BOUNDED SOLUTIONS TO A CLASS OF SEMILINEAR
INTEGRO-DIFFERENTIAL EQUATIONS IN BANACH SPACES.

CARLOS LIZAMA AND RODRIGO PONCE

ABSTRACT. Let A be the generator of an immediately norm continuous Cp-semigroup
defined on a Banach space X. We study the existence and uniqueness of bounded solutions
for the semilinear integro-differential equation with infinite delay
¢
u'(t) = Au(t) + a/ e PO Au(s)ds + f(t,u(t)) teR; o fB€R,

for each f : Rx X — X satisfying diverse Lipschitz type conditions. Sufficient conditions
are established for the existence and uniqueness of an almost periodic, almost automor-
phic and asymptotically almost periodic solution, among others types of distinguished
solutions. These results have significance in viscoelasticity theory. Finally, an example
is presented to illustrate the feasibility and effectiveness of the results.

1. INTRODUCTION

In this paper we consider the problem of existence, uniqueness and regularity of solutions

for the following integro-differential equation

t
(1.1) () = Aut) + a / e B9 Au(s)ds + f(t,u(t)), tER,

—0o0
where a, f € R, A: D(A) C X — X is a closed linear operator defined on a Banach space
X, and f belongs to a closed subspace of the space of continuous and bounded functions.
Under appropriate additional assumptions on «, 3, A and on the forcing function f, we
want to prove that (1.1) has a unique solution u which behaves in the same way that
f does. For example, we want to find conditions implying that u is almost periodic
(resp. automorphic) if f(-,z) is almost periodic (resp. almost automorphic), that u is
asymptotically periodic (resp. almost periodic) if f(-, x) is asymptotically periodic (resp.
almost periodic), and that u is pseudo almost periodic (resp. automorphic) if f(-,x) is
pseudo almost periodic (resp. automorphic).

This problem arises in several applied fields, like viscoelasticity or heat conduction with
memory, and in such applications the operator A typically is the Laplacian in X = L?(Q),
or the elasticity operator, the Stokes operator, or the biharmonic A2, among others, and
equipped with suitable boundary conditions. The exponential kernel ae=?* is the typical
choice when one consider Maxwell materials in viscoelasticity theory. In that context,
a = p and S = p/v where p is the elastic modulus of the material and v corresponds
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to their coefficient of viscosity. See for instance [13], [22, Section 9, Chapter II] and the
references therein. Observe that the case a = 0 leads with the semilinear problem

(1.2) u'(t) = Au(t) + f(t,u(t), teR,

which have been studied intensively by several authors, see e.g. the monograph [4] and
references therein.

The problem of existence and uniqueness of almost periodic or almost automorphic
solutions, as well as the study of their behavior at infinity, is not only a very natural one
for the type of non-linear evolution equations (1.1), but also there is a recent and increasing
interest on this subject by many researchers, see [16, 10, 14, 18, 19, 24, 15] and references
therein. In this paper, we study in an unified way the existence and uniqueness of, among
others, almost periodic, almost automorphic and compact almost automorphic solutions
for (1.1). Even more, as immediate consequence of our method, necessary conditions for
the asymptotic and pseudo-asymptotic behavior of the equation (1.1), under the hypothesis
that A generates an immediately norm continuous Cy-semigroup on a Banach space X,
are also established.

The paper is organized as follows. In the second section, we review recent results
about several intermediate Banach spaces interpolating between periodic and bounded
continuous functions. In Section 3, we study the linear case of equation (1.1), necessary for
our method. Assuming that A generates an immediately norm continuous Cyp-semigroup
we are able to give a simply spectral condition on A in order to guarantee the existence
of solutions in each class of function spaces introduced in section 2 (Theorem 3.2 and
Corollary 3.3). It is remarkable that in the scalar case, that is A = pI, with p € R\ {0},
an explicit form of the solution for (1.1) is given by:

(1.3) / Sy(t—s)f(s,u(s))ds, teR,

where
Sp(t) — 1 <€t (P—§)+C + et (p—g)—c) 4 M <et(P—§)+c B et (p_g)_c> 7
2 2c
and ¢ = /(B + p)? + 4ap. In particular, it shows that our results are a direct extension

of the case @ = 0 studied in the literature but, notably, in our case the condition p > 0
even guarantee the existence of bounded solutions for the class of equations (1.1) in the
linear case, in contrast with the case a = 0 where p < 0 is necessary. Some examples and
a picture of the situation completes this section. In section 4, we present our main results
for the semilinear equation (1.1). There, using the previous results on the linear case and
the Banach contraction principle, we present new results of existence of solutions that are
based directly in the data of the problem. We finish this paper with an concrete example,
to shown the feasibility of the abstract results.

2. PRELIMINARIES: THE FUNCTION SPACES

We denote
BCO(X) :={f:R— X; f is continuous , || f||cc := sup || f(¢)|] < oo},
teR

where X is a complex Banach space. In this section, we first recall the definition and
properties of several function spaces of continuous and bounded functions, and then some
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recent results on uniform exponential stability of solutions for Volterra equations with
special kernels.

To begin with, we recall that a function f € BC(X) is said to be almost periodic (in
the sense of Bohr) if for any € > 0, there exist w = w(e) > 0 such that every subinterval R
of length w contains at least one point 7 such that ||f(¢t + 7) — f(t)||cc < e. We denote by
AP(X) the set of all these functions. The space of compact almost automorphic functions
will be denoted by AA.(X). Recall that function f € BC(X) belongs to AA.(X) if and
only if for all sequence (s} )nen of real numbers there exists a subsequence (sp)nen C
(8!, )nen such that g(t) := limy, oo f(t + sp) and f(¢) = limy, 00 g(t — sp,) uniformly over
compact subsets of R. Clearly the function g above is continuous on R. Finally, a function
f € BC(X) is said to be almost automorphic if for every sequence of real numbers (s}, )nen
there exists a subsequence (sp)nen C (8}, )nen such that

g(t) = lim f(t+sn)
is well defined for each ¢t € R, and
ft) = 7};120 g(t —s,), foreachteR.
We denote by AA(X) the set of all almost automorphic functions. We recall that AA.(X)
and AA(X) are Banach spaces under the norm || - ||, and
P,(X) C AP(X) C AA(X) C AA(X) C BC(X).

Now we consider the set Co(X) := {f € BCO(X) : lim_, |[f(t)|| = 0}, and define the
space of asymptotically periodic functions as AP, (X) := P,(X) @ Cp(X). Analogously,
we define the space of asymptotically almost periodic functions,

AAP(X) := AP(X) @ Cp(X),
the space of asymptotically compact almost automorphic functions,
AAAL(X) = AA(X) @ Co(X),
and the space of asymptotically almost automorphic functions,
AAA(X) := AA(X) @ Co(X).
We have the following natural proper inclusions
AP,(X) C AAP(X) C AAA.(X) Cc AAA(X) C BC(X).

Denote by SAP,(X) := {f € BO(X) : 3w > 0,||f(t + w) — f(¥)|]| — O0ast — oo}.
The class of functions in SAP,(X) is called S-asymptotically w-periodic. Now, we next
consider the following set

1 [T

i o [ llids = 0y

and define the following classes of spaces: The space of pseudo-periodic functions
PP,(X):=P,(X) ® Py (X),

the space of pseudo-almost periodic functions

PAP(X) := AP(X) & Py(X),

Po(X) == {f € BC(X)
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the space of pseudo-compact almost automorphic functions
PAAL(X) = AA(X) & Py(X),
and the space of pseudo-almost automorphic functions
PAA(X) := AA(X) @ Py(X).
As before, we also have the following relationship between them:;
PP,(X)C PAP(X) C PAA.(X) Cc PAA(X) C BC(X).
Denote by N(R, X) or simply N(X) the following function spaces
N(X): = {P,X),AP(X),AA.(X),AA(X),AP,(X),AAP(X), AAA.(X), AAA(X),
PP,(X),PAP(X),PAA.(X),PAA(X),SAP,(X),BC(X)}.
We recall the following Theorem from [12].

Theorem 2.1 ([12]). Let {S(t)}+>0 C B(X) be a uniformly integrable and strongly con-
tinuous family. If f belongs to one of the spaces of N(X) then

t
| se-sses,
belongs to the same space as f.

We define the set N (R x X; X) which consists of all functions f : R x X — X such that
f(,z) € N(R, X) uniformly for each x € K, where K is any bounded subset of X.

We recall from [12] that if M(X) denote one of the spaces P,(X), AP, (X), PP,(X),
SAP,(X),AP(X),AAP(X),PAP(X),AA(X),AAA(X), PAA(X) then we have the fol-
lowing composition theorem.

Theorem 2.2 ([12]). Let f € M(R x X, X) be given and assume that there exists a
constant Ly such that

(& u) = f(E0)]| < Lgflu =],
forallt e R and u,v € X. Ifp € M(X) then f(-,¢(-)) € MR x X, X).

Finally, we present some recent results of uniform exponential stability of solutions to
the homogeneous abstract Volterra equation

t

W (t) = Au(t) + a/ e P9 Au(s)ds, t >0
0

u(0) = x.

We say that a solution of (2.1) is uniformly exponentially bounded if for some w € R,
there exists a constant M > 0 such that for each z € D(A), the corresponding solution
u(t) satisfies

(2.2) [[u(t)|] < Me ™t t > 0.

In particular, we say that the solutions of (2.1) are uniformly exponentially stable if (2.2)
holds for some w > 0 and M > 0.

(2.1)

Definition 2.3. Let X be a Banach space. A strongly continuous function 7" : Ry, — B(X)
is said to be immediately norm continuous if T : (0,00) — B(X) is continuous.

Finally, we recall the following remarkable result from [6]:
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Theorem 2.4. Let > 0,a# 0 and a4+ S > 0 be given. Assume that

(a) A generates an immediately norm continuous Co-semigroup on a Banach space X ;
(b) sup {R\ A € C: AA+ B)(A+a+ )"t e a(A)} <0.

Then, the solutions of the problem (2.1) are uniformly exponentially stable.

3. THE LINEAR CASE

Let a, 5 € R be given. In this section we study bounded solutions for the linear integro-
differential equation

(3.1) u'(t) = Au(t) + a/t e P9 Au(s)ds + f(t), teR,

—0o0

where A generates an immediately norm continuous Cp-semigroup on a Banach space X.
To begin our study, we note in the next proposition that under the given hypothesis on
A, it is possible to construct for (3.1) an strongly continuous family of bounded and linear
operators, that commutes with A and satisfy certain "resolvent equation”. This class
of strongly continuous families has been studied extensively in the literature of abstract
Volterra equations, see e.g. Priiss [22] and references therein.

Proposition 3.1. Let 8 > 0, # 0 and oo + 3 > 0. Assume that
(a) A generates an immediately norm continuous Cy-semigroup on a Banach space X ;
(b) sup {R\ A € C: AA+ B)(A+a+ )"t e a(A)} <0.

Then, there exist an uniformly exponentially stable and strongly continuous family of
operators {S(t) }1>0 C B(X) such that S(t) commutes with A, that is, S(t)D(A) C D(A),
AS(t)x = S(t)Ax for all x € D(A), t >0 and

t
(3.2) S(t)x =z + / b(t — s)AS(s)xds, for allx € X, t >0,
0

where b(t) :== 1+ F[1 — e P, t>0.

Proof. For t > 0 and z € X define S(¢)x := u(t; x) where u(¢; ) is the unique solution of
equation (2.1). See [8, Corollary 7.22, p.449] for the existence of such solution and their
strong continuity. We will see that S(-)z satisfies the resolvent equation (3.2). Since S(t)z
is the solution of (2.1), we have that S(t)x is differentiable and satisfies

(3.3) S'(t)x = AS(t)x + « / t e PU=9) AS(s)ads.
0
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Integrating (3.3), we conclude from Fubini’s theorem that,

Stx—z = /AS :cds+a// (=T AS(1)xdrds

= /AS :cds+a// Bls=m) AS () zdsdr
t—7
= /AS(s)xds+a// e PUAS(T)zdvdr
0 0 Jo

= /Ot AS(s)xds + g/t(l — e PN AS (T adr

t
= /1+ [1— e P]AS(r)2dr
0 s

= /t b(t — 1)AS(T)xdr.
0

The commutativity of S(¢) with A follows in the same way that [22, p. 31,32]. The uniform
exponential stability follows from Corollary 2.4. O

We recall that a function v € C'(R;X) is called a strong solution of (3.1) on R if
u € C(R;D(A)) and (3.1) holds for all ¢ € R. If u(t) € X instead of u(t) € D(A), and
(3.1) holds for all t € R we say that u is mild solution of (3.1). The following is our main
result in the abstract case.

Theorem 3.2. Let B> 0,a # 0 and a+ > 0. Assume that A generates an immediately
norm continuous Cy-semigroup on a Banach space X and

sup {RA : XA+ B) (A +a+B)"tea(4)} <0.

If f belong to some space of N(X) then the unique mild solution of the problem (3.1)
belongs to the same space that f and is given by

t):/_t S(t—s)f(s)ds, teR,

where {S(t) }+>0 is given in Proposition 3.1.

Proof. By Proposition 3.1, the family {S(¢)}+>0 is uniformly exponentially stable and
therefore u is well defined. Since S satisfies the resolvent equation

t
S(t)x = / b(t —s)AS(s)xds +z, v € X,
0

where b(t) =1+ 3[1 - e, we have that b is differentiable and the above equation shows
that for each z € X, S'(t)x exists and

t
S'(t)x = AS(t)x + « / e PU=9) AS(s)ads.
0
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It remains to prove that w is a mild solution of (3.1). Since A is a closed operator, using
Fubini’s theorem, we have

u'(t) = S(0)f(¢) +/ S'(t — s)f(s)ds
t t—s
= f(t)+ /_ {AS(t —5)f(s)+ a/o e_ﬁ(t_s_T)AS(T)f(s)dT] ds

— )+ / AS(t — 5)[(s)ds + a / / ~80-5-) AS(7) f(s)drds

= f(t)+ Au(t +a/ /t B AS (v — 5) f(s)dvds

00
t

= () + Au(t +a/ /OO B=) AS(v — s) f(s)dsdv

00
t

= f(t)+ Au(t) + a/ e A=) 3 AS(U —s)f(s)dsdv

= f(t)+ Au(t) + oz/lt e A=) Au(v)dv.

O

In case of Hilbert spaces, we can use a result of You [23] which characterizes norm
continuity of Cy-semigroups obtaining the following result.

Corollary 3.3. Let A be the generator of a Cy-semigroup on a Hilbert space H. Let
s(A) :=sup{RA : X € p(A)} denote the spectral bound of A. Let § > 0,a0 # 0, + 3 > 0
be given. Assume that

(@) Yt o || (10 + i1 = A)71[| = 0 for some jug > s(A);

(b) sup {RA : XA+ B) A+ + )L € a(A)} < 0.

If f belong to some space of N'(X) then the unique mild solution of the problem (3.1)
belongs to the same space that f.

Remark 3.4. In the case A = pI, p € C we obtain from (3.2), using Laplace transform,
that for each x € X :
(3.4)

sinh <; (B+p?+ 4pa) (B+p)

(B+p)? + 4po

Sp(t)x=e 2 5 x.

- t 214
(o=t COSh( (B+p)*+ pa>+

Our following result shows the remarkable fact that in this case the conditions of the
above abstract result can be considerably relaxed.

Theorem 3.5. Let A := pl where p € R be given. Suppose that p <  and (a+ )p < 0.
Let f € N(X). Consider the equation
t

(3.5) () = pu(t) + po / By (s)ds + f(t), teR.

—00
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Then the equation (3.5) has a unique solution u which belongs to the same space that f
and is given by

(3.6) u(t) = / S,(t—s)f(s)ds, teR,

where {S,(t) }i>0 is defined by (3.4).

Proof. Let f € Q where Q is one of the spaces in N(X). Since A = pI generates an
immediately norm continuous Cy-semigroup and o(A) = {p}, we have that A(A + 8)(\ +
a+B)7! € o(A) if and only if A2 + A\(8 — p) — p(a + B) = 0. We claim that S,(¢) is
integrable. In fact, we can rewrite S,(t) in (3.4) as follows:

1 (p=B)+c (p=B)—c (p—B)+c (p=B)—c
Sp(t):§(etp2+ +etp2 )+(62_|;p)(etp2+ —et3 >7

where ¢ = \/(8 4 p)? + 4ap. Therefore,
1 (p=B)+c (p=B)—c (p=B)+c (p=B)—c
S, < 3 <et%( 2) 1 om( >> L 1BEnl <et%< #) | om( )) ,

2c

where 8 — p > ¢ because (f+ «a)p < 0and > p. Hence p——c<p—F+c<0. We
conclude that S,(t) is integrable, proving the claim. Therefore, by Proposition 3.2, there
exist a unique solution of equation (3.5) which belongs to the same space that f and is
explicitly given by (3.6). O

Remark 3.6. Observe that the case o = 0 implies p < 0.

Example 3.7. Let p=—1,a = 1,8 = 1. Hence, by Theorem 3.5, for any f € N(X) there
ezist a unique solution v € N'(X) of the equation

(3.7) () = —u(t) — / etu(s)ds + f(1), tER,

—0o0

given by

since, S_1(t) = et cos(t).

Example 3.8. This example is taken from [6, Remark 3.9]. Let p = 1, « = —3 and
B = 2. From Theorem 3.5, if f € N(X), then there exist a unique solution v € N(X) of
the equation

(3.8) u'(t) =u(t) — 3 / t e 2=y (s)ds + f(t), teR,

given by
t
u(t) = / Si(t—s)f(s)ds, teR,
where, S1(t) = e_% cos tﬁ + /3sin tﬁ . It is remarkable that even when in this
2 2

case the associated Co-semigroup T(t)r = e

family S1(t) does have this property.

x 18 not exponentially stable, the resolvent
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A complete description of the area in the complex plane where we can choose a and (3
in order to have exponential stability for S,(t) for p € R\ {0}, is shown in the following
figure. Note that, depending on the sign of p, there are two distinguished cases.

a=-—p B a=—p0 B
N £ ” ! M\,\ ———————— >
T o ~ - «
JI L emmmmoo oo :
AN ) B RN
Figure 1: p <0 Figure 2: p >0

Consider A = pI for p < 0 and observe that the area shown hatched in Figure 1 includes
the sector B > 0, # 0 and « + 3 > 0. Hence, the area for exponential stability of S,(t)
is considerably bigger than those guaranteed in Theorem 3.2. Note the exception of a
sector located between the parabola 3% 4 2p3 + p? = —4ap and the line o = — 3. Figure 2
consider the case p > 0. It shows the area where the stability of the Cp-semigroup is not
necessary, in general, for the exponential stability of S,(¢). In particular, note that the
point (—3, —2) belongs to the hatched area when p =1 (cf. Example 3.8).

4. THE SEMILINEAR PROBLEM

In this section we study the existence and uniqueness of solutions in M(X) for the
semilinear integro-differential equation

(4.1) u'(t) = Au(t) + a/t e =) Au(s)ds + f(t,u(t)), teR.

—00

Definition 4.1. A function u : R — X is said to be a mild solution to equation (4.1) if

t
ut)= [ (= )7t uls)ds
for all ¢ € R, where {S(t)}+>0 is given in Proposition 3.1.

Recall that M(X) denote one of the spaces P, (X), AP,(X), PP,(X), SAP,(X),AP(X),
AAP(X),PAP(X),AA(X),AAA(X) or PAA(X) defined in Section 2.

Theorem 4.2. Let f > 0,a # 0 and a+ 8 > 0. Assume that A generates an immediately
norm continuous Cy-semigroup on a Banach space X and

(4.2) sup {RA: AA+B)(A+a+B)" ' €o(4)} <O0.
If f e M(R x X, X) satisfies
(4.3) Lf(u) = f(E )| < Lyp(@)|Ju—vl],
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for allt € R and u,v € X, where Ly € LY(R). Then the equation (4.1) has a unique mild
solution u € M(X).

Proof. Define the operator F' : M(X) — M(X) by

(4.4) / S(t—s)f(s,p(s))ds, teR,

where {S(t)}+>0 is given in Proposition 3.1. By Theorems 2.1 and 2.2 we have that F' is
well defined and by Proposition 3.1, there exists w > 0, M > 0 such that ||S(¢)|| < Me™**
for all t > 0. For ¢1,p2 € M(X) and ¢t € R we have:

(Fe1)(t) = (Fe2)(B)]] S/ 1S(t = 8)[f (s, 91(5)) = f (s, p2(s))]l|ds

—00

< / Li(s)|IS(t = s)|| - [ p1(s) = pa(s) | ds

— 00

t

< Mg - palloe / =)Ly (s)ds
o

— Mllp1 - el /0 Lyt — 7)dr

o

< M||¢1—so2|oo/ Lyt - r)dr
0
t

= Mllpr - oalloo / Ly(s)ds.

—00

In general we get

n t s n—1
o1 (1) — (Fe2) ()] < ||sol—so2|roo(nﬂf1)! (/ Lf<s>(/_ Lfde) ds)

M t n
< llor—vall g ([ 2sto1as)

Ak
< ller = pallow L

Hence, since w < 1 for n sufficiently large, by the contraction principle F' has a

unique fixed point u € M(X). O
Some immediate consequences are the following corollaries.

Corollary 4.3. Let > 0,a # 0 and a+ 3 > 0. Assume that A generates an immediately
norm continuous Cy-semigroup on a Banach space X and the spectral condition (4.2). If
f e AP(R x X, X) (resp. AAR x X, X)) satisfies the Lipschitz condition (4.5), then
the equation (4.1) has a unique mild almost periodic solution (resp. almost automorphic
solution).

Corollary 4.4. Let f > 0,a # 0 and o+ > 0. Assume that A generates an immediately
norm continuous Co-semigroup on a Banach space X and the spectral condition (4.2).
If f € AAP(R x X, X) (resp. AAA(R x X, X)) satisfies the Lipschitz condition (4.5),
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then the equation (4.1) has a unique mild asymptotically almost periodic solution (resp.
asymptotically almost automorphic solution).

Corollary 4.5. Let f > 0, # 0 and a+ 3 > 0. Assume that A generates an immediately
norm continuous Cy-semigroup on a Banach space X and the spectral condition (4.2). If
f € PAPR x X, X) (resp. PAA(R x X, X)) satisfies the Lipschitz condition (4.5), then
the equation (4.1) has a unique mild pseudo almost periodic solution (resp. pseudo almost
automorphic solution).

In Hilbert spaces, we have the following result.

Corollary 4.6. Let A be the generator of a Cp-semigroup on a Hilbert space H. Let
s(A) :=sup{RA : A € p(A)} denote the spectral bound of A. Let f > 0,0 # 0, + 3 > 0
be given. Assume that

(@) limyeg (-0 || (o + i — A) 7| = 0 for some po > s(A);

(b) sup {RA: AA+ B) (A +a+B)"Leo(A)} <0.

If f e M(R x H,H) satisfies

1f(t,w) = f@E )] < Lp(t)]lu—vll,
for allt € R and u,v € X, where Ly € L*(R). Then the equation (4.1) has a unique mild
solution uw € M(H).

In the special case A = pI we obtain the following consequence of Theorem 3.5.

Theorem 4.7. Let A := pl where p € R be given. Suppose that p < 5 and (o + )p < 0.
Let f € M(X). Consider the equation

(4.5) u'(t) = pu(t) + pa/ e PE=y(s)ds + f(t,u(t)) teR.

—0o0

Then the equation (4.5) has a unique solution u € M(X) given by

(4.6) u(t) = /_ S,(t — ) f(s,u(s))ds, t€R,

where {S,(t) }¢>0 is defined in (3.4).

Remark 4.8. Observe that in case a = 0 we must have p < 0 and hence we recover results
on existence of solutions for the equation

u'(t) = pu(t) + f(t,u(t)), teR
in the spaces previously defined. See for instance [12, 10] and [18].

Theorem 4.9. Let B> 0,a # 0 and a+ > 0. Assume that A generates an immediately
norm continuous Co-semigroup on a Banach space X and the spectral condition (4.2). If

fe MR x X, X) satisfies

Lf(tu) = f(E )| < Ly (@)|Ju—vl],
t
for allt € R and u,v € X, where the integral / L(s)ds exists for all t € R. Then the

—00

equation (4.1) has a unique mild solution u € M(X).
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Proof. By Proposition 3.1, there exist M > 0,w > 0 such that |[S(¢)|| < Me ¢, for all

t > 0. Define a new norm |||¢||| := sup,er{v(t)||¢(t)||}, where v(t) :=e ke L) ds and k
is a fixed positive constant greater than M. Define the operator F' as in (4.4). Let o1, @2
be in M(X), then we have

OIFe)(t) — Fen)()] = ”(”H [ 8911501050 - 565, ea(sDlas

< 2t) [ Ly () - alo) s

= ity [ ';o eI L1 (s) 1 (s) — pa(s) ds

= Mol) [T Lyt = mla(t =) = ale = )i
< M) / T Lyt =Dllgr(t 1) = palt - ) dr

- M/ Ly (s)o(s)l1(5) — a(s)1ds

< Mlljgr - m\l!/ $) "\ Ly(s)ds

= Mlllgr - 902|H/ kek ¥ P10 L (5)ds

= M= alll [ o (9200 as
= et O gy — g

< Ylligr - el

= 7 ¥1 — P21{|

Hence, since M/k < 1, F' has a unique fixed point v € M(X).

We finish this paper with the following application.
Example 4.10. Consider the problem

o) o? t o2
(47 a?:(t 7) = 5= 22, x)+/_ e_(t_s)a—;;(s,x)ds+f(t,u(t))

u(0,t) = u(m, t) =0,

with x € [0,7],t € R. Let X = L?[0,7] and define A = 8 == with domain D(A) = {g €
H?[0,7] : g(0) = g(7r) = 0}. Then (4.7) can be converted into the abstract form (4.1) with
a = =1. It is well known that A generates an analytic (and hence immediately norm

continuous) and compact Cy- semigroup T'(t) on X. The compactness of T(t) implies that
o(A) = op(A) = {—n? : n € N}. Since we must have A\(A + B)(A+ a + B)7! € o(A) we
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need to solve the equations /\(/\)‘Jj;) = —n?, obtaining (see [6])
—5+T
A= 1410, Ay = TZ

and
A, = —(n?+1)+ 2(712—3)2—8 < 9
for alln > 3. We conclude that
sup {RA : XA+ B) A +a+B) L ea(4)} =-1.
Hence, from Theorem 4.2 (resp. Theorem 4.9) we obtain that if f € M(Rx X, X) satisfies
£t w) = [t o)l < Ly ()]Ju =],

for allt € R and u,v € X, where Ly € L'(R) (resp. ffoo b(s)ds exists for all t € R. ),
then equation (4.7) has a unique mild solution uw € M(X). In particular, if f(t,¢)(s) =
b(t)sin(p(s)), for all p € X, t € R with b € M(X), then we observe that t — f(t,p)
belongs to M(X), for each ¢ € X, and we have

1f(t, 1) = F(t,2)lI5 < /OTr [6(t) [ sin(1(s)) — sin(ia(s))lds < [b(t)*[l¢1 — 2|3

In consequence, problem (4.7) has a unique mild solution in M(X) if, either b € L*(R)
(by Theorem 4.2) or fioo b(s)ds exists for allt € R (by Theorem 4.9).

REFERENCES

[1] B. Basit, A.J. Pryde. Asymptotic behavior of orbits of Co-semigroups and solutions of linear and
semilinear abstract differential equations, Russ. J. Math. Phys. 13 (1) (2006), 13-30.
[2] S. Bochner. Continuous mappings of almost automorphic and almost periodic functions, Proc. Natl.
Acad. Sci. USA 52 (1964) 907-910.
[3] D. Bugajewski, T. Diagana. Almost automorphy of the convolution operator and applications to dif-
ferential and functional differential equations, Nonlinear Stud., 13 (2) (2006), 129-140.
[4] T. Cazenave, A. Haraux. An introduction to semilinear evolution equations. Oxford Lecture Series in
Math. and Appl. 13, Clarendon Press, Oxford, 1998.
[5] B. D. Coleman, M. E. Gurtin. Equipresence and constitutive equation for rigid heat conductors. Z.
Angew. Math. Phys. 18 (1967), 199-208.
[6] J. Chen, T. Xiao, J. Liang. Uniform exponential stability of solutions to abstract Volterra equations,
J. Evol. Equ. 4 (9) (2009), 661-674.
[7] T. Diagana. Some remarks on some second-order hyperbolic differential equations, Semigroup Forum
68 (2004), 357-364.
[8] K.-J. Engel, R. Nagel. One-parameter semigroups for linear evolution equations. Springer, New York,
2000.
[9] E. Fasangova, J. Priiss. Asymptotic behaviour of a semilinear viscoelastic bearmn model. Arch. Math.
(Basel) 77 (2001), 488-497.
[10] J.A. Goldstein, G.M. N’Guérékata. Almost automorphic solutions of semilinear evolution equations,
Proc. Amer. Math. Soc. 133 (8) (2005), 2401-2408.
[11] J. Liu, G.M. N’Guérékata, N. van Minh. Almost automorphic solutions of second order evolution
equations, Appl. Anal. 84 (11) (2005), 1173-1184.
[12] C. Lizama, G.M. N’Guérékata. Bounded mild solutions for semilinear integro-differential equations in
Banach spaces, Integral Equations and Operator Theory, 68 (2) (2010), 207-227.
[13] M.A. Meyers, K.K. Chawla, Mechanical Behavior of Materials (Second Edition), Cambridge University
Press, 2009.



14 CARLOS LIZAMA AND RODRIGO PONCE

[14] N. Van Minh, T. Naito, G.M. N’Guérékata. A spectral countability condition for almost automorphy
of solutions of differential equations, Proc. Amer. Math. Soc. 134 (11) (2006) 3257-3266.

[15] G.M. Mophou, G.M. N'Guérékata. On some classes of almost automorphic functions and applications
to fractional differential equations, Comput. Math. Appl. 59 (2010), 1310-1317.

[16] G.M. N'Guérékata. Quelques remarques sur les fonctions asymptotiquement presque automorphes
(Some remarks on asymptotically almost automorphic functions), Ann. Sci. Math. Quebec 7 (2) (1983)
185-191, (in French).

[17] G.M. N’Guerekata. Almost Automorphic and Almost Periodic Functions in Abstract Spaces, Kluwer
Acad/Plenum, New York-Boston-Moscow-London, 2001.

[18] G.M. N'Guérékata. Existence and Uniqueness of Almost Automorphic Mild Solutions of Some Semi-
linear Abstract Differential Equations, Semigroup Forum 69 (2004), 80-86.

[19] G.M. N'Guérékata. Topics in almost automorphy, Springer Verlag, New York, 2005.

[20] J. W. Nunziato. On heat conduction in materials with memory. Quart. Appl. Math. 29 (1971), 187-304.

[21] G. Da Prato, A. Lunardi. Periodic solutions for linear integrodifferential equations with infinite delay
in Banach spaces. Differential Equations in Banach spaces. Lecture Notes in Math. 1223 (1985),
49-60.

[22] J. Priiss. Evolutionary Integral Equations and Applications. Monographs Math., 87, Birkhduser Verlag,
1993.

[23] P. You, Characteristic conditions for a Co-semigroup with continuity in the uniform operator topology
for t > 0 in Hilbert space, Proc. Amer. Math. Soc.116, (4)(1992), 991-997.

[24] S. Zaidman. Almost automorphic solutions of some abstrac tevolution equations, Instituto Lombardo
di Sci. e Lett. 110 (1976) 578-588.

UNIVERSIDAD DE SANTIAGO DE CHILE, DEPARTAMENTO DE MATEMATICA, FACULTAD DE CIENCIAS,
CASILLA 307-CORREO 2, SANTIAGO-CHILE.

E-mail address: carlos.lizama@usach.cl

E-mail address: rodrigo.ponce@usach.cl



