COSINE SEQUENCES GENERATED BY CLOSED LINEAR OPERATORS.

ALDO PEREIRA AND RODRIGO PONCE

ABSTRACT. In this paper, we introduce the notion of a cosine sequence {C}},en, generated by a closed
linear operator A in a Banach space X. We provide a systematic study of the properties of {C?}neny,
showing that it satisfies a discrete d’Alembert’s functional equation. We also explore its connections
with its generator A, the resolvent operator R, := 77 2(772 — A)~!, and its corresponding sine family

{S;’—l } n€ENg+
Moreover, we show that the solution to the abstract discrete system of second order

V2um = Au™ + 7, n > 2,
subject to the initial conditions u® = g, u! = x1, where f : Ny — X is a given sequence, 7 > 0 is

a specified step size, and V%u” is the backward operator of order two, can be expressed as a discrete
variation parameter formula in terms of C7" and its corresponding sine sequence.

1. INTRODUCTION

A one-parameter family {C(¢)}+cr of bounded linear operators defined in a Banach space X is called
a strongly continuous cosine family if C(0) = I (the identity operator), the mapping ¢ — C(t)z is a
continuous function for all z € X, and for every ¢,s € R, the family {C(t)}:cr satisfies the d’Alembert
functional equation:

(1.1) Ot + )+ C(t — 5) = 20(H)C(s).

The notion of a strongly continuous cosine family was introduced by Sova in [39], who defined the
infinitesimal generator as A := C”(0) and proved a generation theorem. Subsequently, many authors
have studied cosine families and their connections with the existence of solutions to abstract second-order
differential equations. For example, Da Prato and Giusti [12] provided a characterization of the generator
of a cosine family, while Fattorini in [13, 14] studied cosine families in certain locally convex spaces and
their connections with differential equations of order n. Travis and Webb [40] unified and simplified various
ideas from the theory of cosine families and investigated their relation to the abstract second-order problem:

u'(t) = Au(t)+ f(t), t>0,
(1.2) u(0) = o,
u'(0) = 1.

Here, A: D(A) C X — X is a closed linear operator defined on X, and f is a given vector-valued function.
In fact, it can be shown (see, for instance, [4, 40]) that if {C(t)}+cr is a cosine family with generator
A = C"(0), then the solution to the Cauchy problem (1.2) is given by:

(1.3) u(t) = C(t)zo + S(t)z1 + /0 S(t—s)f(s)ds,

where S(t) := [

o C(s) ds defines the sine family associated with C(t).
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Since then, cosine families have been studied extensively by many authors, not only from an abstract
perspective but also in their connections with the study of solutions to second-order Cauchy problems.
See, for instance, [1, 7, 8, 23, 24, 27, 33, 28, 29, 30, 36, 37].

Equivalently, a cosine family can be defined in terms of its generator. Given a closed linear operator A,
a strongly continuous family {C(¢)},>¢ is called a cosine family generated by A if it satisfies the following
conditions:

(1) €(0) =1,
(2) C(t)x € D(A) for all x € X, and C(t)Ax = AC(t)x for all z € D(A), and
(3) Ct)x=x+ A(g2 x C)(t)x, for t >0 and z € X.

Here, go is defined by the function go(t) := t, and (g2 * C)(t)x := fot(t — 5)C(s)xds. Moreover, Lizama
and Poblete [32] showed that if {C(t)}:+>0 is a cosine family according to this definition, then it satisfies
the functional equation:

(1.4) C(t)(g2 % C)(s)x = (92 % O)(s)C () = (92 O) (W) — (92 % C)(s)z, t,520,2€ X,

In the same paper, the authors demonstrated that (1.4) is equivalent to the d’Alembert functional equation
(1.1).

On the other hand, we can use a discrete version of the d’Alembert functional equation (1.1) to define
the notion of a cosine sequence of operators. A sequence of bounded linear operators in X, {C"}, ¢z, is
called a cosine sequence if C° = I and it satisfies the discrete d’Alembert functional equation:

(1.5) crtm o onT™m =20"C™, n,m € Z,
see for instance [15, Chapter V]. The sequence {C"},,c7 is an even sequence, the generator of {C™}, ¢z is
the operator C', and the cosine sequence {C"}, ¢z can be completely determined from C! using Chebyshev

polynomials, as shown in [9].
Now, if we consider the discrete problem of second order:

A2y = (I-THu™, n>2,
u =z,
ut = 0,

where A%y" := y"*+2 — 2yt + 4" is the forward operator of order two, T : X — X is a given bounded
operator, and zp € X, then the unique solution C"zg (n € Ny) to this problem is sometimes referred to
as the discrete-time cosine operator generated by I — T, see for instance [3, Chapter 1] and [11]. The
representation of the solution to the inhomogeneous problem

A2y = (I-Tyu"+f", n>2,
(1.6) u = x,
w o=,

where f : N — X is a given sequence and zg, 1 € X, can be expressed in terms of C" and its corresponding
sine sequence S" by:
n—1
(1.7) u" =CMrg+ 8wy + Y SIS
j=0
as demonstrated in [3, Proposition 1.3.1].

Since the forward operator A?u™ can be considered a time discretization of the second-order derivative
uw’(t), cosine sequences {C"},cz (or {C"},ez) can be seen as a natural discretization of cosine families
{C(t)}ier. Discretizations of cosine families of operators have been known for over four decades. Hoppe
[22] introduced a method based on a discrete cosine function C}* (h > 0) defined on a uniform partition
Ap = {nh : n € Z} that satisfies the d’Alembert equation (1.1). The author then approximates the strongly
continuous cosine functions C(t) to study the existence of solutions to (1.2) by using the discrete cosine
functions C}' and a generalized version of the approximation theorem for semigroups of linear operators
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proposed by Trotter in [41]. However, there is no known relation between C}' and the generator A. See
also [5, 6, 16, 38] for related references.
On the other hand, we note that for a given vector-valued function v : R, — X and for sufficiently
t

small 7 > 0, the sequence (v"),en, defined by v™ := [ p7. (t)v(t)dt with p[,(t) := e~ 7 ()" -; corresponds
intuitively to an approximation of v at t,, := 7n. Therefore, it seems natural to approximate the cosine
function ¢t — C(t)z by C"zx := OOO pr(t)C(t)xdt, for x € X and n € Ny. However, although the cosine
family {C(t)}+er satisfies the equation (1.1), the corresponding approximation C™ does not satisfy the
discrete d’Alembert equation (1.5). In fact, considering C(¢) = cos(v/at), we find that {C(¢)}+er forms a

cosine family in X = R, but (taking, for instance, a = 1, m = 2, and n = 4) we have:

€+ 0" = [ O+ O)C (O £ 2 |

A natural question arises here: (Q1) Is there any relation between cosine families and cosine sequences?
Additionally, as A2u approximates u”, and the solution to (1.2) is given by the variation of parameters
formula (1.3), we have the question: (Q2) Can we express the solution to the discrete system (1.6) as a
discrete variation of parameters formula if we consider A as a closed linear operator instead of (I —T)
(with T being a bounded operator)? Furthermore, if for a given closed linear operator A, the cosine family
{C(t)}+er can be defined using the conditions (1)—(3) above, then another question arises: (Q3) How can
we define a discrete cosine sequence generated by A?

Finally, as the authors mention in [3, p. 17], not much is known about discrete cosine functions and
the correspondence with the set of all discrete cosine functions defined by means of d’Alembert functional
equations remains an open problem.

Thus, we observe that the study of discrete cosines of operators is not fully understood, indicating a need
for tools to connect cosine families generated by closed linear operators A with cosine sequences (whose
generator is A) and how they relate to the solution of the discrete second-order equation (1.6).

This paper aims, on one hand, to answer questions (Q1)-(Q3), and on the other hand, to provide a
new framework for studying discrete cosine families by introducing a new notion of a cosine sequence of
operators generated by a closed linear operator A. More specifically, given a closed linear operator A and
7 > 0, we use a discrete version of conditions (1)—(3) above to define a cosine sequence {C?},,¢cn, generated
by A. We study the properties of {C?},en,, and in particular, we show that if A is a closed linear operator
that generates the cosine sequence {C?},en,, then:

a) 772 € p(A) (the resolvent set of A) and {C"},,cn, satisfies the discrete d’Alembert-type functional
equation

oo

pr (H)C(t)dt /000 ol (H)C(t)xdt = 2C"C™x.

() C™HM 4 RMOnT™ = 90"C™, n,m € N,

where R, is the resolvent operator defined by R, :=772(772 — A)™%;
b) {Cr},en, satisfies a discrete version of the functional equation (1.4);
c) {CP}nen, can be expressed as

n
Cle = Zan7jRix, neNzelX,
=1

where (a,;) is a known sequence of real numbers (determined using the coefficients in the Cheby-
shev polynomials of the first kind) and R is the j-th power of R,; and
d) The (unique) solution to the discrete second-order problem

Viun = Au"+ ", n>2,
(%) u® =z,
ut o=,

where V2 is an approximation of u” (t) for 7 > 0 small enough, can be expressed as a discrete vari-
ation of parameters formula involving {C”},cn, and its corresponding sine family S” := 2?21 Ci.
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Additionally, we show that if A is any closed linear operator such that 772 € p(A) and {C"},en, is a
sequence of linear operators satisfying (x), then {C™},en, is a cosine sequence generated by A.

Moreover, we demonstrate that if A is the generator of a cosine family {C'(¢)}:cr, then the sequence
{C2}nen, defined by

Cl:=1, and Clz:= / pr_1()C(t)xdt, x€ X, n>1,
0

T

is a cosine sequence generated by A and satisfies the functional equation

- 1 m+n—10—1 - 1 m+n—1-1
c;"+"+22m+n_l< . >Ci+22m+n_l( o >c§ =207 Cm,
=1 =1
for all n,m € N.

The rest of the paper is organized as follows. In Section 2, we provide some preliminaries and define
the notion of a cosine sequence generated by a closed operator A in a Banach space X. We study its
main properties, the corresponding sine sequence, recursive relations, finite representations in terms of the
resolvent operator, compactness, among others. Additionally, we present a subordination principle, which
shows that if A is the generator of a cosine family, then A is also the generator of a cosine sequence.

Finally, in Section 3, we investigate the existence and uniqueness of solutions to Problem (#x) and solve
it for the second-order operator A = A.

2. DISCRETE COSINE SEQUENCES

The set of non-negative integer numbers will be denoted by Ng. For any n € Ny and 7 > 0, we define
the sequence of functions p7, : [0,00) — R, given by
t\" 1
7) ™!’

We notice that p] are non-negative functions and fooo pr(t)dt =1, for all n € Ny.
For a given Banach space X, s(Np, X) denotes the space of all vector-valued sequences v : Ny — X.
V. :8(Ng, X) — s(Ng, X) denotes backward Euler operator of order one, defined by

|+

pp(t) =e"~

" — n—1

(2.8) Vori="""  npeN
T
The backward difference operator of order m, V™ : s(Ng, X) — s(Ng, X), is defined by
(V)" := VY (V. 0)", n>m.

for any m > 2. Here, V1 is understood as V1! := V, and V9 as the identity operator. We notice that if
v € $(Np, X) then

1 < /m . .
mo\n o _— 1))y
(V™) Tmz<j>( 170", neN.
7=0
For any o > 0, we define the sequence
7 (o + n) o
2.9 E*(n) = — L = T (£)ga(t)dt,n € Ny,
(29) 20 = Ty = | Ot e,

where g4 (t) := % and T'(+) denotes the Gamma function. We note that, for non-integer values of «, the

sequence (2.9) has many interesting properties on discrete fractional calculus, see for instance [2, 18, 19, 20]
and [31].
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Given a sequence of linear operators {T"},en, C B(X) and a scalar sequence ¢ = (¢")pen,, we define
its discrete convolution c* T as

(exT)" = "ITI, ne N

M:

O

i=
Similarly, for given scalar valued sequences b = (b™),en, and ¢ = (¢")nen,, we define (bx c* T)™ :=
(bx (e*T))™ for all n € Ny.
By [34, Corollary 2.9], we have that if «,, 8 > 0, then the following semigroup property holds

(2.10) KT (n) =7 kS (n — KL (j) = T(k¥ x k2)",  for any n € N.
j=0

The Z-transform of a sequence s € s(Ng, X), §, is defined by §(z) := ZJ C o2 987, where s/ := s(j) and
z € C. For any « > 0, the Z-transform of the sequence {k%(n)}nen, is given by (see [34])

—_— Z(‘Y

2.11 a(z) =11 —"——  forall L.
(2.11) kx(z) =T G or all |z| >

In addition, the Z-transform is a linear operator on s(Np, X) and satisfies the finite discrete convolution
property (see for instance [3]):

(2.12) 51 % 52(2) = 51(2)52(2), 51,52 € s(Ng, X).
Now, we introduce the notion of a cosine sequence generated by a closed linear operator A in a Banach

space X.
Definition 2.1. Let 7 > 0 be given. The closed linear operator A is called the generator of a cosine
sequence {CF}nen, C B(X) if it satisfies the following conditions

(1) CY=1.

(2) Crz € D(A) for allz € X and ACTx = CAx for all v € D(A), and n € N.

(3) For each x € X andn > 1,
(2.13) C’fxzx—FTAZkz(n—j)CZa:

j=1

Since k2(n) = 7(n + 1) for all n € Ny, the condition (3) in Definition 2.1 can be written as

Clz = x+712A Z(n +1—45)Clx
j=1
= z+7°AnCrz+ (n—1)C2x + ...+ Cla]
= o+ 7°A[Cla+ (Cla+ C2z) + ...+ (Clz + ... + Cla)]
n j
(2.14) = =z —l—TQAZZCi:m
j=11=1
for alln € N and z € X.
Lemma 2.2. Let 7 > 0 be given. Assume that A is the generator of a cosine sequence {CI}pen,. Then,

m

(2.15) ZkQ —HCI | Cre — T Zk2 - Zk2 —j)czx—zn:ki(n—j)czx,

j=1 j=1

for allm,n e N and z € X.
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Proof. By Definition 2.1, we have that for any m,n € N, and z € X,

m

> k(m—j)Cs | Crx ZkQ m—j)Cla+ [ TAY K2(m—)C | | Y ki (n—j)Clx
j=1 j=1

Jj=1

= ZkQ — )0z + (C™ — Zan §)Clx

= Zk2 - j)Clx+Cr Zan—JCJ Zk%—](ﬂ
Jj=1
This means that the cosine sequence verifies (2.15). ]

For any 7 > 0, we define the resolvent operator R, : X — D(A) by

(2.16) Ryi=772(r7%- A)71 ,

and for m € N, R := 772 (772 — 4)7".
The next Proposition shows that a cosine sequence generated by A verifies a nice recurrence relation,

which will be an important result to study the properties of {C? },en,-
Proposition 2.3 (Recurrence relation). Let 7 > 0 be given. Assume that A is the generator of a cosine
sequence {CI}pen,. Then,

(1) 772 € p(A) and Cl =

(2) For allm > 2, {C™},en, verifies the recurrence relation
(2.17) C" =2R,CI' ! — R,CI 2.

Proof. By (2.13), we have Clz = x+7Ak2(0)Clz = 2+ 72 ACLx, which implies that (72— A)Clz = 7722
for all z € X. Since A and C* commute on D(A) we have that for each © € D(A),
2= (172 = AClx =CH(r72 - A)z.
Since A is a closed operator, 772 € p(A) and
(2.18) Clo =772(172 - A)la,
for all z € X. To prove the second assertion we proceed by induction. For n = 2 and = € X, by (2.13) and
(1) we have
C?r =2+ 1AK2(1)Cle + TAKL(0)C22 = 2 + 27° AC 2 + T AC?x = & + 27 AR, x + T2 AC?x.

As 772 € p(A) we get

C%z = R,x + 2r° ARz
The identity (772 — A)(t72 — A)"lax = for all x € X, implies that 72AR,x = (R, — I)z and therefore

C2?z = 2R?z — R, .

Now, assume that (2.17) holds for [ < n. As k2(n+ 1 —j) = k2(n — j) + k2(0) for all n € Ny and j < n,
by (2.13) we can write

n+1
C’"Haj—a:—&—TAz:k:Zn—|—1—j)C’Jx—x—FTAZ:kQn—j)C']a:—&—7'2142:073:—|—7'2AC’”+1
Jj=1 j=1 j=1

As 772 € p(A), we get
Crtlz = R.Clz +7°R,AY _ Cla.

j=1
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Since C"z € D(A) for all n € N, the identity (772 — A)71 (772 — A)z = z for all x € D(A), and the
induction hypothesis imply that

n
C'e =R, C"x + (R, — I) Z Cig
j=1

=2R.C"z + R,C" 'o + R,C" *sx + ..+ R,C?’z - C"2 —C" 'z — ... = C?z + (R, — I)Clx
=2R,C"z + R,C" '2 4+ R,C* *z + .. + R, C2x
—(2R,C" 'z — R,.C"22) — (2R, C" %z — R,C"3z) — ... — (2R, Clz — R, C%) + (R, — I)Clz
=2R,C"z — R, C" 'x.

This completes the proof. ([l

Proposition 2.4. Assume that {C?}nen, and {CI}nen, are cosine sequences generated by A. Then CI =
C? for all n € Ny.

Proof. Let x € X. By definition and Proposition 2.3, C%2z = C% = 2z and Clx = Clx = R,x. Assume, by
induction hypothesis, that Clz = CLx, for all | < n. By Proposition 2.3 C"*'z = 2R, C?x — R,C" 'z and
Citly = 2R, Clx — R,.C* 1x. By hypothesis, we get C"ly = CrHig. O

The next theorem shows that a cosine sequence generated by A verifies a discrete functional equation
of D’Alembert type.

Theorem 2.5 (Cosine relation). Let 7 > 0 be given. Assume that A is the generator of a cosine sequence
{C;‘L}nGNO . Th’en;

(2.19) crtm 4 RmMOrT™ = 2000
for all n,m € Ny such that n > m.

Proof. Let n € N. We proceed by induction on m. By Proposition 2.3, C} = R,, and replacing n by n + 1
in the relation (2.17) we get

(2.20) Ccrtl 4 R.C" = 2R, CM =201 Cn,

which means that (2.19) holds for m = 1. Assume that (2.19) is valid for all I < m. Now, replacing n by
n+m and n by n —m in (2.20), we obtain, respectively

Cptmtl 4 R.Cptmol = 2R, O
Cpmmtl 4 R, Cpmml = 2R CPT

This, implies that
C¢+m+1 + RTcg+7rz—1 — ZRTCT"H"
{ RmCn—mtl 4 gmtlon-—m=1 — gpm+ign-m
Adding these two equations we obtain
Cprimtl) 4 grtop=(mal) 4 p(Cptm=t 4 RPTIOMT (M) = 2R (CFFT + RTCRT™).

By the induction hypothesis and Proposition 2.3 we have

ortim+l) 4 gmtlon=(m+l) _yp_CnC™ — 2R, C"C™ ™1 = 2C*(2R,.C™ — R,C™ 1) = 20mC L,

O

If we take n = 0 in (2.19) we get C™ + R™C ™ = 2C"", which implies that

(2.21) RI'C-™ =CT, m e Ng.

Thus, for m < 0, C can be defined through the relation (2.21). This means that a cosine sequence
generated by A is an even sequence up to a power of R, .
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If we extend the backward operator (2.8) for all n € Z, using (2.21) we have that the generator A of C
verifies

(2.22) (V2C,)’z = Az,

for all x € D(A). If fact, for x € D(A), by (2.21) we obtain C 'z = CLR 'z, and by Proposition 2.3,
C:lz = R,R-'2 = z. Similarly, C- %z = C?R-?z, and C; %z = (2R2 — R, )R %z = I + 72 Az. Thus

1
(V2C,) 2 = = (C? =20, + C; )z = Au.

T2

Let 7 > 0 be given. We denote by {S”},en, the sine sequence associated with the cosine sequence
{C™},eNgy, Which is defined by

(1) S% =0,
(2) For any n € N, and z € X

(2.23) St = TZCZJ:.

As S? is given in terms of finite sum, the sine sequence associated with the cosine sequence {C7 },en,
is well defined. The next result gives the main properties of the cosine and sine sequences, {C"},,cz and
{8} en,, generated by a closed linear operator A.

Proposition 2.6. Let 7 > 0 be given. Assume that A is the generator of a cosine sequence {CI}en,-
Then, for each x € X,

(1) (V.S;)"x = CPx, for alln € N.
(2) ( ) x = ASTx, for alln € N.

(3) C , S and ST commute, for all n,m € Ny.

(4) S”x = TR Cr—lyx+7TR2CP™ 2 + ..+ TR”COx for all m € N.
(5) For all m,m € Ny with n > m,

(2.24) Srtm . gmenTm = 28 C,

Proof. To prove (1) we notice that (V,S;)"z = 2(SP—Sr N =37, C’ﬁ'x—Z;:ll Cix = CMz. By (2.14)
it follows that CPe = x+7AY"_| Sz and thus (V,C;)"z = L(CP—Cr Ne = AY), Sixfzyz_ll Six =
ASIz, which proves (2). To prove (3), by Theorem 2.5 we have

2CcnCm = Crtm 4 Rmorem
{ 2CmCn = CmHn 4 RrCmT,

Subtracting both equations, we get by (2.21) that
2(Cre™ — O™ = RO — RPRVmM - () — ),
That is, C* and C7* commute. Now, as C7'ST" = 7C7 37" C1 = 7370 C1CF = ST*CY, we deduce that

C? and ST commute. Similarly, we have S?S7" = TZ;”:l SrCI = SmSn, that is, S® and S™ commute.
To prove (4) we proceed by induction. In fact, 7R, C%r = 7R,z = Slz. If (4) holds for n, then by (2.17)
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we get
—S" ey + TR, Clr + TRZC o + ... + TR C
= —S"r—71C" 4+ TR.Cx + R [TR,C™ 'x + TR2CT 22 + ... + TR CVx]
—S'x — 7CM 4 TR, Clw + RSP
—Sty —7C" 4+ TR, Cla 4+ ...+ TR.C" 1tz + 27R,C"
—Sty —7C" 4 TR, Cla 4 ...+ TR.C™ 'z + T(2R,.C" — R,C*'2) + TR.C™
—(rCle + ... +7C"'x) = 7CMx + TR, Clz + ... + TR,.C" %2 + 27R,.C" 'z

= —(1Clx+7C2%2) — 7C3z + 7R, Clx + 7(2R,C%*x — R,Clx) + TR, Cla
= —7Clx —1C%x + 7(2R,Clr — R,C%2) + TR,.C%
= —TR,z+ TRTC.?.J}
0.
This proves (4). Finally, to prove (5) we notice that for (2.19) we have for any j € N,
Citm L Rmci—m = 209 0™,

Summing up over j = 1,...,n we obtain

n+m n—m
T Y CL+rRM > Cl=28rCr,
l=m+1 l=1—-m

which is equivalent to
Sntm _ gm 4 RmMSTT™ L s RO 4+ O 4 00 = 287 Cm.
By (2.21), we can write
RMO™ 4 40 40 = R,R™IC;MTD 4 RZRM20-Mm=D 4 4 RMIR, OO 4 R0
= R,C™ '+ RZC™24 .. R™CY.

By (4) it follows that
Sntm o gmgnTm = o8nom,

Taking n = 0 in (2.24) we get S™ + R™S-™ = 2S89C™ that is,
(2.25) RM'S-™ = -8 m e Ng.

Thus, we can use the relation (2.25) to define ST for n < 0.
The next Proposition corresponds to a discrete counterpart of [33, Theorem 2.

Proposition 2.7. Let 7 > 0 be given. Assume that A is the generator of a cosine sequence {CI}nen,-
Then,

(2.26) Sptm = §rem + SO,
Proof. By (2.24) we have

Sm+n — 9gmcn _ grgm=n.
Adding both equations and using (2.25) we get
281FT™M = 287 C™ 4 28T C™ — [RTSPT™ 4 RM RIS ()]
which implies (2.26). O

{ gn+m — ggnCm _ pmgn—m
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The next Proposition gives the Z-transform of a cosine sequence generated by A.

Proposition 2.8. Let 7 > 0 be given. Assume that A is the generator of a cosine sequence {CI}en,-
Then, its Z-transform satisfies

for allz € X and z € C such that (2_1)2 € p(A).

TZ

Proof. Let z € X. We first compute C(z)R,z. By (2.11) and (2.12) we have

C(2)R,x = Z CIR.x

§=0
oo . J
= RT$+ZZ_] RT;U—I—TAZk:z(j —)CLR,z
j=1 =1
oo 0o 7 0o
=R,z + Z 2Rz + TAZ 2z Z E2(j — )CLR .z — TAZ 2 k2 (j) Rz
j=1 §=0 1=0 j=0
z 2\ ~ 2\’
z_lRTx—F( _1) C(2)R,x <z—1) R .z,

which implies that

Hence,

() (Gt a)rea () ) ()

Now, we notice that (A — A)(A — A)" 1w = (A — A)"1 (XA — A)w for all w € D(A) and X € p(A), which
implies A(A — A)~lw = (A — A)"1Aw. As R,z € D(A), we have

o= (2 a) ((522) ) meewa (22 ) ((522) ) e
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Since for any w € D(A), (A — A)~tw € D(A?), we get

The next result gives a representation of C7 in terms of a finite sum of powers of R,.

Theorem 2.9. Let 7 > 0 be given. Assume that A is the generator of a cosine sequence {C"},cn,. Then,
n
(2.27) Cly = Zaijia:, n €N,
j=1

where, (an,) is the sequence of real numbers defined by

1, n =1,
TR0 - YR - Daja | K207 n>2,
and
n—1 n—1
. Z nfjajllekznfj)a]l E2(0)7', 2<i<n-—1,
n, «—
’ j=l-1 7=l

kZ(l)an_l,n_lkf_(O)_l, l=n.

Proof. It follows similarly to the proof of [17, Theorem 3.7], but we give it here for the sake of completeness.
We proceed by induction on n. By Proposition 2.3, the result is valid for n = 1. Assume that (2.27) holds
for all I < n. By (2.15) we have

n+1 n+1
BEO)Crertz = [ Y +1-4)Cla | =k2(0)Cle = > k2(n+1—j)Cla,
j=1 j=1

which implies

E2(0)C" e = K2 (n)CLCr e + k2 (n — 1)CLC%x + - - + K2(1)CLC™x + K2(0)CL
—k2(n)Cle — k2(n — 1)C2x — --- — k2(1)C .
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By Proposition 2.3 and hypothesis induction we can write

k2(0)Cr iy

Therefore,

_|_

+ +

+

[kf(n)RT + ki(n — 1) (a271R7— + a272R3_) + ki(n — 2) (a371R7— + a372R3 + a373R§)
s+ k2(1) (an1 R + an o B2+ - 4 an o RY) | Rrz + K2(0) Ry

k2(n)Rrx — k2(n — 1) (a2 1 Ry + azpR2) x — -+ — k2(1) (an1 Ry + -+ + @ o RY) @
[k2(0) — k2(n)ar1 — k*(n — 1)agy — -+ — k2(1)an1] Rz

[B2(n)ars + -+ k2(Dany — kZ(n—1)ags — - — kX(1ay 2] R2x

[K2(n —1Dago+ -+ k2(1)ans — k2(n — 2)ags — - — k2(1)an 3] Rz

[k2(0)an—1,n—1 4+ kZ(Dann—1 — k2(1)an ] Rz
[B2(1)an,] R

K200) = Y K20+ 1 j)ay: | Roa

L j=1

Zki(n—i—l—j)aﬂ —Zkzz(n—I—l—j)an R’z
_j=1 j=2 J
Zki(n—i—l—j)ajﬁg—Zkz(n—l—l—j)ajﬁg Rz
=2 =

Y En+1-j)ajn1— Y K(n+1-jlaj.| R

j=n—1 j=n
2 1
(k2(V)ann] R .
n+1
Crtly = Z an jR1x.
i=1

This completes the proof.

Corollary 2.10. Let 7 > 0 be given. Assume that A is the generator of a cosine sequence {CT} en,. If

(172 — A)~Y is a compact operator, then C™ is a compact operator for all n € N.

Proof. The representation (2.27) as a finite sum of (772 — A)~! implies that C” is a compact operator for

all n € N.

We notice that the terms of the sequence (a, ;) given in Theorem 2.9 can be computed explicitly and

the cosine sequence C7 can be written as the matrix representation

R x
2
Rgac
mn,. __ R2x
C‘,—l’ = (al,l Qp2 Aan3 an,n) T , neN

n
RZx
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For example,

R, x
Clo= (1) (Rea), C2a= (-1 2) (%5%), cta=(0 -3 4) i Clr=(0 1 -8 s)|F®
T T ) T R.,Q.l' ) T R73' ) T R73_1.
i Riz
and

R.x

i

T 3

Cox=(0 0 5 —20 16) Rz |, Clz=(0 0 -1 18 —48 32) gzi

4 T

ggm‘ Rbz

s RSz

T

Now, we define the sequence (7}, )nen, by setting Tp := (1) and, for n > 1,

Tn = (an,na 07 An,n—1, 07 Apn—2, 07 .. ')a

n+1-terms
which means that 75, is constructed by placing the scalar a,; given in Proposition 2.3 followed by a 0 in
between each coefficient. For example,
TO = (1)? Tl = (1?0)7 T2 = (270771)5 T3 = (4707 73a0)7 T4 = (8707 785071)7
and
Ts5 = (16,0,-20,0,5,0), T = (32,0,—48,0,18,0,—1).
Then, the terms in T, correspond to coefficients in the Chebyshev polynomials of first kind T, (z) :
To(z) =1, Ti(z)==, Ty(z)=22%—-1, Ts(z)=42® -3z, Ty(r)=28z"—8z%+1,
and
Ts(w) = 162° — 202° + bz, Tg(v) = 322° — 482" + 182% — 1.

Now, let A be any closed linear operator. Let {C"},cz C B(X) be a sequence of linear operators

satisfying the cosine relation (2.19), that is,

(2.28) C"t"My 4+ RMC" ™My = 20" C™"x, n,m € Z,v € X.
Replacing n by n — 1 and m by m = 1, we get
(2.29) Crz =2C" 'C'rz — R,C" 2z,

for all n € Z and = € X. This means that C™, for any n € Z, is completely determined by C° and C?.
The next result shows that the cosine relation (2.29) can be used to define a cosine sequence generated
by A.

Theorem 2.11. Let A be a closed linear operator in a Banach space X such that 772 € p(A). Let
{C™}nez C B(X) be a sequence of linear operators such that

(1) C° =1,

(2) C' =R,, and

(3) Ct™myg 4+ ROy = 20"C™x, for alln,m € Z and x € X.
Then, {C™}nen, is a cosine sequence generated by A.
Proof. We first show that C"z € D(A) for all x € X and n € N. In fact, by (1) C'z = R,z, and thus
Clxz € D(A). If we assume that C'z € D(A), for all | < n and z € X, the identity (2.29) implies that
C"tlg =20"Cle — R,C" 'z € D(A).

Now, the identity (2.28) implies that

R™MCMx=C "z, meZzxelX,
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and, using the same method as in Proposition 2.6, we deduce that C™ and C™ commute, that is,
(2.30) ctCmr =C™mC"x, n,meZ,xecX.

Next, we need to prove that AC"x = C" Az for all n € N and z € D(A). In fact, as (172 — A)(772 —
A le=(r72-A)" Y772 — A)z =z for all z € D(A) we get R, Ar = ARz, that is, C*' Az = AC'x for
all z € D(A). Now, if we assume that AC'x = C' Az for all | < n and = € D(A), by (2.29) we have

AC™y = 2AR.C"z — AR, C" 'z = 2R, AC™x — R,C" 'z = 2R, C" Az — R,C" ' Az = C"" Ax.

Finally, we nee to show that C™ verifies the identity (2.13). As R;! = (I — 72A), using (2.29) and
(2.30), we get, for j > 2, that

(I -12A)Cir =207 2 — CT %, xeX.
Multiplying this last identity by k2(n — j) and summing up over j = 2,...,n we have
> K(n—j)Cx -2 ZkQ O e 4 Z k2(n—§)C7 2z = 7?AY  kZ(n— j)CVu.
j=2 j=2 j=2
This last identity is equlvalent to
k2(n—2)C%z + -+ k2(1)C" 'z + k2(0)C"x — 2 [k2(n — 2)C'z + - + k2(1)C" %z + k2(0)C™ ']

+k2(n—2)C + - + k2(0)C" 2z = TQAZ k2(n — §)Ciz.
j=2
Hence,
[k2(n—2) —2k2(n—3) + kX (n—4)] C?z + - + [k}(2) — 2k2(1) + k2(0)] C" =
+E2(1)C" e + E2(0)C™x — 2% (n — 2)CMa — 2K2(0)C™ o + k2 (n — 2)C% + k2 (n — 3)C'x

=724 Z E2(n —§)Cix.
j=2

Since k2(n — j) — 2k2(n — (j + 1)) + k2(n — (j +2)) = 0 for all j < n — 2, and k2(n) = 7(n + 1), and
CY=1,C' = R., we obtain
n
k2(0)C"x — 2k%(n — 2)R,x + k2(n — 2)x + k2(n — 3)R,x = TQAZ k(n — 5)CYx.
j=2
As 7?2AR,x = (R, — I)z and k%(n) = 7(n + 1) for all n € Ny, we deduce that —2k2(n — 2)R,z + k%(n —
2)x + k2(n — 3)R,x = ™(I — R;)x — 7x = —7%k,;(n — 1)AR,;2 — 7, and thus

E2(0)C"x = T2 + TQAZ E2(n —j)Cx.
j=1
Therefore, {C"}en, is a cosine sequence generated by A.

Lemma 2.12. Let F': R — X be a given vector-valued function.
(1) If n,m € Ny, then

/ / T ()T () F (¢ + )dtds — /Ooop:nJrnH(t)F(t)dt.

(2) In addition, if F' is an even function, that is, F(—t) = F(t) for allt > 0, then for any n,m € Ny,

n

1 m+n—7j\ - 1 m-+n— j
f Jy oo =3 i ("7 )oY e ()
= =
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where, for any l € No, F. o P (t)F(t)dt.

Proof. First, for any s € R, we define Fy : R — X, by Fy(t) := F(t + s).
To prove (1), we notice that

1 >~ T > n
/ / o (E)pr (s)F(t + s)dtds = m/o pm(s)/o U R F,(t)dtds

_ G / T SB[y ds

nlrntl

Now,
E,(\) = / e ME(t + s)dt = eAS/ e F(r)dr.
0 s
Thus, for any n € N, we have that

d"Fy(\)

B = 22

_ o / (s — 1) M F(r)dr.

This implies that

-

B oy= et [ (= nret Far

Hence,

(_ 17,
/ / Pn ()P, () F(t + s )dtdsfw sfr) e~ 7" F(r)drds
_ (—1)" n oo I o Iy
*WH i (=1 o J e I F(r)drds.

Integrating by parts,

VF(t + s)dtds = Z S ) e*%rsmMHF(s)ds
'D" Pl B '7'""””‘"2 m+n—j+1

7=0

. ( )V<m e [ ()P

n'm' m+n—j7+1

As fo pj (t)dt =1 for all I € Ny and the above equality holds for all F': R — X, we can take FF: R -+ R
defined by F = 1 to obtain

(1)
1= s)dtds = _— 1)!
/ / Pt nlml = <>m+n—j—|—l(m+n+ s

for all n,m € Ng. Therefore,

/ / pn m (t + S)dtds - / p:n+n+1(S)F(5)d57 n,m S I\IO-
0

Now, to prove , we use the same notation as in the proof of ( ) to obtain

/ | s or - s = S [T @l 0 e ds

o)™ 1= (=1)em = / T4 ryre EEr.

—S

and
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Thus,

/ / VE(t — s)dtd : /oo ~sgm —“/m (s 4+ 1) F(r)drd
ol —§)dtds = ———— e %sMeT T e " (s+r r)drds

n()pm nlmlrntm+2 [ s

1 > —Lls . m —1s > —1r n
=—— e TsMe T e " (s+r)"F(r)drds
0

nlmlrntm+2

nlmlrntm+2

1 oo 0
/ e_%ssme_%s/ e " "(s4r)"F(r)drds
0
= Il +IQ

The integral I; can be written as
1 —Lls . m -1 s+r)$ I —1ir
Il:m'Tm“/ e s / Zn'() T T e TF( )drds
! mrsgm drd
/ an S / o} (r) F(r)drds
0
-y | oo srasr.
j=070

An easy computation shows that for any I, ¢ € N,

e 1 (+9)!
(2.31) /0 pi (s)p ()ds_m“iq!,
and therefore
S 1 (m+n—j)! " m+n—7j\ .
11722m+n —j+1 ml(n_] Z} m4n— ]+1< n—j )FT
=0

On the other hand, as F' is an even function,

1 ) 0
I, = 7/ e_%ssme_%s/ e_%r(s + )" F(r)drds
0

nlmlrntm+2 .
1 = —1s.m ° —Lw, n
:W/o e s /OETWF(wa)dwds
= [ o) [ orwr(s - wyduas
0 0
= [ e s s
0

By [34, Theorem 2.8],

where, for any [ > 0,
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By (2.31) we obtain
SN
i=0

- (m+n—j) 1 <m+n—j> 4
_ EDLY 7 N . AV
2 ] 2 T\

The proof of (2) is finished. U

The next Proposition gives a subordination result, which asserts that if A generates a cosine family,
then A is also the generator of a cosine sequence.

Proposition 2.13. If A is the generator of a cosine family {C(t)}ier, then the sequence {CF}nen, defined
by

T

(2.32) C%:=1, and Crx:= / pr_1()C(t)xdt, € X,n>1,
0

is the cosine sequence generated by A.

Proof. Since {C(t)}+er is a cosine family generated by A, C(0) = I, C(t)x € D(A) for all z € X and
AC(t)x = C(t)Ax, for all z € D(A) and ¢t > 0. As fooo pr_1(t)dt =1 and A is a closed linear operator, by
[4, Proposition 1.1.7] we obtain

Clz = / pr_1(#)C(t)xdt € D(A), for any z € X,
0

and

ACTx = / pr_1(H)AC(t)zdt = / pm_1(&)C(t)Axdt = CT Az, for any x € D(A).
0 0

As A generates {C(t)}1er, we have C(t)x = x 4+ A(ga x C)(t)z, for any x € X and ¢ > 0, where go(s) := s
for any s > 0. By [34, Theorem 2.8] we have

n—1

Cra= [ piwct )xdt—x+A/ o1 (g + C)()adt =z + Ar Y g2 I,
0

7=0

where, for any | € No, gh == [ p (t)g2(t)dt, and C' := [ p] (t)C(t)dt. By (2.9), g5 = k2(l) and, by

(2.32), € = I~ Therefore,

0

n
Crex=x+ TAZ k2(n — 5)Ciz
j=1
We conclude that {C7}hen, is a cosine sequence generated by A. O

The next result gives a new functional equation that satisfies the cosine sequence {C” },en,, which does
not depend explicitly on the operator A.

Corollary 2.14. If A is the generator of a cosine family {C(t)}icr, then the cosine sequence {C"}pen,
given in Proposition 2.13, satisfies

- 1 m+n—I1—-1 - 1 m+n—1-1
oy C cl=acrer

for allm,m € N.
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Proof. Since {C(t)}+er is a cosine family, we have
Clt+s)+C(t—s)=2Ct)C(s), t,s€eR.
Multiplying by p7 (t)p7(s) and integrating over R? , we get by Lemma 2.12 that
m+n—+1 m+n — m+n— J n,oym
(233 ¢ +22m+n]+1( 0o )C]+ZWJ+1< m— )Cj 20mC™,

where, for any | > 0, C' := [ p7 (t)C(t)dt. Next, we replace n by n— 1 and m by m — 1 in (2.33) and we
recall that, by Proposition 2.13, C" = C"~1, for all n € N, to obtain

n m
1 m+n—1-1 1 m+n—1—1
m+n l E I _ nYm
Cr +[Z_;2m+nl( n—1 )CTJ’_ 2m+nl< m — 1 )07_207—077 n,m &€ N.

=1

O

Corollary 2.15. Let A be the generator of a cosine family {C(t)}ter and {C7}nen, be the cosine sequence
given in Proposition 2.153. Then

n m

1 m+n—101—1 1 m+n—1—1
RMOn—m — C’l P Cl
T T Z_ZIQernl( n—1 > T+l_212m+nl( m —1 ) T
for all n,m € N.

Proof. 1t follows from Theorem 2.5 and Corollary 2.14. O

The next result shows that, using the sequence given in Theorem 2.9, it is possible to construct a discrete
cosine sequence without assuming that A generates a continuous cosine family.

Proposition 2.16. Let A be a closed linear operator in a Banach space X such that 7=2 € p(A). Let
{C™}en, C B(X) be the sequence defined by C° := I, and

(2.34) Clz = Zan}jRix, n>1 ze€lX,

where (ay, ;) is the sequence given in Theorem 2.9. Then, {CZ},en, is a cosine sequence generated by A.

Proof. We need verify that the sequence {C”}, ¢n, defined in (2.34) satisfies conditions (1)-(3) of Definition
2.1. Conditions (1) and (2) follow directly from the definition of C* and the properties of R,. Therefore,
it remains only to prove that

(2.35) Cle=x+ TAZ k:(n —5)Ciz, n>1.

j=1
From the definition of R,, we get 77 'R, — 7711 = TAR,, what in turn implies TAR, = 77 1R — 771 RI~1,
for all j € N. Let T,, := >."_, k%(n — j)CZ, where C? is defined in (2.34). Then,

j=1"7

n 7
TAT, = TAZ k2 (n — j) Z a; R
j=1 I=1
=7AY (D Kn—j)aj | R
=1 \ j=I

(n—j)aj; | (r7*RL — 1R,

(2.36) = i

=1

HM3
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In this way, to prove (2.35) is equivalent to showing that
(2.37) Crle=x+71AT,, forall ze€ X,neN.

To this end, we need to compare the coefficients of RL in the left and the right hand sides of (2.37), and
verify that the coefficients a,; satisfy the required identities.

In fact, if n = 1, then the right and left hand sides of (2.37) coincide by definition. For n > 2, according
to the definition of C?, the left hand side of (2.37) does not have identity operator, and therefore, to verify
such equality we need to obtain

n
0=1-7"" Zsz(n —j)aji, n>1
j=1
Firstly, for [ = 1, by separating the term a,, ; in the last expression, we obtain a,, 1 = (k2(0) — dois 11 k2(n—
j)aj1)k2(0)~!, which is exactly the definition of a, 1 given in Theorem 2.9.

Next, take 2 < | < n — 1. Comparing the coefficients of R. on the left and right hand sides of (2.37),
the definition of C? and equality (2.36) imply that

n n
Any =71 Z k2(n — jaj; — 17! Z k2 (n — a1

j=l j=1+1

In this equality, after separating the last term in the first sum, we cancel out the term a,, ;. Also, by
replacing [ + 1 with [ in the second sum, we obtain

Zkgn Jajis1 = Zk2n Jlaji.

j=l+1

In this last equality, we separate the term a, ;41 in the left hand side to obtain

n—1 n—1
K2 (0)anis1 =Y K2 (n—jlaj— > k(n—jlaji,
j=l j=l+1

which is the same coefficient given in Theorem 2.9. Finally, comparing the coefficients of R? in (2.37), we
obtain a, , = kr(1)an—_1 n—1k-(0)~1. This concludes the proof. O

It is well know the relation between the generator of a Cy-group and a cosine family, see for instance [4,
Sections 3.1 and 3.14]. In the discrete case, we need the definition of a 7-discrete semigroup generated by
a closed linear operator A.

Definition 2.17. [35, Definition 3.3] Let A be a closed linear operator defined on a Banach space X. An
operator-valued sequence {T7 }nen, C B(X) is called a T-discrete semigroup generated by A if it satisfies
the following conditions

(1) 7O =I.

(2) T € D(A) for allz € X and ATz = TP Ax for all x € D(A), and n € Ny.

(3) For each x € X andn € N,

(2.38) fo:x+TAZTﬁx.
j=1
The next definition corresponds to the discrete counterpart of [4, Definition 3.1.19].

Definition 2.18. An operator A on X is said to be the generator of a T-discrete group if A and —A are
generators of T-discrete semigroups.
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In this case, we define the sequence of operators {U”"} ez by

T;f+ n € Ny,
7", -neN,

Ur .=

T

where {17, }nen, and {1 _}nen, are the 7-discrete semigroups generated by A and —A, respectively. In
this case, the sequence {U’” n}nGZ is called the T-discrete group generated by A. We note that, the sequence
{T;ff}neNo verifies

() T2_=1

(2) T/ _z € D(A) for all x € X, and AT} _x =T]'_Ax for all x € D(A) and n € No; and

(3) Foreachz € X andn € N, T]'_x =2 —7AY 7 | T! _a.

The next results give properties of a 7-discrete semigroup generated by —A.

Lemma 2.19. Let {T]'_},en, be a T-discrete semigroup generated by —A. Then,
(1) 771 € p(—A), and T™* = 77"(r71 + A)™" for all n € Ny.

(2) Its Z-transform satisfies
~ 1 z—1 -1
0= () (5 1)

Proof. Follows in the same way as in [35, Propositions 3.4 and 3.7] . (]

Proposition 2.20. Let B be the generator of a T-discrete group {U"},cz. Then, A = B? is generator of
the cosine sequence {C™},cz defined by

on = M’ nez.
2
Proof. By Proposition 2.8 and Lemma 2.19, we have
~ 1 1 -1 ~ 1 1 -1
Ta)=(--B)(*-B) . T-(=(-+B)(—+B) .
T TZ TZ

respectively. Since U + U =17, + 1" " for all n € Z, we obtain
-2 -8 B8
(%‘B)(Z;l+B)((Z;1)2—A)_l+(1+B)( =) )

- e a e () )
() () )

that is, fT,Jr(z) + T —(2) = 2C(z), concluding the proof. O

-1

Next result gives an inversion theorem for cosine families generated by a closed linear operator A.
Theorem 2.21. Let A be the generator of a cosine family exponentially bounded {C(t) }+1er and {C7}nen,

be the cosine sequence given in Proposition 2.13. Then,

(2.39) C(t)z = lim Tan . e X,

70+

uniformly in t in compact subsets of R.
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Proof. By [34, Proposition 2.2], it follows that

C(z)x = %é <i (1 - i)) T+,

for all |z| > 1 and 2 € X, where C' denotes the Laplace transform of ¢ — C(t). To complete the proof we
proceed similarly to [35, Theorem 4.13]. O

The next proposition shows that if A generates a cosine sequence on a Banach space, then it is possible
to define an associated continuous cosine family whose generator is the same operator A.

Proposition 2.22. Let A be a densely defined closed linear operator. Suppose that A generates the cosine
sequence {CI}pen, with ||C2| < M for all n € Ny. Assume that there exists 79 > 0 such that for all
7€ (0,70] C p(A). If ||(I — 72A)~Y| < K for all T € (0,70], then, {C(t)}+>0 defined by

(2.40) C(t)x := lim Tan 1OCrz, e X, t>0,

T—01
n=1
defines a cosine family generated by A.

Proof. Let x € X and 7 € (0, 70]. By Proposition 2.3,
(2.41) > pn 1 (0)Crr = 7pj(0)Cla = Rex = (I — 77A) .

For x € D(A), we have ||(I —72A) "tz —z| = 72||(I —72A) "t Ax|| < 72K]|| Az, which tends to 0 as 7 — 0.
As D(A) = X, we get ||[(I — 72A) 'z —z|| — 0 as 7 — 0T for all 2 € X. Thus, by (2.41), we deduce that
C(0)x = lim,_o+ (I — 72A) 1z =z for all z € X, that is, C(0) =

Now, we show that C(t) is strongly continuous. Since 73", pr _, (t)z = z, and lim, ¢+ ||R;z—z| =0,
we can write

C(t)x—m—hm Tanl )Cre — x) hm Tanl )Cre — Ry x].

T—0t

From the representation (2.27) given in Theorem 2.9, and noticing that a,, 1 = 1, and Clz = R,x, we have

T—0+

Ct)x—xz= lim 7 Z pr_1(t) Z an jRiz.
n=1 j=1

For | > 2, we observe that each a,; is a linear combination of k2(m), and a ;7 for certain values of j <n

and [ <. Since k2(m) — 0 as 7 — 0", we obtain lim, g+ a,; = 0 for all I > 2 and n € N, we deduce that
[C(t)x —z| = 0ast— 0t.

Since ACTx = CT'Ax for all x € X, it is easy to see that this implies AC(t)x = C(t) Az for all z € D(A)
and ¢t > 0. Finally, we need to show that C(t)z = x + A(gs * C)(t)z, for all t > 0 and 2 € X. In fact,
according to Definition 2.1, we have

szz;—l( I—Tan 1 +T2Azpn 1 )ZkE(W—J)CZI
n=1 7j=1
_1’+T2AZ an 1 —j) | Cla
(2.42) —x+72AZ<me+J LDk (m )) Clz, zeX.
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Now, we notice that pf, ;1 (t) = [) ph,_1(t — 5)p]_1(s)ds = (p},_y * p]_1)(t), and therefore

(2.43) QZ<meﬂ 1 )CJx—TZ/ Pi—1( ( me Lt = 8)k2(m ))Cfxds

for all z € X. In addition, we have the estimate
t o0
S/ (t—3s)||C(s)x — Tijll(s)C]x ds
0 e

H /ot(t —8)C(s)wds —7° gpmwiwn
T 2 /Ot pi—1(8)

X (7’ Z ol (t—8)k2(m) — (t — 3)) ds|.

Here, we define p7(t) = §(t), and thus (8 x pJ,_1)(t) = ph,_1(t). As lim, o+ 7> oo pr_1(t — s)k2(m) =
(t — s) for any t > s, we conclude by (2.40) that

t 00 n
(2.44) / (t —s)C(s)xds = lim 72 Z pr_1(t) Z k2(n—j)Cix, x€X.
0 n=1 =1

+|C]

T—0t

Finally, taking 7 — 07 in (2.42), we obtain by (2.43) and (2.44), that
t
Ct)x=x —|—A/ (t—s)C(s)zds, zeX,t>0.
0

concluding the proof. O

An operator A: D(A) C X — X is said to be sectorial of angle 6, and we write A € Sect(d, M), if there
exist M > 0 and 6 € (7/2,7) such that p(A) D Xy := {2z € C: |arg(z)| < 6} and

M
(z—A)7Y < 7 for all 2z € Xy.

z
Given linear and closed operator A whose resolvent set contains the negative half-line (—oo, 0], (for example,
if A is a sectorial operator) and 0 < & < 1, the set X¢ denotes the domain of the fractional power A%, that
is X¢ := D(A®) endowed with the graph norm ||z||. = ||A%z||. Thus, X* corresponds to the domain of A,
and X to the space X. It is a well known that if 0 < & < 1, and € D(A), then there exists a constant
K = K. > 0 such that (see [25])
(2.45) [A%z]| < K|l Az]|®||z] '~

We have the following result.

Lemma 2.23. [10, Lemma 2] Let t > 0. For § < 0 < m, take ¢ such that %gﬁ < 5 < ¢ <0 Let

A € Sec(0, M), and let T =Ty be the complex path defined as the union T} UT?, where
1, o1
I} = {te“p o <Y < d)} and Ff = {T6i1¢ by < r}.
If £ >0, then

zt

/Fg

for allt > 0, where C' := (2¢ f¢ es(¥) do)y +

|dz| < Ot

cos<¢>> :

The next theorem shows that the cosine sequence {C”},¢cn, defined in Proposition 2.13 converges to
C(t,), where t,, :== mn, as 7 — 0, for any fixed n € N,
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Theorem 2.24. Let0 < e < % and suppose that x € D(A®). Let A be a sectorial operator which generates
a strongly continuous cosine family {C(t)}i>0. Let {CF}nen, be the cosine sequence defined in (2.32).
Then, for each L > 0 there exists a constant D > 0 such that, for 0 < t,, < L,

(2.46) |C(tn)e — C2al| < Dr2ea]..

In particular,

lim ||C(t,)x — Crz|| = 0.
70+

Proof. Let L > 0 and n € N such that 0 < t,, < L, where t,, := 7n. As fooo pr_1(t)dt =1, for all n € N, we
can write

Clta)a = Cro= [, (O[C(E) - C(o)at,
0
for all z € X. As A generates the cosine family {C(t)}1>0, C(2) = z(22— A)~" (see [4, Proposition 3.14.4]),
and the inversion of Laplace transform allows to write

1 2ty _ 2t

Ctp)x — C(t)x = — uzﬂ(z2 — A)tadz,

27 Jp z
where I' = I'; is the complex path in Lemma 2.23. As 2%(22 — A)7! = A(z2 — A)"' + 1 = AV5(22 —
A)TLA® + 1, we get

1 2zt 2ty 1 zt _ oztp
Ctp)r —C(t)r = 2 /. %xdz + i /. %Al_g(z2 — A" Afxdz.
As h(z) := @ has a unique removable singularity at z = 0, the first integral in the last identity

is equal to zero. On the other hand, as A is a sectorial operator, the inequality (2.45) implies that
|42 (22 — A)La|| < KM(M + 1)} kel for all z € X. Thus

KM(M + 1)1 [ |e*t — e*tn] || A°
|C(t)z — O(t)a]) < EMA T2 [ler —er] [ A%,
2
7T T |Z|

|Z|26

By the mean value for complex-valued functions, we can find #g,#; with 0 < ¢, < fp < t; < t such that

|ezt _ €Zt"

o S =) (1)
z

Since 0 < & < % and t, < fy < {1 we have f?s_l < 5(2)5_1 < t2¢71. By Lemma 2.23 we get

1C(En)z = C(t)z]| < (t = ta)to A%

KM(M +1)'~<C
7T

As 7 ph_1(t)(t — t)dt = T, we obtain

. o KM(M +1)'-<C
[Ctt)a = ol < [ @1C)e - Cloalde < D

Tty A%

Thus. D — KMC@+1)'~¢
z € D(A%). "

. Finally, as 7t2°~! = n?=172¢ we conclude that C(t,)x — C"z as 7 — 0 for all

O
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3. APPLICATION TO THE EXISTENCE OF SOLUTIONS TO SECOND ORDER PROBLEMS.

Consider the system of second order

VZunr = Au"+ ", n>2,
(3.47) u’ = a2,
ut o=,

where A : D(A) C X — X is a closed linear operator in X, f : Ny — is a given vector-valued sequence and
To, 1 € X.

Proposition 3.25. Assume that A is the generator of a cosine sequence {CI}nen,- If ®o,21 € X, then
the second system (3.47) has a unique solution given by the sequence
n . .
(3.48) u" :=Clwog+ St +7 Z Sntt=d i
j=1
for alln > 2 and u® := xg, u' = x1.

Proof. Since {C?},>0 is a cosine sequence, the sequence u™ defined in (3.48) belongs to D(A) for all
n € Ny, and by Definition 2.1, we have

1
(V2C,z)" = —(Cra— 20ty 4+ C1 %)

n

n—2
[Zkin §)Cix 2Zkfn—1 Cﬁx+Zk3(n—2—j)Cﬁx}
j=1

j=

—

[(ki(n—l)—2k2( —2) + k2(n — 3))CL + (K2(n — 2) — 2k2(n — 3) + k2(n — 4))C2 +
+ (K2(2) = 2k2(1) + K2(0))Cr 2 + k2 (1)CR 1 + k2(0)CF — 2’63(0)0?_1]%

for all n > 2. As k2(n — j) — 2k2(n — 1 —j) + k2(n — 2 — j) = 0 for all j < n — 2, we obtain
(3.49)

(V2C, 2)" = é [R2(1)Cr ' + k2(0)Cr — 2k2(0)Cr 2 _4 [2 Crl4+7Cr —2rCP 2 = ACx.

On the other hand, for n > 2, we have by Proposition 2.6 that
(3.50) (V2S,2)" = (S”ac 25m 1y 4§72y [ZCJJ; 220ﬂx+203 } V. Cl = ASz.

Finally, by (3.50) we have for all n > 2 that

n

n n n—1 n—2
Sertop) = LIS s S sip e Seop
j=1 T j=1 j=1 =1
1

(87— 28772 4 872 1 oo (83— 282 4 Sh) 2
.
+ SAMT S - 28]
: 1
ASTf 4 ASY 2 4 5 (57 = SO+ Sefr = Sef).
T

2
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Now, by definition of S” and Proposition 2.6, (52 — S1) =1 = 7(V,S;)2f" ! =7C%2f"~1 and S! = 7C1,
which implies, again by Proposition 2.6 that

1 n— n n— 1
S (2= SHf T+ S = ST =

(r(CZ=Cf"t+ 501
= (V,C )2+ %Cif”

= ASZ P (V.0 g
= ASZfMh - ASL %f".

Hence,

- o - o1
(3.51) V23 srrtipi | =AY SIS > 2,

j=1 j=1 T
Defining the sequence (u”)pen, by u™ = Clxo + SFzy + 7'23;1 SrHl=ifi for n > 2 and u° = =z,
ul := z1, then by (3.49), (3.50) and (3.51) we get

(VZu)" = V2|(Clag+Siay+7y SpH=ifs

Jj=1

n
= ACPwo+ ASPxy + A ST fI 4
j=1
— Au'fl + fn7
for all n > 2. This means that (u"),en, solves the equation VZu" = Au™ + f", n > 2, under the initial
conditions u® = x¢, and u! = x;. To see the uniqueness, suppose that u™ solves (3.47) with f™ = 0 and
x9 = x1 = 0. Then, V2u™ = Au™ for all n > 2 with «® = u! = 0. This is equivalent to

(I-72A™ =20""1 —u"2 n>2
As A is the generator of a cosine family, by Proposition 2.3, 772 € p(A4) and therefore,
u = 2R u" " — Rau2, > 2.

As u® = u! =0, we conclude that v = 0 for all n > 2, that is, u = 0.

Ezxample 3.26.

Consider the space X = L2([0,7]), define the second-order operator A : D(A) C X — X by Aw(z) =
w'(x) with domain D(A) := H?([0,7]) N H([0,7]). It is a well-known fact that A is a self-adjoint operator
whose spectrum is o(A4) = {—m? : m € N}, with the corresponding eigenfunctions given by ¢,,(z) =

\/%sin(ma;)7 for « € [0, 7]. Then, A can be written as

Aw = Z _m2<w7 Gm)Pm, w € D(A).
m=1

Now, we consider the problem

Viun(s) = Au"(s)+ f*(s), n>2,
(3.52) u(s) = wxo(s),
ul(s) = wi(s),

where s € [0, 7], A is defined above, (f™) is a given sequence and xg,z; € X.
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This problem can be written in the abstract form (3.47), by writing u™ = u"(:),x0 = zo(:), 21 =
x1(+), f:= f™(-). We notice that (3.52) can be considered as a time-discretization of the problem
0%u(t,
oults) = T0ED ), e o)
u(t,0) = w(t,7)=0, tel0,T],
u(0,8) = @ols), se€][0,7],
w(0,8) = ¢i(s), se€0,7,

where T' > 0 and ¢y, 1 € X are given functions.
On the other hand, it is a well-known that A is the generator of the cosine family {C(t)}+cr given by
(see [4, Section 3.14])

Ct)x = i cos(mt){(z, dm)bm, x€ X,
m=1

and by Proposition 2.13, A generates the cosine sequence {C”},¢cn, defined by
C'=1, and Clz= / pr_1(®)C(E)zdt, x€ X,n>1
0

Since fooo pn(t)dt =1 for all n € N, the Bessel inequality, the dominated convergence theorem, and [21,
Formula 3.944-6, p.498], allow us to find an explicit expression for C* as follows
(%s) 1 00
n,., —% n—1
Crx = mzzjl m/o e t" " cos(mt)dt(z, dm ) Pm

_ — 55— cos (narctan(rm)) (x, dm) P,
mZ::l T (m2 + 7-2)n/2

for n > 1,z € X. Therefore, by Proposition 3.25, we have an explicit representation of the solution to
(3.52), given by (3.48), where {S?},en, is the sine sequence defined in (2.23).
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