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TIME DISCRETIZATION AND CONVERGENCE TO SUPERDIFFUSION
EQUATIONS VIA POISSON DISTRIBUTION.

CARLOS LIZAMA AND RODRIGO PONCE

ABSTRACT. Let A be a closed linear operator defined on a complex Banach space X. We show a novel
representation, using strongly continuous families of bounded operators defined on Np, for the unique
solution of the following time-stepping scheme

cVeu™r = Au" 4+ f", n > 2
(%) u = g
ul = ugg

as well as its convergence with rates to the solution of the abstract fractional Cauchy problem

{ u(t)y = Au(t)+ f(t), t>0;
(*) =

u(0) uo;

v/ (0) = wui;
in the superdiffusive case 1 < a < 2. Here, ¢V®u" is the Caputo-like fractional difference operator of
order a.

1. INTRODUCTION

The theory of one parameter Cp-semigroups of linear operators has many different applications in
mathematical physics, probability theory, engineering, biological processes, applications in the theory of
linear and nonlinear partial differential equations, problems in control theory and dynamical systems, and
in some methods for numerical analysis, among others. Typically, in these applications, the phenomena
can be described as an abstract evolution equation of first order

(1.1) u'(t) = Au(t) + F(t), t>0,

subject to the initial condition u(0) = ug. Here A is a closed linear operator (typically A corresponds
to the Laplacian), F is a linear or nonlinear term and ug belongs to a Banach space. If A generates a
Co-semigroup of linear operators {T'(t)};>0, then the solution u to problem (1.1) can be written as the
well known variation of parameters formula

u(t) = T(t)uo + /0 T(t — s)F(s)ds,

see for instance [2] and [11]. This last formula, can be used (according to the properties of T'(¢)) to study
the solution u of the problem (1.1), including its asymptotic behavior, its regularity properties or some
numerical treatments to find an approximation of u. However, there are many interesting phenomena,
including for example, problems in viscoelasticity, heat conduction in materials with memory, geological
exploration, problems involving linear viscoelastic rods, beams or plates and many others, where the
model of a first order evolution equation is not completely satisfactory. Instead, as has been widely
reported in the last years, fractional differential equations (FDEs) provide a more natural framework
to describe these phenomena. Unfortunately, the theory of Cy-semigroups can no longer be used to
describe the evolution of FDEs. Therefore, the theory of one-parameter resolvent families of operators
has become a powerful tool to describe the dynamics of the solution for this class of fractional models.
See for instance, [12, 17, 24, 28] and references therein.

Resolvent families of operators, which can be considered as an extension of the theory of semigroups,
have been marked by an increased interest, mainly due to its applications not only to the study of linear
and nonlinear FDEs but also integro—differential equations. As we previously intimated, these families
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2 CARLOS LIZAMA AND RODRIGO PONCE

of operators can be used to write the solution to FDEs as a variation of parameters formula. More
specifically, the solution to the superdiffusion equation

ofu(t) = Au(t)+ f(t), t>0,
(1.2) u(0) = o,
u'(0) = wuy,

where 1 < a < 2, f represents a loading term, A is a closed linear operator defined in a Banach space X,
up,u1 € X, and, 07 denotes the Caputo fractional derivative of u, can be written as

(13) u(t> = Sa,l(t)uo + (gl * Sa,l)(t)ul + (gafl * Sa,l * f)(t)a t 2 07

where {Sq 1(t) }+>0 is the resolvent family generated by A (see [24, Chapter 3]) and for 5 > 0 the function
gp(t) is defined by gs(t) := t°~1/T(83) (here I'(-) denotes the Gamma function).

The problem (1.2) has been widely studied in the last years, since it can adequately capture the
dynamics of anomalous processes, as for instance in the modeling of mechanical wave propagation in
viscoelastic media. See for instance [3, 4, 5, 6, 12, 21, 20, 33] and references therein. However, for various
practical purposes, it is not only useful but necessary to study its discrete version.

The existence of discrete solutions to abstract fractional difference equations in the form of

oV = Au™ + f*, meN,

where A is a closed linear operator, f™ is a given sequence and ¢V®u™ is a discrete counterpart of the
Caputo fractional derivative, has been marked in the last decades by a great deal of interest. See for
instance [7, 8, 9, 14, 15, 18, 23, 26, 29, 32] for some developments. Note that the meaning of the fractional
difference operator ¢V*u™ can vary, depending on the time discretization method used [18].

Recently, in [30] the author analytically studies the time discretization scheme for the model (1.2) based
on the backward Euler method in the case 0 < o < 1. In [30] it was shown that if A is the generator
of a resolvent family {Su o (t)}¢>0, then the analytical solution of the scheme can be represented in
terms of certain resolvent families of operators defined on Ny by a suitable transformation of the family
{Sa,a(t)}i>0 using the probability mass function, with variance ¢/7 defined by

ct\" 1
"Tt):=e 7 [—-) —, t>0, neN,
o (t) (7’) ™! - 0
for a positive step size 7 > 0. In addition, error estimates were provided in case A is a sectorial operator.

However, the extension of the results in [30] for the important case of superdifussion, i.e. 1 < o < 2,
was left open.

The objective of this work is to answer this problem. We provide a suitable framework to apply the
theory of resolvent families of operators in order to find necessary conditions on A to have an analytical
representation of the solutions of the following scheme

V™ = Au+ f*, n>2,
(1.4) (%) u’ = g,
u =y,

where A is a closed linear operator defined in a Banach space X, the initial conditions ug,u; belong
to X, 1 < a < 2, and the sequence f™ is a given vector-valued sequence. Here, «V®u" represents a
discretization of the Caputo fractional derivative 0fu(t) at time ¢ = 7n, which is defined by

(w Tt — 209 + w71
2 )

Vel = k27o¢ .
cvV-u ;T (n—J) -

where, u™ := [° pZ (t)u(t)dt, and kZ (n) := % for all n € Ny and 8 > 0. More concretely, we show

that if A is the generator of a resolvent family {S, 1(¢)}¢>0, then the solution to (1.4) can be written as
(see Theorem 3.16 below)
u" = Sy uo + 7(g1 * Sa,1)"ur + 721 * S * ),

where Sy ; is defined as

Sy ::/ P (t)Sa 1 (t)zdt,
0
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for all z € X and for 8 > 0,

n
(g8 * Sa1)"x := Z K2 (n — J)S 1z, n € No.
§=0
We also analyze the difference ||u(t,) — u™||, where w is the solution to (1.2) and u™ solves the difference
equation (1.4) and we show that, given suitable conditions on «, there exists a constant C' = C(T") > 0
(independent of the solution, the data and the step size) such that, for 0 < t,, < T, there holds

lutn) —u™|| < CTte==" (| Aol + [ A%ua[| + [[A°£1),

where 0 < € < 1 satisfies ae < 1 and ug,u1 and f(¢) belong to the domain of A°. Of course, this result
shows, in particular, that if 7 — 0 then ||u(t,) — u™| — 0.

The paper is organized as follows. In Section 2 we give preliminaries on resolvent families, sectorial
operators and continuous and discrete fractional calculus. Section 3 treats the existence of solutions
to the Caputo fractional difference equation (1.4). Here, given a time step size 7 > 0, we study the
connection between the continuous and the discrete resolvent families {Sq,1()}¢>0 and {S} ; }nen,, as
well as, its consequences on the representation of solutions to (1.4). In Section 4 we study error estimates
for ||u(t,) —u™|| and we give sufficient conditions on the initial data in order to obtain ||u(t,) — u™|| — 0
as 7 — 0. Finally, in Section 5 we give some numerical experiments to illustrate the theoretical results.

2. RESOLVENT FAMILIES, CONTINUOUS AND DISCRETE FRACTIONAL CALCULUS

2.1. Resolvent families. Given a Banach space X = (X, | - ||), B(X) denotes the Banach space of all
bounded and linear operators from X into X. For a closed linear operator A defined on X, its resolvent
set is denoted by p(A), the resolvent operator is defined by R(\, A) = (A — A)~! for all A € p(A) and
0(A) denotes the spectrum of A. A family of operators {S(t)}:>0 C B(X) is called exponentially bounded
if there exist real numbers M > 0 and w € R such that

[S(t)]| < Me*, t>0.
We observe that if {S(¢)}1>0 C B(X) is exponentially bounded, then the Laplace transform of S(t)

SNz = /000 e MS(t)xdt,

exists for all ReA > w.

In the following we recast the main ingredients of operator theory that we will use. For an up to date
review of the following concepts and their interplay with fractional differential equations in the continuous
setting, we refer the reader to the recent reference [24].

Definition 2.1. Let 1 < a <2 and 0 < 8 < 2 be given. A closed linear operator A defined in a Banach
space X is called the generator of an («, 8)-resolvent family if there exist w > 0 and a strongly continuous
and exponentially bounded function Sq g : Ry — B(X) such that {\* : ReA > w} C p(A) and

ATAONY — ATl = / e NS, 5(t)xdt,
0

for all ReA > w and = € X. The family {Sa.5(t)} is also called the (o, B)-resolvent family generated by
A.

Given p > 0, we define g,(t) = % for all ¢ > 0, where I' denotes the Gamma function. If we
take a(t) := go(t) and k(t) := gg(t), where o, 8 > 0 then the family {S, g(t)} corresponds to an (a, k)-
regularized family according to [22]. Moreover, from [22, Lemma 2.2 and Proposition 2.5] we deduce the
following properties.

Proposition 2.2. Let 1 < 8 < a < 2 be given. Let {Sqa (t)}1>0 C B(X) be the («, 8)-resolvent family
generated by A. Then,

(1) So5(0) = I, where I denotes the identity operator in X.
(2) For all x € D(A) and t > 0 we have S, g(t)x € D(A) and ASq g(t)x = Sa,p(t)Ax.
(3) Forxz € X andt > 0 we have fot Jalt — 5)Sa,(s)xds € D(A) and

(2.5) Sa,p(t)r = gg(t)x + A/O Ga(t — 8)Sa,p(s)xds.
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4 CARLOS LIZAMA AND RODRIGO PONCE

Moreover, the function t — S, g(t) satisfies the following functional equation (see [1, 20, 25]):

Sa,8(8)(9a * Sa,8)(t) = (9o * Sap)(8)Sa,5(s) = 95(5)(9a * Sa,8)(t) = 95(t)(ga * Sa,p)(s),

for all ¢,s > 0. If an operator A with domain D(A) generates a resolvent family S, g(t), then for all
x € D(A) we have

Sap(t)r — gs(t)r
t—0+ Ga+p(t) '

For example, we notice that if « = 8 = 1, then S; 1(¢) corresponds to a Cy-semigroup, and if « = 2,5 =1,
then S5 1(t) is a strongly continuous cosine family of operators. Analogously, if & = § = 2, then Sy »(t)
is a strongly continuous sine family. See [2] for further details. If & > 0 and 8 = 1, then S, 1(t) is the
solution operator introduced by Bazhlekova in [3, Definition 2.3].

Definition 2.3. We say that a function v : Ry — X s a strong solution to equation (1.2) if v(t) € D(A)
for allt > 0 and satisfies (1.2).

Taking formally the Laplace transform in (1.2) we obtain
(A — A)a(\) = A g 4+ A2 2y + f(N),
for all Re(A) > 0. If A € p(A), then
(2.6) a(N) = A27HY — A) g + A2 — A)Thug + (A — A) TN,

where ug,u; € X. By the uniqueness of the Laplace transform and Definition 2.1, we obtain that if A
generates a resolvent family {Sq1(¢)}¢>0, then for all A% € p(A) we have

(1) X2 1A — A"t =8, 1 (),
(2) A272(A% = A) 7L = Sa0(N) == AT2(A — A)7L = IxeT (A0 — 4) 7L = 61 (V) Sa1(N), and
(3) A —A)1=8a(N) = (A —A) 1= A A = A) 7 = g1 (V) Sai (V).

The identity (2.6), the relations (1)-(2) and the uniqueness of the Laplace transform imply that the
unique solution to (1.2) is given by

(2.7) u(t) = Sa,1(t)uo + (g1 * Sa1)(t)ur + (ga—1 * Sa1 * f)(t), ¢>0.

We notice that, since ug, u; merely belong to X, we can not prove (by Proposition 2.2) that the function
u(t) defined by (2.7) belongs to D(A) in order to obtain a strong solution. Thus, we need to introduce
the following definition of solution.

Definition 2.4. Let A be the generator of a resolvent family {Sa.1(t)}i>0. We say that a function
u: Ry — X 4s a mild solution to equation (1.2) if u satisfies (2.7) for all t > 0.

We recall that a closed linear operator A : D(A) C X — X is said to be sectorial of angle 0 if there
are constants w € R, M > 0 and 0 € (7/2, ) such that p(4) D Xg, :={2€C: 2z #w:|arg(z—w)| < 6}
and

[(z—A)7H < for all z € Xg,,.

|z — wl
In this case, we write A € Sect(6,w, M). We notice that we may assume, without lost of generality, that
w = 0. In fact, otherwise we can take the operator A —wl, which is also sectorial. In that case, we write
A € Sect(0, M) and we denote the sector ¥y as Xg. More details and further information on sectorial
operators can be found in [11, 16].

For a given linear and closed operator A whose resolvent set contains the semi real axis (—oo, 0] and
0 < e <1, X¢ will denote the domain of the fractional power A%, that is X¢ := D(A®) endowed with
the norm ||z||; := ||A°z|| (see for example the monograph [27]). Examples of such operators are sectorial
operators with w > 0. It is a well known fact that if 0 < ¢ < 1, and « € D(A), then there exists a constant
Kk = ke > 0 such that (see [27])

(2.8) 1A%zl < il Azl
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2.2. Continuous and discrete fractional calculus. For a > 0, let m = [«] be the smallest integer
m greater than or equal to a.. Let f : Ry — X be a C"-differentiable function. The Caputo fractional
derivative of order « is defined by

o2 f(t) = / ra(t — )£ (s)ds.

An easy computation shows that if « = m € N, then 0" f = ili%{. Moreover, if 1 < a < 2, then the
Laplace transform of 82 f verifies 92 f(A) = A% f(A) — A*~1£(0) — A*~2f(0). More details on fractional
calculus can be found in [28].

The set of non-negative integer numbers is denoted by Ny and the non-negative real numbers by ]RS' .

Define p,(t) := %e‘t, n € Ng. We notice that p,(t) > 0 for all t > 0, n € Ny, and

o]
/ pn(t)dt =1, forall n € Np.
0
Take 7 > 0 fixed and n € Ny, and define the corresponding approximation to the identity p], by

1t t\" 1
) Tnl’

T t = — n\— =
pu(t) = —pa(—) = e
Given a bounded and locally integrable function w : Rf{ — X, we define the vector-valued sequence (u™),,
by

(2.9) u” = /000 pr (Bu(t)dt, n € Np.

Al

It is well known that for each f € L*(R) we have f*p? — f as 7 — 0 in the L'-norm. However, pointwise
convergence cannot be assured a priori. One of our main results shows that «™ is an approximation of
u(ty), where t,, is defined by ¢, = nr.

Remark 2.5. A calculation shows that
u" = Plur) (),

where u-(t) := u(rt) and P denotes the Poisson transform [23], which is defined for a vector valued
function f: Ry — X by

P(f)(n) == / T a0 f(0)dr.

The space of all vector-valued functions v : Rf — X is denoted by F(R{; X). The backward Euler
operator V. : F(R; X) — F(RF; X) is defined by

n _ ,m—1
Vo= L, n € N.
T
For m > 2, V™ : F(R{; X) — F(RF; X) is defined recursively as
(2.10) (V)" := VYV, 0)", n>m

where V1 = V., and VY is the identity operator. For n < m, (V™v)" is defined as 0. We call to V™ the
backward difference operator of order m. An easy computation shows that if v € F(R{; X) then

1 = /m . )
Vi)' = — ) (=1)70"77, neN.
(Vi ijz_%(j)m

As in [15, Chapter 1, Section 1.5] we define (by convention)

for all k € N.
Now, we introduce the following sequence

(2.11) kX (n) == 7'/ pr(t)ga(t)dt, n € Ng,a > 0.
0
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An easy computation shows that

(2.12) kX (n) = I‘7-((;I)11§‘O(én++ni) = TE((Z i 7;)) 9a(T), mn € Ng,a>0.

Remark 2.6. It is easy to check using (2.11) and a change of variables that
K2 (n) = 70k (n),
where k*(n) = kY (n) in the notation introduced in [23].

Definition 2.7. [30] Let a > 0. The a*®—fractional sum of v € F(No; X) is defined by
(2.13) (V%) =Y k2 (n—j)v’, neN,.
§=0

Remark 2.8. Using remark 2.6 and the definition of o*'—fractional sum A~% introduced in [23] (which
corresponds to (2.13) with 7 = 1), we observe that

(V=)™ = (A~)".

Definition 2.9. [30] Let o € Ry \ Ny. The Caputo fractional backward difference operator of order «,
eV : F(Ng; X) — F(No; X), is defined by

(V)" := V(M=) (V™))" n e N,
where m — 1 < a < m.

In this definition, if o € Ny, then the fractional backward difference operators ¢«V® is defined as the
backward difference operator V&. Moreover, if 0 < a < 1, then ¢Vt = oV*(Viv)". However,
cVetly® £ oV (V)™ (see [30, Proposition 2.6]).

Let u : [0,00) — X be a twice differentiable and bounded function. Since

don®) _ L (r o= ),

dt
for all n > 1, and u is a bounded function, then the integration by parts implies that
1
(ul)n — 7(un _ un—l) — V-,—Un,
T

for all n > 1. On the other hand, since 9*™' f = 929} f and ¢Vt = cV*(cViv)?, for 0 < a < 1,
we obtain the following result, which can be obtained directly from [30, Theorem 2.7] and relates the
Caputo fractional derivative and the Caputo fractional backward difference operator.

Remark 2.10. In case 0 < a < 1 a calculation shows that for any f : Ng — X with f(—1) = 0 we have
the identity

(Vo) = (A,
and in case 1 < o < 2 we have

(Vo) = (A2,
under the assumption that f(—1) = f(=2) =0.

Proposition 2.11. Let 1 < a < 2. Ifu: [0,00) = X is a twice differentiable and bounded function, then

| weruta = o,
0
for alln € N.

Given a family of operators {S(¢)}:>0 C B(X), we define the sequence
(2.14) Sty = / o (t)S(t)xdt, n € Ng,z e X.
0
On the other hand, if ¢: Ry — C is a continuous and bounded function we define

" :z/ or (t)e(t)dt, n € Ny,
0
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and the discrete convolution between ¢ and S by
(cx SH)" Zc" kgk  neN.

Similarly, for a vector-valued function f: R, — X , we define the sequence f" as

(2.15) fm= / pn(t) f(t)dt, n e Np.
0
We recall the following result, which corresponds to an extension of [23].

Theorem 2.12. [30] Let ¢ : Ry — C be Laplace transformable such that ¢(1/7) exists, and let {S(t) }1>0 C
B(X) be strongly continuous and Laplace transformable such that S(1/7) exists. Then, for all x € X,

/ pr(t)(c* S)(t)xdt = T(cx S)"x, n € Np.
0
Similarly, we have the following results.

Proposition 2.13. [30] Let o > 0. Let {S(¢)}+>0 C B(X) be strongly continuous and Laplace trans-
formable such that S(1/7) exists. Then, for all z € X,

/ 7 () (ga * S)(t)xdt = Zk“n—j Siz, neNp.
0

Proposition 2.14. [30] Let f : R, — X be Laplace transformable such that f(1/7) exists, and let
{8(t)}i>0 C B(X) be strongly continuous and Laplace transformable such that S(1/7) exists. Then,

(S f)"x :/0 pn () (S * f)(t)axdt = 7(S* )"z = TZS”fjfj, n € Ny.

j=0
With the above ingredients we can easily prove the following result that we will be useful later.

Lemma 2.15. Let {S(t)} >0 C B(X) be a family of exponentially bounded linear operators such that
S(1/7) exists. If f : Ry — X, a:Ry — C, and a(1/7) and f(1/7) exist, then

Plaxs ) = [ s P
for all n € Ny, where (axS* f)" := (ax (S* f))™. Moreover, (ax(S*f))" = ((axS)* f)™ for all n € Ny.

Proof. Since (a xS * f)(t) = (a* (S = f))(¢) for all ¢ > 0, the Theorem 2.12, Proposition 2.14 and the
definition of discrete convolution imply that

/OOO pr(t)(ax S f)t)dt =7(ax(S* f))" = TZa” k(S f Za”‘k(S*f)k
k=0

=7%(ax (S )",
for all n € Ng. O

3. A FRACTIONAL DIFFERENCE EQUATION

In this section we study the following fractional difference equation of order o € (1,2) :

(3.16) cVau" = Au™ + [,

for all n > 2 under the initial condition u°® = wug, and u' = u;, where ug, u' € X.

We first assume that A is a sectorial operator, ug,u; € D(A) Nker(A) and f* = f! =0. As u®,u! €
ker(A), by Definition (2.10), (VZu)? = (V2u)' = 0, and thus ¢ V*u® = V-2~ (V24)? = 0 and CV" =
V(2= (V2y)! = 0. Since f° = f! =0, we have

VUt =V (Vo) =Y k2 (n = §)(Viu)
j=0
n—1
= Z k2% — §)(V2u)? +77%(u™ — 2u" " + a2,
j=2
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for all n > 2. Therefore, for all n > 2, the scheme (3.16) is equivalent to
n—1
(3.17) (r = A" = 27w — 7Y k2 (0 — §)(VEu) + £

This is an implicit scheme, which means that to obtain 4™ we need to find «» %, u™2,...,u%. If order
to solve (3.17), we need to invert the operator (77% — A), which is possible, because A is a sectorial
operator and therefore, we can take 7 small enough (for instance max{0,w}r® < 1) in order to obtain
that (77* — A) is an invertible operator.

Using this fact, we can provide an explicit description of the solution in terms of certain sequences of

bounded and linear operators. This is the content of the following result.

Theorem 3.16. Let 7 > 0. Let A be the generator of a bounded (a, 1)-resolvent family {Sa1(t)}i>0 with
[Sa,1(t)]| < Me®t, where w < L. If ug,uy € X and f is bounded, then fractional difference equation
(3.16) admits a solution given by

(3.18) u" = 57 juo 4 7(g1 % Sa,1) ur + 72 (ga—1 * Sa1 x )"

for alln > 2 and u® = ug, u' = u;.

Proof. Since {Sa,1(t)}+>0 is exponentially bounded, we obtain S7; ;z € D(A) for all n € Ny and z € X,

as in the proof of [23, Theorem 4.4] and [30, Theorem 2.8]. On the other hand, Proposition 2.2 implies
that

t
Sai(t)r =z + A/ ga(t — 8)Sa1(s)xds,
0

for all t > 0 and x € X. Multiplying this identity by p] () and then integrating over [0, 00) we obtain by
Proposition 2.13 that

Siar= [ 0jOSaa(Oadt= [ pf(Owde+ A [ 57000 Sun) et
0 0 0

(3.19) :x+A§J:k$‘(j—l)Sglx

j > 0. Now, by definition we Il;f/e for all n > 2 that

(3.20) (T Sa2)" = V- C IV (S, 1) = 3K — )(V2Sasa)
§=0

By (3.19), we obtain

(V28a2) = = (8] 12 — 280 v + S0 %)

1

;5

A a a a l

= Zk alx—2Zk (G—1-1) a1x+2k —2-0)S, 2|,
1=0 1=0

for all j > 2. Next, for t > 0, we define R, (t) := (ga % Sq.1)(t). By Proposition 2.13 we obtain that

J
Rgc = Zkg(J - l)S(lx,la
1=0

for all 5 > 0.
Analogously, since (ga—a * ga)(t) = g2(t) = (g1 * g1)(t), we obtain by Proposition 2.13 that

n J
YR =) kG- DSL e = Zk2 “(n—j)R},
=0 =0

pn(t) (QQ—a * Ra)(t)l‘dt

or (t) (g2 * So.1)(t)xdt

I
:NN I

= kr(n—j)(g1 * Sa1)z,

<.
Il
o
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for all n > 2. By definition, we have kl(n) = 7 for all n, and, once again, by Proposition 2.13 we obtain

00 J
(g1 % San V2 = / 5 (g1 * Sa)(B)xdt =Y kLG —1)S, 1z = TZS
0 1=0

which implies that

n J n J
(3.21) Zkg‘o‘(n —J) Zk‘ (-8, Gr =7 ZZS&lx.
7=0 =0

Since Ej_:ko v? =0 for all k € N, by using the function R,, we have that

n i1 n -
SR =) Y kG- 1=DSh =Y kK= ) Y k(1= 1)Sh @
j=0 1=0 j—l =0

_Zk2a R]l

And, as above we obtain

n n—1

(3.22) > kT Zk"‘ —1-0)8, 2 =1

7=0

M-
QQCQ‘
&

<
Il
=)
Il
o

for all n > 2. Similarly, for all n > 2 we have

n n—2 j
(3.23) DR — )Y k(G -2 1S, x =717 St .
j = §=0 1=0
By (3.20)—(3.23) we obtain
« n A - 2—a . z af, l = af s l
eV (Sana)" = 5D KT Nn= )| Dk - DShar =2 k(G —1-DS; e
§=0 1=0 1=0
+Zk“ -2-08.,
n J n—1 j n—2 j
= A ZZS&x—QZZSé’lxﬁ-ZZSé,lx
j=01=0 §=0 1=0 §=01=0
= ASlz,
for all n > 2 and = € X. Therefore
(3.24) VS 1uo = ASE uo.

On the other hand, by definition we have
n
Ve (T(g1 * Sa1)™)z = VZE=IV2(7(gy % Sun))"z =T Z E2=%(n — j)V2(g1 * San )’z

Since 1
V2(g1 % Sa1)! = - 5 [(g1 % Sa1)? = 2(g1 % Sa1)’ ™' + (g1 % Sa1)? 7],
for all j > 2, and
4 1 [ . 1 4
(% Saae =+ [ p10)(an * S t)odt = (g1 % Saa )iz
0
(by Theorem 2.12), we have

1« ; . ‘
(3:25) eV (r(g1*5an)")z = ST k27— ) [(91 * Sat)’@ — 2(g1 % Sa1) " a + (g1 % Sa1) 2]
j=0

Moreover, by Proposition 2.2 we have

(91 % Sa,1) ()2 = (g1 % g1)(t)7 + A(g1 * ga * Sa,1)(t),
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1 forallt >0 and z € X. Since k(n) = 7 for all n, and g} = 1 for all [ > 0, (by (2.11)) multiplying this
2 equation by p7(t) and integrating over [0,00) we obtain by Proposition 2.13 that

(91 % SanVz = / P7(1)(g1 * Sr) (1)t
0
J J
= > k(i -Dgiw+AY kTG-S, e
=0 =0

J
= Tjr+AY kTG-S,
=0

3 for all 7 > 0. Hence,

i
(91 % Sa1)’ = 2(g1 * San) 'x + (g1 % San) 2w = Al KT -1, @
=0

j—1
=2 kTG -1-D)S @
=0
j—2
+> kTN —2-1)8) x|,
=0

4 for all j > 2. If Qa(t) := (ga+1 * Sa,1)(t) we obtain by Proposition 2.13 that if j > 0, then Qlz =
t

5 {:0 ket(5 —1)SL (2. Since (ga—q * Qa)(t) = (g1 * g1 * g1 * Sa,1)(t) and kl(n) = 7 for all n, we obtain

n 7 n

SRR DSk = Y R )@l

=0 1=0 =0

- (1)@ * Qo) (t)adt

0

_ / o) gn(gr % g1 % Sar)) (Ot

= kr(n—5)(g1* g1 * San)

§=01=0
n J
= 72 Z(gl *Se1)'T
7j=01=0
Since Zj;ko v/ =0 for all k € N, we obtain as above that
n Jj—1 n—1 j
DR — Y kTG -1-DSL 2 =7 (g1% San)'x
§=0 1=0 §=0 1=0

and

n j—2
SR ) Sk -2 - DS, o =7
=0 1=0 j
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Therefore,

AL J
eV (7(g91 % San)" x:—2§ § kot — 1z—2§ TN —1-1)S,
7=0 =0

+ Zkf“(j —2-1)S, @
=0

n J n—1 j n—2 j
=A D > (g1 Sa)z=2> " (g1 % San)z+ DY (91 %San)a
=0 1=0 j=01=0 7=0 1=0

= A(g1 * Sa1)"z,
for all n > 2 and = € X. Since (g1 * Sq,1)"2 = 7(g91 * Sa,1)™z We obtain
(3.26) cVT(g1 * Sa,1)")ur = A(T(g1 * Sa1) 1), n>2.
Finally, by definition we have
V(T (Gom1 * Sat % 1)) = V7OV (ga1 % Say % )"

= Z kz_a(n - j)vi(TQ(ga—l * Soc,l * f)j)v
i=0
for all n > 2. Since

1 , , .
V2(ga—1%Sa1* f)) = ) [(ga—1%San* f)) —2(ga—1* Sa1 * [)7 7" + (ga—1 * Sa1 x )7 7?],

for all j > 2 and by Lemma 2.15 we have (ga—1* Sa,1 % f)? = 25 (ga—1%Sa,1* f)7 for all j > 0. Therefore,
we have

. 1 , . .
V2(7*(ga—1* Sa1 * f)7) = ) [(ga—1* Say1 * f)) — 2(ga-1 * Sa1 * [) Y+ (ga—1 * Sa1 * f)? 2] ;
for all j > 2. By Proposition 2.2 we get

(gafl * Sa,l * f)(t) = (goz * f)(t) + A(gafl * Jo * Sa,l * f)(t)7
and multiplying this equation by p7(t) and integrating over [0, 00) we obtain by 2.13 that

J J
(Ga1 % Sap * f)) =D kG =D +AY kG = D(ga1 * Sanx ), 520
=0 =0

Hence

Cva(Tz(ga—l *Soz71 *f)n) = Zk‘lz—a(n_j)vg(Tz(ga—l*Sa,l *f)j)
=0

- %ikﬁ’o‘(n [Zko‘]l 7221&]7171

=0

j—2
+ Zk?(j -2- l)fl]

+ Zk‘Qan J[Zkaj—lga1*5a1*f)
1=0
]1

- QZkf(j ~1=1D(ga1 % Sar1*f)

=0

j—2
+ Zkﬁ(jmxga_l*sa,l*f)l],

1=0
for all n > 2.
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On the other hand, we notice that defining h(t) := (g * f)(t), we have b/ = [ 07 (t)(ga * f)(t)dt =

7o k& — 1) f', which implies (by similar computations as above) that

n

DR =) Y RG0S =y Y

j=0 =0 Jj=01=0
n j—1 n—1 jJ
YR =) kG -1-Df =) Y,
7=0 =0 7=0 1=0
and
n Jj—2 n—2 J
DR =f) Y kG20 =Y Y f
7=0 =0 7=0 1=0
Thus,

T2Zk2an ) Z G-0f —2Zk("j—1—lfl+2k"‘]—2—l = f",

for all n > 2. Similarly, if 7o (t) := (ga * (ga—1 * Sa,1 * f))(t) then T2 =39 k¥(j — 1) (ga—1 * Sa1 * f),
and therefore

n j nJ
SR (0 ) S REG — D(Gamt * Sat * £ Zgafl*sawl*fy’
i—=0 =0

=0

j—1 n—1 j
Zkzaﬂ_} DG =1 =D (a1 %San * /) =7 Y (ga1* S+ f),
= 1=0 j=0 1=0
and
n Jj—2 n—2 j
K2 =) Y k26 — 2= D) (ga1 % Sa1 # /) =72 DD (ga1 * Sax * )"
3=0 =0 §=0 1=0
Thus,
Zk’2 “(n— ) Zkaa—l)(ga 1% Sa1 % f) —2Zka.7—1—Z><ga 1% Sa1 % f)
j=0 1=0 =0
j—2
+D k(G = 2= 1) (ga1 * San # )| = A(ga1 * Sa1 * ).

=0

Since (ga—1* Sa.1 * f)" = 72(ga—1 * Sa.1 * f)™ we conclude that

(3.27) eV (T (a1 % Sana * [)™) = [" + A(T* (ga—1 * San * /)"),
for all n > 2. We conclude that if we define the sequence (u™)nen, by u” = Sy 1o + T(g1 * Sa1)"u1 +
T2(ga—1* Saq * f)"), for n > 2 and u® := ug, u' := uy, then by (3.24), (3.26) and (3.27) we have that
VW) = oV (Shiuo + 7(g1 * Sa1) w1 + 7% (ga—1 * Sa,1 * )™))
= AS} uo + A(T(g1 % Sa1)"u1) + [ + AT (ga—1 % Sa1 % ")
Au”™ + [,
for all n > 2, that is, (u™)nen, solves the equation
Vo™ = Au + 7, n > 2,

0

under the initial conditions u® = ug, and u' = u;. O



oA W N

10

11

TIME DISCRETIZATION AND CONVERGENCE TO SUPERDIFFUSION EQUATION 13

4. ERROR ESTIMATES

In this section we compare the mild solution u to the Caputo fractional Cauchy problem (1.2) at ¢,
and the solution u™ of one solution of the fractional difference equation (3.16). More concretely, we study
the norm difference ||u(t,) —u™||, where u is the mild solution to Problem (1.2) and u™ solves the discrete
difference equation (3.16).

For a closed operator A € Sec(f, M), we will consider the following path I'; : For § < 0 < 7, we take
¢ such that %(b < Fa < ¢ < 6. Next, we define I'; (see Figure 1) as the union I} UT%, where

1 . . 1
I} .= {tew/a <Y < (b} and T?:= {rei”’/a n < r}.

FIGURE 1. Plot of path T';.

The next result will be useful to prove the main theorem in this section. A similar result can be found
in [10] and [30]. We give its proof for the sake of completeness.

Lemma 4.17. Let A € Sec(6, M) and T be the complex path defined above. If u > 0, then there exist
positive constants C,, depending only on a such that

zt

/e
Ty

¢
) <2¢ /¢> R + - cos2(¢/oz)> .

|dz| < Coth™t,

for allt > 0, where

Proof. On I'} we have
(pestren)y

ezt
|51 < 20 /

On the other hand, since %(;5 < §a < ¢ we obtain § < % < 7, and thus cos(¢/a) < 0, which implies
that on I'? we have

/ ezt
r

We conclude that

dw 2¢/ €08 w/a)dwtp, 1

rtcos(¢p/a -
/oo ﬂdr < 2tH /Oo erteos(@/e) gy = 2L'
i " < | —cos(¢/a)

t

@
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Take A € Sec(f, M). If z = Le'®/@ then »* = L€' and arg(z*) = ¢ < 0. This implies that 2® € p(A).

If we take the complex path I' = I'; defined in Lemma 4.17, then, by the inversion formula of the Laplace
transform, we can write

1
(4.28) Sa1(t) —/eztzafl(za —A)"ldz, t>0.
T

= omi

Let 0 < € < 1 be given. The space of all continuous function f : [0,00) — D(A®) endowed with the
norm || f||e := SUP;>g IF @)l = SUp; > ||AS £(#)|| will be denoted by C([0, 00), D(A%)).
Our main result is the following theorem.

Theorem 4.18. Let1 < oo < 2 and A € Sect(8, M) which generates an («, 1)-resolvent family {Sq,1(t) }>o0-
Let 0 < e <1 such that 0 < ae < 1 and a(e + 1) < 2. Suppose that f € C([0,00), D(A%)). Let T be the
complez path defined above. If ug,u; € D(A®), then for each T > 0 there exists a constant C = C(T) > 0
(independent of the solution, the data and the step size) such that, for 0 < t, <T, there holds

(4.29) lu™ = u(ta)ll < CTta™" (Juolle + llurlle + 1 £1) -

Proof. Since A generates a resolvent family {S 1(¢)}¢>0, the solution to (1.2) and (3.16) are given,
respectively, by

u(t) = Sa1(H)uo + (g1 * Sa,1)(B)ur + (ga—1 * Sa1 * (1),
and
u" = S5 1uo + 7(g1 * Sa,1)"ur + 72 (ga—1 * Sa1 * [)™.
Now, we fix n € N such that 0 < t,, < T, where t,, := 7n. Then, we have
[ —u(ta)ll < (Sa1(tn) = S&1)uoll + [1((g1 * Sa1)(tn) — 7(g1 * S& 1))l
H(ga-1 % Sax * £)(tn) = 7°(ga—1 * San * /)" := 11 + I + I5.

Now, we estimate I7, I> and I3. Since fooo pr(t)dt =1, we can write
o0
(Sualtn) = Sh0u0 = [ PLO(Sua(tn) = Sas () undt,
0
and therefore

I < / o O1(San() — Ser (t))uo]ldt.

Now, if I' =T, , by (4.28) we can write

1 (ezt _ eZt") _
- =— [ ——2%(z" - A .

(Sa,1(t) = Sa1(tn))uo ot /- p, 2%(z )t updz
On the other hand, we have A(2% — A)~! = A5 (2% — A)"1 A% and
(4.30) 22— AT =AY - AT T = AV - AT AT+ I
Thus,

1 zt ozt 1 zt _ 2zl
(Sa,1(t) = Sa1(tn))uo wuodz + = MAPE(ZO‘ — A) Tt Afupdz.

21 T z 211 T z

The function h(z) := (cﬁ;& has a unique removable singularity at z = 0. Since ¢ > t,,, h(z) can be

analytically extended to the region enclosed by the path I'% := Fﬁ where I'? is the path given in Figure
2, and therefore

1 ezt _ eztn
L) g o,
2mi Jrr z
Since
1 ezt ezfn ezt _ BZt”
— ( )uodz = lim —/ ( )uodz,
2mi Jp z R—oo0 271 Jrr z
we get
1 ezt _ €Zt"
- ( )UOdZ —
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FIGURE 2. Plot of path I'Z.

1 On the other hand, since A is a sectorial operator, we get by (2.8)

AE
(4.31) HAF%f“wMAA%§HM4+UWQﬂ,
z
for all x € D(A®), which implies that
k(M +1) [ |e*t —en| 1
w1(t) — Sa1(tn < dz|||A® .
1(0.16) = s (ol < I [ It st

2 The mean value theorem for complex-valued functions ensures the existence of tg,t; with 0 < t,, < tg <
3 t; <t satisfying

et — e*in|
2|
By Lemma 4.17 and (4.32) we conclude that
(M +1)
27

(4.32) < (t—tn) (le"%] + |e"7]) .

K oE— aE— g
[1(Sar,1 () = Sa,1 () w0l < (t = tn)Ca(t5™" + 1757 1) Auo] .

Since 0 < t,, < tg < t; and 0 < ae < 1 we have t?sfl < tg‘sfl < t2¢~1 which implies that

k(M +1)

1(Sa1(£) = Sa,1(tn))uoll < Calt — tn)tn= | A%uo].

4 Now, an easy computation shows that
(o) o0
(4.33) /'@@a—mﬁz/ PO S —
0 0

5 because fooo pr(t)dt =1 for all n € N, and thus

oo (oo}
B [ oONSan() = Sarltuollde < Dats [ Aull [ g7 - ta)i
0 0
= Dirtg | A%,
for all n € N, where
M+1
Dy = MCQ.
™
6 We conclude that
(4.34) I < Dy7toe Y| A%uyg)|.

Now, to estimate I we notice that by Theorem 2.12 we can write

o * S0.)00) = rla1 50"l = | [ #2Oln * S0.00) = (1 + S0t
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1 Since (gl/*S\al)( ) = %S 1(2) = %2

22

2 (4.30) allow to write

*(2% — A)~1, the inversion theorem for the Laplace transform and

1

(g1 % Sa1)(t)x — (g1 * Sa1)(tn)ur = 5 (e* — Zt")(gl * Sa,1)(2)urdz
r
1 zt _ pzty
- iuldz
27t Jp 22
1 zt _ zty

[ T T Ao A AR de
27t Jp 22

3 Since [Juq|| < [|A%uq||, by (4.31)-(4.

(g1 * Sa,1)(tn)ur — (91 % Sa1)(Qusr]| <

Since ae > 0 and tg < t; < t we have

t—t, E
[0 S ) (s — (g1 % o) < L= 420 4 2

32) and Lemma 4.17, we have

1 |62t "\
— [ = "Nuyjd
o ‘ |2 HU1||| Z|
1 |€Zt” - ‘ 1 1 —1
P JATE (2 — A) ! A%y || dz
o b T
t*t ezto + ezt R
< /‘ " LAy 2]
M—l—l eZt”— zt| 1 ||A%u
N /\ |HH#H”
t_
< L—l%umwm
s
w(M +1
D g o) A%

M+1)C,
KM+ DCa 4 p0e ) g2y
s

4 On the other hand, an easy computation shows that if v > 0, then

(4.35) / T rdt = DTty +1),
0 n!

5 for all n € N, and therefore

(4.36) / T Tt — bt dt
0

6 We notice that ¢} can be written as

Tl

g —
c! =
n Tl'

7 Since L)

F(n+7+2)——1"(n+7+1) =

/ p;(t)ﬂ“dt—tn/ pr(t)tVdt
0 0

T+

-
= L+ v+2) = Tn+vy+ 1D, =1
n! n!

OHT(n+~v+2) M T(n+v+1)
nYtl.n! - nYy - n!

trrt (T(n+~+2
n ( (n+vy )—F(n+7+1)>
nY - n! n

— F'n+v+1) [(n+v+1) 1
I'(n+1)n7—1 n

B ,YI‘(nJrv) 1
= T(%L1)(n+’r)lfnir(wr 1)

Tnti) < nY~! for all 0 < v < 1 and n € N (see for instance [13]), we have

1
(4.37) <t D+ NEn T = =m0, (14 1) < 2r(3+ 1)1,
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for all n € N. Hence, if ¥ = ae, then the hypothesis implies that c&¢ < 27(ae+1)te¢ = 27t, (ac+1)t2e 1 <

n —

27(ae + 1)Ttee~1. Therefore, by (4.33), (4.37) and (4.37) we obtain

L < / (1191 * Sar) (taus — (g1 % Sort)(B)un |t
0
COt > T € K M+ 1 Ca > T € 5
< & [T - a w4 B DCe | - ecanacu)
™ Jo 7T 0
<

Ti-2¢  9k(M +1 nT

(Oa n H( + )Ca(a€+ ) )ths_1||14€u1||~
T T

We conclude that

(4.38) Iy < Doty A%,

where

B CoTH=¢  2k(M +1)Cq(ae + 1)T
N T + 7r '
Finally, we estimate the integral I3. By Lemma 2.15 we can write

| 001 xS0 O = (g0 S f)(tn)]dtH |

DQI

B

Moreover, we have

(ga—l * Sa,l * f)(t) - (ga—l * Sa,l * f)(tn) =

- / (Gt * S} (£ — 1) f()dr — / (Gt * St (b — 1) f(r)dr

- / (Gt * S 1)t = ) — (gt * St (bn — )] F(r)dr + / (g * St )(t — ) f(r)dr
= J1 + JQ. ’

—

To estimate J; we notice that (ga—1 * Sa.1)(2) = (2% — A)~!, which implies by (4.30) that

1 —
(4.39) (ga—1 *Sa1)(t)x — (ga—1 * Sa1)(s)z = 3 (€*' — €**)(ga—1 * Sa1)(2)xdz
r
_ 1 (eZt _ezs) af o -1
zt _ zs
= i - )Alfs(za — A"t A%xdz
27 Jp z¢
1 zt _ ,zs
PR B Gl
2w Jr z%

for all x € D(A®) and ¢t > s > 0. Since ¢(z) := (cﬂ;# has a unique removable singularity at z = 0, we

can prove that the second integral in this last equality is equal to zero (following the same method used
to prove that [, h(z)uodz = 0). By (4.31) we obtain

k(M +1) le*t — e**]
o1 r |Z|a(6+1)

[(ga—1 * Sa1) ()T = (ga—1* Sa,1)(s)z] < | A%]|dz].

Once again,applying the mean value theorem for complex-valued functions, we obtain the existence of
0, th with 0 < s < t{, <t} <t such that

ezt — e?s , ,

7= ) (Jetr + i)

||
Hence, by Lemma 4.17 we get
(o [l 1]
2 r |Z‘O‘(E+1)_1

k(M +1)
- 27

[(ga—1 % Sa1) ()7 = (ga—1 % Sa1)(s)z]| < | A%||dz|

(t = 5)Calty TV 72 47TV 2) | A%
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By hypothesis, tgﬂ(eﬂ)_Q < sPEH)=2 and tlla(EJrl)_2 < st =2 hecause 0 < s < t, < th < t. Thus,

k(M +1)

[(ga—1 % Sa,1) ()7 = (ga—1 * Sa1)(s)z] < Ca(t — 8)s* D72 A%,

1 for all x € D(A®) and 0 < s < t. Replacing ¢ by ¢ —r and s by t,, — r we have

Al < /0 (Gt * Saa)(t =) = (Gamt * Saa)(tw — P F()]ldr

< @m —tn) / (b — 1) CTO2 A f (r) | dr
<MD = )71 (91 * gagesny-1) () (ale + 1) 1)
Mol z(5+1)71
e
k(M +1)T

— e S A, _ ac—1
= D et e

> By (4.33) we have

IN

A / T / (Gt * o)t — 1) — (g * St (b — )| F(r)1drdt

k(M 4+ 1)T*C,,
m(a(e +1)—1)
s Now, we estimate Jo. For ¢ > 0 and € D(A®) we have as in (4.39) that

1 ezt zt

1 e
o " - 714175 a_ A 71A€ - = .
(ga—1 * Sa 1) () omi Jo 0 (z ) zdz + 51 Jr 2o xdz

< I fllertns"

4 The inequality (4.31) and Lemma 4.17 imply that

K(M+1) ] e 1 [ [e*]
oo # Sa)0e] <SS [ s ataas) + o [ e
M+1 C
< /1( + )Cata(erl)leAst + OétogleAsx”7
27 2w
5 for all x € D(A®) and ¢t > 0. Replacing t by ¢ — r we get
¢ k(M +1 ¢ _
(ga—1 % Sax)(t =) f(r)ldr < (T)C“ (t =)@ EEDT A f(r) |dr
tn tn
Ca ‘ a—1 €
b5 [ A p
T Ji,
M +1 K
< %C’aﬂfﬂs/ (t — r)oEHD=1g,
™

tn

Ca t 1
— | flle t—r)* dr.
el [t

Now, we notice that

t t tn
/ (t — ) =1gp = / (t —r)eEH)=1gp / (t —r)*EFD= gy
t 0 0

n

and

t
JE LS
0 O((E + 1)

for all £ > 0. Since the function z — z*(E+H-1 g increasing we obtain for ¢, < t that

¢ 1
/ (t _ T)a(s+1)71dr —
t «

1
- - ta(6+1) _ ta(6+1) )
(e+1) ( " )

in
ta(6+1) _ / t— oz(erl)fld <
0 (t=r) "= ale +1

n



TIME DISCRETIZATION AND CONVERGENCE TO SUPERDIFFUSION EQUATION 19

Similarly, we obtain

¢ 1
/ (t—r)*ldr < —(t* —t%).
t

(67

n

Thus

(0% (03 C (0% (0}
Call flle ¢+ —tn(””)+ﬁllflla(t — 1)

[ s = See =gl < gt

On the other hand, by (4.35)

) Ta(s-i—l)
/ P — 2t = ———T(n+a(e +1) + 1) — 15,
o n!
1 Next, we notice that
alet+1) Pn+1l+ale+1)-1)
T n ale
d, = T 1 1 — a(e+1)—1
" (n+1+ale+1)) TT Tln+2)
(n+1)(n+ale+1))
< tatntoy 7+ ale+ DT

for alln € N, because 0 < a(e+1)—1 < 1 and Dlorlin) o (n+1)""!foralln € Nand 0 < n < 1. Moreover,

T'(n+2)
the function z + 2+ =2 is a decreasing function on [1, 00), and therefore tZE:H)_Q < oleth)=2

n € N. This implies that

for all

2T = (04 Dt T < (o g2 <ol Dol paler =2 < gpalek DL
2 and thus

dy < ot tS ST pale + Dt <ty 12 GO o0 (e 4 D EED L

for all n € N. Since 0 < t,, <T and

tn+1tg(a+1)—1 — tg(e+1) = tg(e+1) (tz“ _ 1) — tg(a-&-l) (W) — th(a+1)—17
n n

3 we obtain

/OO pr () (T —goletygy < g, —aE+D

0
<ty t0ETDTL L 90 (e 4 1) (T _gale+l)
= Ttg(sﬂ)ﬂ +2a(e + I)Ttg(erl)—l
< (142a(e+ )77

Analogously, we can prove that

| e —mar < @+ 20)rretge,
0

4 Therefore,
o0 t
1 < [0 [ Mot Sun)t = 0070
0 tn
————C ) (et ¢ La / OV 19t
e Callle [ e+ i [ e -
H(M"f’ 1) 1 (1+2OZ)Ca B B
N al ) )T rtee 7Ta(l €) e 1 )
27‘(0&(64—1)0 ( + a(s—i— )) Tln ”st+ 27 2% ”f”s
5 We conclude that
(4.40) Iy < |l + 172l < Dsfl fllortgs,
where

Ta(l—a).

™

D k(M +1)TC, ( 1 14 2a(e + 1)) (14 2a)C,
3 =
2ra

(a(e+1)—-1) 2a(e + 1)
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Summarizing, by (4.34), (4.38) and (4.40), we obtain

D7t | A%ugl| + Dart® M| A%us || + Ds| fll-7ta="
C(IlA%uo| + |A%us|| + | fllo)Tto= ",

[u —u(t)] <
<

where the constant C' = C(T) is defined by
C = max{Dl, DQ, D3}

The proof is finished. O

5. SOME EXPERIMENTS

In this section, we illustrate the exact solution u(t) at ¢,, to the fractional differential equation (1.2) and
the approximated solution u™ to the Caputo difference equation (3.16) given in Theorem 3.16. Suppose
that A = pI for some p > 0. Then, the Laplace transform of the resolvent family {S, 1(¢)}i>0 satisfies

R )\afl
Sa,l(A) = e _ p7

for all Re(\) > p'/. By [17, Formula 17.6], we obtain that
(5.41) Sa,1(t) = Ea1(pt”),

where, for p,q,r > 0, E, 4(2) is the Mittag-LefHler defined by

ij+q

o i
E, o Z z € C.
i=

Therefore, the solution to

ou(t) = pu(t)+ f(t), t=0,
(5.42) w(©0) = wug
u'(0) = wuy,
is given by
(5.43) u(t) = Sa1(t)uo + (g1 % Sa,1)(t)ur + +(ga—1 * Sa * f)(1),

where {S, 1(t)}i>0 is given in (5.41). Now, we consider the exact and approximated solution to (5.42)
on the interval [0,4]. We take 7 = 4/N for N = 40, N = 80 and N = 100. In Figure 3 we have the
exact solution w to the initial value problem (5.42) given by (5.43) evaluated at t,, = nr, that is, u(t,)
for 2 <n < N, and the approximated solution (u™)"_, given by

ut = SIiug+7(g91 % Sa1)" U1 + 72 (gam1 * Sa x f)"

_ /OOO or (1) [sa,l(t)uo + (g1 * San) ()1 + (a1 * Sar * f)(t)]dt

To illustrate the theoretical results, we take ug = u; = 1 and f(t) = t?e~" for all ¢t € [0,4] and in the
numerical computations we consider o = 1.5.
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N=40, t=0.1

N=80, 1=0.05 N=100, t1=0.04
1.2 1.2 1.2
1 1
5 0.8 5 0.8
° °
5 5
£ 06 S o6
e 5
0.4 0.4
0.2 0.2
P I R B P I R R P I S S
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
t

FIGURE 3. Exact (line) and approximated (circles) solution v and u™, respectively, for
N =40, N =80 and N = 100. Here we take o = 1.5.

Next, we illustrate Theorem 4.18 where we compare u(t,) and u™ for 2 < n < N, where N € N is
given integer number. In Figure 4 we have the error e,, := |u(t,) — u™| for 2 < n < N, where N = 40, 80

and N = 100. As before, we take a = 1.5, up = u; = 1 and f(t) = t?e~" for all ¢ € [0,4]. We notice that,
as in Theorem 4.18, the error e,, behaves as 7 = 4/N.

N=40, 1=0.1 N=80, 1=0.05 N=100, 1=0.04
0l
)
0.06 F4 0.06 0.06 -
R
-
)
< 0.04 F* Y = 0.04 F = 0.04 F
: A
\ 4 0
[ $ %
0.02 te N S ooz 3 0.02
[ ] “ I qi
iy . f
7! o ¢ h i
0 L8 | ol ¥ ‘ | 0
0 10 20 30 40 0 20 40 60 80 0 20 40 60 80 100
n

n

FIiGURE 4. Plot of e, for N =40, N = 80 and N = 100. Here we take a = 1.5.
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