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PERIODIC SOLUTIONS TO SECOND-ORDER DIFFERENTIAL EQUATIONS
WITH FADING MEMORY

RODRIGO PONCE

ABSTRACT. We characterize existence and uniqueness of periodic strong and mild solutions to an abstract
second order differential equation with memory in Banach spaces. Using vector-valued Fourier multipliers
we give necessary and sufficient conditions in order to ensure the well-posedness of this equation in
Lebesgue, Holder and Besov spaces.

1. INTRODUCTION

Let Q be a bounded open set in R™ (n = 1,2,3) with a smooth boundary 9. Denote by u(z,t) the
temperature of the point = € 2 at the time ¢ € R. The heat conduction in materials with fading memory
can be described by the integro-differential equation

(1.1) cupe(z, t)+a(0)us(x, t)+/

— 00

t

o (t—s)ui(x, s)ds = B(0)Au(w, t)—l—/_ B'(t—s)Au(z, s)ds+ F(z,t),

where A is the Laplacian, «(t) and S(t) are positive functions called respectively, the heat-flux relaxation
and the energy relaxation functions, ¢ # 0 is a constant (known as the heat capacity) and F' is a suitable
function, see for instance Gurtin and Pipkin [18]. Typically, the relaxation functions « and g are taken
as

m M
alt) =Y e ™ Bt) = Bie ",
j=1 j=1

where «;, 8;,pi, ¢; > 0. We observe that equation (1.1) can be written in the abstract form

t t

(1.2) u’ (1) + M/ () + Au(t) + / a(t — s)Au(s)ds + / b(t — s)u(s)ds = f(t) teR,
where A = 20 4 = 1(o/(0)1 — B0)A), a(t) = 2O a/(1), bt) = Lla"(t) — B~1(0)a’(0)8'(1)] and
f(t) = F(1).

The existence of periodic solutions to integro-differential equations in the form of (1.2) has been studied
by several authors. For instance, if 2 C H, is a bounded set, where H is a Hilbert space, the existence
and uniqueness of periodic solutions to equation (1.2) has been studied by Tiehu in [29] in terms of the
resolvent operator

1 (K2 —iMk—by -
—k* +iXk + (1 A+b D)t = — A
( +iXe+ (1 + ap)A+ biI) 1+ak( T ar ) ,
for all £ € Z. In the context of general Banach spaces, the existence of periodic solutions to second order
integro-differential equations has been studied recently by S. Bu and G. Cai in [7, 9, 10, 11, 12].
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2 RODRIGO PONCE

In this paper, we characterize the existence and uniqueness of strong and mild periodic solutions to

t t

(1.3) W) + 3 () + Au(t) + / a(t — ) Au(s)ds + / b(t — 5)Bu(s)ds = £(t),
— 00 — 00

under the periodic initial conditions u(0) = u(27) and v/(0) = «/(27), where A€ R, A: D(A) C X - X
and B : D(B) C X — X are closed linear operators defined in a Banach space X = (X, | - ||), the
functions a,b are suitable kernels and the function f belongs to L?([0, 2], X). To achieve this, we use
a method based in some results on vector-valued Fourier multipliers. We remark that this method has
been considered by several authors to obtain necessary and sufficient conditions in order to ensure the
existence and uniqueness of LP-strong periodic solutions to a variety of abstract differential equations,
see for instance [2, 8, 15, 19, 20, 21, 22, 23, 24, 25, 26, 27] and the references therein. On the other
hand, the same method has been used by several authors to characterize the existence of mild periodic
solutions to first, second and fractional order differential equations in Banach spaces, see for instance in
[2, 5, 6, 20]. However, to the best of our knowledge, this problem has not been considered in the case of
integro-differential equations in the form of (1.3).

The paper is organized as follow. In Section 2, we give the preliminaries and we recall some results
on vector-valued Fourier multipliers and R-bounded sets. In Section 3, we study LP-strong solutions to
equation (1.3). In Section 4, we consider the existence and uniqueness of strong solutions in periodic
Holder and Besov spaces. Section 5 deals with periodic mild solutions to equation (1.3). Finally, in the
last section we give some applications of the abstract results.

2. PRELIMINARIES

For 1 < p < oo, LP([0, 27], X') denotes the space of all 27-periodic Bochner measurable and p-integrable
X-valued functions. For a function f € L'([0,27], X) we denote by f(k), the k-th Fourier coefficient of
f, that is

; L
f) =5 [ e s
for all £ € Z. Observe that the Fourier coefficients of f determine completely the function f, that is,
f(k) =0 for all k € Z if and only if f(t) = 0 a.e. Let X,Y be Banach spaces. We denote by B(X,Y)
to the space of all bounded and linear operators from X into Y. If X =Y, then we write simply B(X).
Finally, given a closed linear operator A defined on X, D(A) and p(A) denote respectively, its domain
and its resolvent set. By [D(A)] we denote the domain of A equipped with the graph norm.
Now, we recall some preliminaries about operator-valued Fourier multipliers.

Definition 2.1. [2] For 1 < p < oo, we say that a sequence {My}rez C B(X,Y) is an LP-multiplier if,
for each f € LP([0,27], X), there exists u € LP(]0,27],Y) such that

a(k) = My.f(k) for all k € Z.

Observe that from the uniqueness theorem of Fourier series it follows that u is uniquely determined by f.
On the other hand, if { M} }rez C B(X,Y) is an LP-multiplier, then there exists a unique bounded operator
M : LP(]0,27], X) — LP(]0,27],Y") such that ./T/l\f(k:) = My f(k) for all k € Z and f € L?(]0,27], X). Tt
is easy to see that the set of all Fourier multipliers is a vector space and if X,Y, Z are Banach spaces
and, {My}rez C B(X,Y) and {Ny}rez C B(Y, Z) are LP-multipliers, then {MyNi}rez C B(X, Z) is an
LP-multiplier as well. Moreover, if { My }rez, { Nk }rez C B(X,Y) are LP-multipliers, then { My, + Ni }rez
is an LP-multiplier as well.

For j € N, r; denotes the j-th Rademacher function on [0,1] i.e. 7;(¢) = sgn(sin(2’/t)), where sgn is
the sign function. For « € X, r; ® x, denotes the vector valued function ¢ — r;(t)x.
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MAXIMAL REGULARITY 3

Definition 2.2. A family of operators T C B(X,Y) is called R-bounded, if there is a constant Cp, > 0
and p € [1,00) such that for each N € N,T; € T,z; € X,j=1,...,N the inequality
N N
(2.4) 1Y 7 @ Tijl Lego.n),y) < Coll D715 @ 25l Lo (0,1),3)
j=1 j=1
1s valid.

From Kahane’s inequality it follows that if (2.4) holds for some p € [1,00) then it holds for all
p € [1,00), and therefore the definition of R-boundedness is independent of p. The smallest C), in (2.4) is
called R-bound of 7, and we denote it by R, (7).

We remark that the notion of R-boundedness is an important tool in the study of multipliers. Moreover,
a large classes of classical operators are R-bounded, see for instance [17] and reference therein for more
details. Hence, this assumption is not too restrictive for the applications that we consider in this article.

Remark 2.3.

Now, we recall some properties of R-bounded families of operators. We refer to the reader to [16,
Section 3.

() I T C B(X,Y) is R-bounded then it is uniformly bounded, with
sup{||T|| : T € T} < R,(T).

(b) When X and Y are Hilbert spaces, T C B(X,Y) is R-bounded if and only if 7 is uniformly
bounded.
(¢) Let X,Y be Banach spaces and 7,8 C B(X,Y) be R-bounded. Then

T+S={T+S8:TeT,SeS}

is R-bounded as well, and R, (T +8) < R,(T) + R,(S).
(d) Let X,Y,Z be Banach spaces, and T C B(X,Y) and S C B(Y, Z) be R-bounded. Then

ST={ST:TeT,5ecS}

is R-bounded, and R,(ST) < R,(S)Ry(T).
(e) Let X,Y be Banach spaces and T C B(X,Y) be R-bounded. If {ay}rez is a bounded sequence,
then {atT : T € T} is R-bounded.

The following result asserts that any LP-multiplier is an R-bounded set.

Theorem 2.4. [2] Let X be a Banach space and { My }rez be an LP-multiplier, where 1 < p < co. Then,
the set {My, : k € Z} is R-bounded.

Now, we recall a class of Banach spaces, the so-called UM D spaces, which share similar properties
with Hilbert spaces and include also the LP-spaces for 1 < p < oo. A Banach space X is said to be UMD,
if the Hilbert transform is bounded on LP(R, X) for some (and then all) p € (1,00). Here the Hilbert
transform H of a function f € S(R, X), the Schwartz space of rapidly decreasing X-valued functions, is
defined by

(Hf)(t) := lim l/ Mdy.
e=0T ly—t|>e t—y

These spaces are also called ‘HT spaces. It is well known that the set of Banach spaces of class HT
coincides with the class of UMD spaces. This has been shown by Bourgain [4] and Burkholder [13].
Some examples of UM D-spaces include the Hilbert spaces, Sobolev spaces W;(Q), 1 < p < o0, Lebesgue
spaces LP(Q,u), 1 < p < oo, LP(Q,u; X), 1 < p < oo, when X is a UM D-space. Moreover, a UM D-
space is reflexive and therefore, L'(Q, ), L>°(€, 1) and the Hélder space C*([0,27]; X) are not UM D.

More information on UM D spaces can be found in [4, 13] and [14].
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4 RODRIGO PONCE

The next result, due to Arendt-Bu [2, Theorem 1.3], gives a converse of Theorem 2.4 and shows that
under certain conditions, a set of operators is an LP-multiplier in UM D spaces.

Theorem 2.5. [2] Let X,Y be UMD spaces and let {My}rez C B(X,Y). If the sets {My}rez and
{k(My1+1 — M) }kez are R-bounded, then {My}rez s an LP-multiplier for 1 < p < oo.

3. PERIODIC SOLUTIONS ON LEBESGUE SPACES

In this section we study the existence of LP-strong solutions to equation (1.3). For a kernel a and a
function g we introduce the following notation

(akg)(t) == /_ a(t — s)g(s)ds.
With this notation, the equation (1.3) reads as
u”(t) + M (t) + Au(t) + (akAu)(t) + (bkBu)(t) = f(t).

—

If k € Z, then it is easy to prove that (a*g)(k) = a(ik)g(k), where a(ik) is the Laplace transform of a
evaluated in ¢k. In what follows, we use the following notation:

ap :=a(ik) and by = b(ik), ke Z,
and we assume that ay # 1 for all k € Z.

Remark 3.6. Note that by the Riemann-Lebesgue lemma, we have that the sequences {ax } ez and {ﬁak}kez
(o #0) are bounded.

Now, from [21] we recall the concept of 1 and 2-regular sequences. The general notion of n-regularity is
the discrete analogue for the notion of n-regularity related to Volterra integral equations (see [28, Chapter
I, Section 3.2]).

Definition 3.7. A sequence {ci}rez C C\ {0} is said to be

(Cr41 — k)

(a) 1-regular, if the sequence {k }k , is bounded.
€

Ch
-2 _
(b) 2-regular if it is 1-reqular and the sequence {k2 (k11 Ck + Cx-1) } is bounded.
Cl keZ
For example, if a(t) = —te™P* then the sequence defined by aj = a(ik) = fm is 1-regular. On

the other hand, if a(t) := % where m is an even integer, then {ay}rez is a 2-regular sequence.

Remark 3.8. Note that if {ck}rez is 1-regular, then ‘kl‘im Ck+1/ck = 1. On the other hand, {c;}rez is
— 00
L-regular if and only if {1/ck},cy is 1-regular [21, Theorem 4.6], which implies that lim cp/cpi1 =

|k|—o00

1 and the sequence k{%}k is bounded. Finally, since {cxy1/ck}rez and {ck/ck+1}rez are
€z

(ck+1 — ¢k)/crr1 = 0, and therefore, the sequences

bounded, we obtain that lim (cx11 — cp)/ckx =

m lim
|k|—o00 |k|—o00
{(ck+1 — c)/ck trez and {(ck41 — ck)/Ch+1}tkez are bounded as well.

For a,b € Li (Ry) we define the resolvent set p, (A, B) as

loc
penl A, B) = {0 € C: (4 + M+ (1+ () A+ B(u)B) : D(A) N D(B) = X
is invertible and (4% + A+ (1 + a(u))A + b(u)B) ™' € B(X)},

where (-) and b(-) denote the Laplace transform of a and b respectively.
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MAXIMAL REGULARITY 5

Proposition 3.9. Suppose that {ax}rez and {bg}rez are 1-regular sequences. Let A: D(A) C X — X
and B : D(B) C X — X be closed linear operators defined on a UMD space X with D(A)ND(B) # {0}.
Suppose that {ik}rez C pap(A, B). For each k € Z, define Ny, := (—k® + i)k + (1 +ax)A+bpB)~L. Then,
the following assertions are equivalent

(i) The families {k* Ny }rez and {b. BNy }rez are LP-multipliers for 1 < p < oo;

(ii) The families {k* Ny }rez and {bx BNy }rez are R-bounded.

Proof. By Theorem 2.4 it follows that (i) implies (ii). Conversely, let My, = —k?Ny, for k € Z. In order
to prove that {k? Ny }rez is an LP-multiplier, we need to prove by Theorem 2.5 that {k(Myi1 — My)}rez
is R-bounded. In fact, the identity (—k% + i\k + (1 + ag)A + b B)N), = I implies that (1 + ap) AN, =
I+ k*Ny — iAkNy, — by BNy = I + k? Ny + 22 M), — by BN), and by hypothesis (1 + ax) AN, is R-bounded
for all k € Z\ {0}. Now, if £ = 0, then (1 4+ ag)ANy = I — bgBNy which is R-bounded by hypothesis.
Therefore, the set {(1 + ar) ANy }rez is R-bounded.

Now, as ap ANy, = 1i’ak (1+ar)AN; and ANy, = ﬁ(l + ay) ANy, we conclude that {ay ANy }rez are
{AN}rez R-bounded sets by Remarks 2.3 and 3.6.

On the other hand, an easy computation shows that

i\ k(a —a a
k(M1 — M) = —kaMk+1 + M}cwak+1ANk+l Mo M1+ aps1) AN
+1 ay A1
a —a k
b G AN My, — —— My (1 + ag) ANy,
Ak41 k+1
k(br41 — br) ax k
+ Mibgs1 Nips1 B — —— My 1bx BNy,
b aney ibir1 N 7 1 M1 b BN

for all k # —1 and —(My — M_;) = (—1)2N_;. The hypothesis and Remark 3.8 show that {k(Mj1 —
M)} ez is R-bounded and therefore {k%? Ny }xez is an LP-multiplier. Similarly, to prove that {ax AN} }rez
is an LP-multiplier, we shall show that {k(Rg4+1 — Rk)}rez is R-bounded, where Ry = ayANj. Indeed,
an easy computation gives the identity

_ klap — ak)@kJrlANkJrle 4 Blars — ar)

k(Rig+1 — Ry)
k41 k41

k41 ANk 19AE Ny

klagtr —a a i
+ Mak+1ANk+lANk + k a/k+1ANk+1(1 _Z)\)ka
ag Ak+1
k _ k(bpr1 — b
+ Mak+lANk+1kaNk _ o kbin k)akJrlANkJrlkaNk’
At1 Qh+1 i

for all k& # 0. The 1l-regularity of {aj}rez, {bx }rez, Remark 3.8 and hypothesis imply that {k(Rg4+1 —
Ry)}rez is R-bounded and therefore {a AN }rez is an LP-multiplier by Theorem 2.5. A similar proof
shows that {by BNy }rez is an LP-multiplier. O

For n > 0, the space H™P([0,27], X) is defined by
H™P([0,27], X) := {v € LP([0,27], X) : Jw € LP([0,27], X) such that w(k) = (ik)" (k) for all k € Z}.
Given a kernel a and a closed operator A we define the space
L5P([0,27], X) := {v € LP(]0, 27], [D(A)]) : 3w € LP([0, 27], X) such that w(k) = arAv(k) for all k € Z}.
Finally, we define the following solution space:
S == H*?([0,2n], X) N LP([0, 2], [D(A)]) N L%P([0,27), X) N L3P ([0, 2], X).

Definition 3.10. We say that a function u € S is a strong LP-solution of (1.3) if (1.3) holds for almost
every t € [0, 27].
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6 RODRIGO PONCE

Theorem 3.11. Let 1 < p < oco. Suppose that {ax}rez and {bi}rez are 1-reqular sequences. Let
A:D(A)C X — X and B: D(B) C X — X be closed linear operators defined in a UMD space X with
D(A) N D(B) # {0}. Then, the following assertions are equivalent

(i) For every f € LP([0,2n],X), there exists a unique strong LP-solution of (1.3);
(ii) {ik}rez C pap(A, B) and the families {k* Ny }rez and {bx BNy }kez are R-bounded.

Proof. (ii) = (i). Let f € LP([0,27], X). By Proposition 3.9 the set {k?Nj}rez is an LP-multiplier and
therefore { Ny }rez is an LP-multiplier as well. Therefore there exists u € LP([0, 27], X ) such that
(3.5) a(k) = Ny f(k), for all k € Z.
In particular, we conclude that @(k) € D(A) N D(B) for all k € Z. Moreover, —k2a(k) = —k2Ny f (k) for
all k € Z and since {k? N} }rez is an LP-multiplier, we have by [2, Lemma 2.1] that u € H?P([0,27], X).
On the other, the identity (1 + a;) AN =1 — by BNy, — %kQNk + k2N;, and Proposition 3.9 imply that
{(1+ a;) ANt }kez is an LP-multiplier and therefore, there exists v € LP([0, 2x], X) such that
(k) = (1+ ax) AN f (k) = (1 + a) Aa(k),

for all k € Z. In particular u € LP([0,2x],[D(A)]) N L%P([0,27], X). The uniqueness of the Fourier
coefficients implies that v(t) = Au(t) + (akAu)(t) a.e. t € [0,27]. Similarly, since {byBNy}rez is an
LP-multiplier by Proposition 3.9, we have that there exists w € L?([0,2n], X') such that

(k) = bp BNy f (k) = b Bi(k),
for all k € Z, which implies that u € LS;;”([O7 2], X) and w(t) = (bkBu)(t) a.e. ¢t € [0,27]. Finally, since
iANeNy, = 2 k%Nj, is an LP-multiplier, there exists z € LP([0,27], X) such that

2(k) = iNENg f (k) = iNka(k),
for all k € Z. Moreover, by [2, Lemma 2.1] we have z(t) = A\u/(t) a.e. t € [0,27]. Now, the identity
(—k? +iXk + (1 + ap)A + b B)Np f (k) = f(k) implies

~k>Nif (k) + iMENk f (k) + (1 + ax) ANwf (k) + b BNy f (k) = f(k)
for all k € Z, that is
—k2a(k) + ika(k) + (1 + ap) Aa(k) + by Ba(k) = f(k),

which implies by the uniqueness theorem of Fourier coefficients that v (¢) + A/ (¢) + Au(t) + (akAu)(t) +

(bkBu)(t) = f(t) a.e. t € [0,27]. Moreover, the above considerations show that u € S. In order to prove
the uniqueness, let u € S such that

u” (t) + M/ () + Au(t) + (axAu)(t) + (bkBu)(t) = 0.
Thus, (—k? + Xk + (1 +ag)A + b B)a(k) = 0 for all k € Z. Since {ik}rez C pap(A, B) we conclude that
@(k) =0 for all k € Z and therefore u(t) = 0 a.e. t € [0, 27], which proves uniqueness.

(i) = (i1). Let k € Z and y € X. Define the function f € LP([0,27], X) by f(t) = e***y. By hypothesis,
there exists u € S such that
u”’ () + M/ (t) + Au(t) + (a*xAu)(t) + (bxBu)(t) = f(t).
Hence
(—k? 4+ iXk + (1 + ap) A + b B)a(k) = f(k) = v,

which means that (—k? + i\k + (1 + ay)A + by B) is surjective. On the other hand, if x € D(A) N D(B)
and (—k% + Mk + (1 + ax)A + b B)x = 0, then u(t) = e*'z defines a strong LP-solution of

u’ (1) + M/ () + Au(t) + (axAu)(t) + (bxBu)(t) = 0,
and by the uniqueness we have u(t) = 0, and therefore z = 0. We conclude that (—k2 + ik + (1+ay) A+
b B) is injective. Now, we need to prove that (—k% 4+ ik + (1 +ag)A+ b, B)~! is a bounded operator for
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MAXIMAL REGULARITY 7

all k € Z. Take y € X and k € Z. Let L : L?([0,27],X) — S be the bounded linear operator which takes
each f € LP([0,27], X) to the unique solution u € S of Equation (1.3). Given the function f(t) = ey,
we claim that the function u(t) := ez, where = u(0) € D(A) N D(B) defines such unique strong
LP-solution to (1.3). In fact, since (akAu)(t) = fioo a(t — s)e™*s Axds = aj, Au(t), we have

(=K% +idk+ (1 +ap) A+ B)r = —k*u(0) + i ku(0) + Au(0) + ax Au(0) + by, Bu(0)
= 4"(0) + M/(0) + Au(0) + (a%Au)(0) + (bxBu)(0)
= f0)=y.

Since (—k? 4+ ik + (1 + a) A + by B) is surjective, we obtain z = (—k2 +i\k + (1 +ax)A + b, B) "y and
therefore

I(=K* +iXe + (1 + an) A + b B) " yll = ||l = [u(0)]| = [LFO)] < IZIHIF ) = LIyl

which means that (—k? + iAk + (1 + ax)A + bpB)~! is a bounded operator for all k € Z and thus
{ik}rez C pap(A, B). Next, we show that {k? Ny }rez and {by BNk }rez are R-bounded. By Proposition
3.9 we need to prove that {k2 Ny }rez and {bgy BNy }rez are LP-multipliers. In fact, let f € LP([0, 2], X).
By hypothesis, there exists a unique u € S such that

() + M/ (t) + Au(t) + (akAu)(t) + (bxBu)(t) = f(t).
Thus, 4(k) € D(A) N D(B) and
(k% + Xk + (1 + ap) A + b B)a(k) = f(k).

Since {ik}rez C pap(A, B) we obtain i(k) = (—k? + iXk + (1 +ap) A+ b B) " f(k) = Ny f (k). Moreover,
there exists v € LP([0,2x], X) such that 6(k) = —k?a(k), because u € H?P([0,27], X) and thus 6(k) =
—k2a(k) = —k2N,.f(k) for all k € Z, which means that {k*Nj}rez is an LP-multiplier. On the other
hand, since @(k) € D(A) N D(B) we have by Bi(k) = bpBNyf(k). Since u € L3%P(]0,27], X) we have
that the function w(t) := (b¥Bu)(t) belongs to LP([0, 27, X) and (k) = by BNy f(k), which implies that
{bik BNy }rez is an LP-multiplier. The proof of the Theorem is complete.

O

Note that the solution u given in Theorem 3.11 satisfies the following maximal regularity property,
which is consequence of the closed graph theorem.

Corollary 3.12. In the context of Theorem 3.11, if condition (ii) is fulfilled, we have that v, u', Au,
(akAu), (b%Bu) € LP([0,27], X). Moreover, there exists a constant C > 0 independent of f € L*([0, 2x], X)
such that

[u”llLe + AW | e + | Aull o + la*Aul Lo + |[b5Bull e < CIf||r-

Since in Hilbert spaces the concept of R-boundedness and boundedness are equivalent, we have the
next Corollary.

Corollary 3.13. Let 1 < p < oo. Suppose that {ax}rez and {bg}trez are l-regular sequences. Let
A:D(A) CH— H and B: D(B) C H — H be closed linear operators defined on a Hilbert space H
with D(A) N D(B) # {0}. Then, the following assertions are equivalent

(i) For every f € LP([0,2r], H), there exists a unique strong LP-solution of (1.3);
(1) {ik}rez C pap(A,B) and

sup ||[k®Ny|| < 0o and sup ||bp BNy|| < oo.
keZ kEZ
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On the other hand, the Fejer’s Theorem (see [2, Proposition 1.1]) can be used to write the solution

u given in Theorem 3.11. More precisely, if the condition (i7) holds the Theorem 3.11, then for f €
LP([0,27], X), the solution u € S of (1.3) is given by

T S || ikt ¢
u(t) = nl;n;Ok; <1 -1 Nif(k),

where the convergence holds in L?([0, 27], X).

4. PERIODIC SOLUTIONS ON HOLDER AND BESOV SPACES

In this section, we present some analogous theorems to the above section, in the context of Holder
and Besov spaces B, ([0, 27], X). Examples of Besov spaces include the Holder-Zygmund spaces and the
usual Holder space C*([0,27],X) = B, . ([0,27],X) for 0 < s < 1. We first recall the notion of Besov
spaces. '

Let S(R) be the Schwartz space on R. Let §'(R) be the space of all tempered distribution on R and
D([0,27]) the space of all infinitely differentiable functions defined on [0, 27] equipped with the locally
convex topology given by the seminorms ||f|[, = sup;ejg2n | (t)] for all n € Ny := NU {0}. Let
X be a Banach space. Let D'(]0,2n], X) := B(D([0,27]), X) be the space of all X-valued 2r-periodic
distributions. Now we consider the following dyadic-like subset of R :

Ip:={rcR:|z|<2} and I,:={zcR:2""!<|z| <2}

for n € N. By ®(R) we denote the set of all systems ¢ = {¢;};en, C S(R) such that supp(¢;) C I; for
each j € No, > oy, ¢j(z) =1 for each z € R and for o € Ny, we have sup;cy, ,er 20‘j|¢>§-a)(x)| < 00. Let

¢ ={¢;}jen, C S(R) be fixed. Denote by (ex ® ¢) the function defined by (e, ® ¢)(z) = e**¢(x). For
1<p,g<o0,and s > 0, the X-valued periodic Besov space is defined by

. — sjq
Bpq Z 2

J€No

q \ V4

B, ,([0,27], X) := ¢ f € D'([0,27], X) : || f]

> er @ ;(k)f (k)

keZ

<00 p,

Lr

with the usual modifications in case ¢ = co. The space B; ([0, 27], X) is independent of the choice of the
system ¢ and different choices of ¢ give equivalent norms to || - | B, We summarize here some useful
properties of By ([0, 27], X). See [3, Section 2] for further details.
(i) (Bpq([0,27], X), || - [|B5,) is a Banach space;
(id) If s > 0, then By ([0,27], X) < LP([0,27], X), and the natural injection from B, ([0, 27], X)
into L?(]0,27], X) is a continuos linear operator;
(4ii) If s1 < s9, then B2 ([0, 27], X) C By, ([0, 27], X);
(iv) Let s > 0. Then f € B5'([0,2x], X) if and only if f is differentiable a.e. and f’ € B5 ([0,27], X).
This implies that if u € B, ([0, 27], X) is such that there exists v € B, ([0, 27], X) satisfying
(k) = iki(k) for all k € Z, then u € B3%'([0,27], X) and v/ = v.
Now, we recall the definition of operator valued Fourier multipliers in the context of periodic Besov
spaces.

Definition 4.14. Let 1 < p,q < 00,5 > 0. A sequence {My}rez C B(X,Y) is a By ,-multiplier if for
each f € By ([0,27], X) there exists a function g € By ([0,27],Y) such that

g(k) = My f(k), kel

We recall the following operator-valued Fourier multiplier theorem in Besov spaces.
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Theorem 4.15. [3] Let X,Y be Banach spaces and let {My}rez, C B(X,Y). Suppose that
(4.6) sup || M| < oo, sup [|k(Mg41 — Mp)|| < oo,
kez kezZ

(4.7) iurz) Hk;z(Mk_H —2M} + My_1)| < 0.
c

Then for 1 <p,q <00, s >0, {My}rez is a B, ,-multiplier.

We remark that if X is a B-convex space (if X is for instance a UM D space), then the condition (4.6)
is already sufficient for { M} }rez to be a B, ,-multiplier. As in the case of LP-multipliers, we have the
following properties

(a) If {My}rez C B(X,Y) is a By -multiplier, then there exists a bounded operator M, M :
B; ([0,27],X) — B, ,([0,27],Y) such that ./T/l\f(k) = M, f(k) for all k € Z. In particular,
supyez, || M| < oo.

(b) If {Mk}kEZ and {Nk}kGZ are B;yq—multipliers, then {Mk + Nk}keZ and {Mka}kGZ are B;Q—
multipliers as well.

By using Theorem 4.15 we can prove the next result in the context of Besov spaces analogously to
Proposition 3.9. We omit the details.

Proposition 4.16. Let 1 < p,q < oo, and s > 0. Suppose that {ar}rez and {bi}rez are 2-regular
sequences. Let A : D(A) C X — X and B : D(B) C X — X be closed linear operators defined in a
Banach space X with D(A) N D(B) # {0}. Suppose that {ik}rez C pap(A, B). For each k € Z, define
Ny = (=k? +iXk + (1 + ar)A + bpB)~t. Then, the following assertions are equivalent
(i) The families {k* Ny }rez and {by, BNy }rez are B, ,-multipliers;
(1) {ik}rez C pap(A, B) and
sup ||[k*Ni|| < oo and sup ||bp BN|| < oc.
keZ kEZ
Now, we study the existence and uniqueness of solutions to equation (1.3) in By ([0, 27], X). Is re-
markable that in this case, there are no geometrical conditions on the Banach space X. Contrary to the
LP case, the multiplier theorems established for vector-valued Besov spaces are valid for arbitrary Banach
spaces X, see for instance [1] and [3].
Given a kernel a and a closed operator A we define the Besov-type space B, . 4([0,27], X) as
b 0.a.4[0,27], X) = {ve By ([0,2n],[D(A)]) : Jw € By ,([0,27], X) such that
w(k) = apAv(k) for all k € Z}.

Note that if v € B? ([0,27], X), then (a*Au) € B, ([0, 27], X). Now, we define the following solution

p,q,a,A
space:
Sp,q = B;:Zz([07 2’”]7 X) N B;,q([oa 27T]7 [D(A)]) N st),q,a,A([Ov 27T]7 X) N B;Z,q,b,B([Ov 27TL X)
Definition 4.17. We say that a function u € Sy 4 is a strong B, ,-solution of (1.3) if (1.3) holds for
almost every t € [0, 2m].

The next result, compared with Theorem 3.11, does not require any restriction on the Banach space
X. Tts proof follows the same lines as in the proof of Theorem 3.11. We omit the details.

Theorem 4.18. Let 1 < p,q < oo, and s > 0. Suppose that {ay ez and {by}rez are 2-reqular sequences.
Let A: D(A) C X — X and B: D(B) C X — X be closed linear operators defined in a Banach space X
with D(A) N D(B) # {0}. Then, the following assertions are equivalent

(i) For every f € By ([0,27], X), there exists a unique By  -strong solution of (1.3);
(ZZ) {ik}kez C pa’b(A,B) and

sup ||[k®Ny|| < oo and sup ||bp BNy|| < oo.
keZ kEZ
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Moreover, we have also the next maximal regularity result.

Corollary 4.19. In the context of Theorem 4.18, if condition (i1) is fulfilled, we have that the solution
u to (1.3) satisfies u”,u', Au, (akAu), (bxBu) € B, ,([0,27], X). Moreover, there exists a constant C' >0

such that
| 5. <Clf|

For 0 < s < 1, we denote by C*(R, X) the Holder space of all continuous functions f : R — X such
that

"

By, + AW

B, + HAU|

5y, + ok

s
BPJI

s .
BIJ‘Q

1£() = F(s)ll < cft — s]®
for all t, s € R and some ¢ > 0. By C*([0, 27], X) we denote the Holder space of all 27-periodic functions,
that is C*([0,27],X) = C*(R,X) N C([0,27], X ), where C([0,27], X) is the space of all 2r-periodic
continuous functions. Since B3, ,.([0,27], X) = C*([0,27], X) we have the following result in Hélder
spaces.

Corollary 4.20. Let 0 < s < 1. Suppose that {ax}rez and {by}trez are 2-regular sequences. Let A :
D(A) C X — X and B: D(B) C X — X be closed linear operators defined in a Banach space X with
D(A) N D(B) # {0}. Then, the following assertions are equivalent

(i) For every f € C*(]0,2x], X), there exists a unique strong of (1.3) withu” ,u', Au, (a*Au), (b¥Bu) €
C*([0, 2], X);
(i4) {ik}ses © pus(A, B) and

sup |k*Ng|| < oo and sup||by BNg|| < oo.
keZ kez

5. MILD PERIODIC SOLUTIONS

In this section, we study the existence of mild solutions to equation (1.3). The functions g; and go
are defined respectively by ¢1(¢) = 1 and g2(¢) = ¢ for all ¢ € [0, 27]. The usual convolution between the
functions f and g, denoted by (f % ¢)(t), is defined by

o= [ 1=
for all ¢ € [0,27]. Observe that

¢
d = — d
= N0 = [ Sds and (gan o) = [ (6= 9)7)is
and (g2 * f)(t) = (g1 * g1 * f)(t) for all ¢ € [0, 27].
Definition 5.21. Let f € L] (R, X). A differentiable function u € C([0,27],X) att =0 is called a mild
solution to (1.3) if (g2 * u)(t), (92 * (a%u))(t) € D(A), (g2 * (bku))(t) € D(B), for all t € [0,27] and
ut) = u(0)+tu'(0) + Atu(0) — gy x u)(t) — A(ga * u)(t) — A(ga * (aku))(t)

(5.8) — Blga * (bku))(t) + (g2 £)(D),
for all t € [0, 27].

Observe that if a(t) = b(t) = 0, for all ¢, A = 0, then this concept of mild solution is the same that in
case of the second order problem u”(t) + Au(t) = f(¢).

It is clear that every LP-strong solution to equation (1.3) is a mild solution, and conversely, if u is a
mild solution to (1.3) and u belongs to the solution space S, then u is an LP-strong solution.

Lemma 5.22. Let a € L'(R) and a function f. Define the function G by G(t) := (g2 * (a%f))(t),
t € [0,2n]. Then, the Fourier weﬁ?cient of G§ are given by

(k) = 5= C2m) + o f(0) — gaxf(h), k€ Z\ {0},

2mik
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Proof. Tt follows similarly to [20, Lemma 4.2]. O

Theorem 5.23. Let f € L*([0,27], X) and u € C([0,27], X) be a differentiable function att = 0. Assume
that D(A) = X. Then u is a mild solution to problem (1.3) satisfying v’ (0) = «/(27) if and only if

(5.9) wk) € D(A)ND(B) and (—k*> 4+ ikX+ (1 +ap)A + bpB)i(k) = f(k'),
forall k € Z.

Proof. Assume that u is a mild solution to (1.3). From (5.8), we obtain (with ¢ = 27) that
(5.10)  A(go * u)(27) + AG%(27) + BGE (21) = 20 u(0) + 27w/ (0) — Mgy * u)(27) + (g2 * f)(27).

Let w(t) = u(t)/: u(0) — tu’(O):\ Atu(0) + Mg */u&f) — (g2 * f)(t). From [2, Lemma 3.1] and hypothesis
it follows that G2¢(k) € D(A), Gt (k) € D(B), (g2 * u)(k) € D(A) and

—

(5.11) (k) = —AGg (k) — BGh(k) — A(ga * u) (k).
The Lemma 5.22 implies
Fa(p) — L ca 0.0y — e by — L b o oy — D
Ge(k) = 2m,kGu(2ﬂ') + k2u(0) kQU(k) and Gb(k) = 27rikG“(27T) + kQU(O) k2u(k¢).
Thus
(5.12) AGE (k) = ——— AG"(27) + 20 40 (0) — % Aa(k)
' ul®) = o T T s ;2 ’
and
(5.13) BG (k) = ——BG® (2m) + 2 Ba(0) — 2 Bak)
' u ik K2 k2 '
Moreover, by [20, Lemma 4.2] we have
— 1 1 1.
(5.14) A(gs *xu)(k) = —mA(gg *u)(2m) + ﬁAu(O) - ﬁAu(k)
Since (g1 * £)(k) = — L £(0) + £ f(k), we have by [20, Lemma 4.2]
(5.15)
(k) = (k) + ' (0) + 2u(0) + A |~ £(0) + = F(k)| — [~ (g2 + £)(27) + 5 F(0) — = F(K)
- ik ik ik ik omik 92 T2 K2 '

On the other hand, the function w is differentiable and
W' (t) = u'(0) + Au(0) — Au(t) — A(gr * u)(t) — A(gr * (aku))(t) — B(gr * (bku))(t) + (g1 * f)(1),
and if ¢t = 27, then
0= —A(g1 *u)(2m) — A(gy * (aku))(2m) — B(g * (bku))(27) + (g1 * f)(27),

that is,
(5.16) (14 ag)Ad(0) + by Bii(0) = £(0).
Therefore, (5.12), (5.13) and (5.14) imply
(L @) Ailk) — b Bak) = AGE(®E) + BEL(K) + Algz = u)(H)
+ 273”6 [AGS(2m) + BGY (27) + A(go * u)(2m)]
1

73 [a0 A0 (0) + by Ba(0) + Aa(0)).
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1 By (5.10) and (5.15), we obtain

—

AGa (k) + BGL (k) + A(gs * u) (k)
1
orik

% lao A@(0) + b Bi(0) + Ai(0)]

AGH (k) + BGE (k) + A(ga * u) (k)

(k) — (k) — (k) + 15 F0) -

]:2 [(1 + ao) Ad(0) + bo Bi(0)] .

By using the identities (5.11) and (5.16) we have

S 1+ ap)Au(k) —

5 ( L)

k.2

[27Au(0) + 2w’ (0) — X(g1 * u)(27) + (g2 * f)(27)]

5 F(h)

1 . A 1,
(L ) Aa(R) — bBa(k) = (k) — (k) - 5 7).
which implies (—k2 + ikA + (1 4 ag)A + bp B)a(k) = f(k), for all k € Z, k # 0 and this equality is also
valid for & = 0 by (5.16), and therefore the it holds for all k € Z.

Conversely, suppose that (5.9) holds for all k£ € Z. We shall prove that for all * € D(A*), where A*
denotes the adjoint operator of A, we have

(g2 u)(t) + (g2 * (aku))(t), A"27)

o o b~ W

—(u(t), ") + (u(0),27) + (tu(0), 2") + (Atu(0), 2%)
—(Agr = u)(t), 27) — (B(gz * (bku))(t), ") + (92 * f) (1),
(B(bku)(t), z*) — (f(t),z*), then by (5.9) we have
(1 + ax)i(k), A* (brBa(k), %) — {f(k),z")
= (k*a(k) —i\ka(k
)

Since w(0) = 0, the function v(t) := (g2 *w)(t) + (
verifies by [20, Lemma 4.2]

If w(t) == (u(t) + (aku)(t), A*z*) +

w(k)

z*) +
) ")
(t), 27) — t{w'(0), ) — At (u(0), 2~

u )+ A{(g1*u)(t), 2%)

1 1

S 0(0) = (k) + {a(k), o)
A

<@xw—%m@ww+%wmww

* A * >\ ~ *

(92 * w)(2m) + 1 (0), ) + At{u(0), 2%) —
(0 ) and z(0) = z(t) for all ¢, we obtain

'(0), 2"

(k)

" gk 92 * W)
for all k # 0. Then, the function z(t) :=
is constant. Since v(0) = (u(0),z*), z(0)

(u(0),2%) o(t) -

10 A0 (0), z*)

o

o= (92 < w)(2m) +

2m) +
LA
BT
™) +
) —

11

= )+ At(u(0), 27) — At(a(0), z7),

v(0) = 2(0) = 2(t) =

which implies
t
u(t) = 2—(92 *w)(2m) — t{u
™
From the definition of v(¢) we have
(5.17) (g2 * w)(t) + (u(t), z*

Since the function u is differentiable at ¢ =

(5.18) on[(u (0), 2

12

(0),

13

14

)+ Al(g1 % u)(D),

) + Aw(0),

¥ 4+ (u(0), 2™) — Xt{u(0), ") + At(a(0), z™).

(g2 w)(2m) +

0, we obtain

a”) = Ma(0),27)] =

x*) = (u(0), z*) + At(u(0), z*).

(92 * w)(QW)a
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and therefore, the equation (5.17) reads
(g2 * w)(t) + (u(t), 2") + M(gr * u)(t), 27) = t{u/(0),27) + (u(0),2") + Mt (u(0), z"),
which implies (by the definition of w(t))
(u(t),«”) = (w(0),2") +t(u'(0), ") + M {u(0),2") = A{(g1 * u)(£), 2") — (A(g2 * u)(t), 2")
—(A(g2 * (a¥u)) (1), 27) = (B(g2 * (b¥u))(t),2") + ((g2 * f)(1),27),
for all 2* € X*. Thus, u verifies (5.8). On the other hand, since u is differentiable at ¢ = 0 (and therefore
at t = 2m) we obtain from (5.17) and (5.18)
(g1 w)(27) + (/' (2m), 27) = (u'(0), 2")

for all z* € X*. But (g1 * w)(27) = 27w(0) = 0, which implies (v'(27),2*) = (v/(0), 2*) for all x* € X*.
We conclude that u/(0) = «/(27). This finishes the proof of the Theorem. O

6. SOME APPLICATIONS

In this section we discuss some applications to the abstract results presented in the previous sections.
We consider the second order equation

t t

(6.19) u”(t) + M () + Au(t) + / a(t — s)Au(s)ds + / b(t — s)u(s)ds = f(¢),

where A € R, A is self-adjoint dissipative operator defined in a Hilbert space H, the kernels a,b € L'(R, )
define the 1-regular sequences {ay}rez, {bk}rez and f € LP([0,2n], H). We recall that aj = a(ik) and
b, = b(ik) and we always assume that ay # 1 for all k € Z. If B = I, that is, B is the identity operator
in H, then

1 (K —iMk— by -
2 —k* +i 1 A+b )7t = —A
(6.20) (=k% + ik + (1 + ap)A + b 1) 1+ak< T+ an )
for all k € Z. Assume that a(0) # X and @’ € L'(Ry). For each k € Z, define py := kzjﬂ;\% and

suppose that ui & o(A) for all k € Z, where o(A) denotes the spectrum of A. Then, by [29, Lemma 2.2]
there exists a constant C' > 0 (independent of k) such that

C
6.21 A< ——.
The next result gives a different approach to [29, Theorem 2.1] in the LP-context.

Proposition 6.24. Let 1 < p < oo and assume the above conditions. Suppose that Im(ui) # 0 for all
keZ. If f e LP([0,2n], H), then there exists a unique LP-strong solution to equation (6.19).

Proof. According to Theorem 3.11 (or Corollary 3.13) we need to prove that supycy [|k2Ng|| < oo and
supyez bk Nkl < oo, where Ny := (—k? + i\k + (1 + ax)A + bp)~'. In fact, we first notice that as
(1+ar)Ng = —(ur — A)~tand A(uy, — A)~! = pp(ur — A)~! — I we obtain by (6.21) that

|a| |a| C  lak||p]
ar ANg| = 14 ap)ANg|| < .
low ANl = [ I+ e AN < g+ e T
By the Riemann-Lebesgue lemma we have
|ag] |
arANL|| < C1 + C ,
lax ANg|| < C 14 [k|

for all k € Z and certain constants Cy,C5. We write ap = ap + i8; and by = pr + iqx to estimate
(lak| |pk]) /(1 + |E]). Observe that

|a] gl < |k | || N \5k|\ﬂk\.
1+ k| |k| k|
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To estimate (Ja| |ux])/|k| we notice that

okl il _ ol [Re(ur)| | o] [Tm(pee)|
LI K| K]

and by [29, Lemma 2.1]

- [Im ()|

lim ————— =a(0) — A

koo K] 0

and therefore, by the Riemann-Lebesgue lemma the sequence {|ag| |Im(pk)|/|k|} ez is bounded. On the
other hand,
k(1 + o) — (1 + aw) — ABk — Brai

Re(,uk) = (1+ak)2+ﬁ]3

and therefore
[Re(pe)l _ |kan (1 + o) (1 + o) — ABrk — Bra|
| < 75 g2 T lowl I
|| (14 on)? + 55 EI((1+ ax)? + B;)
Since @’ € L'(R,), the sequence {kay}rez is bounded. Similarly, since a,b € L'(Ry), the sequences

{Ozk}kez, {/Bk}k627 {pk}kEZ and {Qk}kEZ are bounded as well. We conclude that {|Ozk| |Re(uk)|/|k|}kez is
bounded. Therefore

+ |Ozk

|,

sup ||ar ANk || < oo.
keZ

Now, by the Riemann-Lebesgue lemma and (6.21) we have
b
11+ a|

|bx|C
114 ag|(1 + |k])’

168 Nk || < (e = A) M <

which implies

sup ||bg Ni || < oo.
ke

In order to prove that k2N; is uniformly bounded, we first notice the identity
(6.22) —k*Ny = I — iAkNg — (1 4 ax) ANy, — by Ny,
for all k € Z. Moreover, by (6.21) it follows that

sup || AENg || < oo.

kez
On the other hand, since A is a self-adjoint dissipative operator, then A is sectorial operator with
o(A) C (—o0,0]. Since Im(uy) # 0 for all k € Z, there exists a constant M such that

(e = A)H < M
for all k € Z. Moreover, the identity (1 + ay)AN; = —A(ur — A)~1 =T — pp(ur — A)~! implies
[(1+ar)ANg|| <1+ M.

Finally, by (6.22) we conclude that

sup ||k2 Ny || < oo.

keZ
We conclude by Theorem 3.11 (or Corollary 3.13) that, if f € LP([0,2n], H), (for 1 < p < o0) then there

exists a unique LP-strong solution w to (6.19). Moreover, by Corollary 3.12 the solution u verifies the
regularity u”, v, Au, (a%Au), (bku) € LP([0,27], H), and the maximal regularity property

[u”llze + A [ |e + [ Aullze + laxAul Lo + [|brulle < Cllf[|ze,

where C' > 0 is a constant. O
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The proof of the next result follows similarly to Proposition 6.24, which is consequence of Corollary
4.20. We omit the details.

Proposition 6.25. Let 1 < s < 1 and assume the conditions in Proposition 6.24, but with {ay }rez and
{bi }rez being 2-reqular sequences. If Im(uy) # 0 for all k € Z and f € C*([0,27], H), then there exists
a unique C*-strong solution to equation (6.19).

Ezample 6.26.

Let Q be a bounded domain in R? with a smooth boundary 9. By [29], the equation of heat flow in
materials with memory

t

(6.23) et (w, )+ (0)ue(z, )+ / o (t—8)ug (2, 5)ds = B(0) Au(z, £)+ /_ B (t—s)Au(z, s)ds+ F(, 1),

—00
with the boundary condition © = 0 in Q x R, can be written in the abstract form

t t

(6.24) W () + Ml (1) + Ault) + /_ a(t — ) Au(s)ds + /_ bt — s)u(s)ds = f(t) tER,
b(t) = L[a”(t) — B~1(0)a’(0)5'(t)] and
1,2, with

with A = 204 = 1(o/(0)] — B(0)A), a(t) = 2O /1),
)=

f(t) = F(-,t). Assume that ¢ > 0 and o), 30) € L(R,) 0

a(0)

<0, and B(0) >0
(—l)ja(j)(t) >0

and (=189 () >0, teR.

Under these conditions, the operator A, with domain D(A) = H?(Q) N H () is self-adjoint dissipative
in H = L?(Q2). Moreover, Im(uy) # 0 for all k € Z (see [29, Theorem 2.1]). By Proposition 6.24, if
f € LP([0,27], L?(Q2)), then the equation (6.23) has a unique LP-strong solution u.

Ezxample 6.27.

Now, we consider the following equation, which describes the one-dimensional longitudinal motions of
a viscoelastic bar

t
(6.25) uge(x,t) = a(0)ugy(x, t) —|—/ o (t — s)uge(x, 8)ds + f(z,t), (z,t) € (0,1) x R,
with boundary conditions u(x,t) =0 for = 0,1 and ¢t € R.

We assume that a(t) = as + ai(t), where as, > 0 is a constant, a;(0) > 0, a¥) € LY(R,), j = 0,1,

with (—=1)7a)(t) > 0. Under these assumptions, the equation (6.25) can be written as (see [29, Theorem
3.2])

¢
uy(z,t) — Au(z, t) — / ol (t — 8)Au(z, s)ds = f(z,t),

where ¢ = o + a1(0), and therefore a(t) = c=2a)(t), b(t) = A = 0, and A = —c?*A with A and D(A)

defined as in Example 6.26. Moreover Im(uy) # 0 for all k (see [29, Theorem 3.2]) and therefore by

Proposition 6.24 the equation (6.25) has a unique LP-strong solution u for each f € LP([0,2n], H).

Acknowledgements. The author thanks the reviewer for the detailed review and suggestions that have
improved the previous version of the paper.
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