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ABSTRACT. The existence and uniqueness of almost automorphic solutions for linear
and semilinear nonconvolution Volterra equations on time scales is studied. The
existence of asymptotically almost automorphic solutions is proved. Examples that
illustrate our results are given.

1. INTRODUCTION

Several important and interesting models in diverse applied areas are described us-
ing differential and integral equations, or even difference and summation equations.
However, in the last years, there are some recent studies which have been showed that
these equations are not the best choices to describe most of the existent models. It
happens, because most of phenomena in the environment do not involve only continu-
ous aspects or only discrete aspects, but they feature elements of both the continuous
and the discrete. These phenomena are called hybrid processes and there are several
examples of them. See, for instance, [4, 5, 7, 13, 18, 28|.

By these reasons, Stephan Hilger and Bernard Aulbach in 1988 introduced a theory to
study in a unified way large classes of time scales. This theory encompasses the dynamic
study of differential equations, integral equations, difference equations, summation
equations, among others. Therefore, using this theory, it is possible to describe in
a more precise way the real-world problems, obtaining a more detailed analysis and
description of specifics problems. For a detailed account, see [1, 2, 4, 5, 6, 7, 13, 15,
18, 19, 20, 23, 28| and references therein.

On the other hand, it is well known that Volterra integral equations play an impor-
tant role in applications since they can describe several interesting phenomena. Some
typical examples are provided by viscoelastic fluids and heat flow in materials of fading
memory type. Due to this fact, these equations have been attracted the attention of
several researchers from long ago. Some references are [3, 8, 17, 24, 27].

However, when we introduce into the study of Volterra equations with nonconvolu-
tion kernels, the study of both existence of solutions as well as qualitative behavior, is
much more complicated than for convolution equations. Only in the scalar case and
for the time scale R has it been possible to obtain interesting results on the asymptotic
behavior of solutions. These results are based on monotonicity or sign properties of the
kernel, see [16, Chapter 9] and in the combination of Schauder’s fixed point theorem
and the contraction mapping principle [16, Chapter 12].
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The setting of qualitative properties of Volterra integral equations on time scales is
not well-developed yet. There are few references concerning this topic and, to the best
of our knowledge, there are no results concerning asymptotically almost automorphic
solutions of nonconvolution Volterra integral equations on general time scales.

Motivated by this fact, our goal in this paper is to search for the existence and
uniqueness of asymtotically almost automorphic solutions for the class of nonconvolu-
tion Volterra integral equation on time scales given by:

t
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where a : TxT — R"*" is almost automorphic in both variables and f : T xR"™ — R" is

almost automorphic with respect to the first variable and satisfies a Lipschitz condition

in the second variable.

It is worthwhile to observe that the concept of almost automorphic functions on time
scales was introduced in the literature recently by Lizama and Mesquita 23| and since
then interesting new applications have appeared [25, 29, 21|. In contrast, this topic has
been extensively studied mainly on the setting of functions defined only on R. See, for
instance, [10, 11, 12, 14, 26, 9].

To achieve our results, one important difficulty that arises is how to handle the
concept of almost automorphy for the nonconvolution kernel a(t,o(s)) in (1.1). Our
approach in this paper is to adopt the idea of almost automorphy with respect to
both variables. See Definition 2.25 below. This new concept shows to be efficient to
undertake our investigation.

In particular, this definition provide new insights on the behavior of the exponential
function on time scales. See Theorem 3.3 and its Corollary. We also find a practical
condition that should be verified for the kernel in equation (1.1), namely

(H1) There exist positive constants K,y € R such that

/ "t o(s)1As < / " Keo(t,0(s)) s,

—0Q
for every t,u € T.

Under this condition, we prove that if T is an invariant under translations time scale,
then there exists a unique asymptotically almost automorphic solution of (1.1) either

Y . . .
—————— > 2(1+ L), where L is the Lipschitz
K(1 + fiy) )

constant of f. See Theorems 4.1 and 6.1. Moreover, if f does not depends on the
second variable, then L can be chosen to be 0. See Theorems 3.6 and 5.1. Several
examples along the text are also provided. Finally, it is worthwhile to remark that the
results are essentially new when T =R or T = Z.

in case ty € Ty or tg = —oo, provided

2. PRELIMINARIES

2.1. Time scales. In this section, we review some basic concepts and results concern-
ing time scales which will be essential to prove our main results. For more details, the
reader may consult |5, 6].

Let T be a time scale, that is, a closed and nonempty subset of R. For every t € T,
we define the forward and backward jump operators o,p : T — T, respectively, as



ALMOST AUTOMORPHIC SOLUTIONS OF VOLTERRA EQUATIONS ON TIME SCALES 3

follows:
o(t)=inf{s €T, s>t} and p(t) =sup{s €T, s<t}.

If o(t) > t, we say that t is right-scattered. Otherwise, t is called right-dense.
Analogously, if p(t) < t, then t is called left-scattered whereas if p(t) = t, then ¢ is
left-dense.

We also define the graininess function p: T — Rt by

wu(t) =of(t) —t.

Definition 2.1 (|5]). A function f: T — R is called regulated provided its right-sided
limits exist (finite) at all right-dense points in T and its left-sided limits exist (finite)
at all left-dense points in T.

Definition 2.2 ([5]). A function f: T — R is called rd-continuous if it is regulated on
T and continuous at right-dense points of T. If the function f : T — R is continuous
at each right-dense point and each left-dense point, then the function f is said to be
continuous on T. We denote the class of all rd-continuous functions f : T — R by

C'rd - C'rd(T> - C'rd(T7 R)

Given a pair of numbers a, b € T, the symbol [a, b]y will be used to denote a closed
interval in T, that is, [a,bly = {t € T; a < ¢ < b}. On the other hand, [a,b] is the
usual closed interval on the real line, that is, [a,b] = {t € R; a <t < b}.

We define the set T* which is derived from T as follows: If T has a left-scattered
maximum m, then T® = T\{m}. Otherwise, T* = T.

Definition 2.3 ([5]). For y : T — R and ¢ € T*, we define the delta-derivative of y
to be the number (if it exists) with the following property: given & > 0, there exists a
neighborhood U of ¢t such that

ly(o(t) —y(t) =y ()[o(t) — s]| < elo(t) — s,
for all s € U.

Definition 2.4 ([5]). A partition of [a,b]r is a finite sequence of points
{to,tl,...,tm}C[a,b]’H‘7 a=ty<t;<...<t,=0>0.

Given such a partition, we put At; = t; — t;_;. A tagged partition consists of a
partition and a sequence of tags {&;,...,&n,} such that & € [t;_1,t;) for every i €
{1,...,m}. The set of all tagged partitions of [a,b]r will be denoted by the symbol
D(a,b).

If § > 0, then Ds(a,b) denotes the set of all tagged partitions of [a, b]y such that for
every i € {1,...,m}, either At; <4, or At; > § and o(t;_;) = t;. Note that in the last
case, the only way to choose a tag in [t;_1,1;) is to take & = t; ;.

In the sequel, we present the definition of Riemann A-integrals. See [5] and [6], for
instance.

Definition 2.5. We say that f is Riemann A-integrable on [a,b]t, if there exists a
number [ with the following property: for every € > 0, there exists o > 0 such that

Zf(@)(u —tiy)—1I|<e,
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for every P € Ds(a,b) independently of & € [t;_1,t;)r for 1 < i < n. It is clear that
such a number [ is unique and we call it the Riemann A-integral of f from a to b.

In what follows, we present a concept of regressive functions, which will be important
to define the generalized exponential function.

Definition 2.6 ([5]). We say that a function p : T — R is regressive provided
1+ pu(t)p(t) #0, forall teT®

holds. The set of all regressive and rd-continuous functions will be denoted by R =
R(T) = R(T,R).

Suppose that p,q € R, then we define p & ¢ and ©p as follows:

(P ®q)(t) == p(t) + q(t) + p(t)p(t)q(t), forall teT"
and 0
Op)l) == s
A eSO
By this definition, it is possible to prove that (R, @®) is an Abelian group. See [5].
In the sequel, we define the generalized exponential function ey(t, s).

for all t € T*.

Definition 2.7 ([5]). If p € R, then we define the generalized exponential function by

ep(t,s) = exp (/t 5#(7)(]9(7'))A7') for s,t €T,

where the cylinder transformation &, : C, — Zj, is given by
1
&n(z) = 5 log(1 + zh),
where log is the principal logarithm function. For h = 0, we define {y(z) = z for all
z e C.

In the following, we present some important properties of the generalized exponential
function.

Theorem 2.8. |5, Theorem 2.39] If p € R and a, b, ¢ € T, then

/p@%mdmmz%m@—%@w

Theorem 2.9. |23, Theorem 2.14| If a > 0, then eqo(t,s) < 1 fort, s € T such that
t>s.

Theorem 2.10. |20, Lemma 5.1| Let o > 0, then for any fivzed s € T and s = —oc0,
one has the following:
ecal(t,s) = 0, t— +oo.

In what follows, we recall some definitions about matrix-valued functions on time
scales.

Definition 2.11 ([5]). Let A be an m x n matrix-valued function on T. We say that A
is rd-continuous on T if each entry of A is rd-continuous on T. We denote the class of
all rd-continuous m x n matrix-valued function on T by C,q = C,q(T) = C,.q(T, R™*™).
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We say that A is delta-differentiable at T if each entry of A is delta-differentiable on
T. And in this case, we have

AT (t) = A(t) + pu(t) A2 (t).

Definition 2.12 ([5]). A m X n matrix-valued function A on a time scale T is called
regressive (with respect to T) provided

I+ u(t)A(t) is invertible for all ¢ € T*,
and the class of all such regressive rd-continuous is denoted by R = R(T,R™*").

Assume A and B are regressive n x n matrix-valued functions on T. Then, we define
A® B by
(A® B)(t) = A(t) + B(t) + u(t)A(t)B(t), VteT",
and we define ©A by
(CA)t) = [T +ut)A@)] TAt), Vte T~
It is clear that (R(T,R"*"),®) is a group (see [5]).

We proceed by giving the definition of the matrix exponential function found in [5].

Definition 2.13. (Matrix Exponential Function) Let t; € T and assume that A € R

is an n x n matrix valued function. The unique matrix-valued solution of the IVP
YA(t) =AY (1), Y(ty) =1,

where I denotes, as usual, the n X n-identity matrix, is called the matriz exponential

function at ty and it is denoted by e4(, o).

In the sequel, we enunciate a result which describes the properties of matrix expo-
nential function. It can be found in [5, Theorem 5.21].
Theorem 2.14. If A, B € R are matriz-valued functions on T, then
(i) eo(t,s) =1 and es(t,t) = I;
ea(o(t),s) = (I + p(t)A(t))ealt, s);

)

)

) ealt,s) =ea (s, t) = €54 (s,1);

(V) ea(t,s)ea(s,r) =ealt,r);

(vi) ea(t, s)ep(t,s) = eann(t,s) if ea(t,s) and B(t) commute.

Using these notions, one can obtain the following result which resembles the variation
of constants formula. This result can be found in [5, Theorem 5.24].

Theorem 2.15. Let A € R be an n X n matriz-valued function on T and suppose that
f: T — R"™ is rd-continuous. Let to € T and yo € R™. Then the initial value problem

{ y2(t) = A(t)y(t) + f(t),
y(to) = Yo

has a unique solution y : T — R™. Moreover, this solution is given by

(2.1)

y(t) = ea(t,to)yo + / t ealt,o(T)) f(r)AT.

to
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2.2. Asymptotically almost automorphic and almost automorphic functions.
In this section, we remember several properties concerning asymptotically almost au-
tomorphic functions and almost automorphic functions defined on T. For more details,
the reader may consult [22, 23].

We start by presenting the definition of invariant under translations time scales.

Definition 2.16 ([22]). A time scale T is called invariant under translations if
(2.2) I:={reR:t£7€T, Vt € T} # {0}.

1
By this definition, it is easy to check that R, hZ, —Z, P,;, among others, are
n

examples of invariant under translations time scales. From this definition, we obtain
several imediate consequences, which will be essential to prove our main results. See
below.

Theorem 2.17. |22, Lemma 3.3] If T is invariant under translations and o € 11, then
ka € 11 for every k € Z.

Theorem 2.18. |22, Lemma 3.6] If T is an invariant under translation time scale and
h € 11, then

ct)+h=0c(t+h) and o(t)—h=0o(t—h),
for everyt € T.

Theorem 2.19. |22, Corollary 3.12] If T is an invariant under translations time scale
and h € 11, then

pu(t + h) = p(t) = p(t = h),
for everyt € T.

In the sequel, we recall the definition of an almost automorphic function f : T — X.

Definition 2.20 (|23]). Let X be (real or complex) Banach space and T be an invariant
under translation time scale. Then, an rd-continuous function f : T — X is called
almost automorphic on T if for every sequence (a/,) € II, there exists a subsequence
() C (o) such that

Tim f(t + an) = (1)
exists and is well defined for each ¢t € T and

lim f(t—an) = f(1),

n—oo

exists and is well defined for every t € T.

We denote the space of all almost automorphic function on time scales f : T — X
by AA(X).

In the sequel, we present a result which describes several properties of almost auto-
morphic functions defined on T. For a proof of this result, see [23].

Theorem 2.21. Let T be an invariant under translations time scale and suppose the
rd-continuous functions f,q: T — X are almost automorphic on time scales, then the
following assertions hold.

(i) f+ g is almost automorphic function on time scales;
(i) ef is almost automorphic function on time scales for every scalar c;
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(iii) For each l € T, the function f; : T — X defined by fi(t) .= f(I +1t) is almost
automorphic on time scales.

(iv) sup || f(¢)|| < oo, that is, [ is a bounded function;
teT

(v) Stlelrﬂpllf(t)ll < sttequT)Hf(t)H; where

ILm ft+an) = f(t) and lim f(t —a,) = f(t).

n—0o0

Theorem 2.22 ([23]). Let T be invariant under translations time scale and the func-
tions f,u: T — X be almost automorphic on time scales, then the functionuf : T — X
defined by (uf)(t) = u(t)f(t) is almost automorphic on time scales.

In what follows, we present a result which brings a property concerning composition
of an almost automorphic function on time scales and a continuous function.

Theorem 2.23 ([23|). Let T be an invariant under translations time scale and let
X,Y be Banach spaces. Suppose f : T — X is an almost automorphic function on
time scales and ¢ : X — Y is a continuous function, then the composite function
po f: T =Y is an almost automorphic function on time scales.

Now, we present the definition of a function f : T x X — X which is almost
automorphic with respect to the first variable.

Definition 2.24 (|23]). Let X be a (real or complex) Banach space and T be an
invariant under translations time scale. Then, an rd-continuous function f : Tx X — X
is called almost automorphic at t € T for each x € X, if for every sequence (o) € II,
there exists a subsequence (a,,) C (a,) such that

(2.3) lim f(t+ an,x) = f(t,x)
n—oo

exists and is well defined for each t € T, z € X and

(2.4) lim f(t — ap,2) = f(t,z)
n— o0

exists and is well-defined for every t € T and x € X.

In the sequel, we present the definition of a function f : T x T — X which is almost
automorphic with respect to both variables.

Definition 2.25. Let X be a (real or complex) Banach space ant T be an invariant
under translations time scale. Then, a rd-continuous function f: T x T — X is called
almost automorphic with respect to both variables if for every sequence (o) € 11, there
exists a subsequence (ay,) C (a,) such that

(2.5) lim £t + 0,5+ ) = F(t, )
n—oo

exists and is well defined for each t, s € T and

(2.6) lim f(t — an, s — ) = f(t,s)
n—o0

exists and is well-defined for every ¢, s € T.

Now, we recall a result concerning the properties of almost automorphic functions
on time scales to respect the first variable. This result can be found in [23].
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Theorem 2.26. Let T be invariant under translations and f,qg : T x X — X be almost
automorphic functions on time scales int for each x in X, then the following assertions

hold.

(i) f+ g is almost automorphic function on time scales in t for each x in X.
(ii) cf is almost automorphic function on time scales in t for each x in X, where ¢
1s an arbitrary scalar.
(ili) sup ||f(t,x)|| = M, < o0, for each x in X.
teT

(iv) sup||f(t,7)|| = N, < oo, for each x in X, where f is the function in the
teT
Definition 2.24.

The following result will be essential to our purposes. A detailed proof can be found
in [23].

Theorem 2.27. Let T be invariant under translations and f : T x X — X be almost
automorphic function on time scales for each v € X and if f is Lipschitzian in x
uniformly in t, then f given by (2.3) and (2.4) satisfies the same Lipschitz condition
in x uniformly in t.

Theorem 2.28. |23, Theorem 3.23| Let T be an invariant under translations time scale
and f : T x X — X be an almost automorphic function on time scales in t for each
x € X and satisfies Lipschitz condition in x uniformly in t, that s

1f(tz) = f(E )l < Lz =y,

for all x, y € X. Suppose ¢ : T — X is almost automorphic function on time scales,
then the function U : T — X defined by U(t) = f(t,#(t)) is almost automorphic on
time scales.

In the sequel, we remember the concept of asymptotically almost automorphic func-
tions on time scales. See, for instance, [22].

Definition 2.29. Let X be a (real or complex) Banach space, T be an invariant
under translations time scale and f : T — X. We say that f is an asymptotically
almost automorphic function on time scales if there is an almost automorphic function
fi: T — X and an rd-continuous function fs : T, — X such that t1i>123 IIf2(t)]| =0

such that
f@t) = f(t) + fa(t),
for every t € T,. We say that f; and f, are called, respectively, the principal and

corrective terms of the function f. We denote the set of all asymptotically almost
automorphic functions f: T, — X by AAAr(X).

By the definition, it is clear that every almost automorphic function on time scale
restricted to T is asymptotically almost automorphic. See [22], for instance.

The next result is essential to our purposes. The reader may find a proof of it in |22,
Theorem 3.19].

Theorem 2.30. Let T be an invariant under translations time scale. The decomposi-
tion of an asymptotically almost automorphic function f: T, — X s unique.
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3. ALMOST AUTOMORPHIC SOLUTIONS OF LINEAR VOLTERRA INTEGRAL
EQUATIONS ON TIME SCALES

In this section, we investigate the existence and uniqueness of almost automorphic
solutions for class of linear Volterra integral equations on time scales given by:

(3.1) ut) = [ alt.o(oluls) + glo)s,

—0o0
where @ : T x T — R™™ is an almost automorphic function with respect to both
variables and g : T — R” is almost automorphic. From now on, we consider the
following hypothesis on the function a:

(H1) There exist positive constants K,y € R such that

/mewmst%wwm&

—0o0

for every t, u € T.

Remark 3.1. The hypothesis (H1) remembers the property of exponential dichotomy
on T. But clearly (H1) is weaker than the exponential dichotomy condition on the time
scale R.

Remark 3.2. We point out that for the specific case T = R, the hypothesis (H1) can
be rewritten as follows:

(H1g) There exist positive constants K,~ € R such that

“ K
/ |la(t, s)||ds < et
Y

for every t, u € R.
On the other hand, for the specific case T = hZ, h € N, we have

u/h—1 u/h—1
a(t, k + < 1+h6 T
o llattk+m)h < K> (1+hoy) ")
k=—00 k=—00
u/h—1 vy (t—k)—1
= K 1+h h
kz_ < * 1+h’7)
u/h—1 1 (t—k)—1
= K h
> (i7m)
u/h—1
= K ) h(l4hy)
k=—0o0

for every ¢, u € hZ. Consequently, the hypothesis (H1) reads as follows
(H1pz) There exist positive constants K, € R such that

m—1 m—1

Z ||a(n,k+h)\| <K Z <1+h7>k—n+1

k=—o0 k=—o0
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for every m,n € Z.

Before to proceed with our main result concerning the existence and uniqueness of
almost automorphic solutions, we will need to prove some auxiliaries results. Our first
result provide new insights on the exponential function on time scales.

Theorem 3.3. Let T be an invariant under translations time scale and a : T — R
be an almost automorphic and regressive function, then ec,(t,o(s)) is also an almost
automorphic function with respect to both variables.

Proof. Since a : T — R is an almost automorphic function, then for every sequence
(al)) € 11, there exists a subsequence (a,) C (o)) such that

lim a(t + ) = a(t)
n—oo
exists and is well-defined for each ¢t € T and

lim a(t — ) = a(t)

n—oo

exists and is well-defined for each ¢t € T.
Then, we have

oot + an,0(s+ay)) = esalt+ an,o(s)+ ay)

~ e ( / o Llog(weamw))m)

(8)+an :U’(T)

= oo </;i;ﬁmg (1= o) &)
o ([ i (1 ) o)

- on([ (1 ) )

Applying the limit as n — +o00, we have:

. ) ¢ 1 a(T + an),UJ<7—)
n1—1>1—|1—1c>o €9a(t + an, U(S) + a”) o n1—1>I—11:loo exXp </U(S) 'u('r) IOg (1 B 1+ ,U(T)(I(T + Oén)) AT)

— exp </JZ) ﬁ log (1 — %u(ﬂ) AT)

for each t, s € T.
Also, it is not difficult to prove that

lm ecq(t — ap, 0(s) — ay) = esa(t, o(s))
n—-+o00

exists and is well-defined for every ¢, s € T. And the result follows as well. 0
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As an immediate consequence, we have the following result.

Corollary 3.4. Let T be an wnvariant under translations time scale, o« > 0, then
eca(t,0(s)) is almost automorphic with respect to both variables.

Finally, we present an important auxiliary result, which brings a very important
property concerning the limit function of the almost automorphic function a.

Lemma 3.5. Let T be an invariant under translations time scale and a : T x T —
R™ ™ be almost automorphic on time scales with respect to both variables. More pre-
cisely, for every sequence (o)) € 11, there exists a subsequence (cv,) C (o) such that
lim a(t + an,0(s) + o) = alt,o(s)) exists and is well-defined for each t, s € T and
n—oo

lim a(t — a,,0(s) — ay) = a(t,o(s)) ezists and is well-defined for each t, s € T. If

n—oo

the function a satisfies the condition (H1), then a : T x T — R™*" also satisfies the
condition (H1) for the same constants K, v > 0.

Proof. Let t, s € T and € > 0 be given. Then, by the almost automorphicity of the
function a and by the definition of @, we have that for every sequence (o)) € II, there
exists a subsequence (o) C (a,) such that

lim a(t + ap, 0(s) + ay,) = a(t,o(s))
exists and is well-defined for each ¢, o(s) € T and
lim a(t — a,,0(s) — ay) = a(t,o(s))

n—oo

exists and is well-defined for each ¢, o(s) €
Therefore, we have

t+any t+an
/ Ha(t+ozn,a(s))||A5§/ Kewr (t+ an, o(s))As.

—0o0 —0o0

Hence,

¢ t
/ ||a(t+an,a(s+ozn))||A3§/ Keg,(t + an,0(s + ay))As.

— 00

Therefore,

t t
/ Ha(t—i—an,a(s)—i—an)HAsg/ Keon (t + an, o(s) + an)As.

—0o0

Applying the limit as n — oo and using Theorem 3.3, we have

/ lat, o(s))|As < / Keo(t,0(s)As

— 00

and we have the desired result. O

Now, we are able to prove our main result in this section concerning existence and
uniqueness of almost automorphic solution of the linear Volterra equation (3.1).

Theorem 3.6. Consider the linear Volterra integral equation (3.1). Also, consider that
the time scale T is invariant under translations, the function a : T X T — R™ ™ satisfies

. . . . Y
hypothesis (H1) with the positive constants v and K being such that ———— > 2,
K(1+ i)
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where i = sup |u(t)| and that the function g : T — R™ is almost automorphic. Then,
teT
the Volterra equation (3.1) has a unique almost automorphic solution.

Proof. At first, we notice that by hypothesis (H1), we have:

/ lla(t,o(s))||As < /_ Keg,(t,0(s))As
K

— 00

= Toleen(ti—o0) —ees (t,)

2K 2K(14 p(t)y) < 2K (14 firy)
| ©7] o] - gl
where the first equality follows from Theorem 2.8 and the second inequality follows

from Theorem 2.9.
Define an operator T': AAT(R™) — AAp(R™) as follows:

(TU)(t)I/ a(t, o(s))[u(s) + g(s)]As,

—0o0

(3.2)

for all u € AAT(R™).

Now, we have to show that T is well defined. In fact, by the almost automorphicity
of the functions g(t), a(t,o(s)) and u(t), it follows that for every sequence (o)) € II,
there exists a subsequence (a,,) C (o) such that

lim gt + a,) = (1),
n—oo

lim a(t + oy, 0(s) + a,) =a(t,o(s)) and

n—oo

lim u(t+ o) = u(t)

n—oo

exists and is well-defined for every ¢,o(s) € T and

lim gt —an) = g(t),

n—0o0

nh_)rglo a(t — ap,0(s) —ay) = a(t,o(s)) and

lim a(t — o) = u(t)

n—o0

exists and is well-defined for every ¢,0(s) € T.
Define a function A : T — R" as follows:

)= [ att.ots)fats) + gs)as

—00

Then, we have

[(Ta)(t + an) — h(t)]| = H / T At 4 o (s))uls) + g(s)]As

_ / alt, o(s))[a(s) + g(s))As

= H/_too a(t + apn, o(s + ap))[u(s + a,) + g(s + a,)]As
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_ / a(t, o(s))[a(s) + g(s)| As

—0o0

— H/_too a(t + o, 0(s) + an)[ul(s + ) + g(s + an)]As

_ / alt, o(s))[als) + g(s))As

- H /oi a(t,o(s)[u(s + o) — u(s)]As

+ / [a(t + o, 0(s) + ) —alt,o(s))]u(s + a,)As

—00

N / alt, o (s))[g(s + an) — 5(s)]As

—00

+ / [a(t + o, 0(8) + ) —alt,o(s))]g(s + an)As|| .

—00

Applying the limit as n — oo and using the boundedness of the functions g and u (by
Theorem 2.21 (iv)), the fact that a satisfies condition (H1) (by Lemma 3.5) and the
almost automorphicity of the functions a, ¢ and u, we obtain

Tim (Tu)(t + a,) = h(0),
for every t € T. Similarly, one can prove that

lim h(t = a,) = (Tu)(),
for every t € T. From these facts, we conclude that T'u is an almost automorphic
function. Thus, Tu is well-defined.

Now, let us prove that T is a contraction.
t

’/_ aft, o(s))[u(s) +9(8)]A8—/ a(t, o(s))[v(s) + g(s)]As

—00

|Tu—Tof =

_ H / ; alt, o (s))[uls) — v(s)|As

< / la(t, o(s)) ]| Asllu — vl]o

2K(1 + jiy)
Y

where the last inequality follows by (3.2).Therefore, T is a contraction, then by Banach
fixed-point Theorem, 7" has a unique fixed point. By the definition of 7', we obtain
that the integral equation (3.1) has a unique solution which is almost automorphic. [

lu = vlloo

In what follows, we present some examples to illustrate our result.

Example 3.7. Consider the following integral equation:

£(t) = / Keaalt, o(s))[z(s) + F(s))As
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Let us suppose that both a and f are almost automorphic functions on T. Also,
suppose that the function a is lower bounded, that is, there exists a constant v > 0
such that v < |a(t)], t € T.

By Theorem 3.3, the function a(t,0(s)) = ecq(t,0(s)) is almost automorphic with
respect to both variables.

Also, it is easy to see that the hypothesis (H1) is satisfied with

/ " oot o(s)As < / " eon(t,0(5))As.

— 0 —00

K
ﬁz > 2, where fi = sup|u(t)|. Therefore, all the hypothesis
+ teT

of Theorem 3.6 are satisfied and we conclude that the integral equation

£(t) = / calt, o())[z(s) + f()]As

—00

Also, suppose that .

has an almost automorphic solution.

Example 3.8. Consider the following integral equation

(3-3) iv(t)Z/t a(t,o(s))(x(s) + g(s))As,

—0o0

where g : T — R” is an almost automorphic function and

ec2(t,o(s)) 0
a(t,o(s)) = ( é eeg(t,a(s))) :

4
By Corollary 3.4, it follows that a is almost automorphic with respect to both variables.

Moreover,
t t ec2(t,0(s)) 0
[ attotmas = [ (T )|
t
2
< §e@2(t,a(s))As,
which shows that a : T x T — R"*" satisfies the hypothesis (H1). Also, suppose that
8

—— > 2, where 1 = sup |u(t)|.
V2(1 + i2) teT (®)

Therefore, all the hypothesis of Theorem 3.6 are satisfied, and hence the integral
equation (3.3) has a unique almost automorphic solution.

4. ALMOST AUTOMORPHIC SOLUTIONS OF SEMILINEAR VOLTERRA INTEGRAL
EQUATIONS ON TIME SCALES

In this section, our goal is to investigate the existence and uniqueness of almost
automorphic solutions of the semilinear Volterra integral equation on time scales given
by:

(4.1) u(t) = /t a(t, a(s))[u(s) + f (s, u(s))]As,

—00
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where a : T x T — R™" is almost automorphic with respect to both variables and
f:T xR"— R" is almost automorphic with respect to the first variable and satisfies
a Lipschitz condition in the second variable. As in the previous section, we consider
that the hypothesis (H1) is satisfied.

Theorem 4.1. Suppose that the time scale T is invariant under translations, the func-
tion f: T x R®™ — R"™ is almost automorphic on time scales in t for each x € R™ and
satisfies a Lipschitz condition in x uniformly in t, that is,

1F(tx) = f(E )l < Lz =y,

forall x, y € R™, the function a : T x T — R™*"™ is almost automorphic with respect to
both variables and satisfies hypothesis (H1) with the positive constants vy and K being

such that + > 2(14 L), where L is the Lipschitz constant. Then, the equation
K(1+ fiv)

(4.1) possesses a unique almost automorphic solution.

Proof. We start by defining an operator 7" : AAr(R") — AAp(R") as follows:

(Tu)(t) =/ a(t, o(s))[u(s) + f (s, u(s))]As,

for all w € AAp(R™).

At first, we will show that T is well defined. In order to do this, notice that by
the almost automorphicity of f and u and by the Lipschitz condition, it follows that
f(,u(r)) € AAp(R™), by Theorem 2.28.

By the almost automorphicity of functions a(t,o(s)), u(t) and f
that for every sequence (/) € II, there exists a subsequence (a,) C

- u(+)), we have
al)) such that

lim a(t 4+ o, 0(s) + o) =al(t, o(s)), Tllg{)lo u(t + ay,) = u(t)

n—oo

—~

and  lim f(t + ap, u(t + o)) = f(t,a(t))
n—o0
exists and is well-defined for every t,o(s) € T and

T}Lrgoa(t — ap,0(8) —ay,) = alt,o(s)), T}Lrgoﬂ(t — ay) = u(t)

and  lim f(t — o, U(t — an)) = f(t,u(t))

n—oo
exists and is well-defined for every ¢, o(s) € T.
Define the function M : T — R" as follows:

M) = / a(t, o(s))[a(s) + F(s,7(s))| As.

—00

Then, we have

Hﬁw@+aw—ﬂﬂﬂH==H[&%a@+amdﬁﬂw$+f@m®MAs

_ / a(t,o(s))[@(s) + f(s,u(s))]As

:H[;M#H%a®+%MW@+%J+ﬂ&H%U@+%mAS
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_ / a(t, o(s))[(s) + F(s,u(s))|As

—0o0

_ H/_; At + s 0(5) + an)[uls + ) + f(5 + n, s + )] As

_ / a(t, o(s))[a(s) + (s, u(s))|As

- HjiaWU@DW@+a@—H@HAS
+ [;ma+amd$+a@_EQJQDW@+QOAS

+ / a(t,o(s))[f(s+ an,u(s +ayn)) — f(s,1(s))]As

—0o0

+ / [a(t + an, 0(s) + ap) —alt,o(s)]f(s + an, u(s + a,))As|| .

—0o0

Applying the limit as n — oo and using the boundedness of the functions f and u
(by Theorem 2.21 (iv)), the fact that a satisfies condition (H1) (by Lemma 3.5) and
the almost automorphicity of the functions a, f and u, we obtain that

lim (Tu)(t + a,,) = M(¢)
n—oo
exists and is well-defined for every ¢t € T. Similarly, one can prove that
lim M(t — ay,) = (Tu)(t)
n—oo

exists and is well-defined for every ¢ € T. Therefore, we conclude that Tu is an almost
automorphic function and thus, Tu is well-defined.

Now, let us prove that 7' is a contraction.
t

/:awdﬁmwﬁ+f@w®mﬁs—/ia@U@MM$+f@m@mAS

—00

| Tu—To|| =

— /i a(t,o(s))[u(s) —v(s) + f(s,u(s)) — f(s,v(s))]As

Sl/ la(t, o ()| As([lu = vlleo + [1f(s,w) = f(s,0)]])

—00

< / la(t, o ()| As(([lu = vlloe + Llju = vll)

—00

2K(1 + jiy)

< HU_UHOO?

where the last inequality follows from hyphotesis (H1), (3.2) and the hypothesis that
i
— >2(1+ 1L).
K(1+ fiv) ( ,) ' .
It follows that T is a contraction, then by Banach fixed-point Theorem, T has a
unique fixed point. By the definition of 7', we obtain that equation (4.1) has a unique
solution wich is almost automorphic. 0
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In the sequel, let us present an example to illustrate our result.

Example 4.2. Consider the following integral equation on time scale

(4.2) £(t) = / Koo (t, 0())((s) + n(s)e @) As,

where K, v and « are real and positive constants.
Also, suppose that 7 is an almost automorphic function. Therefore, it follows that
n is a bounded function, so denote 7 = sup |n(t)].
teT

Then, we have

lg(t, z(t)) — g(y, y()| = In(t)e > —n(t)e V)|
< ofe(t) — y(0)|.
Therefore, g satisfies the Lipschitz condition. Moreover, let us consider 2(1 + 7o) <

——— , where i = su t)l.
KA+ ) fi t@lglu( )]

Finally, it follows from Corollary 3.4 that Kec,(t,0(s)) is an almost automorphic
function with respect to both variables.

Therefore, all the hypothesis of Theorem 4.1 are satisfied, then it follows that the
integral equation (4.2) has a unique almost automorphic solution.

5. ASYMPTOTICALLY ALMOST AUTOMORPHIC SOLUTIONS OF LINEAR EQUATIONS

In this section, we present a necessary condition for the existence of asymptotically
almost automorphic solutions of the linear Volterra integral equation:

t
(5.1) u(t) = /t a(t,o(s))[u(s) + g(s)]As,

0
with tg € Ty, t > tg, where a : T, x T, — R™ " is almost automorphic with respect
to both variables and g : T, — R" is asymptotically almost automorphic.

The definition of asymptotically almost automorphic functions on time scales makes
clear why we are considering the Volterra integral equations on the form of the equation
(5.1) instead of considering equations on the form of the equation (3.1). Also, let us
recall the following hypothesis under the function a : T, x T, — R™**™

(H1) There exist real and positive constants K and 7 such that

/ lla(t,o(s))||As §/ Keg,(t,0(s))As, for every u, t, to € T.
to to

The following theorem ensures the existence of an asymptotically almost automor-
phic solution of (5.1). The proof is inspired in the proof of [22, Theorem 4.2] and the
proof of [14, Lemma 2.6].

Theorem 5.1. Suppose that the time scale T is tnvariant under translations, a : T, X

. . . Y
T, — R"" satisfies the hypothesis (H1) with ————

and the function g : T, — R™ is asymptotically almost automorphic. Then, the integral
equation (5.1) possesses an asymptotically almost automorphic solution.

> 2, where fi = sup |u(t)]
teT
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Proof. Since g : T — R" is an asymptotically almost automorphic function, then we
can write the function g as follows:

g(t) = q1(t) + gat),

where g1 and g are, respectively, the principal and corrective terms of the function g.
Thus, equation (5.1) can be written as:

u(?) =/ a(t, o(s))[u(s) + g1(s) + g2(s)|As,

to

for every t € T, with ¢t > .
Hence, by Theorem 3.6, we have

ha (1) = / ot o(s))u(s) + g1(s)]As € AAp(R™).

to
Therefore, it remains to prove that the function hy : T — R™ defined by
t
ho(t) = / a(t,o(s))ga(s)As,
to

for every t € T, with ¢t > t, is a rd-continuous function and satisfies
Jim [[n2(8)] = 0.
Notice that from these facts, we obtain that the solution of (5.1) is asymptotically

almost automorphic. The rd-continuity of the function hy follows immediately from
the definition. Let us show that tlim |ha(t)|| = 0. In fact,
—00

/ alt, o(5))ga(s)As

to

Il = |

< / lat, o(s))llllg2(s)]1 As < / Keoy(t,0(5))]1g2(s) | As

Since tlgilo llg2(t)|| = 0, for every e > 0, there exists a T" sufficiently large such that for
every t > T', we have
lg=(®)]| < e.
Hence, we obtain

Iha(t)] < / Koo (t, o(s)llg2(s)]|As + / Keo(t,0(5))]lg2(5) | As

leer(t,T) — een(tyto)] | peleen(t,t) = een(t, T)]

< gK :
o1 o1
where g = sup ||g(t)||. Applying the limit as ¢t — oo and Theorem 2.10, we have
telto, Tt
: ek
lim ||he(t)|| = .
t—00 | ) 'y|

Since ¢ is arbitrary, the result follows as well. 0
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The following result gives us a characterization of the asymptotically almost auto-
morphic solution of (5.1) whenever it exists. It is an immediate consequence of the
previous theorem and Theorem 2.30.

Corollary 5.2. If u : T, — R" is an asymptotically almost automorphic solution of
(5.1) and g is an asymptotically almost automorphic function, then the principal and
corrective terms of u are given, respectively, by

t

/ alt, o())[u(s) + g1 ()] As and / alt, o(5))ga(s)) As,

to to

where g1 and gy are, respectively, the principal and the corrective terms of g.

Notice that from the previous corollary, the existence of an asymptotically almost
automorphic solution of (5.1) implies the uniqueness of this solution by Theorem 2.30.
We finish this section by presenting an example to illustrate our result.

Example 5.3. Let us consider the following integral equation

t 1
(52) .Z'(t) = /_Oo K@@a(t, O'(S)) (.93(8) + 2+ m) AS,
where o, K > 0 are constants and ¢y € T,.
Is is not difficult to see that
a(t7 O'(S)) = Ke@tx(ta U(S))

is almost automorphic with respect to both variables (see Corollary 3.4). Also, it is
clear that the function satisfies the hypothesis (H1).
Moreover, the function g : T, — R” given by

(s) =2+ !
s) = —_
g o(s)+1
is clearly asymptotically almost automorphic, where the principal term is

gi(s) =2
and the corrective term is )

A= rEY
Clearly, g» is rd-continuous (see [5, Theorem 1.6]) and lim ||g2(s)|| = 0, since o(s)+1
S5—00

is an increasing function.

Q@
Assume that ——— > 2, where i = su t)|. Therefore, all the hypothesis of
R+ o) fi = sup |u(t)] yp
Theorem 5.1 are satisfied, then the integral equation (5.2) has an asymptotically almost
automorphic solution u : T, — R™ and by Corollary 5.2, the solution v : T, — R" has

the following principal and corrective terms

uy(t) = /t Keco(t,o(s))(u(s) + 2)As

us(t) = /t: Keoa(t,o(s)) (ﬁ) As

respectively.



20 C. LIZAMA, J. G. MESQUITA, R. PONCE, AND E. TOON

6. ASYMPTOTICALLY ALMOST AUTOMORPHIC SOLUTIONS OF SEMILINEAR
EQUATIONS

In this section, we present a sufficient condition for the existence of asymptotically
almost automorphic solutions of the following semilinear Volterra integral equation:

(6.1) u(t) = / alt, o(s))us) + f(s,u(s))]As,

to
with tg € T4, t > tog, where a : T4 x Ty — R™*" is almost automorphic with respect to
both variables and f : T, x R® — R" is an almost automorphic function with respect
to the first variable satisfying the Lipschitz condition.

Theorem 6.1. Consider the semilinear Volterra integral equation (6.1) and let T be an
invariant under translations time scale. Assume that the function f : T, x R™ — R" is
almost automorphic on time scales int for each x € R™ and satisfies Lipschitz condition
n x uniformly in t, that is,

(6.2) 1f(t,2) = fty)ll < Lz —yll,

for all x, y € R". Moreover, suppose that the function a : T4 x T, — R"™*" is almost
automorphic with respect to both variables and satisfies the hypothesis (H1) with the

positive constants v and K being such that > 2(1 + L), where L is the

T
o _ K(l+py) ,
Lipschitz constant of f. Then, there exists a unique asymptotically almost automorphic
solution of (6.1).

Proof. We start by defining an operator T : AAAr(R™) — AAAT(R™) as follows:

(Tu)(t) =/ a(t,o(s))(u(s) + f(s, u(s))As,

to
for all u € AAA(R™).
Let us show that T is well-defined. In fact, since u is an asymptotically almost
automorphic function, we can write

where u; and us are, respectively, the principal and corrective terms of u. Then, we
have

(Tu)(t) = /a(tad(S))[U(S)+f(87U(8))]AS

to

_ / a(t, o(5))[ur(s) + ua(s) + f (5, u(s))]As

to

_ / a(t, o (s)[ur(s) + f(5,u1(5))]As

+ /t a(t,o(s))[ua(s) + f(s,u(s)) = f(s, ur(s))]As.
By Theorem 4.1, we have
/ a(t,o(s)[ui(s) + f(s,u1(s))]As € AAT(R™).

to
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Hence, it remains to prove that
fmwzlle@m@@wﬁwm@»—ﬂam@MAa

for every t € T, with ¢ > t; is a rd-continuous function and satisfies

lim ||A(t)]| = 0.

t—o00

The rd-continuity of the function A follows directly by the definition. Let us show
that tlim |1h(t)]] = 0:
—00

/ a(t,o(s))[ua(s) + f(s,u(s)) — f(s,ui(s))|As

to

< / la(t, o(s)lllua(s) + f(s,u(s)) = f(s,ur(s))[| As

ol = |

< / Keay(t, o(s)[llua(s)ll + [1£ (s, uls)) — f(s, ua(s))[l]As
< / Kegy(t, o(s))[[[uz(s) ]| + Llluls) — ui(s)[|]As
= / Kecy(t,0(s))[[lua(s)[| + Lllua(s)[[]As

- u+m[iwawa@mm@wA&

Using a similar argument as in the proof of Theorem 5.1, one can conclude that
tlim Ilh(t)|l = 0. Therefore, the operator T" is well-defined.
—00

Now, let us show that 7" is a contraction.

[Tu—Tol| =

< /z@@ta<»mm>—v<w+me>—w>m
= [ Koo 10+ Dlute) = o] A
suu—wmég@@@m@M1+MAs

= = w14 £ |2l ) = e (1)

< Jlu=vlm(l+1L) {%2}
2K (1 + p(t)y) 2K(1+ i)

= Jlu—vlle(1+ L) < lu — vl (14 L).
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Therefore, T is a contraction, then by Banach fixed point Theorem, T has a unique
fixed point. By the definition of 7', we obtain that the integral equation (6.1) has a
unique solution which is asymptotically almost automorphic. O
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