ON C*-HOLDER CLASSICAL SOLUTIONS FOR NON-AUTONOMOUS
NEUTRAL DIFFERENTIAL EQUATIONS: THE NONLINEAR CASE

EDUARDO HERNANDEZ i, DONAL O’REGAN, AND RODRIGO PONCE §

ABSTRACT. In this paper we continue our developments in [17] on the existence of classical solu-
tions for abstract neutral differential equations. In the current work we extend the results in [17]
for nonlinear neutral differential equations. Some applications involving nonlinear partial neutral
differential equations are presented.

1. INTRODUCTION

In this paper we discuss the existence of classical solutions for some models of neutral differential
equations which can be described in the abstract form

(1.1) %[u(t) ottw)] = AWMult) + ftuw), telo,d,
(1.2) ug = peUCB=C(-p,0;D), (p>0),

where (A(t)):e[0,q) is a family of sectorial operators defined on a common domain D(A) C X, each
operator A(t) is the generator of an analytic semigroup of bounded linear operators on a Banach
space (X,] - ||), P denotes the space D(A) endowed with the norm || - ||p, U C B is open, ¢ € U,
the history u; : [—p,0] = X (ut(0) = z(t+6)) belongs to B = C([—p,0];D) and f,g:[0,a] xU — X
are continuous functions.

The literature on abstract neutral differential equations of the form (1.1)-(1.2) is extensive and
includes topics on the existence and qualitative properties of solutions, see [2, 3,4, 5,9, 11, 16, 17,
18, 19, 20, 22, 27] and the references therein. In the cited works some restrictive conditions are
used in order to guarantee the integrability of the function s — AT (t — s)g(s, us) which appears in
the variation of constant formulae used to define the concept of mild solution of (1.1)-(1.2). We can
present these conditions in the following unified manner.

(Hg) There exists a Banach space (Y,| - |ly) continuously included in X
such that g € C(]0,a] x B;Y) and the operator function t — AT(-) belongs
to L1([0,b]; £(Y,X)), where £(Y,X) denotes the space of bounded linear
operator from Y into X endowed with the norm of operators.

The condition (Hg) is an elegant mathematical condition which can be verified in some situations.
However, due to the nature of the operator A, this assumption is a severe restriction. To illustrate
this fact, we note that in Datko [9], for example, X = Cpyc(]0,00),R) (the space of bounded
uniformly continuous functions from (—o0, 0] into R endowed with the uniform norm), A(t) = A for
all ¢, and A : D(A) C X — X is the operator given by Az = 2’ with domain D(4) = {z € X :
' € X}. In this case, the function g(-) has an unusual regularizing property which transforms a
continuous function into a C! function. A similar situation is observed in [1, 18, 19, 20].

In connection to the above, we note that in [2, 3, 4, 5] it is assumed that the set {AT(t) : ¢ € (0, a]}
is bounded in the space of bounded linear operator on X which correspond to the case Y = X.
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However, as pointed out in [20], this condition is valid if and only if the operator A is a bounded
linear operator, so this restricts the applications to ordinary differential equations.
On the other hand, in [16] is studied the existence of solutions for a neutral problem of the form

(13) S0+ttt -r)] = Azl + fhw), (<)

(1.4) o = ¢€C([-r0}X),

without using the condition Hg. We note that the approach in [16] is completely different to that
used in this current paper and in the cited literature. The results in [16] are proved by assuming
that the function t — g¢(¢,¢(t — 1)) is smooth enough on [0,71] when the function g(-) and the
initial condition ¢ are smooth in an appropriate sense which permit the study of the existence of
solutions for the associated integral equation

u(t) = TB)[e(0) +g(0,0(=r1))] = g(t, ot = 1))
—/ AT (t — 8)g(s, o(s — r1))ds + / T(t—s)f(s,us)ds, te[0,r].
0 0

Motivated by the above comments, in [17] we introduced a new approach to study abstract neutral
differential equations based on maximal regularity type techniques for abstract parabolic problems.
Using this new approach, in [17] we discussed the existence of classical solutions for abstract neutral
problems of the form

L) + gt w)] = AWu(t) + £, w)

The results in [17] are proved assuming that the functions f(+), g(-) are a-Holder in an appropriated
sense and f(t,-), g(t,-) are bounded linear operator for all t € [0,a]. The assumption on f(t,-),
g(t, ) is used to guarantee that functions of the form ¢ — f(¢,us) — f(¢,ve), t = g(t,us) — g(¢,v;) are
a-Holder continuous when the involved functions u(-),v(-) are a-Holder and this enables us to use
the contraction mapping principle in spaces of a-Hoélder continuous functions. The conditions on
f(t,+), g(t,-) are useful and satisfied in several situations. However, they restrict the applications to
linear type neutral differential equations. This relevant fact is the main motivation of the current
work. In this paper, by assuming that f(-), g(-) are smooth enough on an open neighborhood of
the initial condition ¢, we study the local existence of classical solutions for neutral problems of the

form
(1) L) + gl u)] = Au(t) + St w)
(1.6) jt{u(t)—k i B(t,T)u(T)dT} — A()u(t) + f(t up),

which were treated earlier, for the linear type case, in the paper [17].

To finish our comments on the associated literature, is convenient to include a remark on the
paper [15] where is introduced and studied a new type of neutral differential equation described in
the form

(1.7) u'(t) = Au(t) + f(t,ug, uy), up=¢ € B,

which has a slight similarity with the problem and the technical approach in this current work.
Concerning the relations between [15] and our current paper, we remark that now we study “non-
linear neutral” problems with applications to nonlinear partial differential equations whereas the
results in [15] are only applicable to neutral type linear equations.

Abstract neutral differential equations arise in many situations. The abstract problem (1.1)-(1.2)
arises, for example, in the theory of heat conduction in fading memory material. In the classical
theory of heat conduction, it is assumed that the internal energy and the heat flux depends linearly
on the temperature u and on its gradient Vu. Under these conditions, the classical heat equation
describes sufficiently well the evolution of the temperature in different types of materials. However,



this description is not satisfactory in materials with fading memory. In the theory developed in
[13, 26], the internal energy and the heat flux are described as functionals of u and wu,. The next
system, see [6, 7, 8, 24], has been frequently used to describe this phenomena,

¢ ¢
% [u(t, x) + / ki(t — s)u(s,x)ds| = cAu(t,z)+ / ka(t — s)Au(s, x)ds,
u(t,z) = 0, x € 0N.

In this system, Q@ C R™ is open, bounded and has smooth boundary, (¢,z) € [0,00) x Q, u(t,x)
represents the temperature in x at the time ¢, ¢ is a physical constant and k; : R - R, ¢ = 1, 2, are
the internal energy and the heat flux relaxation respectively. By assuming the solution u is known
on (—o0,0] and ky = 0, we can transform this system into the abstract form (1.1)-(1.2).

The literature on ordinary neutral differential equations in the theory of population dynamics
is extensive, see for example, [10, 12, 22, 23]. If in some of these works we consider the spatial
diffusion phenomena, which arises in the natural tendency of biological populations to migrate from
high population density regions to regions with minor density, then it is possible to obtain partial
neutral differential systems of the form

% [u(t> 5) + g(ta u(t — P1, 6))] = Au(t,f) + f(t7 u<t — P1, 5))7
which can be described in the abstract form (1.1).

For additional references and new developments in abstract neutral differential equations we also
cite [15, 16] and the references therein.

This paper has four sections. In the next section we introduce some notations, definitions and
results used in this work. In Section 3 we study the existence of classical solutions for the neutral
problems (1.5)-(1.6). In the last section some applications to nonlinear partial neutral differential
equations are presented.

2. PRELIMINARIES

In this section we introduce some notations, definitions and technical results used in this paper.
Let (Z,|| - ||z) and (W,|| - |lw) be Banach spaces. In this paper, £(Z, W) denotes the space of
bounded linear operators from Z into W endowed with the norm of operators denoted by || - || 2(z,w)
and we write £(Z) and || - || z(z) when Z = W. In addition, Bi(2,2) ={x € Z:|| z — 2z [[z< [} and
for a given function A(-) we use the notation d;h(-) for the i-th partial derivative.

As usual, C([b,c]; Z) is the space of continuous functions from [b,¢] into Z endowed with the

uniform norm denoted by || - [[¢(5;2). The space C7([b,c]; Z), v € (0,1), is formed by all the
functions & € C([b, c]; Z) such that [§]cw ((b,c;2) = SUPy sep,o] 145 % < 00, provided with the

norm || & lev(p,e:2) =M € llepa.2) HElc (b,e:2)-

Concerning the operator family (A(t)).c[0,q), we adopt all the notations and assumptions consid-
ered in [17]. In particular, A = A(0) and D denotes the domain of A endowed with the graph norm
| z |p=| Az ||. In addition, we suppose that 0 € p(A), each operator A(t) is the infinitesimal gener-
ator of an analytic semigroup on X, the domain of A(t) is independent of ¢ and the operator function
t — A(t) belongs to C¥([0,a]; £L(D; X)) for some a € (0,1). In this work, (T'(¢)):>0 represents the
semigroup generated by A and C;, i € N, are positive constants such that || AT(t) ||< C;t~ for
every t > 0. The notation (X, D), o, n € (0,1), stands for the space

(X,D)poo ={x € X : [7]y00 = sup | t'"TAT(t)z ||< o0},
te(0,1

s

endowed with the norm ||  ||;),00= [#]n,c0+ || z ||. In addition, C,’;yoo, k € N, are real numbers such
that s~ | AFT(s) || 2¢x,p), . x)< Chi o for all s € (0,a] and every k € N.
We also need to include some remarks on the abstract Cauchy problem

(2.1) %(:c(t) +&(t) = Az(t) + &), te][0,a], z(0) = zo.
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We note that the mild solution of (2.1) on [0, 5], 0 < b < a, is the function given by

u(t) =T (t)(zo +£1(0)) — &1.(t) — /0 AT (t — s)&1(s)ds + /0 T(t — s)éa(s)ds, Vte]0,b)].

In addition, a function u € C([0,b]; X) is said to be a classical solution of (2.1) on [0,b] if u+ ¢ €
C1([0,b]; X), u € C([0,b]; D) and u(-) satisfies (2.1) on [0, b].

Lemma 2.1. [17, Lemma 2.1] Assume & € C*([0,b], D), & € C*([0,b],X), = € D and let u :
[0,b] — X be the mild solution of (2.1) on [0,b]. If Az + £2(0) € (X, D)a 00, then u(-) is a classical
solution of (2.1), u € C*([0,b], D), the function u+ & is differentiable, % (u + &) € C*([0,b], X)
and

1

C
[ulca(jo.p1,0) < A[Ex] e (j0,00,0) + [E2lc (0,5, %)) + (ZOO | Az + £5(0) [|a,005

whereAzz%Jr?)CoJrQJrﬁ.

To prove our results we introduce the Hz v, condition.
(HZ w) Let V .C Z be an open set, z € V, a € (0,1), and H € C([0,a] x V;W). We say that H(-)
satisfies the H7  condition at z € V if doH € C([0,a] x V;W) and there is a function
Ly € C([0,a] x [0,00); (0,00)) such that
| H(t,2) = H(s,2) llw + || daH(t,) — dyH(s,2) | czun< Lua(br) | = s |,
| doH (s,21) — d2H (s, 22)) |l c(zw)< Lu(b,7) || 21 — 22 || 2,
forall 0 < s <t <b<a,x,x2 € Br(2,7) and each r > 0 such that B,.(z,Z) C V.
The following result is proved in [21] and we include the proof for completeness. In this result,

we use the notation H,(-) = H(-,w()) for appropriate functions H(-) and w(-).

Lemma 2.2. Assume H € C([0,a] x V; W) satisfies the Hg v, condition at z € V, B.(2,Z) C V,
0<b<aandu,ve C*[0,b];B.(z,2)) are such that u(0) = v(0) = z. Then H, € C*([0,b]; W)
and
[Hu]ca ((o,0;w)
(2.2) < Ly(br)+ (H doH (-, 2) |lcqop:c(z,wy) +Lu(b, T)ba[u]ca([o’b];Z)) [ulce ((0,6)52)
[Hu = Hylce (0,0:w)
(2.3) < (0L (b,r) (1 +2B(u,0))+ || d2H (-, 2) leo,p)eczwy)) [u = v]oa (o 2):
where B(u,v) = [u]ce((0,0);:2) + [V]ce((0,0];2) -
Proof: First we prove that H, € C*([0,b]; W). For 0 < s <t < b we see that

| Hu(t) = Ha(s) llw<|| H(tu(t) = H(s,u(®)) llw + | H(s, u(t) = H(s, u(s)) |w
< || H(t,ult) — Hs,u(t)) |w + / || %H@,gu(t) + (1= &)uls)) llw de
1
< Lu(br)(t—s)+ / | doH (s, €ult) + (1 = €)u(s)) | ez | u(t) — uls) |1z de

IN

1
La(br)(t = 9)" + oot = 9)° [ 1| daH(s.2) ez, de
0

1
U] ce(o,5),2) (t = S)Q/O | d2H (s,&u(t) + (1 — §u(s)) — doH (s, 2) || c(zw) d€
Ly (b,r)(t — )" + [u]caop;2)(t — )" | d2H (-, 2) |le(o,b);c(2w))

1
+[u] e (0,5],2) (t — 8)“/0 L b, )€ [ ut) =2z +(1=&) [ u(s) =z ||z)d¢

Ly (b,r)(t —s)+ || d2H(-, 2) |le(o,p);c(zw)) [Wee((o.5):2)) (t = 5)°
+u]ca(o,5:2) (t — 8)* L (b, 7)[u]ca(0,5:2)b",

IN

IN



which implies that H, € C*([0,b]; W) and establishes the first inequality.
To prove the second inequality, for 0 < s <t < b we note that

Hy(t) = Hy(t) — (Hu(s) — Hu(s))
= H(t,u(t)) — H(t,0(t)) — (H(s,u(t)) — H(s,v(t))
(s,u(t)) — H(s,v(t)) = (H(s,u(s)) — H(s,v(s)))

+H
= /0 %[H(f,fu(t) + (1 =&v(t)) — H(s, &u(t) + (1 = §v(t))]dE
'o
+/0 %[H(Svﬁu(t) + (1= &v(t)) — H(s,&u(s) + (1 — §v(s))]dE.
From this equality and using that w = u — v € C*([0,b]; Z) and w(0) = 0, we get
I H(t,u(t) = H(t,v(t)) = (H(s,u(s)) = H(s,v(s)) ||z

< / | doH (¢, §u(t) + (1 = §)v(t)) — doH (s, Su(t) + (1 = §)v(t)) lezw)ll wt) ||z dE

+/0 | (doH (s, &u(t) + (1 = o)) w(t) — d2H (s, Eu(s) + (1 — §)v(s))w(s) [z dE

IN

1
[ b u) + (1= 00) ~ daH (5, 0(t) + (1 = €00(0) ez | w(e) 1z
1
[ B s, ult) + (1= 0(0) = daH (s, u(s) + (1= ula))u(t) |7
[ B (s, ule) + (1= €)0(9) = o (s, 2] 1) =) |7

/ | doH (s, 2) w(s)) lw dé
) [w]ee (0,5, 2)b”

+LH(b7T)/O (€ hu(®) —uls) lz +(1 =€) | v(t) = v(s) l2) [ w(t) ||z d€

IN
h
m
=
Z
~
I
w

1
+LH(b,7‘)/O Eluls) =z llz+1 =& [[v(s) =2 |lz) [| w(t) —w(s) ||z d§
+Hwleaop);2) (= 8)* || d2H (-, 2) leo,p);2(2,w))
Ly (b,r)(t — s5)*[w]ce(o,:2)0" + L (b,r)B(u,v)(t — 5)*[w]ce((o,5;2)t"
+Lg (b, r)(s%[u]ce((0,0);2) + 5" W]cw((0,01:2)) [W] e ((0,p);2) (E — 5)°
Hwlca(o,p:2)(t = 8)* || deH (s, 2) [l 2(z,w)>

IN

which shows that H, — H, € C*([0,b]; W) and

[Hu = Holow (0,0w)
< (0 La(b,r)(1 4 2B(u,v)+ | d2H (-, 2) lleqosczwy)) (4= vlca(ob)z)- B
Remark 2.1. In the remainder of this work, A is the constant introduced in Lemma 2.1 and
@ : [=p,a] = B is the function given by ¢(t) = ¢(t) for t € [—p,0] and @(t) = T(t)¢(0) for t € [0, a).
In addition, for a function u € C([—p,b]; D), 0 < b < a, we use the notations P, and L, (¢) for the
functions L, : [0,b] = X and P, : [0,b] — B given by P, (t) = uy and L, (t) = (A(t) — A)u(t).

3. EXISTENCE OF CLASSICAL SOLUTIONS

In this section we discuss the existence of solutions for the equations (1.5) and (1.6).
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3.1. Classical solutions for a general class of neutral system. In this section we consider the
problem of the existence of classical solutions for a neutral system of the form

d

(3.1) @O +gltz) = A@)z(t) + f(t,2¢), t€[0,d],
(3.2) g = @eUcCB=C(-p,0],D).

To begin we note the following concept of solution.

Definition 3.1. A4 function v € C([—p,b]; X) is called a classical solution of (3.1)-(5.2) on [0,b] if
u(-) + g(-, Pu(+)) € CL([0,b]; X), u € C([0,b]; D), ug = ¢ and u(-) satisfies (3.1) on [0,b].

To establish the results of this section, from [17] we include the following lemma.
Lemma 3.3. Let u,w € C([—p,b]; D) and assume w = 0. Then L, € C*([0,b], D) and
(3.3) [LM]C"“([Oyb];X) < [A]C"([Oyb];E(D,X))(H u ||C([O,b],D) +ba[u]ca([0,b],p))7
(3.4) [Lwlcaqomx) <

Remark 3.2. It is convenient to include some additional notations. For b € (0,b] and R > 0 we
use the notations

Oa(b,R) = [Alca((o,b):c(p.x)) (2D“RA+ || ¢(0) [|p) and O 4 (b) = 2b*[A]ca(jo,b):c(D.x))-

We note that if u, w are the functions in Lemma 3.3, u(0) = ¢(0), [u]ca(jo,4);p) < R and [w]ca ((0,0);p) <
R, then [Lu]cu([o,b];X) < ©4(b, R) and [Lw]C‘*([O,b];X) < O4(D).

20°[A] e (j0,8);2(D,x)) (W] o ([0,6], D)) -

We can establish now our first result on the existence of a classical solution for (3.1)-(3.2).
Theorem 3.1. Assume that g(-) satisfies the Hg 1, condition at p € U and f(-) satisfies the H x
condition at ¢ € U. Suppose, Pz € C*([0,b]; B), ¢ € C*([-p,0]; D), {A¢(0), f(0,9)} C (X,D)a,0
and
(3.5) 2A(L£(0,0) + Lg(0,0)+ [ d2f(0,) llc(s,x) + [ d29(0,9) llc(8,0)) < 1,

where Lg(-), Ly(-) are the functions associated to g(-), f(-) via the H p and the Hg x conditions.
Then there exists a unique classical solution uw € C*([—p,b]; D) of the problem (3.1)-(3.2) on [0,b]
for some 0 < b < a.

Proof: Let r > 0 be such that B, (¢, ) C U. By using that the functions Ly(-), L(-) are continuous,
from condition (3.5) we select R > r > 0 and b € (0,a] such that

CO( oo
b*(A(Of(r, R,b) + O4(r, R,b) + © (b, R)) + " | £(0,9) llayoo +[Pzlce(0,5:8))

ZA(@f (’I"7 R, b) + @g(r, R7 b) + @A(b, R)) + [PG]CG([O,b];B)
$E8 () 1(0,0) e + | A40(0) 4 1(0.6) o) < B
(6% + DA((L (b, ) + Lyg(b,r)) (1 + 4R) + O(b)) < 1,

where ©¢(b) =| d2f (-, ¢) llc(o.b1:c(8.x)): Og(b) = d2g(-,¢) llc(0.0;:2(8.D)). Ob) = Of(b) +O4(b) +
©4(b), On(r,R,b) = Ly(b,r) + (Lp(b,7)b*R 4 O4,(b))R for h € {f, g}, and ©4(b), © 4(b, R) are the
numbers introduced in Remark 3.2.
Let Y = C*([—p, b]; D) and Y(b,r, R) be the space
V(b,r, R)={u € Y;uyg =, P, € C[0,b]; B), [Pu]caqop;p) <R, | Pu—¢llcqous =T}

endowed with the metric d(u,v) =| Py — P, ||ca(jo,5;8)- On the space Y(b,, R) we define the map
L Y(b,r, R) = C([-p,b]; X) by (I'u)o = ¢ and

IA
3

Tu(t) = T()((0) +9(0.9)) — gult) - / AT(t — )gu(s)ds

+/0 T(t— s)[fu(s) + Lyu(s)]ds, fort e [0,b],



whete gu(f) = glt, ), fult) = (1, ue) and Lu() = (A(t) — Ayu(t)

By noting that g, € C([0,b]; D), it is easy to see that I'u € C([—p,b]; X). Next, we prove that I’
is a contraction on Y(b, 7, R). In the remainder of the proof, we assume u,v € Y(b,r, R) and we use
the notation I'*u for the function I''u = T'u — .

Step 1. The map I has values in Y and || Py, — @ [|¢(jo,5;8) < 7
From the definition of Y, the properties of the functions g(-), f(-) and Lemma 2.2 we have that
gu € C([0,b]; D), fu € C*(]0,b]; X) and
[ful o (o,01:%)
< Ly(b,r) 4 (Ly (b, 7)b [Pulco (oot | d2f (5 0) leqop)ics,x))) [Pulce jo,6:8)
[gulca(0.01:D)
< Lg(b,r) + (Lg(b, )b [Pu] e o018+ | d29(5 @) leopcs,0)) [Pulce (o.b:5)-

From the above and Remark 3.2 we obtain that

(3.6)  [Lulca(opx) < Oalb,R), [fulca(opx) < O(r, R, b) and [gu]ce(jo,0);p) < Og(r, R, D).
On the other hand, from Lemma 2.1 we see that I'u;, , € C*([0,0]; D) and
[(TWgyleaqompy < Allfulcaqomx) + [Gulcaopp) + [Lulceop:x)
+E22 | 40(0) + 7(0,6) e

from which we obtain that

[(Fu)Ho,b]}C“([O,b];D) < A(Gf(ra R7 b) + 69 (Ta Ra b) + eA(b7 R))
Ca oo
(3.7) +== 11 Ap(0) + £(0, ) [lax,cc.

In addition, by noting that (Flu)l[,p,o] is the mild solution of (2.1) with & = g4, §&2 = fu + L. and
2o = 0 and using Lemma 2.1, for ¢t € [—p, 0] and h > 0 such that t + h > 0 we get

| Tu(t + h) = Tu(t) [[p=|| Tu(t + h) = ¢ (t) [
< Tt +h) =T+ h)p(0) o + | T(t+ h)e(0) = (0) o + [| $(0) = (t) [l

Capo
<+ W) (Al fuloeqomx) +guloaqomp) + [Luloaqom ) + == 11 £(0,0) llaec)

t+h
+ / | T(s)Ag(0) || ds + (—£)* el cm(ouym)

IN

o Coc,oc
R (A([fulcoo,61:x) + [gulcojo,51:0) + [Lulceqo,p1:x)) + " | £(0,¢) lla,00)
+(t+h)*0'Co || Ap(0) || +h*[@lca(j0,6:D)s
and hence,

| Tu(t +h) = Tu(t) [

< B (A(fulewqosx) + [gulee(o,pp) + [Lulow(o,:x)) + CZOO 1 £(0,¢) lla,e0)
+h* (' *Co || Ap(0) || +[¢lca(opp))s  for t € [=p,0],h > 0,t+h > 0.
Using this inequality, (3.6), (3.7) and the fact that ¢ € C*([—p, 0]; D) we infer that
Tulco(—pppy < A(Of(r, R,b) + Oy(r, R, b) + ©4(b, R))

COLOO
o 1F0,90) llasse + [} Ap(0) + £(0,0) [la,c0)

+0'7Co || Ap(0) || +[elo (0,610
which shows that I'u € C*([—p,b]; D) and Tu € Y.

+
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To prove that || P, — ¢ [[¢(o,b);8)< 7, it is convenient to estimate || T'u(t) — ¢(t) ||p. From the
inequalities in (3.6) and Lemma 2.1, we note that for ¢ € [0, b]

| Tu(t) — &(t) o=l T u(t) |Ip
«a Ca,oo
< (A fuloaqo.b):x) T [guloaqo,p);p) + [Lulcwo,:x)) + o I £(0,0) lla,o0)

Ca o0
< t(AO(r B, b) + Og (1, B, b) + ©a(b, R)) + — = || £(0,0) llac0)-
Using this estimate, for t € [0, b] we get
| Pru(t) = ¢ [[5<I| Pra(t) — P(t) I + || Pa(t) — ¢ [l

< sup || Tu(s) = @(s) |8 +t*[Pplce(o.b18)
s€[0,t]
Ca,oo a
o ” f(oa 90) ”04700) +1 [Pcﬁ]ca([o,b];B%
which shows (see the choice of b) that || Pr,(t) — ¢ ||5< r for all ¢ € [0, d].

Step 2. Pr, € C”([O,b];B) and [PFu]C“([O,b] B) < R.

3

From (3.7), (3.8) and Lemma 2.1, for ¢ € [0,b) and h > 0 with ¢t + h € [0, )] we get
|| Pl"u(t + h) - Pl"u(t) ||B

< N Pru(h) =@l + sup, [ Tu(s +h) —Tu(s) ||
s€[0,t

(3.8) < tY(A(Of(r,R,b) +O4(r,R,b) +©4(b, R)) +

Ca,00
< ha(A(@f(T7 Ra b) + @g(rv R7 b) + ®A(ba R)) + 77 H f(oa QD) Haoo +[P§Z]C”([0,b];3))

AU (MO, R 1) + Oy (r, B, B) + O.a(b, B) + “2 | Ap(0) + 1(0,0) o),

2h* (A(@f(’l“, R, b) + @g(T, R, b) + @A(b, R)) + h® [Paﬁ]Cﬂ([O,b];Bx)

(39 +h T 10,9) oo + 1| A0(0) + F(0.9) ),

which shows that Pr,, € C%([0,b]; B) and [Pru]ce(o,0);8) < R
Step 3. The map T is a contraction on Y(b,r, R).

From Step 1 and Step 2 it follows that I' has values in Y(b, r, R). To prove that I is a contraction,
we estimate [Pry — Pro]ce((o,5];8)-

By noting that I''u — I''v is the mild solution of the problem (2.1) with & = g, — gy, & =
fu+ Ly — (fo+ Ly) and 2p = 0 and using Lemma 2.1, for ¢ € [0,b) and h > 0 such that t+h € [0, ]
we see that

I Pru(t 4+ h) = Pro(t +h) = (Pru(t) — Pro(t)) [l
< | Pru(h) = Pro(h) |l + sup || Tu(s +h) —Tw(s + h) — (T'u(s) — T'v(s)) [lp

IN

s€0,t]
< Sl[éph] | Tu(s) — Tv(s) — (T'u(0) — T'v(0)) o +h*[(Tu),,, — (FV)0,]ce(0.01:0)
s€|0,
< 20%[(Tw) g, — (F0)j ,Jce 0.6
< 2R A([fu — foloa(o.b):x) + [9u — golca(o.p)p) + [Lu—vlce(0,0):x))

which implies, via Lemma 2.2 and Lemma 3.3 (see the inequalities (2.3) and (3.4) respectively), that
[Pru — Proloe((o,0);5)
< 20(Lg(b,7)(1 + 2B(Pu, P )b )+ (| d2 f () llc(o,):(8) [Pu — Pole=(jo,5:8))
F2A(Ly(b,7)(1 + 2B(Py, Po)b")+ || d2g (-, ©) llc(o,0):(8)) [Pu = Polce(jo,6:8))
+2b%[A] e ((0,0);2(p,x)) d(u, V),
and

[Pru — Prolos o) < 2A((Ly(b,r) + Ly(b,r)) (1 + 4Rb) + ©(b))d(u, v).



Moreover, by noting that Pr,(0) = Pr,(0) it follows that
| Pro — Pro |loa(o,s;:8)< 2(0% + D)A((Lf(b,7) 4+ Lg(b,r))(1 +4R0%) + ©(b))d(u,v),

which proves that I' is a contraction on Y(b,r, R).

Finally, from the contraction mapping principe we conclude that there exists a unique classical
solution u € C*([0,b]; D) of (3.1)-(3.2) on [0,b]. This completes the proof. ®

In connection with the results in [17] we have the following corollary.

Corollary 3.1. Assume that g € C*([0,al; L(B;D)), f € C%([0,a]; L(B; X)), the function Pz
belongs to C*([0,al; B), ¢ € C*([—p,0]; D), {Ap(0), f(0)p} C (X,D)a,00 and

AA( £QO) [lesix) + (1 9(0) llesim)) < 1.

Then there exists a unique classical solution u € C*([—p,b]; D) of (3.1)-(3.2) on [0,b] for some
0<b<a.

Proof: The assertion follows directly from Theorem 3.1. We only note that the functions g(-), f(-)
satisfies the Hg 5, and the Hg x condition with Ly(t,7) = g || o(o.q.cs.00 (1 +7) and Ly (t,7) =||

f HC([O,t];E(B,X)) (14+7). m
In the next corollary we establish the existence of a classical solution for the neutral problem

% [z(t) + Gt x(t —p1))] = AB)x(t) + F(t,z(t —p2)), te€l0,al,
(3.11) o = o
where 0 < p1,p2 < p, F,G € C*([0,a] x V; X) and V C D is a open neighborhood of ©(0).
Corollary 3.2. Assume that G(-), F'(-) satisfies the H},  and the H, x conditions at p(0) € V/,
Pz € C([0,6]; B), {Ap(0), F(0,(=p2))} C (X, D)a,c0 and

A(Lp(0,0) + Lg(0,0)+ || d2F (0, 0(=p2)) lle(p.x) + | d2G(0,0(=p1)) l2(p,p)) < 1.

Then there exists a unique classical solution v € C*([—p,b]; D) of (3.10)-(3.11) on [0,b] for some
0<b<a.

Proof: The results follows from Theorem 3.1 by defining the function f(-),g(-) by f(t,¥)(&) =
F(t,9(=p2)) and g(t,¢)(&) = G(t,¢(=p1)). =

3.2. On integro-differential abstract neutral equations. In this section we extend the results
in [17, Section 2.2]. We study the existence of solutions for a class of “nonlinear” integro-differential
neutral equations of the form

(3.12) jt[u(t)—i— / B(t,T)u(T)dT] AQtyult) + f(t,w), t€ 0,a], (= a),

(3.13) g = .

Definition 3.2. A function u € C([—p,b]; X) is said to be a classical solution of (8.12)-(5.13) on
[0,0] if the function t — {u(t) + ', B, T)u(T)dT] belongs to C1([0,b); X), u € C([0,b]; D), uo = ¢
and u(-) satisfies (3.12) on [0,b].

To prove our following results, from [17] we note the following conditions.

(H,) Forall t > s, B(t,s) € £L(D), B(t,-) € LT ([0,t], L(D)),

= sup / | B(t, o) Hc(f‘ do)1=% < oo,
te(0,b]

for all b < a, and there is L € L'([0,a]; RT) such that
|| B(tvth) 7B(575 77) ||L',(D)S LB(T) | t—s |a7 t> S, TE [078]'



10 EDUARDO HERNANDEZ T, DONAL O’REGAN, AND RODRIGO PONCE #§

(Hz) For all ¢ > s, B(t,s) € L(D), B(t,-) € Lo ([0,t], £L(D)), ©p(b) (see condition Hy) is
finite for all 0 < b < a and there is a integrable function L € L'([0,a];R*") such that
| B(t,7) = B(s,7) |z(0y< Lp(7) |t — s |* for alla >t > s > 0 and every 7 € [0, s].

Remark 3.3. In the remainder of this section, ®(y) : [0,a] — X is the function given by ®(¢)(t) =
pr B(t,7)¢(r)dr. In addition, for u € ([—p,b]; D), 0 < b < a, we use the notation S, for the
function S, : [0,b] — X given by S, (t) = fot B(t, T)u(r)dr.

The proof of Lemma 3.4 follows with minor modifications from the proof of [17, Lemma 2.4].
Lemma 3.4. Assume u € C%([0,b],D) and the condition Hy is satisfied. Then S, belongs to
C([0,8], D), || Su lle(o.0.0) <l w le(o.0,p) OB (D)6 and

[Sulcaqon,0)) < Ul L 106 +OB1)) [l w lle(o,p0) +OB () [ulca(jo,4),p)-
In addition, if u(0) =0 then || Sy |lcqo.5,0)< [Ulca((0,4,0)OB(D)V** and
[Sulce(opr,p)) < (I L L1 o.p)) +205(0))0" [u]ce (j0,4),D)-
Remark 3.4. In the remainder of this section, for positive number b, R we use the notations
©1,58(0b,R) = (|| Lp |l (om +O8B0)(R"+ [ ¢(0) [[) + ©p(b)b" R,
©2,5(b) (I L5 [l o.01) +205(0))0°.

If u(-) is the function in Lemma 3.4 and [u]ce(op);p) < R, then [Sy]ce(jo,0),0)) < ©1,5(b, R) when
u(0) = (0) and [Sy]ca(0,5,0)) < O2,8(b)[u]ce(0,4),p) When u(0) = 0.

The proof of the next theorem follows an argument similar at that in the proof of Theorem 3.1.
We include a sketch of the proof for completeness.

Theorem 3.2. Assume the condition Hy is satisfied and f(-) satisfies the H% x condition at p € U.
Suppose Py € C*([0,b]; B), ¢ € C*([=p,0]; D), {Ap(0), f(0,9)} C (X, D)a,c0, () € C*([0,0]; D)
and

(3.14) 2M(Ls(0,0)+ || d2£(0,0) lles.x)) <1,

where Lg(-) is the function associated to f(-) via the Hg x condition. Then there exists a unique
classical solution v € C*([0,b], D) of the neutral problem (3.12)-(3.13) for some 0 < b < a.

Proof: Let O4(s), ©a(s,1), ©1,5(s,1) and O3 p(s) be defined as in Remark 3.2 and Remark 3.4.
Let 7 > 0 be such that B, (¢, B) C U. By noting that ©5 p(s)+©4(s) — 0 as s — 0, from condition
(3.14) we select 0 < b < a and R > r such that

b*A(Of(r,R,b) + ©1,8(b, R) + ©4(b,R))

IA
=

[ Coz,oo
+b (A[(I)(QD)]CO‘([O,IJ];D) =+ T || f(0790) ||a,oo +[P§Z]C“([0,b];BX))
2M(©(r, R, b) + ©1,5(b, R) + ©.4(b, R)) + 2A[®(p)] 0o ((j0,6):0) + [Pal oo ((0,6):8x)
Ca o0
+= =1 £0,9) laco + | Ap(0) + f(0,9) llasc) = R,
200 + 1A (Ly(b,7)(1 +4Rb) + O (b) + O2,8(b) + O4(b)) < 1,

where ©f(r, R,b) = Ly(r,b) + (Ly(r,b)b*R+ O (b)) R and ©7(b) = d2f (-, ) llc(fo.01:2(8,x))-
Let Y,Y(b,r, R) be the spaces introduced in the proof of Theorem 3.1 and T' : Y(b,7, R) —
C(]—p,b); X) the map given by (I'u)y = ¢ and

Tu(t) = T(t)w(o)—[Su(t)+‘1>(<p)(t)]—/0 AT (t = 5)[Su(s) + () (s)]ds

+/ T(t — s)[fu(s) + Lu(s)]ds, t€]0,b],
0

where g,, f, and L, are defined in the proof of Theorem 3.1. Next we prove that I is a contraction
on Y(b,r, R). In the sequel we assume u,v € Y(b,r, R).
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Step 1. The map I' has values in Y(b,, R).

From the assumptions, Lemma 2.2, Lemma 3.3 and Lemma 3.4 we have that the functions AS,,
A®(p), fu and L, belong to C*([0,b]; X) which implies via Lemma 2.1 that I'uj, belongs to
C*([0,0]; D) and Tu is a well defined continuous function. Moreover, from these results we also
obtain that

[Sulceqopp) < (I L oy +O©5(0)) || v lleo.sp) +OB(0)6[U]ca((0,4),0)

[Lu]oa (o)) < [Aleaqoscm.x) (Il u lleqonp) +6%[Wlca(o,.p),0))
[fulca(op);x) < Ly(byr) + (Ly(b, )b [Pu]ca(op)m)+ | d2f (5 0) lloos:c,x)) [Pulcao,0:8),
and
(3.15) [Lulcaqopx) £ Oa(b, R), [fuloaoux) < Of(r, R,b), [Sulce(onp) < O1,8(b, R).
From the above estimates and Lemma 2.1 we obtain that T'u;, , € C*([0,b]; D) and

[Fu]ca([07b];p) < A(@f(?“, R, b) + @173(5, R) + @A(b, R))

CCK oo
(3.16) +A[P ()] o ((0,6:D) + o | Ap(0) + £(0,0) |la,c0 -

Moreover, arguing as in the proof of Theorem 3.1, for ¢t € [—p,0] and h > 0 such that ¢t + h > 0 we
obtain that

| Tu(t+h) =Tu(t) [[p < A*(A([fulceo.p:x) + [Sulcaosp) + [Luloa(qop:x)))

o Co,
R (A[@ ()] e ((0,8:1) + zoo | £(0,9) lla,00)
(3.17) +h (b Co || Ap(0) [| +[]ca(o.61:m))-
From the above estimates and the fact that ¢ € C*([—p, 0]; D) we have that

Culco(-pmp) < AMOf(r, R,b) + O1,5(b, R) + O4(b, R)) + A[®(¢)]ca ((0,5);m)

COC o0
FEEE ] £(0,60) oo + | AP(0) + F(0,6) llaoc)

(3.18) +017Co || Ap(0) || +[¢loa (10,610
which shows that I'u € Y. Moreover, from the estimates (3.8) and (3.9) we infer that
| Pru(t) =@ lls < t*(A(O(r, R, b) + ©1,5(b; R) + ©a(b, R))) + t*A[®(p)]ce(0.61:0)

o CYoz,oo
+t (T | £(0,0) lla,oo +[Pslca(o,0:8)):

[Pru]oeqops) < 2M(O4(r, R,b) + 01 (b, R) + ©a(b, R)) + 2A[(0)]ca ((0,5)D)
Ca o0
(3.19) +[Pzlce((0,6:8x) T " (I £(0,0) [la,c0 + | Ap(0) + £(0, %) [la,00),

which implies that || P, —¢ [lc(0,0:8)< 7 [Pru llce(o,p;8) < R and T'is a Y(b, r, R)-valued function.
Step 2. T is a contraction on Y (b, r, R).

From Lemma 2.1, Lemma 2.2, Lemma 3.3, Lemma 3.4 and proceedings as in the proof of Theorem
3.1 step 3, it is easy to infer that

[Pru — Prolce(op:s)y < 2M([fu — foloa(op):x) + [Su—v]ceo,0;0) + [Lu—v]co((0,0);x))
2A (Lf(b, 7‘)(1 + 4Rba) + @f(b) + @273(17) + @A(b)) d(u, ’U),

IN

and
| Pru — Pro [loaqop:8< 2(0% + 1A (Lg(b,7)(1 +4Rb™) + ©(b) + O2,5(b) + © (b)) d(u, v),

which proves (see the choice of b) that T is a contraction on Y(b,r, R).
Finally, from the contraction mapping principe we infer that there exists a unique classical solution
u € C*([—p,b]; D) of (3.12)-(3.13). This completes the proof. M
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In the next proposition we study the existence of solutions for (3.12)-(3.13) by assuming that the
derivative ®'(p) of ®(¢) belongs to C*([0, al, X).

Proposition 3.1. Assume the condition Hy is satisfied and f(-) satisfies the H} x condition at
¢ € U C B. Suppose Pz € C*([0,b];B), ¢ € C*([-p,0]; D), the function ®(yp) is continuously
differentiable, ®'(p) € C*([0,al; X), {Ap(0), f(0,¢) — @' (¢)(0)} C (X,D)a,00 and 2A(Ly(0,0)+ ||
daf(0,9) || z8,x)) < 1. Then there exists a unique classical solution u € C*([0,b],D) of (8.12)-(3.13)
for some 0 < b < a.

Proof: The proof follows from the proof of Theorem 3.1. For the sake of clarity, we include some
details. We adopt all the notations in the cited proof.
Let R>r >0 and 0 < b < a such that B,(p,B) C U and

b*A(O¢(r,R,b) + ©1,5(b,R) + ©4(b,R))

o Ca,oo
+0* (AP (@) e (0,0 x) + o [ £(0,0) =@ (©)(0) [la,o0 +H[Pslea(o0,0):8x)) < T
2A(0y(r, R,b) + ©1 (b, R) + © (b, R)) + 2A[®(0)]co(j0,5:x) + [Pl (j0,0):8x)
Cq

+

(I £(0,) = @' ()(0) llaoo + [l Ap(0) + f(0,0) = ¥ (£)(0) [) < R,
200 + DA (Lyg(b,r)(1+ Rb*) + B4 (b) + O3 5(b) + O 4(b)) < 1.

Let Y, Y(b,r, R) be defined as in the proof of Theorem 3.1 and T" : (b, r, R) — C([—p, b]; X) be the
map given by (T'u)g = ¢ and

,00
«

Tu(t) = T(t)e(0) — Su(t) — /0 AT (t — s)Su(s)ds

+/0 T(t— s)[Fu(s) — ®'(p)(s) + Lyu(s)]ds, for t €[0,b].

From the choice of b and arguing as in the proof of Theorem 3.2 (replacing ®(¢) by zero and f by
f — ®'(¢)) we can prove that I' is a contraction on Y(b,r, R) and there exists a classical solution
u € C*([0,0], D) of the problem (3.12)-(3.13). =

By using the condition Hy we also can establish the existence of a classical solution for (3.12)-
(3.13). We omit the proof of the following results.

Lemma 3.5. [17, Lemma 2.5] If the condition Ha is valid and uw € C*([0,b],D), then S, €
C([0,8,D), || Su lleqnp=s O8O || u lloqop,np) and [Sulceqoypy < (I Le o
+@B(b)) H U ||C([O’b];p). In addition, if u(O) = 0 then || Sy ||C([07b]’p)§ @B(b)bza[u]Coc([o’b]"D)
and [Su]ce(o.4,0)) < (I L 21 ((0,61) +© ()6 [u]ce ((0,),D)-

Theorem 3.3. Assume the condition Hy is satisfied and f(-) satisfies the Hj x condition at o € U.
Suppose Pz € C*([0,b]; B), ¢ € C*([—p,0]; D), {Ap(0), f(0,9)} C (X,D)a,00, D(p) € C*([0,0]; D)
and 2A(Lf(0,0)+ || dof(0,¢) llzs,x)) < 1. Then there exists a unique classical solution u €
C*([0,b], D) of the neutral problem (3.12)-(3.13) for some 0 < b < a.

Proposition 3.2. Assume the condition in Proposition 3.1 are satisfied with Ho replacing the
condition Hy. Then there exists a unique classical solution v € C([0,b],D) of (8.12)-(3.13) for
some 0 < b < a.

4. APPLICATIONS

In this section we present some applications of our abstract results. To begin, we include some
technicalities on the Laplacian operator. In the remainder of this section X = C([0,7]) and A :
D C X — X is the operator defined by Az = 2" on D = {z € C%([0,7]) : #(0) = z(7) = 0}. The
operator A is the generator of an analytic semigroup (7'(t))¢>0 on X (which is not a Cy-semigroup).
We adopt all the notations used in Section 3.
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We consider the integro-differential neutral problem

an 5w+ [ w@noeou] = 05500+ [ oo

(4.2) u(t,0) = wu(t,m) =0,
u(0,€) ¢(0,8), 0€[-p,0],&el0,m,

for (t,£) € [0,a] x [0,7], where v; € CYR;R), a; € C%[0,a],R) for some a € (0,1), v €
C*([0,a],RT) and v(0) = 1.

To treat this problem we define the functions A(t) : D € X — X, f,g : [0,a] x B — X by
Altyu = ()", g(t,¥)() = 2, ar () (¥(s,€))ds and f(t,4)(E) = [°, az(t)va((s,€))ds. Under

the assumptions we have that f(-), g(-) are C! functions and

0
dag(t0)$(€) = / s (D)4 (5, €)@ (s, €)ds,

-p

0
dof(t0)B(E) = / a4 (1(5,€)) (s, €)ds.

-p

In addition, next we assume that v (+) is of class C3, v1(0) = 0 and there is a L € C(R;R™) such
that | v(x) | + | vi(z) |< L(r) | « | and | v{(z) —vi(y) |< L(r) | x —y | for i = 1,2 every
z,y € B.(0,R) and all » > 0. Moreover, to simplify and for sake of brevity, we also assume that
Il ;i [lce(opr)— 0 as b — 0 for i = 1,2. Under the above conditions, the functions f, g satisfies
the conditions in Theorem 3.1, da f(0, ) = 0, d2g(0, ) = 0 and the functions L¢(-), Ly(-) (see the
statement of Theorem 3.1) are such that L(0,7) = Ly(0,r) =0 for r > 0,

In the next result, which is a consequence of Theorem 3.1, we say that u € C([—p,b]; X), b > 0,
is a classical solution of (4.1)-(4.3) on [0,b] if u(-) is a classical solution of the associated abstract
neutral problem (3.1)-(3.2) on [0, b]. Next, ¢ is defined as in Section 3.

Proposition 4.3. Assume ¢ € C*([—p,0], D), the function Pz belongs to C*([0,b]; B) and
0
(4000, [ cal0alp(s, ds) € (X, D)o
P
Then there exists a unique classical solution w € C*([0,0],D) of (4.1)-(4.3) on [0,b] for some
be (0,a].

In the next example we discuss briefly the existence of solutions for the problem

(4.4) aat{u(t,f)+G(t, /t ) u(s,ﬁ)ds)} _ %(t,gHF(t, /t, u(s, €)ds),
(4.5) u(t,0) = wu(t,7) =0,
u(0,§) = w(evé)v 0c [_pv 0}7 f € [O’ﬂ-]a

for (¢,€) € [0,a] x [0, 7], where F,G : [0,a] x R — R are smooth functions.
To study this problem we assume G € C3([0,a] x R;R), G(¢,0) = 0, F € C1([0,a] x R;R) and
there is a continuous function L € C(R x R;R™) such that
0'G 0'G IF IF

35 00— 5y [+ 55 te) -5 (sy) | < Lin)([t—s[+ ]z -yl

fort € [0,a], z,y € B-(0,R),i=0,...,3 and j =0, 1. In addition and for simplification, we suppose
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Under the above conditions, the functions f : [0,a] x B — X, g : [0,a] x B — X defined by
FE0)E) = F(t, [° (s, &)ds) and g(t,9)(€) = G(t, [ 1(s,€)ds) are C! functions and

0 0
Bof (L b)n(€) = daF(t, / 1(s,€)ds) / o, €)ds,

dag(t,v1)1a(§)

s, [ n(s.a9) [ s, )ds.

From the above, d2g(0, ) = d2f(0,-) = 0 and the functions g(-), f(-) satisfies the Hg 1, and the Hg x
conditions. Moreover, the numbers Lz (b, ), Ly(b,r) depend on L(r)b' =, so that, L¢(b,7) — 0 and
Ly(b,r) — 0 as b — 0. From Theorem 3.1 we have the following result.

Proposition 4.4. Assume ¢ € C*([—p,0],D), Pz € C*([0,b]; B) and Ap(0,-) € (X,D)a,00. Then
there exists a classical solution of (4.4)-(4.6) in C*([0,b],D) for some b € (0,a).

Acknowledgement: We would like thank the referee for their comments.
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