APPROXIMATE CONTROLLABILITY OF ABSTRACT DISCRETE FRACTIONAL
SYSTEMS OF ORDER 1< a <2 VIA RESOLVENT SEQUENCES.

RODRIGO PONCE

ABSTRACT. We study the approximate controllability of the discrete fractional systems of order 1 < a < 2

() V"™ = Au™ + Bv"™ + f(n,u™), n>2,
subject to the initial states u® = zo,u' = x1, where A is a closed linear operator defined on a Hilbert
space X, B is a bounded linear operator from a Hilbert space U into X, f : Ng x X — X is a given
sequence and ¢ V®u"™ is an approximation of the Caputo fractional derivative 05 of u at t,, := 7n, where
7 > 0 is a given step size.

To do this, we first study resolvent sequences {52,5}neN0 generated by closed linear operators to obtain
some subordination results. In addition, we discuss the existence of solutions to (x) and next, we study
the existence of optimal controls to obtain the approximate controllability of the discrete fractional system
(*) in terms of the resolvent sequence {Sg,ﬁ}nENo for some «, 8 > 0. Finally, we provide an example of a
discrete fractional system to illustrate our results.

1. INTRODUCTION

Let 1 < a < 2. In recent years there has been increasing interest in the study of the controllability of
discrete fractional systems in the form

(1.1) Ofu=Au+Bv+F, t>0,

subject to the initial conditions u(0) = x,u'(0) = 1, where 9§ denotes a fractional derivative (typically,
in the sense of Caputo or Riemann-Liouville), A : D(A) C X — X is closed linear operator defined in a
Hilbert or Banach space X, B : U C X — X is a bounded linear operator, v denotes the control of the
system, F' is a given linear or nonlinear function and g, z; € X.

We observe that if & — 1, then 0fu corresponds to «’ and the system (1.1) is transformed into the
first-order problem

(1.2) u'(t) = Au(t) + Bu(t) + F(t), t> 0,u(0) = zo.

In this case, the Cy-semigroup {T'(t)}:>0 generated by A turns out to be a great tool for the study of the
controllability of abstract systems in the form of (1.2) ([41, Chapter 11]), because the mild solution to
(1.2) can be written in terms of {T'(¢)}:>0 as

u(t) = T(t)wo + /0 T(t — s)[Bv(s) + F(s)]ds,

see for instance the monograph [41] for a detailed discussion on the controllability of this type of problems
from different perspectives and tools.
Now, if @ — 2, then 9w is precisely the second derivative of u and the system (1.1) becomes

(1.3) u”’(t) = Au(t) + Bo(t) + F(t), t >0, u(0) =z, v'(0) = z1.
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To study the approximate controllability of this second-order problem, a useful approach is the theory of
cosine families generated by A ([40]). In this case, if A is the generator of the cosine familiy {C(¢)}ier,
then the mild solution to (1.3) is given by

u(t) = C(t)zo + S(t)a1 + /O S(t — s)[Bu(s) + F(s)]ds,

where S(t) := fot C(s)ds is the corresponding sine family. The recent literature on the approximate
controllability of second-order in infinite dimensional spaces is extensive. Just to mention a few: in the
paper [21] the authors study approximate controllability of second-order implicit functional systems; the
authors in [30] use the theory of cosine families to study the approximate controllability of stochastic
systems of second order, and in [31] is studied the approximate controllability of differential inclusions via
cosine families of operators.

More recently, the study of controllability of fractional system in the form of (1.1) has been widely
studied. For 0 < « < 1, the authors in the paper [34] study the exact and approximate controllability of
(1.1) in Banach spaces. In [38] is studied the approximate controllability of semilinear fractional differential
systems. In these papers, the main hypothesis is that operator A generates a fractional resolvent of
operators, that is, a family {Sq.1(¢) }+>0 of linear operators in X whose Laplace transform verifies §a,1()\) =
ACTHA® — A)7! for all A* € p(A). If A generates a Cop-semigroup {7T'(t)}:>0 and 0 < a < 1, the existence
of {Sa,1(t) >0 can be deduced thanks to a subordination result ([8]). In addition, the mild solution to the
fractional system (1.1) can be written (for 0 < o < 1) in terms of {Sq,1(t)}+>0 as

t
u(t) = Sa1(t)zo + / Se,a(t — s)[Bv(s) + F(s)]ds,
0
where, {Sqo1(t)}>0 and {Sqa.o(t) }i>0 are given explicitly in terms of the semigroup {T'(¢)};>0, as
Sa1(t)x :/ O, (r)T(rt)adr, t>0, Syat)= a/ t* rd, ()T (rt*)dr, t>0,
0 0

where @, is the Wright type function ([32, Appendix F], [27]).

In case 1 < a < 2, in the paper [9] is discussed the existence of optimal controls of fractional stochastic
equations and in [10], the authors study the approximate controllability of fractional Sobolev-type differ-
ential equations. In this case, if A generates the fractional resolvent family {S41(f)}:>0, then the mild
solution to (1.1) is given by

u(t) = Sa,1(t)xo + Sa2(t)z1 + /0 Sa,a(t — s)[Bvu(s) + F(s)]ds.

But, in this case it is necessary to assume the existence of such family {S, 1(¢)}:>0 generated by A.

We notice that this family {S,.1(t)}:>0 corresponds, for 0 < o < 2, to a vector-valued version of the
Mittag-Leffler function and it has been used in many recent works to study the controllability of fractional
continuous systems, see for instance [7, 19, 23, 29, 38] and [39].

More recently, a different and interesting approach to study the approximate controllability of (1.1) for
1 < a < 2 has been introduced in the literature, whose main idea is very similar to the case 0 < a < 1:
To assume that A is the generator of a cosine family {C(¢)}+cr and, from here, to deduce (using some
special functions) that A is also a generator of a fractional resolvent family {S, 1(¢)}+>0 of linear operators
in X whose Laplace transform verifies §Q,1()\) = A" 1(\> — A)7L for all A\* € p(A). In this case, the mild
solution to (1.1) is given by

u(t) = Sa1(t)xo + Sa2(t)z1 + /0 Saa(t —s)[Bu(s) + F(s)]ds
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where
o) t o)

(14) Sai(t)x :/ Mg (r)C’(rt%)xdr, Sa2(t)z :/ Sa1(8)xds, Saa(t) = g/ rMs (T)S(Tt%)dr,
0 0 0

where S(t) is the corresponding sine family and Mg is the Mainardi type function, see [44] for a detailed
discussion. These fractional resolvent families generated by A has been used very recently to study the
approximate and finite-approximate controllability of impulsive system of order 1 < a < 2, see [4, 5, 6] for
further details.

All the above shows that certain families of operators generated by A can be a great tool for the study
of the controllability of the corresponding continuous systems.

On the other hand, there is a growing interest in discrete fractional systems, which can be understood as
discretizations of the continuous case. Studies of the controllability of discrete systems of integer order have
been widely discussed in recent decades. For example, in [24, 25] the authors study exact and approximate
controllability of discrete semilinear systems, in [11, 12] is considered the controllability of delay discrete
systems, the [43] focuses on relative controllability of delayed discrete system of order two, and in [20] the
authors study the approximate controllability of abstract discrete systems.

Now, consider the discrete fractional system

cVeu™ = Au™+ Bv"+ f*, n>1,
(1.5) u? = o,
u! = i,

where 1 < a < 2, ¢V*u" is the discrete Caputo fractional derivative (see for instance [15, 26, 36]),
A: D(A) C X — X is a closed linear operator in a Hilbert space X, B : U — X is a bounded linear
operator, U is a Hilbert space, (f™)nen, is a given sequence, the control v belongs to £2(Ng,U) and the
initial states xg, 1 belong to X.

We observe that the problem (1.5) can be seen as a time-discrete version of equation (1.1). As in
the continuous case (1.1), the solution to (1.5) can be written in terms of certain family of sequences of
operators. In fact, if A generates a resolvent sequence {S} ; }nen,, (see Section 2) then the solution to
(1.5) is given by

(1.6) u =S5 wo+ Siom + 7Y SEIF + Bl n>2,
=0

and u® = xg, u' = 1, (see for instance [17, 28]), where

n n
, . o
Shor =T E Sl iz, and Sy =T E kY= n—34)Sh,, neNg,
=0 =0

and, for any 3 > 0 and a size step 7 > 0, k? is the sequence k?(n) := %, n € Ny, and I'(+) stands

for the Gamma function.

The controllability of fractional discrete systems in the form of (1.5) has been considered by many
authors in the last years. For example, the paper [35] focuses on the controllability and observability of
discrete-time fractional systems, the author in [22] studies the controllability of nonlinear discrete systems
and the authors of [33] study the local controllability and observability of nonlinear discrete-time systers.
However, all these papers take sequences u,v : Ng — RY and A, B as real-valued matrices.

Despite the growing interest in the study of the controllability of discrete fractional systems, the ap-
proximate controllability of systems with unbounded operators remains unstudied in the literature.

A natural question arise here: Since the families of linear operators generated by A (semigroups, cosine
or fractional resolvent families) constitute a useful tool for the study of the controllability of systems (1.2),
(1.3) and (1.1) in infinite dimensional spaces, and on the other hand, it is possible to write the solution to
(1.5) as a discrete version of the formula for parameter variation in terms of the sequence {S} ; }nen,, Is
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it possible to use these sequences to study the controllability of discrete fractional systems in the form of
(1.5)¢

This paper aims to give an answer to this question. Indeed, throughout this work we show that it is
possible to obtain subordination theorems that guarantee that if A generates a discrete cosine, then A is
also the generator of a discrete resolvent sequence {Sy ; }nen,. With this, we prove the approximate con-
trollability of problem (1.5) from the approximate controllability of its homogeneous version. In addition,
we show the existence of optimal controls and from this, we deduce its approximate controllability.

The rest of the paper is structured as follows. In Section 2 we give the preliminaries on discrete fractional
calculus and discrete fractional resolvent sequences generated by a closed linear operator A. In addition,
we give some subordination principles, which allows to find conditions on a closed operator A to be the
generator of a resolvent sequence. To be more precise, we show that if A is a generator of a cosine family
of linear operators, then A is the generator of a resolvent sequence {S7, ;}nen,. In this case we give an
explicit representation of {S7 ; }nen, in terms of some sequences derived from certain special functions.

Moreover, we show that (u™),en, given by (1.6) solves the discrete fractional system (1.5). In Section
3 we study the existence of solutions to the semilinear discrete fractional system

(1.7) eV = Au™ + Bu" + f(n,u™), n>2,

under the initial state u® = x¢,u’ = z;, where f : Ny x X — X is a given term.

In Section 4 we focus on the approximate controllability of the discrete fractional system (1.7). Here,
we study the existence of an optimal control v to (1.7). And, as a consequence of the previous results in
this Section, we obtain the approximate controllability of (1.7).

Finally, in Section 5 we provide an example of a discrete fractional system to illustrate the results
obtained in the previous sections.

2. PRELIMINARIES

The set of non-negative integer numbers will be denoted by Ng. For any n € Ny and 7 > 0, we define
the sequence of functions p7, : [0,00) — R, given by

. e (t\" 1
Plt) =e <T> -

We notice that p] are non-negative functions and fooo pr(t)dt =1, for all n € Ny.

|+

2.1. Discrete fractional calculus and resolvent sequences. Let X be a Banach space. The space of
all vector-valued sequences v : Ng — X is denoted by s(Ng, X). For n € Ng, V., : s(No, X) — s(Np, X),
denotes backward Euler operator of order one, which is defined by

o — ,Unfl

Vo i=—— mnel
T

For m > 2, we define the backward difference operator of order m, VI : s(Ng, X) — s(Ng, X), by
(V7)™ := V™YV, )", n>m.

Here V! is understood as V1 := V. and V9 as the identity operator. We notice that if v € s(Ng, X), then

1 &K /m . )
@roy =3 () e nen

T

Following [16, Chapter 1, Section 1.5] we adopt the convention

—k
(2.8) d =0, keN
j=1
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For any a > 0, we define the sequence

(2.9) k2 (n) = m - /OOO P7 (D)9 (t)dt,n € Ny,

where gq(t) :== % and I'(+) is the Gamma function.

(a

Definition 2.1. [36] Let a > 0. The a*®—fractional sum of v € s(Ng; X) is defined by
n

“)" = TZkf(n—j)vj, n € Ny.

=0

Definition 2.2. [36] Let o € Ry \ Ny. The Caputo fractional backward difference operator of order «,
eV s(Ry; X) — s(Ry; X), is defined by

(cVo)" := Vo m=)(ymy)n peN,
where m — 1 < a < m.

Let 7 > 0 be a given step-size. For 1 < a < 2, the sequence (¢V*v)™ corresponds to an approximation
of the Caputo fractional derivative dgv of a function v : Ry — X at t,, := 7n, that is, (¢ V*0)™ = d2v(tn),
where

o2 (t) = / oot — 50" (5)ds.

The Z-transform of a sequence s € s(Np, X), §, is defined by §(z) := ZJ o2 I8!, where s/ := s(j) and
z € C. For any « > 0, the Z-transform of the sequence {k%(n)}nen, is given by

— Za

(2.10) ko(z) = TQ*W,

a

For a Hilbert space X, B(X) denotes the space of linear operators from X into X. Given a sequence of
linear operators {S™}nen, C B(X) and a scalar sequence ¢ = (¢")pen,, we define its discrete convolution
cx S as

for all |z| > 1.

(exS)" Zc” kSk  neN.

Similarly, for scalar valued sequences b = (b™ )neNo and ¢ = (")nen,, we define (bxcxS)™ := (b (c*S9))"
for all n € Ng.
From [36, Corollary 2.9], we have that if a,, § > 0, then we have the following semigroup property

(2.11) k2B (n) = TZI{" (n—NkP(G) = 7(k& « EP)",  for any n € Ny.

Definition 2.3. Let 1 <a <2, 0< <2 and 1 > 0 be given. The closed linear operator A is called the
generator of the (a, 3)-resolvent sequence {Sf, s}nen, C B(X) if it satisfies the following conditions

(1) Sp 57 € D(A) for allz € X and AS], sz = S} sAx for all x € D(A), and n € No.
(2) For each x € X and n € Ny,

(2.12) Sp T = k2 (n)x 4+ TA(KS x So.5)"x = I+TAZI€ n—yj) S]

From [17, Theorem 3.1] it follows that the discrete resolvent family {S7, 5}nen, verifies the following
functional equation

S (kS % Sag)" — (k2 % S ) ™S 5 = K (M) (K % Ses)" — K (m) (k2 % Sa )™
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for all m,n € Ny. On the other hand, by [17, Proposition 3.1], 7=% € p(A4) and

SO pm =Tl (7 - A)_l z, x€X.

In addition, from [17, Theorem 3.7] it follows that {S}, 5}nen, can be written as

n+1 .
(2.13) Shsr =Y an;Riz,

j=1
where, (a,,;) is the sequence of real numbers defined by

ao1 = kE(0), any = (KE(DRE(0) — K2 O)RE(LR2(0) ™), anz i= K2 ()RS (1)k(0)
and for n > 2,

n—1
Anntl 2= k?(l)an—l,nk?(0)717 Gn,1 2= kf(n)k?(()) - Z k2 (n — j)ajq kg(o)ila
j=0

and
n—1 n—1
anpi=| D k= fajia— Y k(n—jag | K0) 2<1<n,
j=l-2 Jj=l-1
where R, : X — D(A) denotes the resolvent operator defined by
(2.14) Rri=7"%(r7%- A)71 .

Finally, from [17] we have the following result for the Z-transform of {S}, 5}nen,-

Proposition 2.4. Let {S]} s}nen, C B(X) be a discrete (o, B)-resolvent sequence generated by A. Then
its Z-transform satisfies

— 1(z2=1\"7((z-1\" -

Sa = - —A )

2.2. Subordination theorems. In this subsection we give some subordination principles, which allow us
to find conditions on a closed operator A to be the generator of a resolvent sequence.

Let n € Ng, 0 <@ <18 >0 and 7 > 0. Following to [1, Definition 4.2] or [2, Definition 3.1], we define
the discrete scaled Wright function ¢, 5 as

for all x € X.

@;,ﬂ(nv.j) =

J
~ 1
5 Tz"_lTk:T’B(z) (1 — = ) dz, jeNg

Fe(2)

where T is a path oriented counterclockwise that encloses all the singularities of the complex variable

J
function z — (1 — Eul(z)) . In addition, we define, for 0 < o < 1 and 8 > 0, the scaled Wright function in
two variables ¢, g bﬁ}

Paplt,s) == tPIW_ 5(—st™), t>0,5€C,

where, for ¢ > 0, A > —1, and z € C, W), is the Wright function defined by

o0
2J
Wiu(z) = E _
= I+ )

The next result gives some properties of pa,g and ¢, 5. Its proof follows similarly to [1, Proposition 4.3]
and therefore, we omit it.

Proposition 2.5. Let 0 < a <1, >0, 7 >0 and n,j € Ng. Then we have the following properties:
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o0
T _ “+av
(1) Y ensn Dk (1) = k27 (n), where v > 0.
=0

@) o) =Y (1)1,

i,
~ . J 7.8—«a
@) o p(eod) = 3 (1) (R ),
1=0
(5) For 0 <7 <1, ¢} 5(n,j) >0.
Definition 2.6. Let 7 > 0 be given. The closed linear operator A is called the generator of a cosine
sequence if it is the generator of a (2,1)-resolvent sequence {S5}nen, C B(X). We denote the cosine
sequence {S5 1 }nen, simply as {C"}nen, -

We notice that a cosine sequence {C"},en, verifies the following conditions

(1) C"z € D(A) for all x € X and AC™z = C™ Az for all © € D(A), and n € Ny.
(2) For each z € X and n € Ny,

(2.15) Cz =z +TAK? % C)"z :x+TAZk72.(n—j)Cj:c.
j=0
The next results correspond to a discrete counterpart of the subordination theorems in [44, Theorem
3.1].

Theorem 2.7 (Subordination). Let 1 < a < 2. Assume that A is the generator of a cosine sequence
{C"}nen,- Then A generates the («, 1)-resolvent sequence { Sy, | fnen, defined by
n o T . J
(2.16) ST = Z ¢a_a(n,j)Cz, zeX.
§=0
Proof. Let © € X. As A is the generator of a cosine sequence {C"},¢en,, AC"z = C™ Az, for all x € D(A),

and therefore AS], ;v = S, j Az for all z € D(A) and n € Ny. By (4) in Proposition 2.5 and equation
(2.10), the Z-transform of {Sy, ; }ren, satisfies

Saa(z) = Y @Pza-2(z))C72

(2.17) =

I
7N 7N
W
[ R
W
—
~_ \/._. P
|
N3
L]s
-
=)
RS 2
~ .
~
— ’
\]
7N
W
| R
W
—_
~_—
|
[N
~__—
Q
<
8

for all |z| large enough. As
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and the Z-transform of the cosine sequence {C™},en,, verifies (see Proposition 2.5)

5 ~1
~ 1 -1 -1
C(w):(w )((w ) —A) x,
TN\ TW TW
we have that the series in (2.17) corresponds precisely to the Z-transform of {C"},en, evaluated at

o
1_7(2—1)%'

TZ

w =

Therefore,

- ()" S i) o () () )

for all x € X. By the uniqueness of the Z-transform, the last equality means that {S} ; }nen, defined in
(2.16) is an (a, 1)-resolvent sequence generated by A.

]

Theorem 2.8 (Subordination). Let 1 < a < 2. Assume that A is the generator of a cosine sequence
{C"}neng- Then A generates the (o, a)-resolvent sequence { Sy ,}nen, given by

(2.18) :c—ZgoT%% Cig, xcX.

Proof. The proof follows similary to the proof of Theorem 2.7 and therefore, we omit it. (]

We notice that, from the uniqueness of the Z-transform, it follows that

(2.19) Stow=1(ky xSan)" =7 Sz, xeX,neN,,
§=0
and
n .
(2.20) St ar =Tk x Sa1)" = TZ kS (n—4)S% @, x € X,neN.

Lemma 2.9. [17, Theorem 3.5] Assume that A generates a cosine family {C(t))}i>0 defined in X. If
1 < a <2, then A is the generator of the (a, 1)-resolvent sequence { Sy, 1 }nen, defined by

(2.21) ST = /000 /000 prn(t)pa1-a(t,s)C(s)rdsdt, t>0,x¢€ X,
where @< 1< is the Wright type function, which can be written as

pa1-a(t,s)= 71r /000,0z Le=sp® cos §(m—0)—tpcosd gy (tpsing — sp? sin & (m — 0) + Z(7 — 0)) dp,
for 6 € (r— 2,7/2).

Lemma 2.10. [17, Theorem 3.6] Let 1 < a < 2. Assume that A is the generator of a cosine family
{C(t)}ter- Then A generates the (o, a)-resolvent sequence {Sy , }nen, given by

x—/ / pn(t)pe a(t,s)C(s)rdsdt, =€ X,
0
where @s o is the Wright type function, which can be represented as

(2.22) 2.5(t,5) = (95 *pg.0(-9))(),
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where pa o(-, 8) is given by

1 [ ‘ % cos
(2.23) pg.o(t,s) = */ etpeost=sp2 cosab gy (tpsin — spsin $60 + 0) dp,
T Jo
form/2 <0 <.
It is a well-known fact that if A is bounded operator, then

0
t J 4
(251

(2.24) C(t) = i

j=0

defines a cosine familiy of operators generated by A, (see for instance [3, Section 3.14]). By Lemma 2.9, A
is the generator of the (a, 1)-resolvent sequence given by

nglxz/ / pr(t)pa 1-a(t,s)C(s)x dsdt.
o Jo

Since the series in (2.24) converges uniformly, we have by Fubini’s theorem that

0 e}
S
n _
Saﬁlx—g /
j=0"0

23 o] )
2! / pr(t)pa 1-a(t,s)dtdsAlz.
"Jo

By Proposition 2.5, we get

J

o0 o0 oo 2
mn — T 'r S .
S("’lx - ZZS"%J—%(”J)/O Pl (S)M dsA’x

7=01=0

= 3D R D) [ () dsis
7=01=0 0

= DD PRI (YA
7=01=0

kIt (n) Al z.

I
NE

<.
I
o

Similarly, if A is a bounded operator, then A generates the («, «)-resolvent sequence given by
oo
Shar =Y k2T (n) Az,
=0

Ezample 2.11. If X = R, and A : R — R is defined by Az = —ax, then C(t) = cos(ty/a) is a strongly
continuous cosine function generated by A. In this case, the («,1)-resolvent sequence generated by A is
given by

o0
. . 1
Sy = Z keIt (n)alx = ;5;,1(a,n +1),n € Ny,
7=0
where, for a, >0, £ 5 is the Mittag-Leffler sequence defined in [1, Section 4].
Example 2.12. Now, if A is a selfadjoint operator on a Hilbert space X, and A is bounded above; that is,

(Az,z)x < wl||z||? for allx € D(A) and some w € R. Then A generates a cosine function. See for instance
[3, Example 3.14.16]. Then it also generates an («, 1)-resolvent sequence.
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Proposition 2.13. Let A be a closed operator that generates a bounded cosine sequence {C"}nen, with
[C™]| < M for all n € No. Let 1 < o < 2 and {Sy 1 fnengs {582} nen, and {Sy ,Jnen, be the resolvent
sequences given, respectively, in (2.16), (2.19) and (2.18). Then

ISzl < M|, (IS ol < MEZ()|zll — and [|S ]| < M(n + 1)7(z].
for anyn € Ng and x € X.
Proof. Let x € X. Since ||C"|| < M, we have by Proposition 2.5 that

1S5 12 < MY % 1o (n )|z = Mkp(n)|al = M||z],
1=0
for any x € X, n € Ny, and, similarly,

n T _ [e%
1Sa ozl < MZZ@%,%(”J)HSUH = MEZ (n)]| ]
=0
Finally, by (2.19)
I1Sa 22l <7 185 2] < M(n+ Drlz].
7=0

O

Remark 2.14. Suppose that A is the generator of an («, 1)-resolvent sequence { Sy, 1 }nen, such that [|S 1] <
M for alln € Ng. Since 0 < a—1<1 and n >0, we have (by [14, Inequality (1.1)]) that

710 (a 4+ n) (r(n+ 1))t
o N S 1 NN T
B0 = Farmr "V T T
and, thus the semigroup property (2.11) implies that
n S a—1 . j a—1 (T(n + 1))(171
(2.25) ||Sa,aH < T;kq- (n *‘7)”‘5&,1” < MEF(n) < MT

Proposition 2.15. If the resolvent operator R, defined in (2.14) is compact for all T=* € p(A), then So s
s a compact operator for all n € Ny.

Proof. The proof follows from the representation as a finite sum of S 5 given in (2.13). O

3. EXISTENCE OF SOLUTIONS.

In this section we study the existence of solutions to discrete fractional system of order 1 < a < 2.
Consider the system

cVeu™ = Au™+ Bv", n>2,
(3.26) u? = o
u! = i,

where A : D(A) C X — X is a closed linear operator in X, B : U — X is a bounded linear operator, the
control v € £2(Ny,U) and zg, 71 € X.

Proposition 3.16. Let 1 < a < 2. Assume that A is the generator of an (a,1)-resolvent sequence
{Sa 1}nen,- If wo, 71 € X, then the discrete fractional system (3.26) has a unique solution for each control
v € (%(No,U) given by the sequence

(3.27) u™ = Sp w4+ T(kE* Sa1) @1 + T2 (KET * Saq + Bu)",

for alln > 2 and u® := xg, u' = x1.
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Proof. Since {S, 1 }+>0 is an (a, 1)-resolvent sequence, u™ defined in (4) belongs to D(A) for all n € No,
and

n
(3.28) Sp1T =+ TAZka.‘(n - j)Silx, n>0zeX.
j=0
Now, for n > 2, we have
(3.29) OV (Sanz)" =V C"IV(Sy 1) =7 k2% — j)(V2Sanz).

=0

By (3.28), we obtain
(V2S012)' = 25(S],0 — 25510 + 5 7%0)
A[zj:ka('l)sl x—2j§k“ —1-1)8 erZko‘ —2-1S., }
i ’ ! 1=0 ! ! 1=0
for all j > 2. On the other hand, by (2.11) we obtain that

n J n J
(3.30) 7> kK (n—34) > k¥(j—1DS, = T(kI O x kS xSa1)” =T(kyx b xSan)"w =73 Y Sz,
=0 1=0 7=01=0
for all n > 2. Similarly, and by convention (2.8), we get that

n—

1 J
(3.31) Zk2 Un —j Zk“ —1-0She=> Y S5
=0 [=0

Jj=

and
(3.32) Zk2o‘n ]Zka]—Q—l alx—ZZSalm
j=0 1=0
Hence, the equations (3.29)—(3.32) imply that
n j j—1 j—2
OV (San)" =AY K= )| D R(G =Sk x =2 k(G —1—-DSh e+ > k(G —2-1)S, 1w
j=0 1=0 1=0 1=0
n J n—1 j n—2 j
= ZZSLQ?—Q ,195‘1'225[
§=01=0 §=0 1=0 §=0 1=0
= AS}
for all n > 2 and = € X. Therefore,
(3.33) cVSy 110 = ASy 1 0.
On the other hand, by definition we can write
(3.34) eV (r(kt* San) )z =12 k27 %(n — j)VZ(kl* San)x

=0
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As kl(n) =1 for all n € Ny, we have

i1 j—2
V2(klxSu1) = [Z 1x—225311x+25g’1x]
1=0 1=0

=i[s — §73k]

7-2
J j—1
SR -DShw =Y k(G —1- l)sa,lxl :
=0 =0

and, by (3.34), (3.30),(3.31) and (3.32) we have

[ n J n Jj—1
VO (k% Sa)x =TA D K (=) Yk~ DShaz =Y kT (n =) ki - wsg,lx}
L7=0 1=0 3=0 1=0
[ n J n—1 j
=T7A ZZ S(ll’lm - Z Z S(lmx

This implies that

(3.35) VA (T(kLx San)")x1 = A(T(EL % Se1)™)w1, n>2.
Finally, by definition we have
Ve (kS % Sq 1 x Bu)") = VICTOIV2(72(k271 % S, x Bv))"
(3.36) = 7Y Kn— j)VE(r? (kS % San * Bu)),

for all n > 2. As {S}} 1 }nen, is an (@, 1)-resolvent sequence, we get by (3.28)
(3.37) (ko1 *Sq1x Bv)" Zk”‘n 7) v7+TAZkO‘n J)(kS™ *Sal*Bv) n > 2.

By (3.36),(3.37), and (3.30)—(3.32) we have
V(T2 (kS % Spy % B)") = V29IV (72(k2~1 & S, 1 * Bu))"

=Y K (n—1j)
7=0
j—2

+) k(G —2-1)B
=0

n J
+72AD k2T (n - ) lz kS(j — 1)(k2™ % Sy + Bo)!

j—O =0

J j—1
> kG -1)Bv —2) k(i —1-1)B
=0 =0

j—2
7221&]7171 Tl Sanx B) Y k(G — 2= 1)k x S % Bv)!
=0
(3.38) =T (kf Y% S, 1% Bv)" + Bv™.
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Now, we define the sequence (u")nen, by u™ := Si 120 4+ 7(kj * Sa,1)"x1 + 72 (k3" * So,1 % Bv)™), for
n > 2 and u® := xg, u' := x1, then by (3.33), (3.35) and (3.38) we have that

VW) = oV (Shimo+ T(kL* Sa1)" @1 + T2 (kYT" * Saq * Bv)"))
= ASy w0+ A(T(kE % So 1) @) + f + A(T? (k9™ % Sy.1 + Bu)™)
= Au" + Bv",
for all n > 2, that is, (u™)nen, solves the equation
eV = Au™ + Bv", n>2,

under the initial conditions u°

=z, and u! = z;. The uniqueness, follows from [17, Proposition 3.3]. [
Remark 3.17. From (2.19) and (2.20) it follows that that solution to Equation (3.26) can be written as
u" i= Sy 170 + Sy 971 + T(Sa,a x Bv)",n > 2.
Similarly to Proposition 3.16, we can prove the following result.

Proposition 3.18. Assume that A is the generator of an (a, 1)-resolvent sequence { Sy, 1 bnen,- If (f7)jen,
is a given sequence and xg,x1 € X, then the discrete fractional system (1.5) has a unique solution for each
control v € 12(Ny,U) given by the sequence

u” = Sp x4 T(kk x Sa1) w1 + TA(RE T Sa1 x Bu)" + T (RS Sa1 * f)",
for alln > 2 and u° := xo,u' := z1.

Finally, let us consider the following discrete fractional system

eV = Au™ + f(n,u™) 4+ Bv", n>2,
(3.39) u0 =
Ul = I,

where A : D(A) C X — X is a closed linear operator in X, B : U — X is a bounded linear operator, the
control v € £2(Ng,U), zg,z1 € X, and f: Ng x X — X.
Inspired in Propositions 3.16 and 3.18 we introduce the following definition of solution to Problem (3.39).

Definition 3.19. A sequence (u")nen, 5 called a solution of the discrete fractional system (3.39) if it
satisfies

u" = S5 170 + Sy 071 + TZSZ;j[f(j,Uj) + BvY],
j=0
for alln > 2 and u® := xg,u' := x1, for vo,z1 € X and v € (*(No,U).

4. APPROXIMATE CONTROLLABILITY

In this section we study the approximate controllability of discrete fractional systems (3.26) and (3.39)
of order 1 < a < 2. By Proposition 3.16 and Remark 3.17, the Problem (3.26) has a unique solution
(u™)nen, given by

u" := Sy 1m0 + Sh 971 + T(Sa,a x B)",
for all n > 2 and u° := xq, u' := z;.
Let (u™)nen, be the solution to the discrete fractional system (3.26) corresponding to the control v.

Definition 4.20. The system (3.26) (respectively, (3.39)) is said to be approximately controllable on
[0, No]n, := [0, No] N Ng if for any xo,21 € X, € > 0 and every desired final state xn, € X, there exists a
control v € £2(Ng, U) such that, the corresponding solution (u™)nen, of (3.26) (respectively, (3.39)) satisfies
|[uMNo —zn, || < e
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To study the approximate controllability of the system (3.26) we need to introduce the following oper-
ators:
For any fixed n € Ny, we define I, , : £2(No,U) — X by

n
Tpovi=7» SEIBv, v=(v)jen, € (N, U),
=0

and the grammian map L, , : X — X by L, ; = I‘n,TI‘:‘M, where * is used to denote the adjoint. In

addition, we define the resolvent operator R(\, Ly, ;) := (A + L, ,)~1, for A > 0.
Proposition 4.21. The adjoint I';, _ : X — 0>(No,U) of the operator T',, ; is given by

i B*S" i g 0<5<n
T* J — T a,o ’ =J =15
Ty ={ =7

for each n € Ny and = € X. Moreover, L, ;x = ° Z;'L:o Sg;jBB*Sg;j*x, forn € Ng,z € X.

Proof. Let € X and v € £2(Ny,U). If n € Ny, then

<Fn77—’U,£C>X = TZ<SZ;ijj,$>U = Z<’U‘j7TB*SZ’;j*{E>U = <U7F;,7—1’>Z2(NO,U)'
=0 =0
[l

By the representation of S}, , as a finite combination of the resolvent operator R, given in (2.13), we

observe that if A is a closed and densely defined operator on X, then the adjoint nga : X = X of 5, is
given by

n+1 n+1 i
(440) ngax = Z Qnp,j (Rg_)*gc = Z an7j770‘j (7-*04 _ A*)‘j x,
Jj=1 J=1

for each n € Ny and x € X.
The next result follows similarly to [25, Theorem 2.1]. We omit its proof.

Proposition 4.22. The system (3.26) is approximately controllably on [0, Noln, if and only if, one of the
following statements holds

(
(2)
(3) B
(4) If B=SYo7 7 2 =0 for all 0 < j < Ny, then z = 0.
(5) limy_o+ MM + Ln,.-) "t = 0 in the strong operator topology.
(6) For all x € X we have that Ty, ;vx =z — XA + Ly, ) "'z, where
Ox = Ungx =Ty ~(AL + L) "'o € (N, U), A€ (0,1].
By (5) and (6) in Proposition 4.22 we conclude that

(4.41) lim I'n, ;oy =2, forallze X.

A—0+
This means that the family of operators T, » : X — ¢*(No,U) defined by
Tngax =T, (M + Lyy,-) "'z, A€ (0,1],
is an approximate inverse of I'y, -, that is,

(4.42) lim Ty Thgn = 1.

A—0t
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Now, we study the problem of finding a control v to Problem (3.26). Define the cost functional J :
%°(No, X) x £2(Ng, U) — R by

No
(4.43) T(,0) = [[u™e — 2y 2+ XY (1717,
=0

where A > 0, u = (u")nen, is the solution to (3.26) with the control v € £?(Np,U) and desired state
TN, € X.
We define the admissible class A,q by

Aaq := {(u,v) : u is the unique solution to (3.26) with control v € Uaq}

where U,q is the admissible control class, that is U,q = ¢?(Ng; U). By Proposition 3.16 we notice that if A
generates an (a, 1)-resolvent sequence then A.q # 0.
Let us to consider the optimal control problem

4.44 in - J(u,v).
( ) (uvgr)lérhad (u v)

An optimal solution to Problem (4.44) is a solution (ug, vg) (known as optimal pair) of (4.44). The control
Vg is called an optimal control.
The next result is a discrete version of [37, Theorem 3.1] and gives a solution to the Problem (4.44).

Theorem 4.23. Let 7 > 0. Assume that A is the generator of an (a,1)-resolvent sequence {Sf, 1 }nen,
such that ||SZ || < M for alln € No. Suppose that (1=* — A)~" is a compact operator for 7% € p(A). Let

20,21 € X be given. Then there exists at least one pair (Up, Vo) € Aag such that J(-,-) attains its minimum

at (%o, o).
Proof. Let J := inf,ey,, J(u,v). As 0 < J < oo, by the definition of infimum, there exists a sequence
VU, € Uaq such that

lim J(up,v,) = J,

n—0o0

where u,, is the unique solution to (3.26) with control v,, and u) = xq, ul = x; and the desired state

xn, € X. By Proposition 3.16 and Remark 3.17, u,, is given by
m . .
(4.45) ul = Sihwe + Sary + 7y Sy Bl m > 2.
j=0
Since 0 € U,q we may assume that J(uy,,v,) < J(u,0). By the definition of J(-,-) we have
No
I (unsvn) = [uf® = zn |2+ 2D o l? < [[u™ = 2|2 < 200 + [long 1)
j=0

Therefore, there exists R > 0 (large enough) such that 0 < J(up,v,) < R for all n € Ny. This also implies
that

No
(4.46) SR <,
=0
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for all n € Ny, where C is a positive constant. By (4.45) and (2.19) we may proceed as in the proof of
(2.25) to obtain

< 152l + 1525 +TZ||Sm iBul|

1/2

SMHCE()||+M(m+1)T||£C1||+ r(

)

for all 0 < m < Ny. This means that (u,)nen, is @ bounded sequence. Hence, there exists a subsequence
(tn, )ken, Of (Un)nen, Which converges weakly to g in £?(Np, X). Similarly, from (4.46) we can find a
subsequence (vn, )ken, Of (Un)nen, converging weakly to v in £2(Np, U), and as B is a bounded operator,
By, converges weakly to Bty as k — 00.

Since (77* — A)~! is a compact operator, the representation (2.13) of SJ’, implies that S’ is a
compact operator for all m € Ny. By [42, Corollary 2.3], the operator 7" : £?(Ng, X) — £<°(Np, X) given by

T(g)(m) :== 372, Smoigl, for g = (9™ )men, is also compact. Hence,

(4.47) Z Si Bl — ZS”‘ IBU|| =0, as k— oo,
7=0 7=0
for all 0 < m < Np. Let Wy = (W));en, be the solution to (3.26) with control Ty = (T});en, (Which exists

and it is unique by Proposition 3.16). Since w,, is the unique solution to (3.26) with control v, , by (4.45)
and (4.47) we obtain

|un: —wg'| =0 as k— oo,
for all 0 < m < Ny. As (un, )ren, converges weakly to Ty, we have Wy = g, and
m
(4.48) uy = Sihao + Syr + 7Y SwIBU, m > 2,
§=0

where U = x and U} = x;. This means that the sequence Uy = (UJ")men, is a solution to (3.26) with
control Uy = (U7")men, and by Proposition 3.16 it is the unique solution to (3.26). This means that
(ﬂo,@o) € A.q.

Finally, we claim that (%o, 7o) is a minimizer, that is J = J (g, Vo). In fact, by [13, Propositions II1.1.6,
I11.1.10 and 11.4.5] J(-,-) is continuous, convex on £?(Ny, X ) x £2(Ng, U) and weakly lower semi-continuous.
Since (un, ,vn,) converges weakly to (ug, Do) in £2(Np, X) x ¢2(Ng, U) we have

J < J(To, o) < lminf J(tn, ,vn,) = Um J(tn,, Vs, ) = J,
k—o0 k—o0

and therefore J = J (g, Tp).
O

Remark 4.24. As J defined in (4.43) is convez, the system (3.26) is linear and the admissible control class
Uag = 2(Ng; U) is convex, then the optimal control vg Theorem 4.23 is unique.

Proposition 4.25. Suppose that v = (v7)jen, is the optimal control of (4.43), then
v/ =7B*SYo 7 R(A, Ly, +)p(u), 0<j < Ny,
where

(4.49) p(u) ==z, — Snqao — SN31.
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Proof. Let v the optimal control of (4.43). Define I(¢) := J(tyscw, v +ew) where w € £2(Ng, U) and gy cq
is the unique solution of (3.26) with respect to the control v + cw. Then w44, verifies

Ug+sw:Sa1x0+Sa2$1+TZS" IB(v +ewl), n>2.
j=0

Computing the variation of J, we get

0
%I(&”E:O:27'Z<7.LN07"ENO,S(JJX?¥7J-BQUJ +QZ)\<1}3 w) *QZ<TB SNO 7 (uMNo sz0)+)\vj,wj>.

As € = 0 is a critical point of I and w € ¢2(Np,U) is an arbitrary element, we get
(4.50) vl = - ATrBr SN0 (uNo —zy,), 0<j < N,.
Then

N N 2 1 No—j No—3* N, N N —1 N,
0= S 033‘0—|—S 2.’131— AT E Sm?] ]BB*Safl J (u O—JZND) = Sa7[i$0+5a7%$1—)\ LNO,T(U O—JZND).
7=0

For p defined in (4.49) we have
ulo — LNy = —p(u) - A_lLNo,T(’U’NO - xNo)?

which implies that
™o — zny = —AA + L, ») " 'p(u) = =AR(\, Ly, - )p(u).
From (4.50) we conclude that

v = 7B SN RO\ Ly r)p(u),  0<j < No.

Motivated by the linear case, for any A > 0 and zy, € X, consider the system

u =Sy 120 + Sy 2T —i—TZS” If(G,w?) + Bvi], 2<n <Ny, and u® = xg,u' =2,
7=0
(451) ¢ v/ =7B"SY T RN, Ly »)p(u), 0 <j < No,
N

0
Plu) = any = Safwo = Saber =7 ST ().
j=0
where zg,71 € X and v = (/) en, € £2(No,U). To show the approximate controllability of the discrete
fractional system (3.39) we will use (4.51). More precisely, under suitable conditions, we will first show
that for any A > 0 and zy, € X, the system (3.39) has at least one solution uy = (Ug\)jeNo for any control
v = (v7)en, satisfying (4.51). And, then for any xn, € X, we will use uy to approximate zy,.
For r > 0 we define W,. := {u € £*°(Np, X) : |Ju|| < r}. Clearly, W, is a closed, bounded and convex set.
Consider the following assumptions
H1: For f: Ny x X — X there exists a constant K such that || f(j,z)| < K for all (j,z) € Ny x X.
H2: (7% — A)~! is a compact operator for all 7= € p(A) and A generates an («,1)-resolvent
sequence such that ||Sy ;|| < M for all n € Np.
H3: ||R(\, Ln,,-)|| < 5 for all A > 0.

Theorem 4.26. Assume that conditions (H1)—(H3) are satisfied. Then the system (3.39) with the control
v = (v)jen, given in (4.51) has at least one solution.
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Proof. For a fixed zn, € X and A > 0, consider the solution operator @ : £>°(Ny, X) — £>°(Np, X) defined
by

n Salxo—&—SaQa:l—FTZS" If(4,u") + Bv7], 2 <n < Ny,
(Qu)" = 2
0, n > Ng,

and (Qu)® = g, (Qu)! = 1, where u = (u/)jen, € £>°(Np, X) and the control v is given in (4.51) by
v/ = 7B SN0 R(A, Ly, )p(u), 0<j< No,

with
p(u) :=xNn, — Sleo— a2x1 —TZSNO TG, u?).

As (77— A)~! is a compact operator, S% |, Sk, and S, are compact operators (by (2.13)). Since Q
has finite rank, @ is a compact operator.
We will show that there exists a positive number ro > 0 such that QW,,, C W,,. In fact, (H2), (2.19),

(2.20) and (2.25) imply that

e’

y Tt )

(4.52) [Sa1ll <M, [[Sqill < Mn+1r, (S5l < T7

for all n € Ny. Thus, for any 0 < n < Ny we have

1(Qu)"Il < Mlzo]| + M(n+ Drllar]| + KCo +7 ) IS0 B,
§=0

where C, := TQMF(+)+1)Q In addition, as

()| < lleng |l + Mllzoll + M(No + )7l || + KCa,

we have

7Y 158 B < P IBIP (IS NS IR, Ly, )|l 1B(w)]

—2
_ B
- A
Therefore, for rg > 0 large enough we have QW,, C W,,. By the Schauder’s fixed point theorem, the
operator @ has a fixed point in W,, which is a solution to the system (3.39).

[l || + Mlzol| + M (No + 17|21 + KCa] -

O
Finally, we consider the following hypothesis:
H4: AR()\, Ly, ) — 0 as A — 0T in the strong operator topology.

Theorem 4.27. Assume that conditions (H1)—(H4) are satisfied. Then the system (3.39) is approzimately
controllable on [0, No|n, -

Proof. By Theorem 4.26, we have that for every A > 0 and zp, € X, there exists a solution uy = (U{\)jeNO
of the system (3.39) with the control

v = 7B SN RN, L, )B(uy), 0<j < No,
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where P is defined in (4.51). Then

No No
uf\v" = Sﬁ‘ixo + Sg%xl + TZ S(]')Xf;_jf(j, uwy)+7 Z Si\f‘&_iji
j=0 J=0

= SN + S)%a1 + 7Y SN, wd) + Lvg RN, Lvg.7)P(u)

§=0

=N, — P(ur) + Ly, + R(A, L, - )P(un)
(453) =TN, — )\R()\, LNO,T)ﬁ(u)\)~
By (H1), we have

No

T G ud)ll < KN,

Jj=0

and therefore, there exists a subsequence of f(-,u)), denoted again by f(-,u)), which converges weakly to
an element w = (w?);en, € (*(No, X). Now, we define

No
— Ny No No—j,,J
21 =TNy, — Sp %0 — Su5T1 + T g Soo Jw’.
Jj=0

Hence,
NO . . .
(4.54) p(ur) — 2l <7 || > SEI1f (G, uh) — w]
§j=0

Since (77% — A)~! is a compact operator, S” , is a compact operator for all n € Ny, and therefore the

operator T : £?(Ng, X) — ¢>°(Np, X) defined b7y T(g)(m) := 327, Siigl, for g = (") men, € £*(No, X)
is compact. This implies that

No ‘

ZSgg_j[f(j,u&) —wl]|| =0, as A—0T.

3=0

From (4.53), (4.54) and (H4) it follows that
[y =@ Il < IARA, Livg, o )B(u) | < AR, Livg ) [[[B(u) = 20l + IAR(A, L r)2ll = 0, as A — 0%

We conclude that the system (3.39) is approximately controllable on [0, Ny]n,- O

5. APPLICATION

In this section, we discuss the approximate controllability of a fractional discrete system of order 1 <
a < 2.

On the space X = L2([0,7]) we define the operator A : D(A) C X — X by Aw(x) = w”(z) with
domain D(A) := H%([0,7]) N H}([0,7]). Then A is a self-adjoint operator, the spectrum of A is given by
o0(A) = {—m? : m € N}, and the corresponding eigenfunctions are given by ¢,,(z) = \/gsin(mx), for
x € [0, 7]. Moreover, A can be written as

(oo}

(5.55) Aw =" —m* (W, ¢m)pm, wE D(A).

m=1
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Let us consider the problem

cVeur(s) = Au(s) + f(n,u™(s)) +v"™(s), n>2,
(5.56) u®(s) = xo(s)
ut(s) = z(s),

where s € [0,7], A is defined above, B : U — X is the bounded linear operator defined by (Bv)’ = v/, for
v=(v7)n, € £*(No,U), f verifies the condition (H1) and zo,z; € X.

Writing u” = u"(:),v™ := v"(-),x0 = xo(-),z1 = x1(-), the system (5.56) can be expressed in the
abstract form (3.39).

We notice that this problem can be seen as a time-discretization of the problem

orults) = 2V a(t? ) ut,s)+ [t s), te0,T],
(5.57) uw(t,0) = wu(t,m)=0, t€][0,7T]

u(0,8) = o(s), s€][0,7]

ut(078) = 901( )’ s € [0771-]7

where T' > 0 and ¢g, 1 € X are given functions. In fact, writing w(t) = w(t,-), v(t) := v(¢,-) and
f(t) = f(t,-), the problem (5.57) can be written in the abstract form

Ofu(t) = Au(t) +o()+ f(tu(t), tel[0,T],
(5.58) u(©0) = o,
w(0) = ¢
Multiplying (5.58) by p7 (¢) (for a ﬁxed 7> 0) and integrating over R we obtain (bimilarly to [36, Section
2]) the problem (5.56), where ¢Veu™(s) = [ pf(t)0fu(t, s)dt, u(s) = [~ ph(t)u(t, s)dt, (analogously

for o™, f™) and x¢ = @o, 1 = p1. We notlce that Cvau and u" correspond to an approx1mati0n of the
Caputo fractional derivative 0fu(t) and u(t), respectively, evaluated at t,, := nr.
On the other hand, it is a well-known fact that A generates the cosine family {C(t)}+er given by

(5.59) Ct)x = i cos(mt){(z, dm)bm, =€ X.
m=1
Then A generates the cosine sequence C" defined by
Clx = /000 pn(t)C(t)x dt, n € No.
In fact, as A generates the cosine family {C(¢)}:cr, we have
(5.60) x—x—f—A/ t—s)C(s)xds, t>0,z¢€ X.
Multiplying (5.60) by p7 (t) and integrating over R, we get (2.15).

We notice that by [18, Formula 3.944-6, p.498], C™ can be computed explicitly:

oo

1 <
Cha = Z n+lnl / et COS(mt) dt(z, ¢m>¢m
m=1 :
1 1
B Z 7-n+1 (mQ + 7 )(n+1)/2 cos ((n + 1) arctan(Tm)) <l‘, ¢m>¢m~

This implies that (for n > 1)

1C™ ]| <

1 1 _
] ZIW”ZH = @Ilwll-
m=
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As cos(arctan(ar)) = 1/v/a?r? + 1 we obtain for n = 0, that

- 1 1o 1
0, _
Cow =Y (m2 4 2y 0 (arctan(rm)) (z, m)¢m < — > — (T, Om)dm < 6*\\I||
m=1 m=1
By Theorem 2.7, A generates the («, 1)-resolvent sequence {S7, ; }nen, given by
SaiT *290% _% Nz, € X,
and by Propostion 2.5 we obtain
oo 2
n T T . 0
IS2aall € 306515 (1)l < T max(1/m 17 Y u s () = o max(1 /172 = M
7=0 7=0

for all n € No. This means that {S}, ; }nen, verifies the hypothesis (H2). We notice that by (2.11) and
(5.55), the resolvent sequence {Sy ; }nen, can be written as

Stx = Z Zk‘”“ z, b)) om, € X.

m=1 j5=0
On other hand, as A is a self-adjoint operator, by (4.40) we obtain that if z € X then

No
<LN0,7-$,$> :7-22<SN0 JSNU J* T,z —TZZHSNO jsc||2

7=0
If (L, rz,2) =0, then S/, o =0 for all 0 < j < No. By (2.12) we have
0= 81 o = k(i) + TA(KS % Sa g = K2()z, 0<j < No,

which implies that © = 0. We conclude that (Ly, ,x,x) > 0, for all  # 0. By Proposition 4.22, the system
(3.26) is approximately controllable, and therefore AR(\, Ly, ) — 0 as A — 0T in the strong operator
topology. This means that the assumption (H4) holds true.

By Theorem 4.27, the system (5.56) is approximately controllable on [0, Ng]x,

5.1. Conclusions. In this paper we introduced a method based on resolvent sequences generated by a
closed linear operator A to study the approximate controllability of an abstract fractional discrete system
of order 1 < a < 2. The main results extend some previously obtained in the finite dimensional case, and
the method used here shows that it is possible to use these sequences of linear operators similarly to the
continuous case, which provides an interesting tool that could be used for the study of the controllability
of other discrete infinite dimensional systems.

In future, one can study the connections between the approximate controllability of a discrete system
and its continuous counterpart.
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