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Abstract. In this paper, we introduce the notion of a cosine sequence {Cn
τ }n∈N0

generated by a closed

linear operator A in a Banach space X. We provide a systematic study of the properties of {Cn
τ }n∈N0

,
showing that it satisfies a discrete d’Alembert’s functional equation. We also explore its connections

with its generator A, the resolvent operator Rτ := τ−2(τ−2 − A)−1, and its corresponding sine family

{Sn
τ }n∈N0

.
Moreover, we show that the solution to the abstract discrete system of second order

∇2
τu

n = Aun + fn, n ≥ 2,

subject to the initial conditions u0 = x0, u1 = x1, where f : N0 → X is a given sequence, τ > 0 is

a specified step size, and ∇2
τu

n is the backward operator of order two, can be expressed as a discrete

variation parameter formula in terms of Cn
τ and its corresponding sine sequence.

1. Introduction

A one-parameter family {C(t)}t∈R of bounded linear operators defined in a Banach space X is called
a strongly continuous cosine family if C(0) = I (the identity operator), the mapping t 7→ C(t)x is a
continuous function for all x ∈ X, and for every t, s ∈ R, the family {C(t)}t∈R satisfies the d’Alembert
functional equation:

(1.1) C(t+ s) + C(t− s) = 2C(t)C(s).

The notion of a strongly continuous cosine family was introduced by Sova in [39], who defined the
infinitesimal generator as A := C ′′(0) and proved a generation theorem. Subsequently, many authors
have studied cosine families and their connections with the existence of solutions to abstract second-order
differential equations. For example, Da Prato and Giusti [12] provided a characterization of the generator
of a cosine family, while Fattorini in [13, 14] studied cosine families in certain locally convex spaces and
their connections with differential equations of order n. Travis and Webb [40] unified and simplified various
ideas from the theory of cosine families and investigated their relation to the abstract second-order problem: u′′(t) = Au(t) + f(t), t > 0,

u(0) = x0,
u′(0) = x1.

(1.2)

Here, A : D(A) ⊂ X → X is a closed linear operator defined on X, and f is a given vector-valued function.
In fact, it can be shown (see, for instance, [4, 40]) that if {C(t)}t∈R is a cosine family with generator
A = C ′′(0), then the solution to the Cauchy problem (1.2) is given by:

(1.3) u(t) = C(t)x0 + S(t)x1 +

∫ t

0

S(t− s)f(s) ds,

where S(t) :=
∫ t
0
C(s) ds defines the sine family associated with C(t).
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Since then, cosine families have been studied extensively by many authors, not only from an abstract
perspective but also in their connections with the study of solutions to second-order Cauchy problems.
See, for instance, [1, 7, 8, 23, 24, 27, 33, 28, 29, 30, 36, 37].

Equivalently, a cosine family can be defined in terms of its generator. Given a closed linear operator A,
a strongly continuous family {C(t)}t≥0 is called a cosine family generated by A if it satisfies the following
conditions:

(1) C(0) = I,
(2) C(t)x ∈ D(A) for all x ∈ X, and C(t)Ax = AC(t)x for all x ∈ D(A), and
(3) C(t)x = x+A(g2 ∗ C)(t)x, for t ≥ 0 and x ∈ X.

Here, g2 is defined by the function g2(t) := t, and (g2 ∗ C)(t)x :=
∫ t
0
(t − s)C(s)x ds. Moreover, Lizama

and Poblete [32] showed that if {C(t)}t≥0 is a cosine family according to this definition, then it satisfies
the functional equation:

(1.4) C(t)(g2 ∗ C)(s)x− (g2 ∗ C)(s)C(t)x = (g2 ∗ C)(t)x− (g2 ∗ C)(s)x, t, s ≥ 0, x ∈ X.

In the same paper, the authors demonstrated that (1.4) is equivalent to the d’Alembert functional equation
(1.1).

On the other hand, we can use a discrete version of the d’Alembert functional equation (1.1) to define
the notion of a cosine sequence of operators. A sequence of bounded linear operators in X, {Cn}n∈Z, is
called a cosine sequence if C0 = I and it satisfies the discrete d’Alembert functional equation:

(1.5) Cn+m + Cn−m = 2CnCm, n,m ∈ Z,
see for instance [15, Chapter V]. The sequence {Cn}n∈Z is an even sequence, the generator of {Cn}n∈Z is
the operator C1, and the cosine sequence {Cn}n∈Z can be completely determined from C1 using Chebyshev
polynomials, as shown in [9].

Now, if we consider the discrete problem of second order: ∆2un = (I − T )un, n ≥ 2,
u0 = x0,
u1 = 0,

where ∆2un := un+2 − 2un+1 + un is the forward operator of order two, T : X → X is a given bounded
operator, and x0 ∈ X, then the unique solution Cnx0 (n ∈ N0) to this problem is sometimes referred to
as the discrete-time cosine operator generated by I − T , see for instance [3, Chapter 1] and [11]. The
representation of the solution to the inhomogeneous problem ∆2un = (I − T )un + fn, n ≥ 2,

u0 = x0,
u1 = x1,

(1.6)

where f : N → X is a given sequence and x0, x1 ∈ X, can be expressed in terms of Cn and its corresponding
sine sequence Sn by:

(1.7) un = Cnx0 + Snx1 +
n−1∑
j=0

Sn−1−jf j ,

as demonstrated in [3, Proposition 1.3.1].
Since the forward operator ∆2un can be considered a time discretization of the second-order derivative

u′′(t), cosine sequences {Cn}n∈Z (or {Cn}n∈Z) can be seen as a natural discretization of cosine families
{C(t)}t∈R. Discretizations of cosine families of operators have been known for over four decades. Hoppe
[22] introduced a method based on a discrete cosine function Cnh (h > 0) defined on a uniform partition
∆h = {nh : n ∈ Z} that satisfies the d’Alembert equation (1.1). The author then approximates the strongly
continuous cosine functions C(t) to study the existence of solutions to (1.2) by using the discrete cosine
functions Cnh and a generalized version of the approximation theorem for semigroups of linear operators
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proposed by Trotter in [41]. However, there is no known relation between Cnh and the generator A. See
also [5, 6, 16, 38] for related references.

On the other hand, we note that for a given vector-valued function v : R+ → X and for sufficiently

small τ > 0, the sequence (vn)n∈N0
defined by vn :=

∫∞
0
ρτn(t)v(t)dt with ρ

τ
n(t) := e−

t
τ

(
t
τ

)n 1
τn! corresponds

intuitively to an approximation of v at tn := τn. Therefore, it seems natural to approximate the cosine
function t 7→ C(t)x by Cnx :=

∫∞
0
ρτn(t)C(t)xdt, for x ∈ X and n ∈ N0. However, although the cosine

family {C(t)}t∈R satisfies the equation (1.1), the corresponding approximation Cn does not satisfy the
discrete d’Alembert equation (1.5). In fact, considering C(t) = cos(

√
at), we find that {C(t)}t∈R forms a

cosine family in X = R, but (taking, for instance, a = 1, m = 2, and n = 4) we have:

Cn+mx+ Cn−mx =

∫ ∞

0

(ρτn+m(t) + ρτn−m(t))C(t)xdt ̸= 2

∫ ∞

0

ρτn(t)C(t)dt

∫ ∞

0

ρτm(t)C(t)xdt = 2CnCmx.

A natural question arises here: (Q1) Is there any relation between cosine families and cosine sequences?
Additionally, as ∆2u approximates u′′, and the solution to (1.2) is given by the variation of parameters
formula (1.3), we have the question: (Q2) Can we express the solution to the discrete system (1.6) as a
discrete variation of parameters formula if we consider A as a closed linear operator instead of (I − T )
(with T being a bounded operator)? Furthermore, if for a given closed linear operator A, the cosine family
{C(t)}t∈R can be defined using the conditions (1)–(3) above, then another question arises: (Q3) How can
we define a discrete cosine sequence generated by A?

Finally, as the authors mention in [3, p. 17], not much is known about discrete cosine functions and
the correspondence with the set of all discrete cosine functions defined by means of d’Alembert functional
equations remains an open problem.

Thus, we observe that the study of discrete cosines of operators is not fully understood, indicating a need
for tools to connect cosine families generated by closed linear operators A with cosine sequences (whose
generator is A) and how they relate to the solution of the discrete second-order equation (1.6).

This paper aims, on one hand, to answer questions (Q1)-(Q3), and on the other hand, to provide a
new framework for studying discrete cosine families by introducing a new notion of a cosine sequence of
operators generated by a closed linear operator A. More specifically, given a closed linear operator A and
τ > 0, we use a discrete version of conditions (1)–(3) above to define a cosine sequence {Cnτ }n∈N0 generated
by A. We study the properties of {Cnτ }n∈N0

, and in particular, we show that if A is a closed linear operator
that generates the cosine sequence {Cnτ }n∈N0

, then:

a) τ−2 ∈ ρ(A) (the resolvent set of A) and {Cnτ }n∈N0
satisfies the discrete d’Alembert-type functional

equation

(∗) Cn+mτ +Rmτ C
n−m
τ = 2Cnτ C

m
τ , n,m ∈ N0,

where Rτ is the resolvent operator defined by Rτ := τ−2(τ−2 −A)−1;
b) {Cnτ }n∈N0 satisfies a discrete version of the functional equation (1.4);
c) {Cnτ }n∈N0 can be expressed as

Cnτ x =

n∑
j=1

an,jR
j
τx, n ∈ N, x ∈ X,

where (an,l) is a known sequence of real numbers (determined using the coefficients in the Cheby-
shev polynomials of the first kind) and Rjτ is the j-th power of Rτ ; and

d) The (unique) solution to the discrete second-order problem

(∗∗)

 ∇2
τu

n = Aun + fn, n ≥ 2,
u0 = x0,
u1 = x1,

where ∇2
τ is an approximation of u′′(t) for τ > 0 small enough, can be expressed as a discrete vari-

ation of parameters formula involving {Cnτ }n∈N0 and its corresponding sine family Snτ :=
∑n
j=1 C

j
τ .
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Additionally, we show that if A is any closed linear operator such that τ−2 ∈ ρ(A) and {Cn}n∈N0
is a

sequence of linear operators satisfying (∗), then {Cn}n∈N0 is a cosine sequence generated by A.
Moreover, we demonstrate that if A is the generator of a cosine family {C(t)}t∈R, then the sequence

{Cnτ }n∈N0
defined by

C0
τ := I, and Cnτ x :=

∫ ∞

0

ρτn−1(t)C(t)xdt, x ∈ X, n ≥ 1,

is a cosine sequence generated by A and satisfies the functional equation

Cm+n
τ +

n∑
l=1

1

2m+n−l

(
m+ n− l − 1

n− l

)
Clτ +

m∑
l=1

1

2m+n−l

(
m+ n− l − 1

m− l

)
Clτ = 2Cnτ C

m
τ ,

for all n,m ∈ N.
The rest of the paper is organized as follows. In Section 2, we provide some preliminaries and define

the notion of a cosine sequence generated by a closed operator A in a Banach space X. We study its
main properties, the corresponding sine sequence, recursive relations, finite representations in terms of the
resolvent operator, compactness, among others. Additionally, we present a subordination principle, which
shows that if A is the generator of a cosine family, then A is also the generator of a cosine sequence.

Finally, in Section 3, we investigate the existence and uniqueness of solutions to Problem (∗∗) and solve
it for the second-order operator A = ∆.

2. Discrete cosine sequences

The set of non-negative integer numbers will be denoted by N0. For any n ∈ N0 and τ > 0, we define
the sequence of functions ρτn : [0,∞) → R, given by

ρτn(t) := e−
t
τ

(
t

τ

)n
1

τn!
,

We notice that ρτn are non-negative functions and
∫∞
0
ρτn(t)dt = 1, for all n ∈ N0.

For a given Banach space X, s(N0, X) denotes the space of all vector-valued sequences v : N0 → X.
∇τ : s(N0, X) → s(N0, X) denotes backward Euler operator of order one, defined by

(2.8) ∇τv
n :=

vn − vn−1

τ
, n ∈ N.

The backward difference operator of order m, ∇m
τ : s(N0, X) → s(N0, X), is defined by

(∇m
τ v)

n := ∇m−1
τ (∇τv)

n, n ≥ m.

for any m ≥ 2. Here, ∇1
τ is understood as ∇1

τ := ∇τ and ∇0
τ as the identity operator. We notice that if

v ∈ s(N0, X) then

(∇m
τ v)

n =
1

τm

m∑
j=0

(
m

j

)
(−1)jvn−j , n ∈ N.

For any α > 0, we define the sequence

(2.9) kατ (n) :=
τα−1Γ(α+ n)

Γ(α)Γ(n+ 1)
=

∫ ∞

0

ρτn(t)gα(t)dt, n ∈ N0,

where gα(t) :=
tα−1

Γ(α) and Γ(·) denotes the Gamma function. We note that, for non-integer values of α, the

sequence (2.9) has many interesting properties on discrete fractional calculus, see for instance [2, 18, 19, 20]
and [31].
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Given a sequence of linear operators {Tn}n∈N0
⊂ B(X) and a scalar sequence c = (cn)n∈N0

, we define
its discrete convolution c ⋆ T as

(c ⋆ T )n :=

n∑
j=0

cn−jT j , n ∈ N0.

Similarly, for given scalar valued sequences b = (bn)n∈N0
and c = (cn)n∈N0

, we define (b ⋆ c ⋆ T )n :=
(b ⋆ (c ⋆ T ))n for all n ∈ N0.

By [34, Corollary 2.9], we have that if α, β > 0, then the following semigroup property holds

(2.10) kα+βτ (n) = τ

n∑
j=0

kατ (n− j)kβτ (j) = τ(kατ ⋆ k
β
τ )
n, for any n ∈ N0.

The Z-transform of a sequence s ∈ s(N0, X), s̃, is defined by s̃(z) :=
∑∞
j=0 z

−jsj , where sj := s(j) and

z ∈ C. For any α > 0, the Z-transform of the sequence {kατ (n)}n∈N0
is given by (see [34])

(2.11) k̃ατ (z) = τα−1 zα

(z − 1)α
, for all |z| > 1.

In addition, the Z-transform is a linear operator on s(N0, X) and satisfies the finite discrete convolution
property (see for instance [3]):

(2.12) s̃1 ⋆ s2(z) = s̃1(z)s̃2(z), s1, s2 ∈ s(N0, X).

Now, we introduce the notion of a cosine sequence generated by a closed linear operator A in a Banach
space X.

Definition 2.1. Let τ > 0 be given. The closed linear operator A is called the generator of a cosine
sequence {Cnτ }n∈N0

⊂ B(X) if it satisfies the following conditions

(1) C0
τ = I.

(2) Cnτ x ∈ D(A) for all x ∈ X and ACnτ x = Cnτ Ax for all x ∈ D(A), and n ∈ N.
(3) For each x ∈ X and n ≥ 1,

(2.13) Cnτ x = x+ τA

n∑
j=1

k2τ (n− j)Cjτx.

Since k2τ (n) = τ(n+ 1) for all n ∈ N0, the condition (3) in Definition 2.1 can be written as

Cnτ x = x+ τ2A

n∑
j=1

(n+ 1− j)Cjτx

= x+ τ2A
[
nC1

τx+ (n− 1)C2
τx+ ...+ Cnτ x

]
= x+ τ2A

[
C1
τx+ (C1

τx+ C2
τx) + ...+ (C1

τx+ ...+ Cnτ x)
]

= x+ τ2A

n∑
j=1

j∑
l=1

Clτx,(2.14)

for all n ∈ N and x ∈ X.

Lemma 2.2. Let τ > 0 be given. Assume that A is the generator of a cosine sequence {Cnτ }n∈N0
. Then,

(2.15)

 m∑
j=1

k2τ (m− j)Cjτ

Cnτ x− Cmτ

 n∑
j=1

k2τ (n− j)Cjτx

 =

m∑
j=1

k2τ (m− j)Cjτx−
n∑
j=1

k2τ (n− j)Cjτx,

for all m,n ∈ N and x ∈ X.
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Proof. By Definition 2.1, we have that for any m,n ∈ N, and x ∈ X, m∑
j=1

k2τ (m− j)Cjτ

Cnτ x =

m∑
j=1

k2τ (m− j)Cjτx+

τA m∑
j=1

k2τ (m− j)Cjτ

 n∑
j=1

k2τ (n− j)Cjτx


=

m∑
j=1

k2τ (m− j)Cjτx+ (Cmτ − I)

 n∑
j=1

k2τ (n− j)Cjτx


=

m∑
j=1

k2τ (m− j)Cjτx+ Cmτ

 n∑
j=1

k2τ (n− j)Cjτx

−
n∑
j=1

k2τ (n− j)Cjτx.

This means that the cosine sequence verifies (2.15). □

For any τ > 0, we define the resolvent operator Rτ : X → D(A) by

(2.16) Rτ := τ−2
(
τ−2 −A

)−1
,

and for m ∈ N, Rmτ := τ−2m
(
τ−2 −A

)−m
.

The next Proposition shows that a cosine sequence generated by A verifies a nice recurrence relation,
which will be an important result to study the properties of {Cnτ }n∈N0

.

Proposition 2.3 (Recurrence relation). Let τ > 0 be given. Assume that A is the generator of a cosine
sequence {Cnτ }n∈N0

. Then,

(1) τ−2 ∈ ρ(A) and C1
τ = Rτ .

(2) For all n ≥ 2, {Cnτ }n∈N0
verifies the recurrence relation

(2.17) Cnτ = 2RτC
n−1
τ −RτC

n−2
τ .

Proof. By (2.13), we have C1
τx = x+τAk2τ (0)C

1
τx = x+τ2AC1

τx, which implies that (τ−2−A)C1
τx = τ−2x

for all x ∈ X. Since A and Cnτ commute on D(A) we have that for each x ∈ D(A),

τ−2x = (τ−2 −A)C1
τx = C1

τ (τ
−2 −A)x.

Since A is a closed operator, τ−2 ∈ ρ(A) and

(2.18) C1
τx = τ−2(τ−2 −A)−1x,

for all x ∈ X. To prove the second assertion we proceed by induction. For n = 2 and x ∈ X, by (2.13) and
(1) we have

C2
τx = x+ τAk2τ (1)C

1
τx+ τAk1τ (0)C

2
τx = x+ 2τ2AC1

τx+ τ2AC2
τx = x+ 2τ2ARτx+ τ2AC2

τx.

As τ−2 ∈ ρ(A) we get
C2
τx = Rτx+ 2τ2AR2

τx.

The identity (τ−2 −A)(τ−2 −A)−1x = x for all x ∈ X, implies that τ2ARτx = (Rτ − I)x and therefore

C2
τx = 2R2

τx−Rτx.

Now, assume that (2.17) holds for l ≤ n. As k2τ (n + 1 − j) = k2τ (n − j) + k2τ (0) for all n ∈ N0 and j ≤ n,
by (2.13) we can write

Cn+1
τ x = x+ τA

n+1∑
j=1

k2τ (n+ 1− j)Cjτx = x+ τA

n∑
j=1

k2τ (n− j)Cjτx+ τ2A

n∑
j=1

Cjτx+ τ2ACn+1
τ x.

As τ−2 ∈ ρ(A), we get

Cn+1
τ x = RτC

n
τ x+ τ2RτA

n∑
j=1

Cjτx.
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Since Cnτ x ∈ D(A) for all n ∈ N, the identity (τ−2 − A)−1(τ−2 − A)x = x for all x ∈ D(A), and the
induction hypothesis imply that

Cn+1
τ x =RτC

n
τ x+ (Rτ − I)

n∑
j=1

Cjτx

=2RτC
n
τ x+RτC

n−1
τ x+RτC

n−2
τ x+ ...+RτC

2
τx− Cnτ x− Cn−1

τ x− ...− C2
τx+ (Rτ − I)C1

τx

=2RτC
n
τ x+RτC

n−1
τ x+RτC

n−2
τ x+ ...+RτC

2
τx

−(2RτC
n−1
τ x−RτC

n−2
τ x)− (2RτC

n−2
τ x−RτC

n−3
τ x)− ...− (2RτC

1
τx−RτC

0
τx) + (Rτ − I)C1

τx

=2RτC
n
τ x−RτC

n−1
τ x.

This completes the proof. □

Proposition 2.4. Assume that {Cnτ }n∈N0
and {Cnτ }n∈N0

are cosine sequences generated by A. Then Cnτ =
Cnτ for all n ∈ N0.

Proof. Let x ∈ X. By definition and Proposition 2.3, C0
τx = C0

τx = x and C1
τx = C1

τx = Rτx. Assume, by
induction hypothesis, that Clτx = Clτx, for all l ≤ n. By Proposition 2.3 Cn+1

τ x = 2RτC
n
τ x−RτCn−1

τ x and
Cn+1
τ x = 2RτCnτ x−RτCn−1

τ x. By hypothesis, we get Cn+1
τ x = Cn+1

τ x. □

The next theorem shows that a cosine sequence generated by A verifies a discrete functional equation
of D’Alembert type.

Theorem 2.5 (Cosine relation). Let τ > 0 be given. Assume that A is the generator of a cosine sequence
{Cnτ }n∈N0

. Then,

(2.19) Cn+mτ +Rmτ C
n−m
τ = 2Cnτ C

m
τ .

for all n,m ∈ N0 such that n ≥ m.

Proof. Let n ∈ N. We proceed by induction on m. By Proposition 2.3, C1
τ = Rτ , and replacing n by n+ 1

in the relation (2.17) we get

(2.20) Cn+1
τ +RτC

n−1
τ = 2RτC

n
τ = 2C1

τC
n
τ ,

which means that (2.19) holds for m = 1. Assume that (2.19) is valid for all l ≤ m. Now, replacing n by
n+m and n by n−m in (2.20), we obtain, respectively{

Cn+m+1
τ +RτC

n+m−1
τ = 2RτC

n+m
τ

Cn−m+1
τ +RτC

n−m−1
τ = 2RτC

n−m
τ .

This, implies that {
Cn+m+1
τ +RτC

n+m−1
τ = 2RτC

n+m
τ

Rmτ C
n−m+1
τ +Rm+1

τ Cn−m−1
τ = 2Rm+1

τ Cn−mτ .

Adding these two equations we obtain

Cn+(m+1)
τ +Rm+1

τ Cn−(m+1)
τ +Rτ (C

n+m−1
τ +Rm−1

τ Cn−(m−1)
τ ) = 2Rτ (C

n+m
τ +Rmτ C

n−m
τ ).

By the induction hypothesis and Proposition 2.3 we have

Cn+(m+1)
τ +Rm+1

τ Cn−(m+1)
τ = 4RτC

n
τ C

m
τ − 2RτC

n
τ C

m−1
τ = 2Cnτ (2RτC

m
τ −RτC

m−1
τ ) = 2Cnτ C

m+1
τ .

□

If we take n = 0 in (2.19) we get Cmτ +Rmτ C
−m
τ = 2Cmτ , which implies that

(2.21) Rmτ C
−m
τ = Cmτ , m ∈ N0.

Thus, for m ≤ 0, Cnτ can be defined through the relation (2.21). This means that a cosine sequence
generated by A is an even sequence up to a power of Rτ .
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If we extend the backward operator (2.8) for all n ∈ Z, using (2.21) we have that the generator A of Cnτ
verifies

(2.22) (∇2
τCτ )

0x = Ax,

for all x ∈ D(A). If fact, for x ∈ D(A), by (2.21) we obtain C−1
τ x = C1

τR
−1
τ x, and by Proposition 2.3,

C−1
τ x = RτR

−1
τ x = x. Similarly, C−2

τ x = C2
τR

−2
τ x, and C−2

τ x = (2R2
τ −Rτ )R

−2
τ x = I + τ2Ax. Thus

(∇2
τCτ )

0x =
1

τ2
(
C0
τ − 2C−1

τ + C−2
τ

)
x = Ax.

Let τ > 0 be given. We denote by {Snτ }n∈N0
the sine sequence associated with the cosine sequence

{Cnτ }n∈N0
, which is defined by

(1) S0
τ = 0,

(2) For any n ∈ N, and x ∈ X,

(2.23) Snτ x = τ

n∑
j=1

Cjτx.

As Snτ is given in terms of finite sum, the sine sequence associated with the cosine sequence {Cnτ }n∈N0

is well defined. The next result gives the main properties of the cosine and sine sequences, {Cnτ }n∈Z and
{Snτ }n∈N0 , generated by a closed linear operator A.

Proposition 2.6. Let τ > 0 be given. Assume that A is the generator of a cosine sequence {Cnτ }n∈N0 .
Then, for each x ∈ X,

(1) (∇τSτ )
nx = Cnτ x, for all n ∈ N.

(2) (∇τCτ )
nx = ASnτ x, for all n ∈ N.

(3) Cnτ , C
m
τ , S

n
τ and Smτ commute, for all n,m ∈ N0.

(4) Snτ x = τRτC
n−1
τ x+ τR2

τC
n−2
τ x+ ...+ τRnτC

0
τx, for all n ∈ N.

(5) For all n,m ∈ N0 with n ≥ m,

(2.24) Sn+mτ +Rmτ S
n−m
τ = 2Snτ C

m
τ .

Proof. To prove (1) we notice that (∇τSτ )
nx = 1

τ (S
n
τ −Sn−1

τ )x =
∑n
j=1 C

j
τx−

∑n−1
j=1 C

j
τx = Cnτ x. By (2.14)

it follows that Cnτ x = x+τA
∑n
j=1 S

j
τx and thus (∇τCτ )

nx = 1
τ (C

n
τ −Cn−1

τ )x = A
∑n
j=1 S

j
τx−

∑n−1
j=1 S

j
τx =

ASnτ x, which proves (2). To prove (3), by Theorem 2.5 we have{
2Cnτ C

m
τ = Cn+mτ +Rmτ C

n−m
τ

2Cmτ C
n
τ = Cm+n

τ +RnτC
m−n
τ .

Subtracting both equations, we get by (2.21) that

2(Cnτ C
m
τ − Cmτ C

n
τ ) = Rmτ C

n−m
τ −Rmτ R

n−m
τ C−(n−m)

τ = 0.

That is, Cnτ and Cmτ commute. Now, as Cnτ S
m
τ = τCnτ

∑m
j=0 C

j
τ = τ

∑m
j=0 C

j
τC

n
τ = Smτ C

n
τ , we deduce that

Cnτ and Smτ commute. Similarly, we have Snτ S
m
τ = τ

∑m
j=1 S

n
τ C

j
τ = Smτ S

n
τ , that is, S

n
τ and Smτ commute.

To prove (4) we proceed by induction. In fact, τRτC
0
τx = τRτx = S1

τx. If (4) holds for n, then by (2.17)
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we get

−Sn+1
τ x+ τRτC

n
τ x+ τR2

τC
n−1
τ x+ ...+ τRn+1

τ C0
τx

= −Snτ x− τCn+1
τ + τRτC

n
τ x+Rτ [τRτC

n−1
τ x+ τR2

τC
n−2
τ x+ ...+ τRnτC

0
τx]

= −Snτ x− τCn+1
τ + τRτC

n
τ x+RτS

n
τ

= −Snτ x− τCn+1
τ + τRτC

1
τx+ ...+ τRτC

n−1
τ x+ 2τRτC

n
τ

= −Snτ x− τCn+1
τ + τRτC

1
τx+ ...+ τRτC

n−1
τ x+ τ(2RτC

n
τ −RτC

n−1
τ x) + τRτC

n−1
τ x

= −(τC1
τx+ ...+ τCn−1

τ x)− τCnτ x+ τRτC
1
τx+ ...+ τRτC

n−2
τ x+ 2τRτC

n−1
τ x

...

= −(τC1
τx+ τC2

τx)− τC3
τx+ τRτC

1
τx+ τ(2RτC

2
τx−RτC

1
τx) + τRτC

1
τx

= −τC1
τx− τC2

τx+ τ(2RτC
1
τx−RτC

0
τx) + τRτC

0
τx

= −τRτx+ τRτC
0
τx

= 0.

This proves (4). Finally, to prove (5) we notice that for (2.19) we have for any j ∈ N,

Cj+mτ +Rmτ C
j−m
τ = 2CjτC

m
τ .

Summing up over j = 1, ..., n we obtain

τ

n+m∑
l=m+1

Clτ + τRmτ

n−m∑
l=1−m

Clτ = 2Snτ C
m
τ ,

which is equivalent to

Sn+mτ − Smτ +Rmτ S
n−m
τ + τRmτ [C−m+1

τ + . . .+ C−1
τ + C0

τ ] = 2Snτ C
m
τ .

By (2.21), we can write

Rmτ [C−m+1
τ + . . .+ C−1

τ + C0
τ ] = RτR

m−1
τ C−(m−1)

τ +R2
τR

m−2
τ C−(m−2)

τ + . . .+Rm−1
τ RτC

−1
τ +Rmτ C

0
τ

= RτC
m−1
τ +R2

τC
m−2
τ + . . . Rmτ C

0
τ .

By (4) it follows that
Sn+mτ +Rmτ S

n−m
τ = 2Snτ C

m
τ .

□

Taking n = 0 in (2.24) we get Smτ +Rmτ S
−m
τ = 2S0

τC
m
τ , that is,

(2.25) Rmτ S
−m
τ = −Smτ , m ∈ N0.

Thus, we can use the relation (2.25) to define Snτ for n ≤ 0.
The next Proposition corresponds to a discrete counterpart of [33, Theorem 2].

Proposition 2.7. Let τ > 0 be given. Assume that A is the generator of a cosine sequence {Cnτ }n∈N0
.

Then,

(2.26) Sn+mτ = Snτ C
m
τ + Smτ C

n
τ .

Proof. By (2.24) we have {
Sn+mτ = 2Snτ C

m
τ −Rmτ S

n−m
τ

Sm+n
τ = 2Smτ C

n
τ −RnτS

m−n
τ .

Adding both equations and using (2.25) we get

2Sn+mτ = 2Snτ C
m
τ + 2Smτ C

n
τ − [Rmτ S

n−m
τ +Rmτ R

n−m
τ S−(n−m)

τ ],

which implies (2.26). □
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The next Proposition gives the Z-transform of a cosine sequence generated by A.

Proposition 2.8. Let τ > 0 be given. Assume that A is the generator of a cosine sequence {Cnτ }n∈N0 .
Then, its Z-transform satisfies

C̃(z)x =

(
z − 1

τ2z
−A

)((
z − 1

τz

)2

−A

)−1

x,

for all x ∈ X and z ∈ C such that
(
z−1
τz

)2 ∈ ρ(A).

Proof. Let x ∈ X. We first compute C̃(z)Rτx. By (2.11) and (2.12) we have

C̃(z)Rτx =

∞∑
j=0

CjτRτx

= Rτx+

∞∑
j=1

z−j

[
Rτx+ τA

j∑
l=1

k2τ (j − l)ClτRτx

]

= Rτx+

∞∑
j=1

z−jRτx+ τA

∞∑
j=0

z−j
j∑
l=0

k2τ (j − l)ClτRτx− τA

∞∑
j=0

z−jk2τ (j)Rτx

=
z

z − 1
Rτx+

(
τz

z − 1

)2

AC̃(z)Rτx−
(

τz

z − 1

)2

ARτx,

which implies that ((
z − 1

τz

)2

−A

)
C̃(z)Rτx =

z − 1

τ2z
Rτx−ARτx.

Hence,

C̃(z)Rτx =

((
z − 1

τz

)2

−A

)−1(
z − 1

τ2z
−A

)
Rτx.

By (2) in Definition 2.1, we deduce that R−1
τ C̃(z)Rτx = C̃(z)x for all x ∈ X. Thus,

C̃(z)x = R−1
τ C̃(z)Rτx

=

((
z − 1

τz

)2

−A

)−1(
z − 1

τ2z
−A

)
Rτx− τ2A

((
z − 1

τz

)2

−A

)−1(
z − 1

τ2z
−A

)
Rτx.

Now, we notice that (λ − A)(λ − A)−1w = (λ − A)−1(λ − A)w for all w ∈ D(A) and λ ∈ ρ(A), which
implies A(λ−A)−1w = (λ−A)−1Aw. As Rτx ∈ D(A), we have

C̃(z)x =

(
z − 1

τ2z
−A

)((
z − 1

τz

)2

−A

)−1

Rτx− τ2A

(
z − 1

τ2z
−A

)((
z − 1

τz

)2

−A

)−1

Rτx.
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Since for any w ∈ D(A), (λ−A)−1w ∈ D(A2), we get

C̃(z)x =

(
z − 1

τ2z
−A

)((
z − 1

τz

)2

−A

)−1

Rτx−
(
z − 1

τ2z
−A

)((
z − 1

τz

)2

−A

)−1

τ2ARτx

=

(
z − 1

τ2z
−A

)((
z − 1

τz

)2

−A

)−1

[I − τ2A]Rτx

=

(
z − 1

τ2z
−A

)((
z − 1

τz

)2

−A

)−1

x.

□

The next result gives a representation of Cnτ in terms of a finite sum of powers of Rτ .

Theorem 2.9. Let τ > 0 be given. Assume that A is the generator of a cosine sequence {Cnτ }n∈N0
. Then,

(2.27) Cnτ x =

n∑
j=1

an,jR
j
τx, n ∈ N,

where, (an,l) is the sequence of real numbers defined by

an,1 :=


1, n = 1,k2τ (0)− n−1∑

j=1

k2τ (n− j)aj,1

 k2τ (0)
−1, n ≥ 2,

and

an,l :=


 n−1∑
j=l−1

k2τ (n− j)aj,l−1 −
n−1∑
j=l

k2τ (n− j)aj,l

 k2τ (0)
−1, 2 ≤ l ≤ n− 1,

k2τ (1)an−1,n−1k
2
τ (0)

−1, l = n.

Proof. It follows similarly to the proof of [17, Theorem 3.7], but we give it here for the sake of completeness.
We proceed by induction on n. By Proposition 2.3, the result is valid for n = 1. Assume that (2.27) holds
for all l ≤ n. By (2.15) we have

k2τ (0)C
1
τC

n+1
τ x− C1

τ

n+1∑
j=1

k2τ (n+ 1− j)Cjτx

 = k2τ (0)C
1
τx−

n+1∑
j=1

k2τ (n+ 1− j)Cjτx,

which implies

k2τ (0)C
n+1
τ x = k2τ (n)C

1
τC

1
τx+ k2τ (n− 1)C1

τC
2
τx+ · · ·+ k2τ (1)C

1
τC

n
τ x+ k2τ (0)C

1
τ

− k2τ (n)C
1
τx− k2τ (n− 1)C2

τx− · · · − k2τ (1)C
n
τ x.
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By Proposition 2.3 and hypothesis induction we can write

k2τ (0)C
n+1
τ x =

[
k2τ (n)Rτ + k2τ (n− 1)

(
a2,1Rτ + a2,2R

2
τ

)
+ k2τ (n− 2)

(
a3,1Rτ + a3,2R

2
τ + a3,3R

3
τ

)
+ · · ·+ k2τ (1)

(
an,1Rτ + an,2R

2
τ + · · ·+ an,nR

n
τ

) ]
Rτx+ k2τ (0)Rτx

− k2τ (n)Rτx− k2τ (n− 1)
(
a2,1Rτ + a2,2R

2
τ

)
x− · · · − k2τ (1) (an,1Rτ + · · ·+ an,nR

n
τ )x

=
[
k2τ (0)− k2τ (n)a1,1 − k2(n− 1)a2,1 − · · · − k2τ (1)an,1

]
Rτx

+
[
k2τ (n)a1,1 + · · ·+ k2τ (1)an,1 − k2τ (n− 1)a2,2 − · · · − k2τ (1)an,2

]
R2
τx

+
[
k2τ (n− 1)a2,2 + · · ·+ k2τ (1)an,2 − k2τ (n− 2)a3,3 − · · · − k2τ (1)an,3

]
R3
τx

...

+
[
k2τ (0)an−1,n−1 + k2τ (1)an,n−1 − k2τ (1)an,n

]
Rnτ x

+
[
k2τ (1)an,n

]
Rn+1
τ x

=

k2τ (0)− n∑
j=1

k2τ (n+ 1− j)aj,1

Rτx
+

 n∑
j=1

k2τ (n+ 1− j)aj,1 −
n∑
j=2

k2τ (n+ 1− j)aj,2

R2
τx

+

 n∑
j=2

k2τ (n+ 1− j)aj,2 −
n∑
j=3

k2τ (n+ 1− j)aj,3

R3
τx

...

+

 n∑
j=n−1

k2τ (n+ 1− j)aj,n−1 −
n∑
j=n

k2τ (n+ 1− j)aj,n

Rnτ x
+

[
k2τ (1)an,n

]
Rn+1
τ x.

Therefore,

Cn+1
τ x =

n+1∑
j=1

an,jR
j
τx.

This completes the proof. □

Corollary 2.10. Let τ > 0 be given. Assume that A is the generator of a cosine sequence {Cnτ }n∈N0
. If

(τ−2 −A)−1 is a compact operator, then Cnτ is a compact operator for all n ∈ N.

Proof. The representation (2.27) as a finite sum of (τ−2 −A)−1 implies that Cnτ is a compact operator for
all n ∈ N. □

We notice that the terms of the sequence (an,l) given in Theorem 2.9 can be computed explicitly and
the cosine sequence Cnτ can be written as the matrix representation

Cnτ x =
(
a1,1 an,2 an,3 . . . an,n

)

Rτx
R2
τx

R3
τx
...

Rnτ x

 , n ∈ N.
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For example,

C1
τx =

(
1
) (
Rτx

)
, C2

τx =
(
−1 2

)(Rτx
R2
τx

)
, C3

τx =
(
0 −3 4

)RτxR2
τx

R3
τx

 , C4
τx =

(
0 1 −8 8

)
Rτx
R2
τx

R3
τx

R4
τx

 ,

and

C5
τx =

(
0 0 5 −20 16

)

Rτx
R2
τx

R3
τx

R4
τx

R5
τx

 , C6
τx =

(
0 0 −1 18 −48 32

)

Rτx
R2
τx

R3
τx

R4
τx

R5
τx

R6
τx

 .

Now, we define the sequence (Tn)n∈N0 by setting T0 := (1) and, for n ≥ 1,

Tn := (an,n, 0, an,n−1, 0, an,n−2, 0, . . .)︸ ︷︷ ︸
n+1-terms

,

which means that Tn is constructed by placing the scalar an,l given in Proposition 2.3 followed by a 0 in
between each coefficient. For example,

T0 = (1), T1 = (1, 0), T2 = (2, 0,−1), T3 = (4, 0,−3, 0), T4 = (8, 0,−8, 0, 1),

and
T5 = (16, 0,−20, 0, 5, 0), T6 = (32, 0,−48, 0, 18, 0,−1).

Then, the terms in Tn correspond to coefficients in the Chebyshev polynomials of first kind Tn(x) :

T0(x) = 1, T1(x) = x, T2(x) = 2x2 − 1, T3(x) = 4x3 − 3x, T4(x) = 8x4 − 8x2 + 1,

and
T5(x) = 16x5 − 20x3 + 5x, T6(x) = 32x6 − 48x4 + 18x2 − 1.

Now, let A be any closed linear operator. Let {Cn}n∈Z ⊂ B(X) be a sequence of linear operators
satisfying the cosine relation (2.19), that is,

(2.28) Cn+mx+Rmτ C
n−mx = 2CnCmx, n,m ∈ Z, x ∈ X.

Replacing n by n− 1 and m by m = 1, we get

(2.29) Cnx = 2Cn−1C1x−RτC
n−2x,

for all n ∈ Z and x ∈ X. This means that Cn, for any n ∈ Z, is completely determined by C0 and C1.
The next result shows that the cosine relation (2.29) can be used to define a cosine sequence generated

by A.

Theorem 2.11. Let A be a closed linear operator in a Banach space X such that τ−2 ∈ ρ(A). Let
{Cn}n∈Z ⊂ B(X) be a sequence of linear operators such that

(1) C0 = I,
(2) C1 = Rτ , and
(3) Cn+mx+Rmτ C

n−mx = 2CnCmx, for all n,m ∈ Z and x ∈ X.

Then, {Cn}n∈N0 is a cosine sequence generated by A.

Proof. We first show that Cnx ∈ D(A) for all x ∈ X and n ∈ N. In fact, by (1) C1x = Rτx, and thus
C1x ∈ D(A). If we assume that Clx ∈ D(A), for all l ≤ n and x ∈ X, the identity (2.29) implies that
Cn+1x = 2CnC1x−RτC

n−1x ∈ D(A).
Now, the identity (2.28) implies that

R−m
τ Cmx = C−mx, m ∈ Z, x ∈ X,
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and, using the same method as in Proposition 2.6, we deduce that Cn and Cm commute, that is,

(2.30) CnCmx = CmCnx, n,m ∈ Z, x ∈ X.

Next, we need to prove that ACnx = CnAx for all n ∈ N and x ∈ D(A). In fact, as (τ−2 − A)(τ−2 −
A)−1x = (τ−2 − A)−1(τ−2 − A)x = x for all x ∈ D(A) we get RτAx = ARτx, that is, C

1Ax = AC1x for
all x ∈ D(A). Now, if we assume that AClx = ClAx for all l ≤ n and x ∈ D(A), by (2.29) we have

ACn+1x = 2ARτC
nx−ARτC

n−1x = 2RτAC
nx−RτC

n−1x = 2RτC
nAx−RτC

n−1Ax = Cn+1Ax.

Finally, we nee to show that Cn verifies the identity (2.13). As R−1
τ = (I − τ2A), using (2.29) and

(2.30), we get, for j ≥ 2, that

(I − τ2A)Cjx = 2Cj−1x− Cj−2x, x ∈ X.

Multiplying this last identity by k2τ (n− j) and summing up over j = 2, ..., n we have
n∑
j=2

k2τ (n− j)Cjx− 2
n∑
j=2

k2τ (n− j)Cj−1x+
n∑
j=2

k2τ (n− j)Cj−2x = τ2A
n∑
j=2

k2τ (n− j)Cjx.

This last identity is equivalent to

k2τ (n− 2)C2x+ · · ·+ k2τ (1)C
n−1x+ k2τ (0)C

nx− 2
[
k2τ (n− 2)C1x+ · · ·+ k2τ (1)C

n−2x+ k2τ (0)C
n−1x

]
+ k2τ (n− 2)C0x+ · · ·+ k2τ (0)C

n−2x = τ2A

n∑
j=2

k2τ (n− j)Cjx.

Hence,[
k2τ (n− 2)− 2k2τ (n− 3) + k2τ (n− 4)

]
C2x+ · · ·+

[
k2τ (2)− 2k2τ (1) + k2τ (0)

]
Cn−2x

+ k2τ (1)C
n−1x+ k2τ (0)C

nx− 2k2τ (n− 2)C1x− 2k2τ (0)C
n−1x+ k2τ (n− 2)C0x+ k2τ (n− 3)C1x

= τ2A

n∑
j=2

k2τ (n− j)Cjx.

Since k2τ (n − j) − 2k2τ (n − (j + 1)) + k2τ (n − (j + 2)) = 0 for all j ≤ n − 2, and k2τ (n) = τ(n + 1), and
C0 = I, C1 = Rτ , we obtain

k2τ (0)C
nx− 2k2τ (n− 2)Rτx+ k2τ (n− 2)x+ k2τ (n− 3)Rτx = τ2A

n∑
j=2

k2τ (n− j)Cjx.

As τ2ARτx = (Rτ − I)x and k2τ (n) = τ(n + 1) for all n ∈ N0, we deduce that −2k2τ (n − 2)Rτx + k2τ (n −
2)x+ k2τ (n− 3)Rτx = τn(I −Rτ )x− τx = −τ2kτ (n− 1)ARτx− τx, and thus

k2τ (0)C
nx = τx+ τ2A

n∑
j=1

k2τ (n− j)Cjx.

Therefore, {Cn}n∈N0 is a cosine sequence generated by A.
□

Lemma 2.12. Let F : R → X be a given vector-valued function.

(1) If n,m ∈ N0, then∫ ∞

0

∫ ∞

0

ρτn(t)ρ
τ
m(s)F (t+ s)dtds =

∫ ∞

0

ρτm+n+1(t)F (t)dt.

(2) In addition, if F is an even function, that is, F (−t) = F (t) for all t ≥ 0, then for any n,m ∈ N0,∫ ∞

0

∫ ∞

0

ρτn(t)ρ
τ
m(s)F (t− s)dtds =

n∑
j=0

1

2m+n−j+1

(
m+ n− j

n− j

)
F jτ +

m∑
j=0

1

2m+n−j+1

(
m+ n− j

m− j

)
F jτ ,
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where, for any l ∈ N0, F
l
τ :=

∫∞
0
ρτl (t)F (t)dt.

Proof. First, for any s ∈ R, we define Fs : R → X, by Fs(t) := F (t+ s).
To prove (1), we notice that∫ ∞

0

∫ ∞

0

ρτn(t)ρ
τ
m(s)F (t+ s)dtds =

1

n!τn+1

∫ ∞

0

ρτm(s)

∫ ∞

0

e−
1
τ ttnFs(t)dtds

=
(−1)n

n!τn+1

∫ ∞

0

ρτm(s)[F̂s(λ)]
(n) |λ= 1

τ
ds.

Now,

F̂s(λ) =

∫ ∞

0

e−λtF (t+ s)dt = eλs
∫ ∞

s

e−λrF (r)dr.

Thus, for any n ∈ N, we have that

[F̂s(λ)]
(n) =

dnF̂s(λ)

dλn
= eλs

∫ ∞

s

(s− r)ne−λrF (r)dr.

This implies that

[F̂s(λ)]
(n) |λ= 1

τ
= e

1
τ s

∫ ∞

s

(s− r)ne−
1
τ rF (r)dr.

Hence,∫ ∞

0

∫ ∞

0

ρτn(t)ρ
τ
m(s)F (t+ s)dtds =

(−1)n

n!m!τn+m+2

∫ ∞

0

sm
∫ ∞

s

(s− r)ne−
1
τ rF (r)drds

=
(−1)n

n!m!τn+m+2

n∑
j=0

(
n

j

)
(−1)j

∫ ∞

0

sm+n−j
∫ ∞

s

e−
1
τ rrjF (r)drds.

Integrating by parts,∫ ∞

0

∫ ∞

0

ρτn(t)ρ
τ
m(s)F (t+ s)dtds =

(−1)n

n!m!τn+m+2

n∑
j=0

(
n

j

)
(−1)j

m+ n− j + 1

∫ ∞

0

e−
1
τ rsm+n+1F (s)ds

=
(−1)n

n!m!

n∑
j=0

(
n

j

)
(−1)j

m+ n− j + 1
(m+ n+ 1)!

∫ ∞

0

ρτm+n+1(s)F (s)ds.

As
∫∞
0
ρτl (t)dt = 1 for all l ∈ N0 and the above equality holds for all F : R → X, we can take F : R → R

defined by F ≡ 1 to obtain

1 =

∫ ∞

0

∫ ∞

0

ρτn(t)ρ
τ
m(s)dtds =

(−1)n

n!m!

n∑
j=0

(
n

j

)
(−1)j

m+ n− j + 1
(m+ n+ 1)!,

for all n,m ∈ N0. Therefore,∫ ∞

0

∫ ∞

0

ρτn(t)ρ
τ
m(s)F (t+ s)dtds =

∫ ∞

0

ρτm+n+1(s)F (s)ds, n,m ∈ N0.

Now, to prove (2), we use the same notation as in the proof of (1) to obtain∫ ∞

0

∫ ∞

0

ρτn(t)ρ
τ
m(s)F (t− s)dtds =

(−1)n

n!τn+1

∫ ∞

0

ρτm(s)[F̂−s(λ)]
(n) |λ= 1

τ
ds,

and

[F̂−s(λ)]
(n) |λ= 1

τ
= (−1)ne−

1
τ s

∫ ∞

−s
(s+ r)ne−

1
τ rF (r)dr.
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Thus,∫ ∞

0

∫ ∞

0

ρτn(t)ρ
τ
m(s)F (t− s)dtds =

1

n!m!τn+m+2

∫ ∞

0

e−
1
τ ssme−

1
τ s

∫ ∞

−s
e−

1
τ r(s+ r)nF (r)drds

=
1

n!m!τn+m+2

∫ ∞

0

e−
1
τ ssme−

1
τ s

∫ ∞

0

e−
1
τ r(s+ r)nF (r)drds

+
1

n!m!τn+m+2

∫ ∞

0

e−
1
τ ssme−

1
τ s

∫ 0

−s
e−

1
τ r(s+ r)nF (r)drds

=: I1 + I2.

The integral I1 can be written as

I1 =
1

m!τm+1

∫ ∞

0

e−
1
τ ssm

∫ ∞

0

n∑
j=0

1

n!

(
n

j

)
e−

1
τ (s+r) s

n−jrj

τn+1
e−

1
τ rF (r)drds

=
1

m!τm

∫ ∞

0

e−
1
τ ssm

∫ ∞

0

n∑
j=0

ρτn−j(s)ρ
τ
j (r)F (r)drds

= τ

∫ ∞

0

ρτm(s)

n∑
j=0

ρτn−j(s)

∫ ∞

0

ρτj (r)F (r)drds

= τ

n∑
j=0

∫ ∞

0

ρτm(s)ρτn−j(s)dsF
j
τ .

An easy computation shows that for any l, q ∈ N0,

(2.31)

∫ ∞

0

ρτl (s)ρ
τ
q (s)ds =

1

2l+q+1τ

(l + q)!

l!q!
,

and therefore

I1 =

n∑
j=0

1

2m+n−j+1

(m+ n− j)!

m!(n− j)!
F jτ =

n∑
j=0

1

2m+n−j+1

(
m+ n− j

n− j

)
F jτ .

On the other hand, as F is an even function,

I2 =
1

n!m!τn+m+2

∫ ∞

0

e−
1
τ ssme−

1
τ s

∫ 0

−s
e−

1
τ r(s+ r)nF (r)drds

=
1

n!m!τn+m+2

∫ ∞

0

e−
1
τ ssm

∫ s

0

e−
1
τ wwnF (w − s)dwds

=

∫ ∞

0

ρτm(s)

∫ s

0

ρτn(w)F (s− w)dwds

=

∫ ∞

0

ρτm(s)(ρτn ∗ F )(s)ds.

By [34, Theorem 2.8], ∫ ∞

0

ρτm(s)(ρτn ∗ F )(s)ds = τ

m∑
j=0

(ρτn)
m−jF jτ ,

where, for any l ≥ 0,

(ρτn)
l :=

∫ ∞

0

ρτl (t)ρ
τ
n(t)dt.
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By (2.31) we obtain

I2 = τ

m∑
j=0

(ρτn)
m−jF jτ

=

m∑
j=0

1

2m+n−j+1

(m+ n− j)!

n!(m− j)!
F jτ =

m∑
j=0

1

2m+n−j+1

(
m+ n− j

m− j

)
F jτ .

The proof of (2) is finished. □

The next Proposition gives a subordination result, which asserts that if A generates a cosine family,
then A is also the generator of a cosine sequence.

Proposition 2.13. If A is the generator of a cosine family {C(t)}t∈R, then the sequence {Cnτ }n∈N0
defined

by

(2.32) C0
τ := I, and Cnτ x :=

∫ ∞

0

ρτn−1(t)C(t)xdt, x ∈ X, n ≥ 1,

is the cosine sequence generated by A.

Proof. Since {C(t)}t∈R is a cosine family generated by A, C(0) = I, C(t)x ∈ D(A) for all x ∈ X and
AC(t)x = C(t)Ax, for all x ∈ D(A) and t > 0. As

∫∞
0
ρτn−1(t)dt = 1 and A is a closed linear operator, by

[4, Proposition 1.1.7] we obtain

Cnτ x =

∫ ∞

0

ρτn−1(t)C(t)xdt ∈ D(A), for any x ∈ X,

and

ACnτ x =

∫ ∞

0

ρτn−1(t)AC(t)xdt =

∫ ∞

0

ρτn−1(t)C(t)Axdt = Cnτ Ax, for any x ∈ D(A).

As A generates {C(t)}t∈R, we have C(t)x = x+A(g2 ∗ C)(t)x, for any x ∈ X and t ≥ 0, where g2(s) := s
for any s ≥ 0. By [34, Theorem 2.8] we have

Cnτ x =

∫ ∞

0

ρτn−1(t)C(t)xdt = x+A

∫ ∞

0

ρτn−1(t)(g2 ∗ C)(t)xdt = x+Aτ

n−1∑
j=0

gn−1−j
2 Cjx,

where, for any l ∈ N0, g
l
2 :=

∫∞
0
ρτl (t)g2(t)dt, and Cl :=

∫∞
0
ρτl (t)C(t)dt. By (2.9), gl2 = k2τ (l) and, by

(2.32), Cjτ = Cj−1. Therefore,

Cnτ x = x+ τA

n∑
j=1

k2τ (n− j)Cjτx.

We conclude that {Cnτ }n∈N0 is a cosine sequence generated by A. □

The next result gives a new functional equation that satisfies the cosine sequence {Cnτ }n∈N0
, which does

not depend explicitly on the operator A.

Corollary 2.14. If A is the generator of a cosine family {C(t)}t∈R, then the cosine sequence {Cnτ }n∈N0

given in Proposition 2.13, satisfies

Cm+n
τ +

n∑
l=1

1

2m+n−l

(
m+ n− l − 1

n− l

)
Clτ +

m∑
l=1

1

2m+n−l

(
m+ n− l − 1

m− l

)
Clτ = 2Cnτ C

m
τ ,

for all n,m ∈ N.
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Proof. Since {C(t)}t∈R is a cosine family, we have

C(t+ s) + C(t− s) = 2C(t)C(s), t, s ∈ R.
Multiplying by ρτn(t)ρ

τ
n(s) and integrating over R2

+, we get by Lemma 2.12 that

(2.33) Cm+n+1 +

n∑
j=0

1

2m+n−j+1

(
m+ n− j

n− j

)
Cj +

m∑
j=0

1

2m+n−j+1

(
m+ n− j

m− j

)
Cj = 2CnCm,

where, for any l ≥ 0, Cl :=
∫∞
0
ρτl (t)C(t)dt. Next, we replace n by n− 1 and m by m− 1 in (2.33) and we

recall that, by Proposition 2.13, Cnτ = Cn−1, for all n ∈ N, to obtain

Cm+n
τ +

n∑
l=1

1

2m+n−l

(
m+ n− l − 1

n− l

)
Clτ +

m∑
l=1

1

2m+n−l

(
m+ n− l − 1

m− l

)
Clτ = 2Cnτ C

m
τ , n,m ∈ N.

□

Corollary 2.15. Let A be the generator of a cosine family {C(t)}t∈R and {Cnτ }n∈N0
be the cosine sequence

given in Proposition 2.13. Then

Rmτ C
n−m
τ =

n∑
l=1

1

2m+n−l

(
m+ n− l − 1

n− l

)
Clτ +

m∑
l=1

1

2m+n−l

(
m+ n− l − 1

m− l

)
Clτ ,

for all n,m ∈ N.

Proof. It follows from Theorem 2.5 and Corollary 2.14. □

The next result shows that, using the sequence given in Theorem 2.9, it is possible to construct a discrete
cosine sequence without assuming that A generates a continuous cosine family.

Proposition 2.16. Let A be a closed linear operator in a Banach space X such that τ−2 ∈ ρ(A). Let
{Cnτ }n∈N0 ⊂ B(X) be the sequence defined by C0

τ := I, and

(2.34) Cnτ x :=

n∑
j=1

an,jR
j
τx, n ≥ 1, x ∈ X,

where (an,j) is the sequence given in Theorem 2.9. Then, {Cnτ }n∈N0 is a cosine sequence generated by A.

Proof. We need verify that the sequence {Cnτ }n∈N0 defined in (2.34) satisfies conditions (1)-(3) of Definition
2.1. Conditions (1) and (2) follow directly from the definition of Cnτ and the properties of Rτ . Therefore,
it remains only to prove that

(2.35) Cnτ x = x+ τA

n∑
j=1

k2τ (n− j)Cjτx, n ≥ 1.

From the definition of Rτ , we get τ
−1Rτ −τ−1I = τARτ , what in turn implies τARjτ = τ−1Rjτ −τ−1Rj−1

τ ,
for all j ∈ N. Let Tn :=

∑n
j=1 k

2
τ (n− j)Cjτ , where C

j
τ is defined in (2.34). Then,

τATn = τA

n∑
j=1

k2τ (n− j)

j∑
l=1

aj,lR
l
τ

= τA

n∑
l=1

 n∑
j=l

k2τ (n− j)aj,l

Rlτ

=

n∑
l=1

 n∑
j=l

k2τ (n− j)aj,l

 (τ−1Rlτ − τ−1Rl−1
τ ).(2.36)
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In this way, to prove (2.35) is equivalent to showing that

(2.37) Cnτ x = x+ τATn, for all x ∈ X,n ∈ N.

To this end, we need to compare the coefficients of Rlτ in the left and the right hand sides of (2.37), and
verify that the coefficients an,l satisfy the required identities.

In fact, if n = 1, then the right and left hand sides of (2.37) coincide by definition. For n ≥ 2, according
to the definition of Cnτ , the left hand side of (2.37) does not have identity operator, and therefore, to verify
such equality we need to obtain

0 = 1− τ−1
n∑
j=1

k2τ (n− j)aj,1, n ≥ 1.

Firstly, for l = 1, by separating the term an,1 in the last expression, we obtain an,1 = (k2τ (0)−
∑n−1
j=1 k

2
τ (n−

j)aj,1)k
2
τ (0)

−1, which is exactly the definition of an,1 given in Theorem 2.9.
Next, take 2 ≤ l ≤ n − 1. Comparing the coefficients of Rlτ on the left and right hand sides of (2.37),

the definition of Cnτ and equality (2.36) imply that

an,l = τ−1
n∑
j=l

k2τ (n− j)aj,l − τ−1
n∑

j=l+1

k2τ (n− j)aj,l+1.

In this equality, after separating the last term in the first sum, we cancel out the term an,l. Also, by
replacing l + 1 with l in the second sum, we obtain

n∑
j=l+1

k2τ (n− j)aj,l+1 =

n−1∑
j=l

k2τ (n− j)aj,l.

In this last equality, we separate the term an,l+1 in the left hand side to obtain

k2τ (0)an,l+1 =

n−1∑
j=l

k2τ (n− j)aj,l −
n−1∑
j=l+1

k2τ (n− j)aj,l+1,

which is the same coefficient given in Theorem 2.9. Finally, comparing the coefficients of Rnτ in (2.37), we
obtain an,n = kτ (1)an−1,n−1kτ (0)

−1. This concludes the proof. □

It is well know the relation between the generator of a C0-group and a cosine family, see for instance [4,
Sections 3.1 and 3.14]. In the discrete case, we need the definition of a τ -discrete semigroup generated by
a closed linear operator A.

Definition 2.17. [35, Definition 3.3] Let A be a closed linear operator defined on a Banach space X. An
operator-valued sequence {Tnτ }n∈N0 ⊂ B(X) is called a τ -discrete semigroup generated by A if it satisfies
the following conditions

(1) T 0
τ = I.

(2) Tnτ ∈ D(A) for all x ∈ X and ATnτ x = Tnτ Ax for all x ∈ D(A), and n ∈ N0.
(3) For each x ∈ X and n ∈ N,

(2.38) Tnτ x = x+ τA

n∑
j=1

T jτ x.

The next definition corresponds to the discrete counterpart of [4, Definition 3.1.19].

Definition 2.18. An operator A on X is said to be the generator of a τ -discrete group if A and −A are
generators of τ -discrete semigroups.
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In this case, we define the sequence of operators {Unτ }n∈Z by

Unτ :=

{
Tnτ,+ n ∈ N0,

T−n
τ,−, −n ∈ N,

where {Tnτ,+}n∈N0
and {Tnτ,−}n∈N0

are the τ -discrete semigroups generated by A and −A, respectively. In
this case, the sequence {Unτ }n∈Z is called the τ -discrete group generated by A. We note that, the sequence
{Tnτ,−}n∈N0

verifies

(1) T 0
τ,− = I;

(2) Tnτ,−x ∈ D(A) for all x ∈ X, and ATnτ,−x = Tnτ,−Ax for all x ∈ D(A) and n ∈ N0; and

(3) For each x ∈ X and n ∈ N, Tnτ,−x = x− τA
∑n
j=1 T

j
τ,−x.

The next results give properties of a τ -discrete semigroup generated by −A.

Lemma 2.19. Let {Tnτ,−}n∈N0
be a τ -discrete semigroup generated by −A. Then,

(1) τ−1 ∈ ρ(−A), and Tn,∗τ = τ−n(τ−1 +A)−n for all n ∈ N0.
(2) Its Z-transform satisfies

T̃τ,−(z) =
(1
τ
+A

)(z − 1

τz
+A

)−1

.

Proof. Follows in the same way as in [35, Propositions 3.4 and 3.7] . □

Proposition 2.20. Let B be the generator of a τ -discrete group {Unτ }n∈Z. Then, A = B2 is generator of
the cosine sequence {Cnτ }n∈Z defined by

Cnτ =
Unτ + U−n

τ

2
, n ∈ Z.

Proof. By Proposition 2.8 and Lemma 2.19, we have

T̃τ,+(z) =
(1
τ
−B

)(z − 1

τz
−B

)−1

, T̃τ,−(z) =
(1
τ
+B

)(z − 1

τz
+B

)−1

,

respectively. Since Unτ + U−n
τ = Tnτ,+ + T−n

τ,− for all n ∈ Z, we obtain(1
τ
−B

)(z − 1

τz
−B

)−1

+
(1
τ
+B

)(z − 1

τz
+B

)−1

=
(1
τ
−B

)(z − 1

τz
+B

)((z − 1

τz

)2
−A

)−1

+
(1
τ
+B

)(z − 1

τz
−B

)((z − 1

τz

)2
−A

)−1

=

(
1

τ

z − 1

τz
+

1

τ
B − z − 1

τz
B −A+

1

τ

z − 1

τz
− 1

τ
B +

z − 1

τz
B −A

)((z − 1

τz

)2
−A

)−1

=
(2(z − 1)

τ2z
− 2A

)((z − 1

τz

)2
−A

)−1

,

that is, T̃τ,+(z) + T̃τ,−(z) = 2C̃τ (z), concluding the proof. □

Next result gives an inversion theorem for cosine families generated by a closed linear operator A.

Theorem 2.21. Let A be the generator of a cosine family exponentially bounded {C(t)}t∈R and {Cnτ }n∈N0

be the cosine sequence given in Proposition 2.13. Then,

(2.39) C(t)x = lim
τ→0+

τ

∞∑
n=1

ρτn−1(t)C
n
τ x, x ∈ X,

uniformly in t in compact subsets of R+.
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Proof. By [34, Proposition 2.2], it follows that

C̃(z)x =
1

τz
Ĉ

(
1

τ

(
1− 1

z

))
x+ x,

for all |z| > 1 and x ∈ X, where Ĉ denotes the Laplace transform of t 7→ C(t). To complete the proof we
proceed similarly to [35, Theorem 4.13]. □

The next proposition shows that if A generates a cosine sequence on a Banach space, then it is possible
to define an associated continuous cosine family whose generator is the same operator A.

Proposition 2.22. Let A be a densely defined closed linear operator. Suppose that A generates the cosine
sequence {Cnτ }n∈N0 with ∥Cnτ ∥ ≤ M for all n ∈ N0. Assume that there exists τ0 > 0 such that for all
τ ∈ (0, τ0] ⊂ ρ(A). If ∥(I − τ2A)−1∥ ≤ K for all τ ∈ (0, τ0], then, {C(t)}t≥0 defined by

(2.40) C(t)x := lim
τ→0+

τ

∞∑
n=1

ρτn−1(t)C
n
τ x, x ∈ X, t ≥ 0,

defines a cosine family generated by A.

Proof. Let x ∈ X and τ ∈ (0, τ0]. By Proposition 2.3,

(2.41) τ

∞∑
n=1

ρτn−1(0)C
n
τ x = τρτ0(0)C

1
τx = Rτx = (I − τ2A)−1x.

For x ∈ D(A), we have ∥(I−τ2A)−1x−x∥ = τ2∥(I−τ2A)−1Ax∥ ≤ τ2K∥Ax∥, which tends to 0 as τ → 0+.

As D(A) = X, we get ∥(I − τ2A)−1x− x∥ → 0 as τ → 0+ for all x ∈ X. Thus, by (2.41), we deduce that
C(0)x = limτ→0+(I − τ2A)−1x = x for all x ∈ X, that is, C(0) = I.

Now, we show that C(t) is strongly continuous. Since τ
∑∞
n=1 ρ

τ
n−1(t)x = x, and limτ→0+ ∥Rτx−x∥ = 0,

we can write

C(t)x− x = lim
τ→0+

τ

∞∑
n=1

ρτn−1(t)[C
n
τ x− x] = lim

τ→0+
τ

∞∑
n=1

ρτn−1(t)[C
n
τ x−Rτx].

From the representation (2.27) given in Theorem 2.9, and noticing that an,1 = 1, and C1
τx = Rτx, we have

C(t)x− x = lim
τ→0+

τ

∞∑
n=1

ρτn−1(t)

n∑
j=1

an,jR
j
τx.

For l ≥ 2, we observe that each an,l is a linear combination of k2τ (m), and aj,l for certain values of j ≤ n

and l ≤ l. Since k2τ (m) → 0 as τ → 0+, we obtain limτ→0+ an,l = 0 for all l ≥ 2 and n ∈ N, we deduce that
∥C(t)x− x∥ → 0 as t→ 0+.

Since ACnτ x = Cnτ Ax for all x ∈ X, it is easy to see that this implies AC(t)x = C(t)Ax for all x ∈ D(A)
and t ≥ 0. Finally, we need to show that C(t)x = x + A(g2 ∗ C)(t)x, for all t ≥ 0 and x ∈ X. In fact,
according to Definition 2.1, we have

τ

∞∑
n=1

ρτn−1(t)C
n
τ x = τ

∞∑
n=1

ρτn−1(t)x+ τ2A

∞∑
n=1

ρτn−1(t)

n∑
j=1

k2τ (n− j)Cjτx

= x+ τ2A

∞∑
j=1

 ∞∑
n=j

ρτn−1(t)k
2
τ (n− j)

Cjτx

= x+ τ2A

∞∑
j=1

( ∞∑
m=0

ρτm+j−1(t)k
2
τ (m)

)
Cjτx, x ∈ X.(2.42)
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Now, we notice that ρτm+j−1(t) =
∫ t
0
ρτm−1(t− s)ρτj−1(s)ds = (ρτm−1 ∗ ρτj−1)(t), and therefore

τ2
∞∑
j=1

( ∞∑
m=0

ρτm+j−1(t)k
2
τ (m)

)
Cjτx = τ

∞∑
j=1

∫ t

0

ρτj−1(s)

(
τ

∞∑
m=0

ρτm−1(t− s)k2τ (m)

)
Cjτx ds,(2.43)

for all x ∈ X. In addition, we have the estimate∥∥∥∥∫ t

0

(t− s)C(s)x ds− τ2
∞∑
n=1

ρτn−1(t)

n∑
j=1

k2τ (n− j)Cjτx

∥∥∥∥ ≤
∫ t

0

(t− s)

∥∥∥∥C(s)x− τ

∞∑
j=1

ρτj−1(s)C
j
τx

∥∥∥∥ ds
+∥Cjτx∥

∣∣∣∣τ ∞∑
j=1

∫ t

0

ρτj−1(s)

×

(
τ

∞∑
m=0

ρτm−1(t− s)k2τ (m)− (t− s)

)
ds

∣∣∣∣.
Here, we define ρτ−1(t) = δ(t), and thus (δ ∗ ρτm−1)(t) = ρτm−1(t). As limτ→0+ τ

∑∞
m=0 ρ

τ
m−1(t− s)k2τ (m) =

(t− s) for any t ≥ s, we conclude by (2.40) that

(2.44)

∫ t

0

(t− s)C(s)x ds = lim
τ→0+

τ2
∞∑
n=1

ρτn−1(t)

n∑
j=1

k2τ (n− j)Cjτx, x ∈ X.

Finally, taking τ → 0+ in (2.42), we obtain by (2.43) and (2.44), that

C(t)x = x+A

∫ t

0

(t− s)C(s)x ds, x ∈ X, t ≥ 0.

concluding the proof. □

An operator A : D(A) ⊂ X → X is said to be sectorial of angle θ, and we write A ∈ Sect(θ,M), if there
exist M > 0 and θ ∈ (π/2, π) such that ρ(A) ⊃ Σθ := {z ∈ C : | arg(z)| < θ} and

∥(z −A)−1∥ ≤ M

|z|
for all z ∈ Σθ.

Given linear and closed operator A whose resolvent set contains the negative half-line (−∞, 0], (for example,
if A is a sectorial operator) and 0 ≤ ε ≤ 1, the set Xε denotes the domain of the fractional power Aε, that
is Xε := D(Aε) endowed with the graph norm ∥x∥ε = ∥Aεx∥. Thus, X1 corresponds to the domain of A,
and X0 to the space X. It is a well known that if 0 < ε < 1, and x ∈ D(A), then there exists a constant
K ≡ Kε > 0 such that (see [25])

∥Aεx∥ ≤ K∥Ax∥ε∥x∥1−ε.(2.45)

We have the following result.

Lemma 2.23. [10, Lemma 2] Let t > 0. For π
2 < θ < π, take ϕ such that 1

2ϕ < π
2 < ϕ < θ. Let

A ∈ Sec(θ,M), and let Γ ≡ Γt be the complex path defined as the union Γ1
t ∪ Γ2

t , where

Γ1
t :=

{
1

t
eiψ : −ϕ < ψ < ϕ

}
and Γ2

t :=

{
re±iϕ :

1

t
≤ r

}
.

If µ ≥ 0, then ∫
Γ

∣∣∣∣eztzµ
∣∣∣∣ |dz| ≤ Ctµ−1,

for all t > 0, where C :=
(
2ϕ
∫ ϕ
−ϕ e

cos(ψ)dψ + 2
− cos(ϕ)

)
.

The next theorem shows that the cosine sequence {Cnτ }n∈N, defined in Proposition 2.13 converges to
C(tn), where tn := τn, as τ → 0, for any fixed n ∈ N.
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Theorem 2.24. Let 0 < ε < 1
2 and suppose that x ∈ D(Aε). Let A be a sectorial operator which generates

a strongly continuous cosine family {C(t)}t≥0. Let {Cnτ }n∈N0 be the cosine sequence defined in (2.32).
Then, for each L > 0 there exists a constant D > 0 such that, for 0 < tn ≤ L,

(2.46) ∥C(tn)x− Cnτ x∥ ≤ Dτt2ε−1
n ∥x∥ε.

In particular,

lim
τ→0+

∥C(tn)x− Cnτ x∥ = 0.

Proof. Let L > 0 and n ∈ N such that 0 < tn ≤ L, where tn := τn. As
∫∞
0
ρτn−1(t)dt = 1, for all n ∈ N, we

can write

C(tn)x− Cnτ x =

∫ ∞

0

ρτn−1(t)[C(tn)− C(t)]xdt,

for all x ∈ X. As A generates the cosine family {C(t)}t≥0, Ĉ(z) = z(z2−A)−1 (see [4, Proposition 3.14.4]),
and the inversion of Laplace transform allows to write

C(tn)x− C(t)x =
1

2πi

∫
Γ

eztn − ezt

z
z2(z2 −A)−1xdz,

where Γ = Γtn is the complex path in Lemma 2.23. As z2(z2 − A)−1 = A(z2 − A)−1 + I = A1−ε(z2 −
A)−1Aε + I, we get

C(tn)x− C(t)x =
1

2πi

∫
Γ

ezt − eztn

z
xdz +

1

2πi

∫
Γ

ezt − eztn

z
A1−ε(z2 −A)−1Aεxdz.

As h(z) := ezt−eztn
z has a unique removable singularity at z = 0, the first integral in the last identity

is equal to zero. On the other hand, as A is a sectorial operator, the inequality (2.45) implies that

∥A1−ε(z2 −A)−1x∥ ≤ KM(M + 1)1−ε ∥x∥
|z|2ε , for all x ∈ X. Thus

∥C(tn)x− C(t)x∥ ≤ KM(M + 1)1−ε

2π

∫
Γ

|ezt − eztn |
|z|

∥Aεx∥
|z|2ε

|dz|.

By the mean value for complex-valued functions, we can find t0, t1 with 0 < tn < t0 < t1 < t such that

|ezt − eztn |
|z|

≤ (t− tn)
(
|et0z|+ |et1z|

)
.

Since 0 < ε < 1
2 and tn < t0 < t1 we have t

2ε−1
1 < t

2ε−1
0 < t2ε−1

n . By Lemma 2.23 we get

∥C(tn)x− C(t)x∥ ≤ KM(M + 1)1−εC

π
(t− tn)t

2ε−1
n ∥Aεx∥.

As
∫∞
0
ρτn−1(t)(t− tn)dt = τ, we obtain

∥C(tn)x− Cnτ x∥ ≤
∫ ∞

0

ρτn−1(t)∥C(tn)x− C(t)x∥dt ≤ KM(M + 1)1−εC

π
τt2ε−1
n ∥Aεx∥.

Thus, D = KMC(M+1)1−ε

π . Finally, as τt2ε−1
n = n2ε−1τ2ε, we conclude that C(tn)x→ Cnτ x as τ → 0 for all

x ∈ D(Aε).
□
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3. Application to the existence of solutions to second order problems.

Consider the system of second order ∇2
τu

n = Aun + fn, n ≥ 2,
u0 = x0,
u1 = x1,

(3.47)

where A : D(A) ⊂ X → X is a closed linear operator in X, f : N0 → is a given vector-valued sequence and
x0, x1 ∈ X.

Proposition 3.25. Assume that A is the generator of a cosine sequence {Cnτ }n∈N0
. If x0, x1 ∈ X, then

the second system (3.47) has a unique solution given by the sequence

(3.48) un := Cnτ x0 + Snτ x1 + τ

n∑
j=1

Sn+1−j
τ f j ,

for all n ≥ 2 and u0 := x0, u
1 := x1.

Proof. Since {Cnτ }n≥0 is a cosine sequence, the sequence un defined in (3.48) belongs to D(A) for all
n ∈ N0, and by Definition 2.1, we have

(∇2
τCτx)

n =
1

τ2
(Cnτ x− 2Cn−1

τ x+ Cn−2
τ x)

=
A

τ

[ n∑
j=1

k2τ (n− j)Cjτx− 2

n−1∑
j=1

k2τ (n− 1− j)Cjτx+

n−2∑
j=1

k2τ (n− 2− j)Cjτx
]

=
A

τ

[
(k2τ (n− 1)− 2k2τ (n− 2) + k2τ (n− 3))C1

τ + (k2τ (n− 2)− 2k2τ (n− 3) + k2τ (n− 4))C2
τ + · · ·

+ (k2τ (2)− 2k2τ (1) + k2τ (0))C
n−2
τ + k2τ (1)C

n−1
τ + k2τ (0)C

n
τ − 2k2τ (0)C

n−1
τ

]
x,

for all n ≥ 2. As k2τ (n− j)− 2k2τ (n− 1− j) + k2τ (n− 2− j) = 0 for all j ≤ n− 2, we obtain
(3.49)

(∇2
τCτx)

n =
A

τ

[
k2τ (1)C

n−1
τ + k2τ (0)C

n
τ − 2k2τ (0)C

n−1
τ

]
x =

A

τ

[
2τCn−1

τ + τCnτ − 2τCn−1
τ

]
x = ACnτ x.

On the other hand, for n ≥ 2, we have by Proposition 2.6 that

(3.50) (∇2
τSτx)

n =
1

τ2
(Snτ x−2Sn−1

τ x+Sn−2
τ x) =

1

τ

[ n∑
j=1

Cjτx−2

n−1∑
j=1

Cjτx+

n−2∑
j=1

Cjτx
]
= ∇τC

n
τ x = ASnτ x.

Finally, by (3.50) we have for all n ≥ 2 that

∇2
τ

 n∑
j=1

Sn+1−j
τ f j

n

=
1

τ2

 n∑
j=1

Sn+1−j
τ f j − 2

n−1∑
j=1

Sn−jτ f j +

n−2∑
j=1

Sn−1−j
τ f j


=

1

τ2
[
(Snτ − 2Sn−2

τ + Sn−2
τ )f1 + · · ·+ (S3

τ − 2S2
τ + S1

τ )f
n−2

+ S2
τf

n−1 + S1
τf

n − 2S1
τf

n−1
]

= ASnτ f
1 + · · ·+AS3

τf
n−2 +

1

τ2
(
(S2
τ − S1

τ )f
n−1 + S1

τf
n − S1

τf
n−1
)
.
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Now, by definition of Snτ and Proposition 2.6, (S2
τ −S1

τ )f
n−1 = τ(∇τSτ )

2fn−1 = τC2
τ f

n−1 and S1
τ = τC1

τ ,
which implies, again by Proposition 2.6 that

1

τ2
(
(S2
τ − S1

τ )f
n−1 + S1

τf
n − S1

τf
n−1
)
=

1

τ2
(
τ(C2

τ − C1
τ )f

n−1 + S1
τf

n
)

= (∇τCτ )
2fn−1 +

1

τ
C1
τ f

n

= AS2
τf

n−1 + (∇τCτ )
1fn +

1

τ
fn

= AS2
τf

n−1 +AS1
τf

n +
1

τ
fn.

Hence,

(3.51) ∇2

 n∑
j=1

Sn+1−j
τ f j

n

= A

n∑
j=1

Sn+1−j
τ f j +

1

τ
fn, n ≥ 2.

Defining the sequence (un)n∈N0 by un := Cnτ x0 + Snτ x1 + τ
∑n
j=1 S

n+1−j
τ f j , for n ≥ 2 and u0 := x0,

u1 := x1, then by (3.49), (3.50) and (3.51) we get

(∇2
τu)

n = ∇2
τ

Cnτ x0 + Snτ x1 + τ

n∑
j=1

Sn+1−j
τ f j


= ACnτ x0 +ASnτ x1 +A

n∑
j=1

Sn+1−j
τ f j + fn

= Aun + fn,

for all n ≥ 2. This means that (un)n∈N0 solves the equation ∇2
τu

n = Aun + fn, n ≥ 2, under the initial
conditions u0 = x0, and u

1 = x1. To see the uniqueness, suppose that un solves (3.47) with fn = 0 and
x0 = x1 = 0. Then, ∇2

τu
n = Aun for all n ≥ 2 with u0 = u1 = 0. This is equivalent to

(I − τ2A)un = 2un−1 − un−2, n ≥ 2.

As A is the generator of a cosine family, by Proposition 2.3, τ−2 ∈ ρ(A) and therefore,

un = 2Rτu
n−1 −Rτu

n−2, n ≥ 2.

As u0 = u1 = 0, we conclude that un = 0 for all n ≥ 2, that is, u ≡ 0.
□

Example 3.26.

Consider the space X = L2([0, π]), define the second-order operator A : D(A) ⊂ X → X by Aw(x) =
w′′(x) with domain D(A) := H2([0, π])∩H1

0 ([0, π]). It is a well-known fact that A is a self-adjoint operator
whose spectrum is σ(A) = {−m2 : m ∈ N}, with the corresponding eigenfunctions given by ϕm(x) =√

2
π sin(mx), for x ∈ [0, π]. Then, A can be written as

Aw =

∞∑
m=1

−m2⟨w, ϕm⟩ϕm, w ∈ D(A).

Now, we consider the problem ∇2
τu

n(s) = Aun(s) + fn(s), n ≥ 2,
u0(s) = x0(s),
u1(s) = x1(s),

(3.52)

where s ∈ [0, π], A is defined above, (fn) is a given sequence and x0, x1 ∈ X.
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This problem can be written in the abstract form (3.47), by writing un := un(·), x0 := x0(·), x1 :=
x1(·), fn := fn(·). We notice that (3.52) can be considered as a time-discretization of the problem

∂2t u(t, s) =
∂2u(t, s)

∂s2
+ f(t, s), t ∈ [0, T ],

u(t, 0) = u(t, π) = 0, t ∈ [0, T ],
u(0, s) = φ0(s), s ∈ [0, π],
ut(0, s) = φ1(s), s ∈ [0, π],

where T > 0 and φ0, φ1 ∈ X are given functions.
On the other hand, it is a well-known that A is the generator of the cosine family {C(t)}t∈R given by

(see [4, Section 3.14])

C(t)x =

∞∑
m=1

cos(mt)⟨x, ϕm⟩ϕm, x ∈ X,

and by Proposition 2.13, A generates the cosine sequence {Cnτ }n∈N0
defined by

C0
τ = I, and Cnτ x =

∫ ∞

0

ρτn−1(t)C(t)xdt, x ∈ X,n ≥ 1.

Since
∫∞
0
ρn(t)dt = 1 for all n ∈ N, the Bessel inequality, the dominated convergence theorem, and [21,

Formula 3.944-6, p.498], allow us to find an explicit expression for Cnτ as follows

Cnτ x =

∞∑
m=1

1

τn(n− 1)!

∫ ∞

0

e−
t
τ tn−1 cos(mt)dt⟨x, ϕm⟩ϕm

=

∞∑
m=1

1

τn
1

(m2 + τ−2)n/2
cos (n arctan(τm)) ⟨x, ϕm⟩ϕm,

for n ≥ 1, x ∈ X. Therefore, by Proposition 3.25, we have an explicit representation of the solution to
(3.52), given by (3.48), where {Snτ }n∈N0

is the sine sequence defined in (2.23).
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[37] E. Schüler. On the spectrum of cosine functions, J. Math. Analsyis and Appl., 229, (1999) 376-398.
[38] S. Serbin, Some cosine schemes for second-order systems of ODEs with time-varying coefficients, SIAM J. Sci. Statist.

Comput. 6 (1985), no. 1, 61-68.
[39] M. Sova, Cosine operator functions, Rozprawy Matematyczne, vol. 49, pp. 1-47, 1966.

[40] C. Travis, G. Webb, Cosine families and abstract nonlinear second order differential equations, Acta Math. Acad. Sci.
Hungaricae 32 (1978) 76-96.

[41] H. Trotter, Approximation of semi-groups of operators, Pacific J. Math. 8 (1958), 887-919.

Universidad de La Serena, Departamento de Matemáticas, La Serena-Chile.
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