fractional resolvent families has been
widely studied in the last recent years. See for instance [38, 44, 46] and the references therein. However,
these continuous-time problems sometimes need to be studied, for practical purposes, as discrete problems.

Although the first investigations on difference of fractional order date back to the work of Kuttner
[31], in the last decade, the study of existence and qualitative properties of discrete fractional difference
equations has been a topic of great interest and there is an extensive recent literature in this subject,
see for instance [4, 9, 16, 17, 20] and the references therein. However, these articles focus mainly on
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scalar fractional difference equations. Very recently, C. Lizama in [35] introduced, to the best of our
knowledge, the first study on fractional difference equations with unbounded linear operators. Here, the
author finds an interesting relation between the existence of solutions to an abstract fractional difference
and a discrete family of linear operators that corresponds to a discretization of a continuous fractional
resolvent family. More concretely, if 0 < o < 1, A is a closed linear operator defined on a Banach space
X and ¢A®u™ is the approximation of the Caputo fractional derivative dfu(t) (at time ¢t = n) defined
by
CAaun::i F(l_a"i_n_'j)

= Frl-—a)l’(n—j5+1)
where u/ := [¥ p;(t)u(t)dt and p;(t) := ¢/ /jle™" is the Poisson distribution for j € Ny, then solution to
the fractional difference equation

(uj+1 _ uj),

c A% = Au™t, neN,
is given by u™ = S% | (I—A)uo, where ug € D(A), {Sa,1(t)}¢>0 is the continuous resolvent family generated

by A, whose Laplace transform satisfies So,1(A) = A*71(A* — A)~L and S% = [, pn(t)Sa,1(t)dt, for all
n € Ny. From [32] it follows that the resolvent family {S. 1(¢)}+>0 satisfies the resolvent equation

t
Se1(t)r =z + A/ Ga(t — 8)Sa1(s)zds, xz€ X, t>0,
0

where g, (t) := t*~! /I'(r). Moreover, from [35], it is easy to see that the sequence of operators {Sy | }nen,
verifies a similar relation:

n
Shir=1z+ AZko‘(n —§)8% 4z, e X, neN,
j=0
where k%(j) := % According to the Poisson distribution, we notice that for each n € N,
Sy 1 corresponds to an approximation of S, 1(t) at time ¢t = n. Similarly, in [1, 2, 3, 7, 36, 47] the
authors have introduced several discrete resolvent families to study fractional difference equations in
Banach spaces. See [18, 19] for related results. We notice also that, fractional difference equations are
closely related with discretization of fractional differential equations in Banach spaces, see for instance
[24, 25, 26, 27, 28, 39, 43].

Although the continuous fractional resolvent families are an important tool in the study of fractional
differential equations in Banach spaces and, there are many published papers on these families, their
properties and applications, there are only a few articles on discrete fractional resolvent families gener-
ated by unbounded operators, and therefore, the study of the solutions of discrete fractional difference
equations in Banach space has been limited by the lack of this tool.

In this paper, for a given a, 8 > 0 and a step-size 7 > 0, we introduce the general discrete resolvent
family {Sg 5}neNo generated by a closed linear operator A in a Banach space X, and we study its main
properties. Moreover, we give a method to study the existence and uniqueness of solutions to discrete
fractional difference equations in Banach spaces.

The paper is organized as follows. In Section 2 we give the preliminaries. In Section 3 we introduce
the discrete fractional resolvent family {SZ 5}neNo~ Moreover, we study its main properties, conditions on
the operator A in order to be the generator of {S7, ;}nen, and we show that {7 5}nen, can be written

as
n+1

Stpr = an; 7 ("= A)Vx, neNy,
j=1

for all z € X, where a,, ; are constants depending on «, 3 and 7. Finally, as an application of the results
given previously, in Section 4 we study the existence and uniqueness of solutions to a fractional difference
equation in a Banach space.
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2. PRELIMINARIES

The set of non-negative integer numbers will be denoted by Ny and the non-negative real numbers by
Ry . Take 7 > 0 fixed and n € Ny. We define the positive functions p7, by

t\" 1
) ™!’

for all £ > 0, n € Ng. An easy computation shows that

e

pp(t) ==e"

/ pr(t)dt =1, forall ne€N,.
0

For a given Banach space X, s(Ng, X) denotes the vectorial space consisting of all vector-valued
sequences v : Ng — X. The backward Euler operator V. : s(Ng, X) — s(Ng, X) is defined by

" — ,Un—l

V" i=——  neN.
T

For m > 2, we define V" : s(Ng, X) — s(Ng, X) recursively by
(Vo)™ .= V™ YV, 0)", n>m.

Here V1% is defined as V1! := V, and V? as the identity operator. As in [20, Chapter 1, Section 1.5] we
define by convention

(2.2) > =0

for all k € N.
The operator V' is called the backward difference operator of order m. It is easy to show that if
v € s(Ng, X) then

1 & (m , ,
(V') = j§_0<j)(_ Yo7 neN

For a given « > 0, define the function g, as g (t) := ?a(;; Now, we introduce the following sequence

k2 (n) = /O T (D)ga(t)dt, nE Ny, a>0.

It is easy to see that

(2.3) k2 (n) = TFCZQEEZ I ;‘)) _ i((zﬂ)) ga(r), meNy, a>0.

In particular, we notice that k1(n) =1 for all n € Ny.

Definition 2.1. [43] Let a > 0. The a*®—fractional sum of v € F(R; X) is defined by
n
(V)" = TZ k*(n —j)v!, n € Np.
j=0

Definition 2.2. [43] Let o € Ry \ Ng. The Caputo fractional backward difference operator of order «,
eV FR4; X) — F(R4; X), is defined by
(cV)" := V(M=) (ymy)n peN,

where m — 1 < o < m.
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For a given a € Ny, the fractional backward difference operators ¢V® is defined as the backward
difference operator V. Moreover, if 0 < o < 1 and n € N, then ¢VTly" = oV (Viv)". However,
Vet £ V(o V*)", (see [43, Section 2]).

For a given discrete sequence of operators {S"},en, C B(X) and a scalar sequence ¢ = (¢")pen,, We
define the discrete convolution ¢ x S as

(cx )" := Zc”_kSk, n € Np.
k=0

Moreover, for scalar valued sequences b = (b™),en, and ¢ = (¢")nen,, we define (bxcxS)™ := (bx(cxS))™
for all n € Ng.
As in [43, Corollary 2.9] we can prove the following convolution property. If o, 8 > 0, then

n

(2.4) K (n) = 7>k (n — §EL(),

Jj=0

for all n € Ny. Given s € s(Ny, X), its Z-transform, §, is defined by
5(z) = Zz_jsj,
3=0

where s/ := 5(j) and z € C. We notice that the convergence of this series holds for |z| > R, where R is
large enough. It is a well known fact that if s1, 59 € s(Np, X) and §1(2) = $2(z) for all |z] > R for some
R > 0, then sj1 = sé for all j = 0,1, ... Moreover, the Z-transform is a linear operator on s(Np, X) and
satisfies the finite discrete convolution property (see for instance [5]):

(2.5) 51 %s2(2) = §1(2)82(2), 51,82 € 8(Nog, X).

The operator A: D(A) C X — X is called w-sectorial of angle 0, if there exist § € [0,7/2) and w € R
such that its resolvent exists in the sector w + X := {w + A : A € C, |arg(A)| < T 4+ 60} \ {w} and

M

— A <« —/—
-2 < 2

for all A € w4 Xy. In case w = 0 we say that A is sectorial of angle ¢ + 7/2. More details on sectorial
operators can be found in [22].

Definition 2.3. A family of linear operators {S(t)}i>0 C B(X) is said to be exponentially bounded, if
there exist constants M, w € R such that ||S(t)|| < Me*t, for all t > 0.

Proposition 2.4. Let {S(t)}1>0 C B(X) be a family of exponentially bounded linear operators with
1S(t)]] < Me“', where M >0 and w < +. Let x € X. If we define the sequence S™x for each n € N by

S"x ::/0 o (t)S(t)xdt.

Then

for all |z| > 1.

Proof. The hypothesis implies that

n T wt _
15" SM/O pn(t)e ||x\\dt—m||x||,
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for all n € Ny. Therefore, the Z-transform of S exists for all |z| > 1. On the other hand, the hypothesis
implies that the Laplace transform of S exists for all Re(\) > 0. Thus

oo

S(z)z = ;Z:Oz_"S”x
_ i JAACECEE
— /O e %i -n (i)nm'S( )adt

O

We notice that as similar result holds for vector-valud functions. Thus, if (f™),en, denotes the sequence
defined by f" := [° pr(t)f(t)dt for a given function f: R, — X, then

=21 ((0-2)

where F' denotes the sequence associated to (f™)nen,-

0

3. DISCRETE FRACTIONAL RESOLVENT FAMILIES

In this Section we introduce the notion of discrete fractional resolvent family generated by a closed
linear operator A in a Banach space and we study its main properties.

Definition 3.5. Let 1 < a <2 and 0 < 8 < 2 be given. Let A be a closed linear operator defined on
a Banach space X. An operator-valued sequence {S;, s}nen, C B(X) is called a discrete (o, B)-resolvent
family generated by A if it satisfies the following conditions

(1) Si 5 € D(A) for allz € X and AS} gz = S, Az for all x € D(A), and n € No.
(2) For each x € X and n € Ny,

(3.6) St sx = kP (n)x + TAS x Sap)"x = k2 (n)z + TA Z kX (n — j) Sj

Proposition 3.6. Let {S], s}nen, C B(X) be a discrete (o, B)-resolvent family generated by A. Then,

(1) 77> € p(A4), and
(2) Forn =0, we have

S’gﬁ = kP(0)r—= (r7> = A)_l = rh-l-a (t7% — A)
Proof. We notice that, by (3.6), we have

-1

n—1
S gt = K2 (n)z + kZ(0)TASG gz +TA Z kS (n — j)Séﬂx, for all z € X.
3=0



10

11

6 JORGE GONZALEZ-CAMUS AND RODRIGO PONCE

As k¢(0)r = 7, for all a > 0, we get (for n = 0)
SO sz = kP (0)z + T AS] 4z,
and hence
(17— A) Sy gz = K2 (0)r—°x,
for all x € X. Now, from Definition 3.5 we obtain
Sg’ﬁ (T_“ — A) T = T_O‘Sg’ﬁm — S’gﬁAm = (T_a — A) Sg’ﬁx = kf(O)T‘“x,
for all x € X. Since A is a closed linear operator, we conclude that 77 € p(A4) and
So pr = kE(0)r™* (77 - A)_1 T,
for all z € X. ]

An easy computation (see Proposition 2.4) shows that, for a given o > 0, the Z-transform of the
sequence {k%(n)}nen, is given by

e%

(3.7) ko(z) = 7ot CE

Proposition 3.7. Let {Sg,g}neNo C B(X) be a discrete (a, 8)-resolvent family generated by A. Then,
its Z-transform satisfies
a—p « —1
— 1 /z—-1 z—1
Soz = - —A )
5(2):8 T<7z> (<T2’> > *

Proof. Using the definition (3.6) and the identity (2.5) we have

forall x € X.

Sas(2)z = K2 (2)z + (kS % ASq 5)(2)z = KE(2)z + 7K (2) ASa5(2)z.
A straightforward computation and using (3.7) yield

Soor-H(2) (20

and the proof is finished. O

The next result gives a functional equation to the discrete fractional resolvent families {7, ﬂ}HENo C
B(X). Its continuous counterpart can be found in [38].

Theorem 3.8. Let {S}, stnen, C B(X) be a discrete (o, §)-resolvent family generated by A. Then, the
following functional equation holds

(3.8) Satg (ke % Sa,p)" — (k7 % Sa.p)™ St 5 = k7 (m) (k7 % Sa,p)" — k7 (n) (k3 % Sa,p)™,
for all m,n € Ny.
Proof. For each x € X and n € Ny we recall that

Sp pT = E2(n)x +7A Z kEX(n — j)Siﬂx.
7=0
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Let n,m € Ng. Then, from Definition 3.5 part (1) we have:

S k- )L | Star = (SR - s | (R 1A ke )5

=0

:kf(n)Zkf(m—j)Siﬁz+Zkf(m— " TAZk n— ]S]
Jj=0 j=

zkf(n)Zkf(m—j)Siﬁm—i—Zkf( m— j) TASJ Z (n—7) Sj
7=0 7=0 §=0

=kl (n) Y kl(m— )5, gz +TAY kl(m—j)S, Z (n—j)S% 4o

=0 =0 =0

=k} (n) Ykl (m— )8, go+ (S5 — ki (m)) | D k(n—j)S]
7=0

=k (n) Y KE(m— )8 o+ Su Y kS (n—j)SI 4u

3

Reorganizing the last equality we get the desired result and the proof is finished. O

Theorem 3.9. Let1 < a <2 and 8 > 1 such that « — B+ 1 > 0. Assume that A is w-sectorial of angle
@, where w < 0. Then A generates an (o, (3)-resolvent sequence {Sy, 5}nen, C B(X).

Proof. By [41, Theorem 2.5], A generates an exponentially bounded (a, 5)-resolvent family {S,. 5(t)}i>0
such that S, g(t)Ax = AS, g(t)x for all x € D(A) and t > 0, and

t
(3.9) Sapt)r = ga(t)x + A/ Ga(t — 8)Sa p(s)xds,
0
for all z € X and t > 0, where for y1 > 0, g,,(t) := #*~"/T'(p). For each x € X, define S} ;= by
Si g ::/ pn(t)Sa.p(t)zdt, n € Ny.
0

Multiplying (3.9) by p7(¢) and integrating over [0, c0) we conclude by [3, Theorem 5.2] or [43, Theorem
2.8] that

S”ﬂx—kﬂ( x—f—A/ P (1) (ga * Sa.p)(t)xdt = kP (n SL’-I—’TAZk n—j)Siﬁx
7=0
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Finally, multiplying the identity S, g(t)Az = ASq g(t)z by pj(t) and integrating over [0,00), we get
o pAr = ASY gz for all n € Ng and = € D(A). O

Theorem 3.10. Let 0 < o < 1. Assume that A is the generator of a Co-semigroup {T(t)}i>0. Then, A
generates the (a,1)-resolvent sequence {S 1 fnen, given by

o0 (o]
Sy 1T = / / om () a1—a(t,s)T(s)xdsdt, =z € X,
o Jo

where Yo, 1— @5 the Wright type function given by

Ya,1- (t 5) = l /Oopa_le_Spa cos a(r—0)—tpcos b
a,1—al\l, =/,
(3.10) x sin (tpsin @ — sp® sina(m — ) + a(m — 0)) dp,

for 0 € (1 — 5=, m/2).
Proof. By [10] or [42, Corollary 2], A generates the fractional resolvent family {S, 1(t)}¢>0 defined by
o0
(3.11) Saa(t)x :/ Ya1—a(t,s)T(s)xds, xe€X,
0

where 1,1 -q(t, s) is defined in (3.10). For each n € Ny, define Sj, ; by

faim [ LOSaab,
0

Multiplying both sides in equation (3.11) by p(¢) and integrating over [0,00) we obtain the desired
result. O

Theorem 3.11. Let 0 < oo < 1. Assume that A is the generator of a Cy-semigroup {T'(t)}1>0. Then, A
generates the (o, a)-resolvent sequence { Sy , }nen, given by

So.aT :/ / Pn(t)Vao(t, )T (s)xdsdt, =z € X,
o Jo
where a0 s the Wright type function given by
1 [ . @ cos
(3.12) Ya0(t,s) = — / etpeosb=sptcosal gin(tpsinh — spsinafd + 0)dp,
T Jo

form/2 <0 <.

Proof. By [29, Theorem 3.1] or [42, Corollary 3], A generates the fractional resolvent family {Sq o (¢)}i>0
which is defined by

Sea(t)z z/ VYa,0(t, 8)T(s)xds, =€ X,
0
where 14,0(¢, ) is given in (3.12). Multiplying both sides in the last equation by p7 (¢) and integrating
over [0,00) the result follows as in the proof of Theorem 3.10.

O

Theorem 3.12. Let 1 < o < 2. Assume that A is the generator of a cosine family {C(t)}ter. Then, A
generates the (a,1)-resolvent sequence {S 1 fnen, given by

st= [ [ a0vsaos o Cwdsit, e X,
0 0
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where g 1o is the Wright type function given by

1 [ 3
wg 1_£(t78) — 7/ p5—16—5p2 cos § (m—0)—tpcos 6
2012
T Jo

(3.13) x sin (tpsin 6 — sp? sin g (7 — 0) + < (7 — 0)) dp,
forb e (m—2 n/2).

Proof. By [42, Corollary 4], A generates the fractional resolvent family {S,.1(¢)}+>0 given by

o0
Saﬁl(t)xz/ Ya1-a(t,s)C(s)vds, z€ X,
0
where ¢s 1 a(t,s) is defined in (3.13). The result follows as in the Proof of Theorem 3.11. O
Theorem 3.13. Let 1 < a < 2. Assume that A is the generator of a cosine family {C(t)}ter. Then, A

generates the (o, a)-resolvent sequence {Sy , }nen, given by

So .0l :/ / pr(t)Ya o (t,5)C(s)rdsdt, =z € X,
o Jo

where o o is the Wright type function given by

272

(3.14) Ya a(t,s) = (gg *Pa ol 8))(1),
where Ya o(-, 8) is given in (3.12).

Proof. By [42, Corollary 5], A generates the fractional resolvent family {S, 1(¢)}+>0 given by

Sea(t)z z/ Ya a(t,s)C(s)rds, =€ X,
0
where 9 ¢ a(t,s) is defined in (3.14). The rest of the proof follows as in Theorem 3.10. O

Proposition 3.14. If {S] stnen, and {T} gtnen, are (a,B)-resolvent sequences generated by A, then
Sap =Ty 5 for alln € No.
Proof. For x € X, we define h(n) := S}, sz —T7 ;x. By Proposition 3.6, we obtain

Sg’ﬁf = Tg’ﬁx = kE(O)T_a(T_a — A)_l,

which implies that A(0) = 0. On the other hand, by Definition 3.5
h(n) =7AY k2 (n— j)h(j)
§=0
and thus )
(I =7*A)h(n) = TAY K (n— j)h()).
j=0

By Proposition 3.6, 77% € p(A), and therefore (I —7*A) = 7*(7~*— A) is an invertible operator. Hence,
h(n)=0
for all n € N. This implies that S§ gz =T sz for all n € Ng and z € X. O

Now, we define the following sequence (a, ;) as:

a1 = K2(0), ari= (K2(DRS(1) — KEO)KS ()KE(0) ), ava i= kE(O)ke (1)k2 (0)~"
and for n > 2, we define (a, ;) as follow:

Anpn+1 = kf(l)an_lmkf(())*l.
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n—1
(3.15) g = | KIRZ(0) = Dk (n—j)aja | k2(0)
3=0
n—1 n—1
(3.16) Up,| i= Z kE2(n—j)aji—1 — Z k2 (n—j)aj, | k2(0)7, for2<1<m,
j=1-2 j=l-1

Moreover, we denote the resolvent operator R, : X — D(A) as
-1

R :=7"% (7% - A)

The next Theorem is one of the main result in this paper and gives an explicit representation of the
discrete resolvent family Sj 5 for all n € No.

Theorem 3.15. Let {S], s}nen, C B(X) be a discrete (o, B)-resolvent family generated by A. Then, for
each x € X,

(3.17) Sosr=ao 1Rz, and S} 5;=a11R.x+ a1 R2w,
and for n > 2

n+1
(3.18) Sp T = Z an jRiz.

Proof. The first identity in (3.17) follows from (3.6). In order to prove the second one, we take m =
1,m =0 in (3.8) and we get

S 5k (0)S sa — Zkal—j 5 | 8957 = KE(Q)E2(0)SS sz — KL (0) Zkal—j 147

which is equivalent to
—k(1)80 559 sz = k2 (1)k2(0)S3 sz — K2(0)k2(1)SY sz — K2(0)k2(0)S) s
As Sgﬁx = kP2(0) R, this last identity implies that
K2 (0)K2(0)S, gz = k7 (1)kZ (0)K7(0) Rrw — kZ(0)kZ (1)K (0) Rra + k7 (0)k7 (1)K (0) R .
Since k2(0) = 771 # 0, we conclude that
8L g = (K2 (1)R2(0) — K2 (0)k(1))kS(0) ™ Ry + kE ()RS (k2 (0) ™ B2 = a1 1 Rew + a1 2 R2a.

In order to prove (3.18) we proceed by induction on n > 2. For n = 2, we take m = 2 and n = 0 in (3.8)
to obtain

2
S2 k(0080 o — [ ST k22— )80, | SO s = KE@KE(0)SY g — KE(0) | S k2~ )82 e |
j=0 j

which can be written as
R(2)80 550 5w — K2 (1)84,550 57 = KL (2K (0)SY i — KE(O)KS ()8 — KE(O)KS (1)SL g
—k2(0)k$(0)S2 5

T
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Since SY 53:—l€5( )R-z and S} ps=011R; T + a1 2 R2x we have

RORS(0)S2 5z = k(2R (O)RE(0) R — k2 ()RS (2)k2(0) Ry — K (0)k2 (1)ax Ry

—KZ(0)kS ()aro R + k5 (2)k7 (0)k7 (0) RY
+kX(DE (0)ay 1 R2x + k2(1)KP (0)ay o RE .
Hence,
K2 (0)S2 gz = (K(2)k7(0) = KZ(0)k5(2) — k5 (1)ar,1) Ry
(3.19) +(EX(2)E2(0) + kS (D)ar 1 — k*(1)ar 2)R2x + kS(1)ay 2R3 .

On the other hand, if we expand the sum (for n = 2) in (3.18) and we obtain

3
j 2 3
E an jRIx = a1 Rrx + as o Ryx + az 3Ry,
Jj=1

and by definition of the sequence (a, ;) we get

asy = (K2(2)k2(0) — k¥ (2)ao,1 — k& (1)ar,1)kE(0)~"
azy = (k¥(2)ao + k¥ (1)ary — k& (Dag )k (0)~"
agg = k(1)ar2kT(0)7"

From (3.19) we conclude that

3
2 — RJ
Sa.8T = E ap,; Rx.
=1

Now, we assume that (3.18) holds for all I < n. In order to prove the identity for n + 1, we first take
m=mn+1and n =0 in (3.8) to obtain

n+1
ngglk“( )SS 5 — Z k& (n+1— )87 8 Sosr = K2 (n + 1)k2(0)Ss s
7=0
n+1 )
—EZ0) | Dok (n+1—5)S o
Hence,
SHE R (099 pm — kS (n 4+ 1)S0 5S0 sx — k2 (n)S4 590 s — .. — kF(0)SIHISY sz =
kP (n+ 1)k2(0)S9 gz — k2 (0)k2 (n + 1) 52 — kﬁ( )k (n)Sh gz — .. — K2 (0)k(0) S0
That is,
EZ(0)k2(0)S 5 e = k2 (n+ 1)k (0)S] gz — k2 (0 )sz(n +1)8 gz — ... — kﬂ( Yk a( )Sh g

Since Sg,ﬁx = kP(0)R,x we can write this last identity as

EO)SEE e = K (n4 DES(0)Rra — kS (n+1)S9 sz — k¥ (n) S gz — .. — K (1)SE g
+k2(n+ 1)R.S, g7 + k2 (n) Sk gRrw + ... + k¥ (1) S g Rr .
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1 By induction hypothesis we have
k0)SiE e = Kl (n+1)k2(0) Rz — k' (n + kL (0)Rrw — k¥ (n)ar 1 Rz — kS (n)ar o R23 — ..
e — k2D an1Rr + ... F annRE + amnHRZH]x
e F K+ DEP(0)R22 + K2 (n) Ry [a11 Ry + a1 2Rz + ...
+kX (V) Ry [an 1Ry + .. + @nnR” + a1 R
= (KZ(n+1)k2(0) — k%(n+ 1)k2(0) — k2 (n)ai s — ... — k¥(1)an1) Rrx
+ (k2 (n+ DEL(0) + k2 (n)arq + ... + kS (Dan1 — k2 (n)ars — ... — k2 (Dan2) R2x

+ (k7 (2)an—1,n + kS (Dann — kf (Dapni1) Ry
+k?(1)an,n+1RZ+2$a
and therefore
Sg}lx = an+171R.,x + anJrLQRE..’ﬂ + ...+ an+1,n+2R¢+2x.

2 This finishes the proof.

4 If A is a bounded operator, we have the following result.

s Proposition 3.16. Let o, 8 > 0 such that 7 < 1. If A is a bounded operator with |A|| < 1, then A
6 generates the (o, 3)-resolvent sequence {S’Zﬁ}neNO defined by

o0

(3.20) na=> kTP (n)Al.
=0

7 Proof. Let € X and n € Ny. From [21, Formula 8.328] the serie in (3.20) converges for 7* < 1 and
s || A|l < 1. Then, by (2.4) we get

n oo n

TAZkf(n—j)Si’ﬁx = ZAZ+1TZk$‘(n—j)k$‘l+5(j)x
=0 1=0 =0
_ Z Al“kf(l“)*ﬁ(n)x
1=0

= Z ATEITB (n)a — kP (n)z.
j=0

Hence,
E2(n)x +7A Z kEX(n — j)Si’Bx = Z ATESIHB (n)a,
§=0 §=0
that is,
T = Z kgj-i-,@ (n)A7.
j=0
9 (]

10 The next Corollary is a direct consequence of Proposition 3.16.
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Corollary 3.17. Let 7 < 1. If A is a bounded operator with ||A|| < 1, then A generates the (1,1)-resolvent
sequence {ST 1 }nen, defined by

— ,; TG+n+1) i < j(n+i)
2T F(j+1)F(n+1)A _ZT< ; )A'

i=0 =0 /

(3.21) Sty =Y kT (n)Al =
j=0

Now, since for any 5 > 0
-1

By 1
ky(n) = () (1+O<n>>,neN,ﬁ>O
(see [21, Formula 8.328]) we get

T =K = i (1+0(3))

and therefore, the identity (3.21) gives an approximation of the semigroup

oA i (tA)

= P

at t, := nr, that is, ST'; approximates et for each n € Ny.
Remark 3.18. For n € N given, we define the matriz A € M, 1(R) and the vector R € R™*! as follow:
A(i,j) = {g“ ;: R(G):=R', i=1,..,n+1.
Then, S € Mp11)x1(R) defined by
S@) =S4, i=1,.,n+1

satisfies S = ART. Furthermore, it is not difficult to see that for the case « = = 1, the matriz A
corresponds to unity Iny1.

We notice that if e, (t) := "1 E, g(—ot®), where o > 0, then {Sgﬁ}neNm corresponds to a discretiza-
tion of e, 5(t) on the interval [0, 7). In Figure 1, we illustrate the function e, g(t) := t? "1 E, 5(—ot®) and
the sequence S, 5 (generated by A = oI) on the interval [0,1], where 7 = 1/N, 0 <n < N and N = 100,
respectively. For ¢ = 1, we choose, respectively, « = 1.1, =0.1, and « = 0.1, 5 = 0.9.

FIGURE 1. eq g(t) (line) and S 5 (circles) for N = 100.
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4. SOLUTION TO A FRACTIONAL DIFFERENCE EQUATIONS

In this section, we study the existence and uniqueness of solutions to a fractional difference equation.
The results in this section shows that the discrete resolvent families play a crucial role in the representation
of solutions.

To illustrate the previous results, we consider the initial value problem

cVour = Aut 4 VOl > 2,
(4.22) u? = o,
ul = 0,

where 1 < oo < 2, A is a closed linear operator in a Banach space X and zy € X. We notice that (4.22)
can be see as a discretization of the problem

(4.23) 0u(t) = Au(t) + 02 f(t), t>0,

under the initial conditions u(0) = o and «'(0) = 0, where 9§ denotes the Caputo fractional derivative.
This equation has been widely studied in the last years, see for instance [8, 13, 14, 37] and references
therein. By [12] or [41], if A generates an exponentially bounded (a, 1)-resolvent family {Sq 1(t)}i>0 in
the sense of (3.9), then the solution to (4.23) is given by

u(t) = Sa1(t)zo + /0 Se1(t—8)f(s)ds.

The next result shows that the solution to (4.22) can be written as a discrete variation of parameter
formula, similarly to the continuous case.

Theorem 4.19. Let 7> 0 and 1 < o < 2. Let A be the generator of an (o, 1)-discrete resolvent sequence
{S8 1 nen,- If zo € X, then the Caputo fractional difference equation (4.22) has a unique solution given

by
u" = S5 120 + 7(Sa1 * )",

for alln > 2 and u® = xg, u' = 0.

Proof. Since A generates an (o, 1)-discrete resolvent sequence {S7 ;}nen, and k}(n) = 1 for all n € Ny,
we have, by definition, that

J
(4.24) Sx=a+7AY k(i —1)S, 2,
=0

for all j > 0 and « € X. By definition of the Caputo fractional backward difference operator for 1 < o < 2,
we have for all n > 2 that

(4.25) oV (Sq1z)" = V7 EIVE(S, 12)" =7 Z E2=%(n — j)(V2Sq12).
=0

The equality (4.24) implies that

. 1 ; o i
(V2S,12)) = ﬁ(Sf%lx — 28 e+ 80 )

Jj—1 Jj—2

A J
= = TE k‘f(j—l)S(l“ac—2TE k‘:(j—l—l)S&lw—i—TE EX(j—2-1)8 x|,
- : : :
1=0 1=0 1=0
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for all j > 2 and z € X. Since kl(n) = 1 for all n € Ny, the convolution property (2.4) implies that

n J
TY K2 = )T Y k(G- DL = QZkQ %(n — 7) (kS * Sq1)x
j=0 1=0

- T<k3 © s (K Sq0))"e
= 7(k2%Sa1))"x
= T2kl x (kL% Sun1)) "

_ TQi:(ki % San)z
j=0
- T2ii5(lx,1xa

§=0 1=0

for all n > 2. Since Z Zov? =0 for all k € N, we get similarly that

n j—1 n—1 7
erE‘a(n—j)er (j—l—l)Sa x =72 ZSé)lx,
j=0 =0 Jj=01=0
and
n—2 j
(4.26) TZ k2 %(n — j)T Z EX(j—2— l)S(lx,lx =72 Z Z Sé)lx,
§=01=0
for all n > 2. By (4.25)7(4.26) we obtain
n J n—1 7J
oV (Sa1z)" = A S oSha—23" Y S+
=0 1=0 §=01=0 §=01=0

J
= AS)x,
for all n > 2 and = € X, and therefore
c VS, 110 = AS 1 0.
On the other hand, by definition we have

oV (Say * f)") = V7 C7IVE (S + )" —TZkM — H)V2(r(San * f)),

for all n > 2. Since

. 1 ) ) )
Vi(Sa1x Y = =5 [(Saa x Y = 2(San* /)77 + (Saxx /)77,
for all 7 > 2, and by definition

Styx=ki(n x—|—TAZk‘°‘ §)S% @ =2+ TA(KS * Sa1)",
for all x € X, and n € Ny, we get that

(Sen * f)" qumk * So1 % )7,

7=0



16 JORGE GONZALEZ-CAMUS AND RODRIGO PONCE

1 for all n € Ny. Hence

Ve ((San* )Y = TZk2 n — §)V2(Sqr * f)’

J Jj—1 j—2
= %Zki‘%n—j) erfl —2ry STy S
7=0 =0 =0 =0

+ QZkQ o (k; xS 1% f) —27(k® % So 1 *f)j_l—&-7'(16?*5%1acf)j_Q]7
-
2 for all n > 2.
3 An easy computation shows that
J Jj—1 Jj—2 i pji—1 )
(4.27) TZfl—2TZfl+TZfl1 :Tgi(f Tf ) = 72VL(f).
1=0 1=0 1=0

4 Moreover, by (2.4), we obtain

TY K2 = §)(kS % Saq x f) T(k2 % % k% % Sq g x f)"

j=0
= T(klxkixS,pxf)"

= ) K0 ) (kE % Sa xS

7=0

n J
= TZZZ aﬁ*f

j=0 1=0

~

Similarly, by (2.2), it is easy to prove that

i
L

ll]
Mu.

YR 0 K Saa k)T =2 D (Sapx )
7=0 /

<
I
=)
Il
=)

and

S
|
N

-2 j
TZk:2 “(n— ) (k> % So1x f)™ 7-2 Z wp* )L
7=0

=0

<.
I
=)

5 for all n > 2.
6 On the other hand,

(4.28) oVertn = vo(-la=) (gl pyn — g2-a(yl f)n —er& U n — (V)
7=0

7 and, by (4.27)-(4.28), we conclude that

n _ A n n 7
oV (r(Saax /)T) = 7Y K=V + 5T KT =) [72 YD (Sasxf)
=0 j=0 7=01=0
n—1 j n—2 j
2723 "> (Sas*x H' H7D D (Sap* f)l]
j=01=0 j=0 1=0
= oV + A((San x /),
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for all n > 2. We conclude that if u™ := S§ ;20 + T(Sa,1 % )" for n > 2, then

cV“(u”) = oV (S&ﬁo + T(Sa,l * f)n)
= ASI iz + A(T(San* [)") +c VO
= Au" 4o Vel

for all n > 2, that is, u™ solves the equation

VUt = A" +¢ VAL > 2,

We conclude that the sequence (u")nen, defined by

Seazo+7(Saax f)", n2>2,

u” = Tg, n=1,
0, n=0,
solves the problem (4.22). The uniqueness, follows from Proposition 3.14. |
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