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DISCRETIZATION OF (Cy)-SEMIGROUPS AND DISCRETE SEMIGROUPS OF
OPERATORS IN BANACH SPACES.

RODRIGO PONCE

ABSTRACT. In this paper we introduce the notion of a 7-discrete semigroup {77 },cn, generated by a
closed linear operator A in a Banach space X. We show that {77}, cn, allows us to write the solution
to an abstract discrete difference equation of first order as a discrete variation of parameters formula.
Moreover, we study the main properties of {T7'},cn, and its relation with the well-known notion of
discrete semigroups. Finally, we characterize uniform exponential stability of a Co-semigroup {T'(t)}:>0
in terms of the T-discrete semigroup {T7}nen,-

1. INTRODUCTION

Let A be a closed linear operator on a Banach space X. If xp € X and A is the generator of the
Co-semigroup {T'(t)}+>0, then it is well known that the mild solution to the equation

(1.1) u'(t) = Au(t), t>0,
under the initial condition u(0) = z is given by (see for instance [3, Proposition 3.1.16])
(1.2) u(t) =T (t)xg, t>0.

Now, let 7 > 0 be a time step-size. Since for each x € X, the function L : [0,00) — X, defined by
L(t) := T'(t)z is continuous, then a natural way to approximate the function L on an interval [0,T] is to
define L” := L(ty), where t, := tnand 1 < n < N, and T := 7/N with N € N being a fixed natural
number. This means that L7 approximates the Cp-semigroup and therefore it also approximates the
solution wu(t) at ¢, on the interval [0, 7], that is LT ~ T'(t,)zo = u(t,). As T(t)T(s) = T'(t + s) for all
t,s > 0, then {L"},en, satisfies the semigroup law L7"*" = L™L™ for all m,n € N.

On the other hand, if we consider the same operator A and the abstract difference equation of first
order

(1.3) Vu" = Au”, neN,

under the initial condition u° = zy, where Vu™ is the backward Euler operator Vu" := “n%“n_l, then

(1.3) can be seen as a discretization of equation (1.1). We notice that if 77! € p(A), then the solution to
the difference equation (1.3) is given by

(1.4) u" =77"(77 — A) ",

for all n € Ng. As B, := 771(771 — A)~! is a bounded operator and B™B" = B™*™" for all m,n € No,
then {B}en, is a discrete semigroup generated by B;, and the solution to (1.4) can be written as
u" = Blxzy. The problem of the existence of solutions to equation (1.3) for bounded operators A has
been studied by many authors, see for instance [5, 6, 7, 17, 19], and there is an extensive literature on the
properties of discrete semigroups generated by bounded operators, see [4, 9, 10, 11, 14, 21, 23] for further
details. For closed linear operators and related problems, we refer to the recent papers [2, 18, 22]. But,
is there any connection between discrete semigroups and the discretization of semigroups? To the best
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2 RODRIGO PONCE

of our knowledge, there are no works connecting discretization of Cy-semigroups and discrete semigroups
generated by closed (possibly unbounded) linear operators A.

In this paper, we introduce the notion of 7-discrete semigroups {77 },en, generated by a closed linear
operator A in a Banach space X. We study its main properties and we prove that the inhomogeneous
problem of first order

(1.5) Vu" = Au" + f*, neN,

under the initial condition u® = zy € X, where (f"), is a given bounded sequence, can be written as
a variation of parameters formula, similarly to the continuous case. Moreover, we prove that {T"},en,
is, in fact, a discrete semigroup generated by B, and we find a subordination relation between the Cy-
semigroup and a 7-discrete semigroup generated by the same operator A. More precisely, we show that
if A generates the Cy-semigroup {T'(¢)}+>0, then

T(t)r = lim Tan I, t>0.

T—0t

for all x € X, where {T"},en, is the 7-discrete semigroup defined by
T2z =2, T'e:= / g, ()T (t)xdt, n €N,
0

and ¢’ (t) := e t/T ((t T{ 7)1”)|T , n € N. As a consequence, we give a characterization of uniform exponential

stability of {T'(¢)}+>0 in terms of {17}, en, -

The paper is organized as follows. In Section 2 we give the preliminaries. In Section 3 we introduce the
7-discrete semigroups {7 },en, and we study its main properties. In Section 4, we study a connection
between {T'(¢)}1>0 and {T7 }nen,. Moreover, we study the existence and uniqueness of solution to the
difference equation of first order (1.5), and we given necessary and sufficient conditions on {77 },en, to
obtain uniform exponential stability of {T'(¢)};>¢. Finally, in Section 5 we give some examples.

2. PRELIMINARIES

We denote the set of non-negative integer numbers by Ny. For a fixed 7 > 0 and n € N, we define the
positive functions ¢, by
A\
. _t
t)i=e 7| — —_—
an(t) i=e (T) 7(n —1)!

Let u: Rf — X be a bounded and locally integrable function. Let us define the sequence (u™),, as

(2.6) = /OOO ar(Dult)dt, neN.

For 7 > 0 small enough, we notice that the function t — ¢ (¢) behaves like a delta function at t, := nr,
and therefore, u™ approximates u(ty).
For a given Banach space X, s(Ng, X) denotes the vectorial space consisting of all vector-valued
sequences v : Ng — X. The backward Euler operator V. : s(Ng, X) = s(Np, X) is defined by
o — n—1

V"= ——— neN.
T

For a given a > 0, we define the following sequence

(2.7) K (n) =
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In particular, we notice that k1(n) = 1 for all n € Ny. Moreover, as in [22, Corollary 2.9] (see also [1,
Proposition 3.1]) we have the following convolution property: If a;, 8 > 0, then

(2.8) k2t (n —TZkan DEE ().

For a given discrete sequence of operators {S"}neNO C B(X) and a scalar sequence ¢ = (¢")nen,, We
define the discrete convolution c xS as

(cx S)" ch kGk  n e No.
In particular, if g;(¢) := 1 for all ¢ > 0, then as in [22, Corollary 2.9] we have:

(2.9) / q; (t)(g1 % S)(t xdt*TZklnf] ij*TZSJ zeX,neN,
0

where {S(t)}+>0 C B(X) is a Laplace transformable family of linear operators, the x denotes the usual
continuous convolution, that is, (g * S)( fo (t —r)S(r)dr, and 57 := [7° q7 (t)S(t)dt.

The Z-transform of a sequence s € S(NO7 ) at z € C, is defined by 3(2) := 372, 27787 where
s7 := s(j), and the convergence of this series holds for |z| > R, for R large enough It is a well known fact
that if s1, s2 € s(Np, X) and §1(2) = $2(z) for all |z| > R for some R > 0, then s] = s} for all j =0,1,.
Moreover, the Z-transform is a linear operator on s(Np, X) and satisfies the finite discrete convolutlon
property
(2.10) 51 %s2(2) = 51(2)82(2), 51,52 € 5(Nog, X).

We say that an operator A : D(A) C X — X is said to be sectorial of angle 0 if there exist M > 0
and 0 € (w/2,7) such that p(A) D Xy :={z€C: |arg(z)| < 0} and

II(z — )1||< for all z € Xy.

In this case, we write A € Sect(6, M). For further details on sectorial operators, see for instance [12].

For a given linear and closed operator A whose resolvent set contains the negative half-line (—oo, 0],
(for example, if A is a sectorial operator) and 0 < e < 1, X¢ denotes the domain of the fractional power
Af| that is X¢ := D(A®) endowed with the graph norm ||z||. = ||A°z||. Hence, X! corresponds to the
domain of A, and X to the space X. It is a well known fact that if 0 < ¢ < 1, and 2 € D(A), then there
exists a constant K = K. > 0 such that (see [20])

(2.11) 14%2]| < K| Ax]|*||z] "=

Definition 2.1. A family of linear operators {S(t)}1>0 C B(X) is said to be exponentially bounded, if
there exist constants M,w € R such that ||S(t)|| < Me“*, for all t > 0.

Proposition 2.2. Let {S(t)}+>0 C B(X) be a family of exponentially bounded linear operators with
1S(t)]| < Me“t, where M >0 and w < . Let x € X. If we define the sequence {S"z}nen, by

SO% :=x and S"x:= / q, (t)S(t)xdt, n € N,
0

then

forall|z| > 1 and z € X.
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Proof. The hypothesis implies that ||S"z| < M [ ¢F(t)e*!||z||dt = (LHJ:H for all n € N. Therefore,

l—wr)?
the Z-transform of S exists for all |z| > 1. On the other hand, the hypothesis implies that the Laplace
transform of S exists for all Re(A\) > 0. Thus

[e%e] fo%) [e'e] n—1
Q § —n qQn -+ § —n t 1
S(Z).’If = 702’ S xr = /O e 7 z (T) mS(t)l‘dt‘i‘I

1 & 11

= — [ e *-D8t)adt + o
(L))o

3. 7-DISCRETE SEMIGROUPS IN BANACH SPACES

In this Section we introduce the notion of 7-discrete semigroup generated by a closed linear operator
A in a Banach space and we study its main properties.

Definition 3.3. Let A be a closed linear operator defined on a Banach space X. An operator-valued
sequence {T'}nen, C B(X) is called a T-discrete semigroup generated by A if it satisfies the following
conditions

(1) 7O =I.

(2) TP € D(A) for allx € X and AT]'x =TI Ax for all x € D(A), and n € Ny.

(3) For each x € X andn € N,

(3.12) T'z=x+7AY Tix.
j=1
Moreover, we define the resolvent operator R, : X — D(A) by

R, =711 (T_l — A)_1 .

Proposition 3.4. Let {T" }nen, C B(X) be a T-discrete semigroup generated by A. Then,

(1) 77! € p(A), and

(2) T7 = R? for all n € No.
Proof. To prove (1), we notice that by (3.12), we get Tlax = x +7AT} z for all z € X, which implies that
(17t — A)Tlz = 7= 1x. Since A and T commute, we obtain

T! (7_1 - Az = T e — T Ax = (T_l — 4) Tle =717"g,
for all z € X. As A is a closed linear operator, we obtain that 771 € p(A4) and for each = € X,
Tly =771 (7*1 — A)f1 2. Moreover, this last equality proves (2) for n = 1. If we assume (2) for n, then,
by definition, we get
Tr e =z +7A Z Tix + TAT
j=1
which implies that
r(r7 = ATy =2 + AZTﬁx =Tr'z =Rz,
j=1

and hence Tz = 771 (77! — A)"'R"z = R* M1y for all x € X. O

Corollary 3.5. If {T"}.en, is a T-discrete semigroup generated by A, then TPH™ = TT™ = T™T" for
all m,n € Ny.
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Proof. In fact, by Proposition 3.4, T""t"z = R™ "y = R Ry = T T x and T Tz = TPT™x for all
m,n € Ny and z € X. O

We notice that A is the generator of a T-discrete semigroup {77 },en, in the sense of Definition 3.3 if
and only if T"T"x = TP g for all m,n € Ny and « € X. In fact, if {T"},en, is a T-discrete semigroup
generated by A, then

Zm:Tg' fozzm:Tg'x+ TAiTg Zm:Tgx :Zm:sz+T;”iTg‘x—zn:Tg’x,
j=1 j=1 j=1 j=1 j=1 j=1 j=1

that is,

Nr e -1 (Y Ta | =) Ta - Tia,
j=1 j=1 j=1 j=1
for all z € X. As T? = I, we can write the last equality as
Norl | e - TPe - T (> Tia | + T e =) Tle - Tia.
J=0 =0 j=0 =0

By [4, Example 1.2.1], taking Z-transform (in m) we get

z
z—1

~ - z ” ~ n . ~ - ~ z .
T ()T x — mTTsc —T.(2) Zzj +T-(2)x = P 1TT(z)x ] ZTﬂx,

Jj=0 j=0
and, next, taking Z-transform (in n) we obtain

T:TT(Z)TT(w)J: - ﬁj}(w)x - %ﬁ(z)i(w)x + %ﬁ(z)x =

which is equivalent to 5 y y y
(w—2)T;(2)Tr (w)x = wTr(2)x — 2T, (w)zx,
for all z € X. On the other hand, if we assume T/ "y = TPT™z for all m,n € Ny and 2 € X, then
taking Z-transform in n we have
Z 2Ty = T, (2) T .
=0

On the other hand, we notice that

o'} m—1 m
E 2ITI My = 2T (2)x — E T2 e = 2" (2)x — g T2 "+ T e,
7=0 r=0 r=0

and taking Z-transform in m, we get by [4, Example 1.2.1]
Y () — —L T (w)a + Ty (w)z = T (2) Ty (w),
w—2z

w—z
that is,
wTy (2)x — 2T (w)z = (w — 2)Tr (2) Ty (w).
Therefore, we obtain that A is the generator of a T-discrete semigroup {7 },cn, according to Definition
3.3 if and only if T"T"x = T x for all m,n € Ny and x € X.
The next result shows that there exists a unique 7-discrete semigroup generated by an operator A.

Proposition 3.6. Assume that {T" }nen, and {Q7 }nen, are T-discrete semigroups generated by A. Then
Tr = Q7 for all n € Np.
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Proof. Let z € X. Define h(n) := T"z — Q"x, n € Ng. Then, T2z = Q%z = I, and by Proposition 3.4 we
have Tz = Qlz = R,, and thus h(0) = h(1) = 0. Now, by Definition 3.3, we have

n

j=1
which implies that (I — 7A)h(n) = 7A Z?:_ll h(j). As 771 € p(A) (by Proposition 3.4), we get h(n) = 0
for all n > 2. Therefore T7'x = Q7 x for all n € Ny and x € X. O

Proposition 3.7. Let {T"}nen, C B(X) be a T-discrete semigroup generated by A. Then, its Z-transform
satisfies

(3.13) To(2)z = %(I — 1 A) <<Z — 1) - A)l x, foralze X.

TZ

Proof. By Proposition 3.4, T" = R" for all n € Ny. Since R, = 771(77! — A)~! is a bounded operator,
we get (by [16, Table 18.4]) for all x € X and |z| > ||R,|| that

To(2)z = niz”Trx - gz”mz e - A Yl = L) ((Z - 1> - A> o

T TZ

O

Proposition 3.8. Let 7 > 0. If A is a bounded operator with 7||A|| < 1, then A generates the T-discrete
semigroup {T" }nen, defined by

E TG & TR
3.14 T :=1, andforn>1, T":= T A) = 7J . Al
(8.14) 2 ot T2
Proof. Let x € X and n € N. We first notice that
g LG+n)
L'(j+ 1)I'(n)

Since the series in (3.14) converges for 7||A|| < 1 (see [16, Formula 8.328]) we get by (2.8) that

=kt (n-1), neN

n 00 n o'} n—1 0
TAZTﬁx = ZAHlTZ LG — 1)z = ZAlHT Z kS (m)x = Z A2 (n — 1)z,
j=1 1=0 j=1 1=0 m=0 1=0

As kl(m) =1 for all m € N, we get

TAZTQJ: = Zki“(n— DAz —kl(n— 1)z = Zkl"‘l(n— DAz — 2 =T"x — x.

j=1 j=0 7=0

]

Next, we recall that for a given bounded operator L € B(X), the sequence £ : Ny — B(X) given by
L(n) := L™ defines a time-discrete semigroup generated by L — I, which satisfies L(n +m) = L(n)L(m)
for all n,m € Ny and £(0) = I, see [4] for more details. Sometimes the operator L is also called the
generator of the discrete semigroup {£(n)}nen,, see for instance [14].

The next result relates T-discrete semigroups and discrete semigroups in a Banach space.

Proposition 3.9. Let 7 > 0. Let {T" },,en, be a T-discrete semigroup generated by a closed linear operator
A. Then, {T"},en, is a discrete semigroup generated by L := 77 1(171 — A)"! = R,.
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Proof. We need to prove that L™L™ = L™*" for all n,m € Ny. In fact, by Proposition 3.4, L™ = T™
and L™t" = T"+" and by Corollary 3.5 we get L™L™ = T/MT" = Tt = [™+" Moreover, clearly
L0 =1.

]

Remark 3.10. We notice that if L € B(X) is an invertible operator and A := L(I — L), then the
semigroup T(t) := e satisfies L™ = Ooo qr ()T (t)dt for all n € N, where L™ is the n-power of L.
4. C()-SEMIGROUPS AND 7-DISCRETE SEMIGROUPS

In this section we study the relation of Cp-semigroups and 7-discrete semigroups generated by a closed
linear operator A.

Proposition 4.11. Let A be the generator of a Cy-semigroup {T'(t)}1>0. Then, A generates a T-discrete
semigroup {Tr }nen, C B(X).

Proof. Since A generates a Co-semigroup {7T'(t)}+>0, then (see [3, Proposition 3.1.9])
t

(4.15) Tt)x=xz+ A/ T(s)xzds=z+ A(g1*T)(t)z, x€ X,t>0,
0

where g1(t) := 1, for all ¢ > 0. For each z € X, we define Tz, n € Ny, by TPz := z and T"z =
IS @i ()T (t)zdt, for n € N. Multiplying (4.15) by ¢7(t) and integrating over [0, 00) we conclude by (2.9)
that

T'x=x+ A/ qar () (g1 *T)(t)xdt = x + TAZTﬁx.
0

j=1
Finally, as T'(t)Ax = AT(t)x for all x € D(A), (see [3, Proposition 3.1.9]) multiplying this equality by
g7 (t) and integrating over [0, 00), we get TP Ax = ATz for all n € Ny and = € D(A). O

From the theory of Cp-semigroups, it is well known that, if A is the generator of Cy-semigroup in a
Banach space X, 7o € X, and f : [0,00) — X belongs to L*([0,00), X), then the mild solution to the
abstract Cauchy problem

u(t) = Au(t)+ f(t), t>0
(4.16) { w(0) = =0,

is given by the variation of parameters formula

w(t) = T(t)zo + /0 Tl $)f(s)ds. >0,

see for instance [3, Proposition 3.1.16] for further details.

In the next result we show the existence and uniqueness of the abstract discrete difference equation of
first order, and we show that its solution can be written as a discrete variation of parameters formula,
similarly to the continuous case.

Theorem 4.12. Let 7 > 0. Let A be the generator of a T-discrete semigroup {T"}nen,- If xo € X and
(f™)n is a bounded vector-valued sequence, then the discrete difference equation of first order

n — n n >
(4.17) {VTéL Au™+ f*, n>1
U = o,
has a unique solution given by the sequence (V"")pen,, where
n
(4.18) vt i=T"x0 + TZ TrHmi I
j=1

for allmn > 1, and v° := .
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Proof. Since A generates the 7-discrete semigroup {77 },en,, we have, by Proposition 3.4 that T = R?
for all n € N. As 771 € p(A) (see Proposition 3.4), the equation (4.17) is equivalent to

(= Au" =u" - Tf", neN,
that is, u® = R,u""! + 7R, f", for any n € N. The initial condition implies

n
=Rlzo+7Y RI'IF, neN,
j=1

which means that, u" = T/xo+7 Y7 TP/ 7, for all n € N. Therefore, the sequence (v"),en, defined
by

oo | T+ 75 TP, n>1
o 20, n=0

solves (4.17). The uniqueness follows from Proposition 3.6. O

The next theorem gives a subordination relation between the Cy-semigroup {T'(¢)}+>0 and a 7-discrete
semigroup {77}, >0. For a related result, we refer to [13, Theorem 2] and [15].

Theorem 4.13. Let A be the generator of a Co-semigroup {T'(t)}i>0. For each x € X, define T'x by
oo
Tz =2, Trz:= / q, )T (t)xdt, neN.
0

Then,

(4.19) = lim TZ a(t

7'—>0+
uniformly in t in compact subsets of Ry.

Proof. We first notice that by Proposition 4.11 the sequence {T7"},¢n, is a 7-discrete semigroup generated
by A. Let € X. By the inversion theorem for the Z-transform (see [4, Chapter 1]) and Proposition 2.2

we have
1 ~ 1 1./1 1
Tre = — [ T(2)2" twdz = —/ [T ( (1 - )) + I] 2" adez,
2w Jp 2 Jp | T T z

where T' is a simple closed contour containing the origin that encloses all the poles of T'(z)z"~'. We
recall here that T'(z) denotes the Z-transform of the sequence {T7},en, at z, and T' denotes the Laplace
transform of ¢ — T(t). Now, we introduce the change of variable A = 1 (1 — 1) Then,

1 1 1
Ty = — | ————T(Nad\+ — n=lrd\
LD ‘/1:(177')\) TNz +27rz FZ v,

where T is the resulting path under this change of variable. Multiplying the last identity by g7 (t) and
summing up in n € N, we get

1 - 1

————qr(t) | T(NadA + — "l (t)zd),

Tzq” T ~ om FT<7§ (lfT)\)”qn( )> )z +27TZ/ Zz Dz
2t \n—1

Now, we notice that 7300 | 2"~ 1g7(t) = e~ 300 ((n)l)‘ =e 7072 and lim, o+ 7300 2" gl (t) =

0. For E.(t):=71 (220:1 ﬁqn(tn where ¢ > 0, it is easy to see that

(4.20) lim E.(t) =¢eM, t>0.

T—0t
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Therefore, by the inversion theorem for the Laplace transform, we obtain

- 1
li e -7 qt)Trz| = — [ MT(\)zdr - /E T(N)zd\ — / ~r =2\
A O T a0 = 5 (ﬁ e Jrd = fe
At il t(1-2)
< HM = 1 = BT Oelia + im, o= [ et 0= allan
for all £ > 0 and x € X. The proof is finished. O

The next Corollary gives a different proof to the Yosida’s approximation theorem for Cjy-semigroups.

Corollary 4.14 (Yosida’s approximation). Let A be the generator of a Cy-semigroup {T'(t)}i>0 with
D(A) dense in X. Let T'x defined as in Theorem 4.13. Then,
T(t)zr = lim emiAm=A)""
m—0o0

for all x € X, uniformly in t in compact subsets of R,.

Proof. By Proposition 3.4, T"* = R" for all n € Ny. Since A(7~! — A)~! = R, — I and R, is bounded,
A(t7! — A)~! is bounded, and therefore, if 7 = 1/m in Theorem 4.13, we obtain for € D(A) that

ol n
T(t)r = lim — Z:lqn(t) (m(m—A)")"
= lim e "™m(m— A) e iy
m—r oo
= lim eth(m*A)_lA(m —A)7 'z 4+ lim etmAm=—A)""
m—o00 m—o0
Since lim;, 0 eth(m_A)flA(m — A)7lz =0, for all z € D(A) (see for instance [12, Lemma 3.4]) and
D(A) = X, we conclude that T(£)z = limy,_s ™A= "z for all z € X. O

We recall that a Cp-semigroup {T'(¢) };>0 is called uniformly exponentially stable if there exist M, w > 0
such that |T(t)|] < Me~! for all t > 0. The next result gives a characterization of uniform exponential
stability of the Cy-semigroup {T'(¢)};+>0 in terms of the 7-discrete semigroup {T7 },en,-

Proposition 4.15. Let A be the generator of a Co-semigroup {T(t)}i>0. Let TI'x defined as in Theorem
4.13. Then, {T(t)}+>0 is uniformly exponentially stable with |T(t)|| < Me™“!, where w, M > 0, if and
only if

M
4.21 M < ——— ll N .
( ) || TH*(I—&—WT)"’ fora ne 077—>0
Proof. If [|T(t)|| < Me™“*, then ||T7| < % for all n € Ny as in the proof of [18, Proposition 3.7].

Conversely, assume that (4.21) holds. Let € X. By Theorem 4.13 we obtain for all x € X that

o n—1 — t
s [t 1 e

Tzl < M lim - (= M lim = Me ™t

1T(t)| < TLO*TH;G (T> e (1+w7') lzll = M lim T o II:EH e |z

O

For a closed operator A € Sec(f, M), we will consider the following path I'; : For § < 6 < 7, we take
¢ such that 3¢ < T < ¢ < 6. Next, we define I' = I'; as the union I'} UT?, where

1, o1
I} = {tew <Y < qi)} and Ff = {T6i1¢ Py < r}.

The next result follow from [8, Lemma 2].
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Lemma 4.16. Let A € Sec(6, M) and T' be the complex path defined above. If > 0, then there exists
positive constant C, such that
/ e
r

a
o [ cos (1)) 2 )
for all t > 0, where C := (2¢ f_¢e W+ —=7 ) -

zt
|dz| < CtH1

The next theorem relates a 7-discrete semigroups and Cy-semigroup at ¢, = 7n for all n € N.

Theorem 4.17. Let 0 < € < 1. Suppose that x € D(A®). Let A be a sectorial operator which generates
the Co-semigroup {T'(t) }1>0. Let Tz defined as in Theorem 4.13 and I" be the complex path defined above.
Then, for each L > 0 there exists a constant D > 0 such that, for 0 < t, < L,

(4.22) 1T (tn)a — Tra| < D7ty
Proof. Take a fixed n € N such that 0 < ¢,, < L, where t,, := 7n. Then, we can write

T(t)e — Tha = / T WOt - T()]adt,

for all x € X, and by the inversion of the Laplace transform, we get

1 GZt" _ ezt 1
Tty —THer=— | ———2(z— A)" xdz.
2mi Jr z
Asz(z— AL =A(z— A"+ T = A'5(2 — A)~1A° + I, we obtain
1 zt _ zty 1 zt _ Lzt
T(tp)x —T(t)x = — S — LAI*E(Z — A1 A%zdz.
2me Jr z 2me Jr z

It is easy to see that the first integral in the last identity is equal to zero. Since A is a sectorial operator,
we have by (2.11) that |A1=¢(z — A)~lz|| < K(M + 1)=<12l for all # € X and therefore

|Z|E7

|A%|
|2[°

IT(tn)z = T(t)z| <

K M 1 1—e¢ zt _ zty
(M +1) / e — e @zl
r E

2T

The mean value for complex-valued functions implies the existence of #y,¢; with 0 < ¢, <ty < t; <t

such that
|eZt - eZtn| toz t1z
T S (=) () ).
AsO<e<1andt, <ty<t; we have tTl < tffl < t:71, and by Lemma 4.16 we get

K(M+1)'-cC
™

1T (tn)x = T(t)z| < (t = ta)t5 " [ A%].

It is easy to see that fooo q-(t)(t — t,)dt = 7, and therefore, we conclude that

K(M +1)i=C
Y

oo
1T (tn)2 — T7|| < / G ONT (tn)x — T (t)z||dt < Tty | A%a]| = Drtr 7| A%z,
0

l1—¢
where D = w

Corollary 4.18. Under the assumption of Theorem 4.17, we have
li T(ty)r —T x| = 0.
tim || T(tn)a — T7a|
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5. EXAMPLES

In this section we give examples of 7-discrete semigroups generated by closed linear operators in some
Banach spaces.

Ezample 5.19.
On X = L%(0,7) let T(t) be defined by

Zak Sln(ks) reX,

where ai(z) are the Fourier coefficients of z, that is, ai(z \/7f0 )sin(kr)dr,z € X. Then,

{T'(t)}+>0 is a Cy-semigroup of contractions on X whose generator is Au = u” with domain D(A) =
{re X :z€ H*0,7)N HE0,m)}. See for instance, [12, Section 2, Chapter II]. Then, for each n € N,

o0

T (z(s)) = /000 qr ()T ( Zak sin(ks) /OOO qr(t)e Rt = Z mak(x) sin(ks).

k=0
Therefore,

2 & 1 , i ,
s)) = \/;,;) m sm(ks)/o x(r)sin(kr)dr, x € L*(0,7),n € N.

By Proposition 4.11, {T7},en, is a 7-discrete semigroup generated by A, and by Theorem 4.12, the
unique solution to the semidiscrete problem

Vou(s) = Au™(s)+ f"(s), n>1s€(0,7),
where f € L?(0,7), under the initial condition u® = z¢(s), zg € L*(0, ) is given by v"(s) = T"(xo(s)) +
7Y TP (f(s)), n > 1 and v°(s) = xo(s), s € (0, ).
Ezxample 5.20.
Let X be one of the spaces LP(R) (with 1 < p < o0), Cp(R) or BUCR) := {f : R — R :
f is uniformly continuous}. For each f € X, we define

(T@)f)(s) =

e~ T - f(r)ydr, seR.

¢@F

Then, T'(t) is a Cp-semigroup generated by A = W’ with domain D(A) = {f € X : a I € X}, see for
instance [3, Example 3.7.6]. Now, we calculate T™. By definition and Fubini’s theorem We have

(s—m)?

120) = [ a@ones = ot [T [T e S ey, nen
By [16, Formula 9, p. 368] we have

oo
./ e~ H= TR )L gy gt dt1 g “ils—r[" 3K, 1(E_T0»
0 2 T

where Kn—; is the modified Bessel function of second kind. By [16, Formula 8.468, p. 925] we can write

K’nfé <|S—’["|) — \/%7—%6_

T

n—1
ls—r| (’[’L— 1+k’)' k-1 —k—1 k&
g Z m2 i|s — 7| 27",
k=0
and, therefore

1) = 5yt g (M) [ diells - hran sexser
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We conclude by Proposition 4.11 that {T"},en, is a 7-discrete semigroup generated by A, and thus,
Trtm = TT™ for all m,n € Ny.
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