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DETERMINING THE ORDER IN ABSTRACT FRACTIONAL SYSTEMS

RODRIGO PONCE

ABSTRACT. In this paper we identify the order @ > 0 in the abstract fractional differential equation
0%u(t) = Au(t), where the time-fractional derivative 9% is understood in the sense of Caputo and Riemann-
Liouville, A is a closed (possibly unbounded) linear operator in a Banach space X, and 0 < o < 1 or
1<a<?2.

To this end, we propose a method based on the asymptotic behavior of specific families of linear
operators generated by A, enabling the determination of the parameter o beyond the classical self-adjoint
setting. We also provide examples to illustrate the resulting reconstruction formulas.

1. INTRODUCTION

The problem of finding or approximating the order in time-fractional differential equations has been
widely studied over the last decade. See for instance the monographs [19, 20].

For 0 < a < 1 consider the fractional differential equation for the Caputo fractional derivative
(1.1) ofu(x,t) = Au(x,t), x€Qt>0,
under the initial condition u(z,0) = ug(x),z € Q, where Q and A are defined as follows: For a bounded
open set  C RY with sufficiently smooth boundary 99, let X be the Hilbert space L2(Q2). On X, the
operator A is defined by Au(z) = Ziil 2 (Zj\le Aij(x)%u(x)) , u € X, where A;; = Aj; for any
1 < 4,57 < N. Suppose that there exists a constant v > 0 such that Zﬁ\szl A ()& > v[€f?, for all
¢ € RN and z € Q. The operator A : D(A) — X is defined by

(Au)(z) = (Au)(z), z € Q,

where D(A) = H%(Q) N HE(Q). The operator —A has a discrete spectrum and its eigenvalues satisfy
0< A <A< <Ay <+ and limy, o0 Ay, = 00. Now, let ¢, € H2(2) N H}(Q) be the normalized
eigenfunction associated with —\,,. Then, by the Fourier method, the solution u to (1.1) is given by

o0

(12) u(x,t) = Z<u07¢n>L2(Q)Ea,1(*)\nta)(ybn(x)y x € Q,t > O,

n=1
where for any o, 8 > 0 and z € C, E, g denotes the Mittag-Leffler function which, is defined by E, g(z) :=
oo F(#:ﬁ) If u(t,x) denotes the solution to (1.1), ug € C§°(2) with Aug(x) # 0, and zg is a fixed
element in 2, then the order a in (1.1) is given by (see [16, Theorem 1])

2% (20,
(1.3) a= lim o (0, ) .
t—0t U(Io, t) — ’(,Lo(l'o)

See also [4, 6, 26, 31, 33, 38] for some related results.
Now, if for any ¢t > 0, we define the family of linear operators S, g(t) : X — X by
Sast)u(r) = (uo,¢n)r2(@)t” " Eas(—Ant*)gn(x), 2 €Que X,

n=1
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2 RODRIGO PONCE

then the solution (1.2) to equation (1.1) can be written as
(1.4) u(z,t) = Se1(H)uo(x), x€Q,t>0.
Thus, the order « given in (1.3) can be written using the family of linear operators {S, 1(¢)}i>0 as

o lim tS5,1(H)uo(z0)
t—0t Sa71(t)U0(.T0) — Ug (.230) ’
The properties of the Laplace transform of the Mittag-Leffler function imply that the family of operators
{Sq,5(t) }+>0 corresponds to an («, 5)-fractional resolvent family generated by A, see for instance [23, 28].
This theory allows us to write the solutions to fractional differential equations (for the Caputo and Riemann-
Liouville derivatives) in case 0 < @ < 1 and 1 < a < 2 as a variation of parameters formula. In fact,
consider the fractional differential equations for the Caputo fractional derivative,

xg € .

u(xz,t) = Au(z,t), t>0
(1.5) u(x,t) = 0, x € 00t>0
u(z,0) = wup(z), ze€Q,
(for 0 < a < 1) and
tu(xz,t) = Au(z,t), t>0
(1.6) u(z,t) = 0, x € 00t>0
' u(z,0) = up(z), =€l
Ou(z,0) = wi(z), €,
(for 1 < a < 2), where ug,u; € X. By [18], the solution to (1.5) is given by (1.4) and the solution to (1.6)
is
u(m,t) = Z<u07 ¢n>L2(Q)Ea,1(_)\ntQ)¢n(x) + Z<u17 ¢n>L2(Q)tEa,2(_>\nta)¢n(x)a
n=1 n=1

and therefore, the solutions to (1.5) and (1.6) can be written, in terms of the resolvent family {Sq. 5(t) }+>o0,
respectively, as

(1.7) u(z,t) = Sa1(B)up(x), u(x,t) = Sa1(t)uo(x) + Sa2(t)ui(z), z€Q,t>0.
Similarly, if we consider the fractional differential equations for the Riemann-Liouville fractional deriv-
ative
Roeu(x,t) = Au(z,t), t>0
(1.8) u(z,t) 0, redt>0
(91— * u)(z,0) uo(x), x €,

(for 0 << 1) and

Rogu(x,t) = Au(z,t), t>0
(1.9) u(z,t) = 0, r€INt>0
: (g2—a * u)(z,0) = wup(z), z€Q
Ot(g2—a *u)(x,0) = wui(z), z€Q,

(for 1 < a < 2), where ug, u; € X. Here f0¢* corresponds to the Riemann-Liouville fractional derivative and
ga—a(t) :=t17%/T(2 — ), then the solutions to (1.8) and (1.9) are given respectively by (see [13, 34, 37]),

oo

u(xat> = Z<u07 ¢n>L2(Q)ta71Ea,a(*Anta)(ﬁn(I)v and
n=1
u(x,t) = (uo, ¢n) 2@t *Ba,am1(—Ant®)dn (@) + > (u1,¢n) L2t Eaa(—Ant®)dn (@),
n=1 n=1

which can be written, respectively, as
(1.10) w(z,t) = Saat)uo(z), w(z,t) = Sqa-1t)uo(z) + Saet)ui(z), =z €
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ORDER IN ABSTRACT FRACTIONAL DIFFERENTIAL SYSTEMS 3

Resolvent families have been extensively studied, both in abstract settings and in applications (see for
instance [9, 10, 11, 14, 15, 17, 18, 28, 30, 29, 34, 36]). The operators {Sq g(t)}+>0 are well-known in some
cases: the uniqueness of the Laplace transform implies that {S1,1(f)}+>0 is the Cy-semigroup generated by
A, {S2.1(t) }i>0 and {S2,2(t) }+>0 are, respectively, the cosine and sine family generated by A, see [5]. Now,
for 1 <a<2and =1, {Sa1(t)}:>0 is an a-times resolvent [24], and the case 1 < a = § < 2 corresponds
to an a-order resolvent (see [25]).

In this paper, we propose a method based on the exploration of the resolvent families {Sq g(t)}+>0 to
identify the order « in the fractional differential equations (1.5)—(1.6) and (1.8)—(1.9), where A is a closed
linear operator in a Banach space X. More specifically, we consider the abstract fractional differential
equation for the Caputo fractional derivative
(1.11) { v(t) = Av(t), t>0,

v(0) =

where 0 < @ < 1, A is a closed linear operator defined in a Banach space X and x € X. If v(t;x) = Sqo,1()z
is the solution to Problem (1.11) (where {Sq,1(t)}¢>0 is the («, 1)-resolvent family generated by A), then
we prove in Theorem 3.4 that: if x € D(A), and z* € X* with 2*(Azx) # 0, then

a = lim 71:*(1?%@)),
t—0+ z*(pe(x))
where the functions ¢; : X — X and ¢, : X — X, are defined respectively, by ¢:(x) = v(¢;2) — z and
Py (x) = v'(t; ). We notice that this formula corresponds exactly to the abstract version of (1.3). Notably,
the abstract framework proposed in this article allows for the determination of the parameter o in more
general settings beyond the self-adjoint case in Hilbert spaces. This represents a significant extension of
results previously established in the literature

Moreover, we obtain here similar results for (1.11) in case 1 < @ < 2 and for the abstract fractional
differential equation for the Riemann-Liouville fractional derivative in case 0 < a < 1 and 1 < a < 2,
which correspond to completely new results in the literature.

The paper is organized as follows. In Section 2 we give the preliminaries on fractional calculus and
fractional resolvent families generated by a closed linear operator A. In Section 3 we identify « € (0,1) for
small times for the Caputo and Riemann-Liouville fractional derivatives. Section 4 is devoted to the same
problem, but with « € (1,2). Finally, we illustrate our results with some examples.

2. PRELIMINARIES

Let X = (X, || - ||) be a Banach space. By B(X) we denote the Banach space of all bounded and linear
operators from X into X. For a given closed linear operator A on X, p(A) denotes its resolvent set and
R()\, A) = (A — A)~! its resolvent operator, which is defined for all A € p(A).

A strongly continuous family of linear operators {S(¢)}+>0 C B(X) is called exponentially bounded if
there exist constants M > 0 and w € R such that ||S(¢)|| < Me™?, for all t > 0.

For a given o > 0, we define the function g, as g4 (t) := t;(—;),
It is easy to see that if a, 8 > 0, then the functions g,y satisfy the semigroup law ga+s(t) = (9o * g8)(t),

where I'(+) stands for the Gamma function.

where (f x g) denotes the finite convolution (f * g)( fo ft—s)g(s)ds.
For n — 1 < a < n, where n € N, the Caputo and Riemann Liouvﬂle fractional derivatives of order « of
a function f are defined, respectively, by

O f(t) = (gn—a * [)(1) :/ Gn—alt =)W (s)ds, TOFf(t) : -

= / ot — $)(5)ds.

If a =1 or a=2, then 9} = #9} = 3 and 0? = 9?2 = dt2 For more details, examples and applications

on fractional calculus, we refer to the reader to [22]. In this paper, our focusisin0 < a < land 1 < a < 2.

Definition 2.1. Let A be a closed and linear operator defined on a Banach space X. Given o, 8 > 0 we
say that A is the generator of an (a, B)-resolvent family, if there exist w > 0 and a strongly continuous
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4 RODRIGO PONCE

function S, g : (0,00) — B(X) such that S g(t) is exponentially bounded, {\* : ReA > w} C p(A), and for
allx € X,

(2.12) AN —A) T = / e S, p(t)xdt, Rel > w.
0

In this case, {Sa,p(t)}+>0 is called the (o, §)-resolvent family generated by A.

Moreover, if an operator A with domain D(A) is the infinitesimal generator of S, g(t), then for z € D(A)
we have

Az = lim Sa,p(t)e — gg(t)x.
t—0+ Jatp (t)

We notice that the case Sy1(t) corresponds to a Cp-semigroup, So1(¢) is a cosine family and S o(t) is
a sine family generated by A. In the scalar case, that is, when A = pI, where p € C and I denotes the
identity operator, we have, by the uniqueness of the Laplace transform, that S, g(t) corresponds to the
function t°~1E, 5(pt%).

Now, we give some examples of (, §)-resolvent families. For 0 < oo < 1 and 8 > «, let {Sq g(t)}+>0 be
the family of operators defined by

S s(D)f(s) = /0 F(5 = 1)papalt, r)dr,

where s € Ry, f € LY (R,) and the function ¢, (¢, 7) is defined by
Gap(t,r) =" TW_o y(—rt™), a>0,b>0,
where W_, 5(2) = fo:oﬁzn%) (z € C) denotes the Wright function. Then, {S, g(t)}i>0 is an

(av, B)-resolvent family on the Banach space X = L!'(R, ) generated by A = f%. See [3, Example 11].
On the other hand, if 0 < « < 1, and A is a generator of a Cy-semigroup {7T'(t)}+>0, then by a
subordination principle ([2, 7]), A is the generator of the («,1)-resolvent family {Su 1(¢)}i>0 given by

Sa1(t)r = / O, (r)T(rt)adr, t>0,z€ X,
0

)"

where @, is the Wright type function ([32, Appendix F]) ®,(z) := >~ m =/, po et 2 gy,
where v is a contour which starts and ends at —oo and encircles the origin once counterclockwise. In
addition, by [21, Theorem 3.1] A is also the generator of an («, av)-resolvent family {Sq.«(¢)}i>0 given by

(o)
Se,a(t)r = a/ t* rd, (r)T(rt*)xdr, t >0,z € X.
0

Now, let 1 < a < 2. Assume that A generates a cosine family {C(¢)} defined in X. Then A is the
generator of the (¢, 1) resolvent family {S, 1(¢)}+>0 defined by

(2.13) Sa1(t)z = / Ya1-a(t,s)C(s)zds, t>0,z¢€ X,
0
where 1 ;-2 is the Wright type function given by
L[~ 1 —sp% (r—0) 0
_ S—1_—sp2 cos §(m—0)—tpcos
Yga-g(ts) = ;/0 p2lensrres P

sin (tpsinf — sp? sin L(m—0)+ $(m—0)) dp,
for § € (m — 2,7/2). In addition, it also generates an (o, o)-resolvent family {Sq ()} defined by

Se,a(t)r = / a a(t,s)C(s)xds, t>0,z€ X,
0

2%
where 2 o is the Wright type function given by
3.5(t,5) = (95 *¥g.0(-,9))(D),

I
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ORDER IN ABSTRACT FRACTIONAL DIFFERENTIAL SYSTEMS 5
where 1o o(-, s) is given by
1 o
Yao(t,s) = — / etpeost=sptcosal gin(tpsin — spsinaf + 0)dp,
T Jo

for m/2 < 6 < m. An example of such operators includes A = A on L*(Q) with domain D(A4) = H*(Q) N
HZ (), where Q is an open bounded set in RY, see for instance [35, Section 5].
From [1, 3] or [27] we have the following result that gives some important properties of {Sy 5(t)}i>0-

Proposition 2.2. If o, 8 > 0 and A generates an («, B)-resolvent family {Sqa, g(t)}e>0, then
s(t)x
t—>0+ g (t)
(2) Sap(t)r € D(A) and S, p(t)Azx = ASQ 5( )x for all x € D(A) and t > 0.
(3) For all z € D(A), Sa,p(t)z = gs(t)x + fo Ga(t — 8)AS, p(s)xds
(4) fo ga(t — 8)Sa p(s)xds € D(A) and

=z, for all x € X.

t
S s(D)z = gs(t)r + A / Guu(t — 8) g (s)ads,
0
forallx € X.

For a given locally integrable function f : [0,00) — X, we define the Laplace transform of f, denoted by
FON) (or L(f)(N) as f(A = [, e M f(t)dt, provided the integral converges for some A € C.
The following lemma Wlll be useful for our purposes.

Lemma 2.3. Assume that A is the generator of the family {Sa 5(t)}i>0. If v > 0, then A generates the
family {Sa. g+~ (t) }i>0 given by
(2.14) S, g~(t) = (gy * Sa,p)(t).
Proof. In fact, for any v > 0 and A\* € p(A) with ReA > w, we have
L(gy % Sa,5)(A) = AP = A)7H = XTI — ) = 50 5.4 (N).

And the result follows from the uniqueness of the Laplace transform. ([l

3. DETERMINATION OF « FOR SMALL TIMES. THE SUBDIFFUSION CASE: 0 < o < 1.

Let 0 < ae < 1. In this section we determine the order « of the fractional differential equations 0 u(t) =
Au(t) and ofu(t) = Au(t), for the Caputo and Riemann-Liouville fractional derivatives. Here A is a
given closed linear operator.

Let x € X. Consider the equation for the Caputo fractional derivative

{8f‘u(t) = Au(t), t>0
u(0) = =z

where 0 < o < 1. For each = € X, we denote by u(t; x) the solution to Problem (3.15). If {Sq1(¢)}i>0 is
the (a, 1)-resolvent family generated by A, then,

u(t; ) = Sa1(t)z,
see for instance [7, Chapter 1]. Next, we define the operators ¢; : X — X and ¢; : X — X, by
(3.16) pr(z) =u(t;z) —z  and  P(z) =/ (t2),

where u(t; z) is the solution of (3.15).
We consider the following inverse problem:

o Let 2 € X be fixed. Determine a € (0, 1) in (3.15) from the observation data u(t;x) for small ¢.
The next result gives an answer for the Caputo fractional derivative.

(3.15)
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Theorem 3.4. Suppose that A generates the (o, 1)-resolvent family {Sq 1(t)}i>0. Let x € D(A). Ifz* € X*
with x*(Ax) # 0, then

where ¥y and ¢, are defined in (3.16).
Proof. Let x € D(A) and z* € X* with z*(Az) # 0. Since u(t;z) = Sqa,1(t)z, from Proposition 2.2 and

Lemma 2.3 we can write

(3.17) u(t;z) — & = A(ga * Sa)(t)r = ASq at1(t)z,
for any x € X. Therefore

ASq.a+1(t) 1

(3.18) t™%o(x) =t Y(u(t;z) —x) = dort(D) Tatl

)J).

By Proposition 2.2 we have for any € D(A) that

: * (41— _ 1 *
(3.19) tLI%L ("% ()) = Tatl) 1)30 (Az).
On the other hand, for any A* € p(A), we have by Proposition 2.2 that
(3.20) A;yl()\)x = ASa 1Nz — Sa1(0)z = AN\ —A) "tz —z = AN — A)"le = ASy o (V2.

By Proposition 2.2 and Lemma 2.3 we have for any x € D(A) that
(3.21) u'(tyz) = S, 1 (t)x = ASa,o(t)r = ga(t)Az + A(ga * Saa)(t) Az = go(t) Az + ASq 20(t) Az

Therefore,
Ax

%y (z) = t1 7 (t2) = o) + At TS, 04 (t) A,
Proposition 2.2 implies again that
. — . Sa 2a(t) t*
lim 17 AS, 20 (t)z = 1 ’ Az =0
120+ aza(t)r = = o T o AT = 0
where the limit is understood in X. Hence, we obtain
. wx(gl—a, /(g I T *(1]l— _ .I‘*(AQJ‘)
(3.22) Jim o (70 () = lim 2 (1 () = TR
for x € D(A). By (3.19) and (3.22) we obtain
% wlil—a z* (Az)
e (te(x) @t (2) | T
im ———* = lim = — = .
t—0+ x*(pe(x)) ot (%)) lﬂf( (ﬁ”i))

Remark 3.5. Theorem 3.J says, in the scalar-valued case, that the order « is given by
tu'(t;
o= lim 2AE2)
t—0+ u(t;x) — x
that corresponds, precisely to [16, Theorem 1] or [20, Theorem 9.1].
Now, if A generates the (o, «)-resolvent family {S, o (t)}:>0 and we consider the Riemann-Liouville in
the fractional differential equation
R Ha _
(3.23) ot u(t) = Au(t), t>0
(gl—a * U)(O) z,

then, its solution is given by

u(t;x) = Sy o(t)z.

s



10
11

12

13

14

15

16

17

18

19

ORDER IN ABSTRACT FRACTIONAL DIFFERENTIAL SYSTEMS 7

Moreover, we define the operators ¢; : X — X and 1/~1t : X — X, respectively, by

(3.24) or(z) = /0 u(s;x)ds = (gr*w)(t;2)  and oy (2) = u(t; ),

where u(t; z) is the solution of (3.23).
Now, we have following inverse problem:

e Let z € X be fixed. Determine a € (0,1) in (3.23) from the observation data wu(t; ) for small .
The next result gives an answer to this problem for the Riemann-Liouville fractional derivative.
Theorem 3.6. Suppose that A generates the (o, a)-resolvent family {Sa,o(t)}i>0. Let x € X. If 2* € X*
with x*(x) # 0, then

o= lim T@)
o 7 (i)

where ¥, and @, are defined in (3.24).

Proof. Let x € X, and * € X* with z*(x) # 0. As u(t;x) = Sa,a(t)z, we have by Proposition 2.2 and
Lemma 2.3 that

x x
Ut 2) = —— + At Y(ga * Sa,0) ()T = —— + A8, 24 (t)7.
By Proposition 2.2 we have
ASq at1(t) t¢

lim t'1=*AS, 2a(t)z = lim a1 (t) =0,

t—0+ ’ t—0t gZa(t) F(2oz)
where the limit is in X. Hence,

. *1l—a, 7 T *1l—a . _ SC*(JS)

(3.25) t1_1>1(1)1+ (% (x)) = tl_l)r&z (t " Yu(t;x)) = Ok

Since u(t; ) = go(t)x + A(ga * Sa.o)(t)z, integrating over [0,¢], by Lemma 2.3 and the semigroup law for
the functions gg, we have that

(g1 *u)(t;7) = gag1(t)z + A(g1 * 9o * Sa,a) ()T = gat1(t) + ASs 2041 (1)

Therefore, t=%(g1 * u)(t;x) = ﬁ + At=*Sq 20+1(t)z. By Proposition 2.2 we get
ASapata(t)  1°
lim tiaASoz 20¢+1(t)x = lim &) 2 +1( ) €T =
t—0+ ’ t=0+  gaat1(t) T(2a+1)
Hence,
(3.26) lim o (t=9(2)) = lim o (- (gy % u) () = —— L
. t—0+ ot 0+ an ’ N F(O& + 1) '

From (3.25) and (3.26) we deduce that

=" (x)

* *(1l—a, 7
i ZD) T TE@) | T
=0 (@) ot T (EG(D) | el

Remark 3.7. In the scalar case, Theorem 5.0 says that the order a is given by a = lim;_,g+ %



g A~ W N

11

12
13
14

15
16

17

18

19
20

21
22

23

24
25

26

8 RODRIGO PONCE

It is worth noting that the recovery of the precise exponent o as t — 0% in Theorems 3.4 and 3.6 can
be viewed through the Karamata-Feller-type Tauberian theorem (see [8, Sec. 1.7] and [12, XIII, Sec. 1.5]).
In fact, as the Laplace transform of the (c, 3)-resolvent family takes the form A*~8(\* — A)~! it behavior
for [\| — oo is equivalent to the time behavior of S, g(t) as t — 0%.

To provide an intuitive explanation of this idea, let us consider for simplicity the problem (3.15) assuming
A is a bounded operator. In this setting, the solution is given by u(t; z) = Sq1(t)z. By (3.17), the Laplace
transform of G(t) := u(t;x) — x takes the form G(\) = A"PANT — A)~!. Since u/(t;2) = ASa.a(t)z
by (3.21), standard properties of the Laplace transform imply that the function F(t) := tu/(t; x) satisfies
F(\) = [A(A*T — A)~!], which yields:

F(\) = aX*TANT — A)72,
Assuming further that the operator A is invertible, we obtain F(A\)G(A\)~* = aA*(A\*] — A)~! = o(] —
#)71, and (:(3nsquuently7 lim|y| 00 F(A)G(X) ™ = al. This structural link indicates that the asymptotic
behavior of F(A)G(\)™! as |\| — oo mirrors that of the ratio tu'(t;z)/(u(t;z) — x) as t — 07.This

connection provides a robust conceptual foundation for our reconstruction formulas and points toward
future generalizations involving broader classes of non-local memory kernels.

_4d
dX

4. DETERMINATION OF o« FOR SMALL TIMES. THE SUPERDIFFUSION CASE: 1 < o < 2.

In this section, we identify the order o (where 1 < a < 2) of the fractional differential equations
O%u(t) = Au(t) and Zofu(t) = Au(t), for the Caputo and Riemann-Liouville fractional derivatives.
We first consider the equation for the Caputo fractional derivative

opu(t) = Au(t), t>0
(4.27) u(0) = =z
u'(0) = w.

For each z,y € X, we denote by u(t;x,y) the solution to problem (4.27). If {Sy1(¢)}i>0 is the (o, 1)-
resolvent family generated by A, then,
ut;z,y) = Sa1 () + (91 % Sa1) )y,
see for instance [34]. By Lemma 2.3 we can write
u(t; 2, y) = Sa,1(t)x + Sa2(t)y.
Now, we define the operators ¢; : X — X and 1, : X — X, respectively, by
(4.28) pr() =ult;z,y) —z—ty  and  Py(x) =" (t2,y),

where u(t; z,y) is the solution of (4.27) for any fixed y € X.
Next, we consider the inverse problem:

e Let € X be fixed. Determine the order o € (1,2) in (4.27) from the observation data u(t;x,y)
for small ¢.

For the Caputo fractional derivative (4.27) we have the following result.

Theorem 4.8. Lety € X. Suppose that A generates the (o, 1)-resolvent family {Sq 1(t) }1>0. Let x € D(A).
If v* € X* with x*(Ax) # 0, then

o ()
(4.29) ala—1) _t1—>0+ o)

Proof. Let v € D(A) and 2* € X* with 2*(Az) # 0. As u(t;z,y) = Sa,1(t)x + Sa2(t)y, by Proposition 2.2
and Lemma 2.3 we can write

(4.30) w(t;z,y) = x + A(ga * Sa1)(t)x +ty + A(ga * Sa,2)(t)y = © + ASq at1(t)x + ty + ASq at2(t)y.
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Proposition 2.2 implies

o  ASaan(t) 1 |
lim t°ASg asr(t)z = 1 : Ar=——Au,
v arilte = I = e T D T T

and

A
lim t~“AS,, a+2(t)x — lim Sa,a+2(t) t
t—0+ ’ t—0t  Got2 (t) F(Oz + 2)

where, both limits are in X. Thus,

t]i%l+ gt (ut 2, y) — oz —ty)) = NCEN (Az),
that is,
1
. * (11— _ *
(4.31) t1_1)151+ ("% (x)) = 7“0[ n 1).1‘ (Az), ze€ D(A),ye X.

By (3.20), S}, 1(t) = ASa.q(t) and Sy, 5(t) = Sa,1(t), therefore
W (t,y) = Sy ()7 + S p()y = ASaa(t)z + San(t)y.
As a > 1, we have for any A* € p(A),
(4.32) St o)z = X800 (V)T — Saa(0)z = X2~CDAY — A) Lo =5, o1 (Vz.
Hence,
o (b, y) = 2TCAS, (Ox + 7S (Y = 12T ASq -1 () + 12T AS o (H)y.
By Proposition 2.2 we have

. - . ASya-1(t) 1 Ax
lim t*7%ASq 0 1(t)z = 1 : =
10t amile =l = G Y T Ta =)
and A4S0 (0)
t) t
1. Q,O‘A _ 1 o, =0.
Jm #70 ASaa(t)e = lim — == 5y =0
Therefore,
*(Az)
li * t2—a " t: _ xz (
t_l>I(1)’l+x ( u ( 7m7y)) F(a_ 1)7
that is,
*(Ax)
4. lim 2*(#2~ @ - L
( 33) tl)%l+x ( wt(x)) F(Oé— 1)
As D@+ 1) = a(a — 1), using (4.31) and (4.33) we get
* (42 * (42— z” (Az)
o TR S EE) | T
t—0+ :];*(@t(x)) t—0+ aj*(t—a(pt(gj)) ?Zé,fi)) .

]

Remark 4.9. We notice that, in the scalar case, the order o in Theorem 4.8 belongs to (1,2) and therefore,
if L denotes the limit in the right-hand side of (4.29), that is,

t2 " t:
L — lim U ( 7x7 y) ,
=0+ u(t; z,y) —x —ty

14++v1+4+4L
—

then

o=
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Now, we consider the problem for the Riemann-Liouville fractional derivative. If u(¢; x,y) denotes the
solution to the problem

Rogu(t) = Au(t), t>0
(4.34) (g2—a xu)(0) = =z
(92-axu)(0) =y,
and A generates the (o, a — 1)-resolvent family {Sy o—1(t)}i>0, then (by [34]), we have
(4.35) u(t; 2, y) = Saa—1(t) + (91 * Sa,a—1) ().
Moreover, by Lemma 2.3 we can write
(4.36) u(t;z,y) = Sa,a—1()x + Sa,a(t)y-

Moreover, for any fixed y € X, we define the operators ¢; : X — X and Ui X = X, respectively, by

(4.37)  @u(x) = /0 u(s;x,y)ds = (g1 * u)(t;z,y) and 1/~)t(x) = / (t — s)u(s;z,y)ds = (g2 x u)(t; z,y),

0

where u(t; z,y) is the solution of (4.34).
Next, we consider the following inverse problem:

e Let x € X be fixed. Determinate a € (1,2) in (4.34) from the observation involving u(t; z,y) for
small ¢.
The next theorem gives an answer to this problem.
Theorem 4.10. Let y € X. Suppose that A generates the (o, o — 1)-resolvent family {Su,a—1(t)}e>0. Let
x € X. If 2* € X* with *(x) # 0, then
a= lim M
120" 2 (¢ ()

bl

where ¢, and U, are defined in (4.37).

Proof. Let x € X, and z* € X* with z*(x) # 0. As u(t; z,y) = Sa.a—1(t)x + Sa,a(t)y, by Proposition 2.2,
Lemma 2.3, and the semigroup law for the functions gg, we obtain

(15 u)(tiz,y) = / u(s; , y)ds

9o (1) + A(gat1 * Sa,a—1) ()T + gar1(t)y + A(gat1 * Sa,a) ()Y
= Ga (t)x + AS@72@ (t)x + ga+1(t)y + ASa72a+1(t)y.

Hence,
ty

l—a
71_‘(0‘ n 1) -+ t ASa72a+1(t)y.

1
tl’o‘(gl xu)(t;z,y) = ——a + tlfC‘ASaQa(t)x +

')

Proposition 2.2 implies that, in X we have,

. _ . Asa 2o¢(t) e
1 tt YASy 2a(t)z = 1 —_—
Jim, 2=l = ) T@a)

and
. — . ASa 2a+1(t) ta+1
lim t'17%AS, sar1(t)y = 1 ’
Fare ety = B = TRa T 1)

We obtain lim,_,o+ 2* (1 %(g1 * u)(t; 2, y)) = ﬁx* (2), which means that

y=0.

(4.38) tlir(?+ (@ (x)) = @x*(x)



10

11
12
13

14

15
16
17
18
19

20
21

22
23
24

25

ORDER IN ABSTRACT FRACTIONAL DIFFERENTIAL SYSTEMS 11
Now, we integrate (4.36) twice to obtain, by Proposition 2.2 and Lemma 2.3, that

t
/ (t — s)u(s;z,y)ds

0
Jot+1(1)T + A(gat2 * Sa,a—1)(#)T + gat2(t)y + A(gat2 * Sa.a)(t)y

(92 * u)(t; 2, )

(4-39) = ga+1(t)x + AS@,Za-&-l(t)x + Got2 (t)y + ASa,2a+2 (t)y
Thus .
_ _ Yy _
= t; = —— tT*ASq 2041(t ———— +t7%AS, 2012(t)y.
(g2 % u)(t; 2, y) F(a+1)x+ Sa,2 +1()$+F(a—|—2)+ Sa,2a+2(t)y
As S 0
t >
lim +~*AS, sa41(t)z = i L =0
are 2eri(Br = = ) TR+ °
and o "
. _ . ASy o042t te
lim ¢t~*AS ty =1 220 =0
120+ azat2(tly = = r e Y =
(see Proposition 2.2) we conclude that
. *(1—a ] 1 * (11— . _ 1 *
(4.40) Jim 2 (7 w) = Jim o (% (g2 ) E.0) = e (@)

As +5T(a + 1) = a, the conclusion follows as in the proof of Theorem 4.8 using (4.38) and (4.40).
(]

Remark 4.11. We notice that, in the scalar case, the order a in Theorem 4.10 is given by

o= lim tGrrwtiz.y)
-0t (g2 x u)(t;2,y)

5. EXAMPLES

In this section, we show how to compute « from the known solution u(t;z) according to Theorems
3.4-4.10. First, we focus on the case where A is a self-adjoint operator, and then we give an example where
the operator in the system is not.

Ezample 5.12.

Let —A be a non-negative and self-adjoint operator on the Hilbert space X = L?(Q), where Q C R¥ is
a bounded and open set. If the operator A has a compact resolvent, then —A has a discrete spectrum and
its eigenvalues satisfy 0 < Ay < Ao < --- < A\, < --+ with limy, oo A\, = 0.

If ¢,, denotes the normalized eigenfunction associated with A,, then for all v € D(A) we have —Av =
> An(v, én) £2(0)@n- Now, consider the problem

u(t,x) = Au(t,z) t>0,
o4 )

where x € Q and uy € L%(2). Multiplying both sides of (5.41) by ¢, (x) and integrating over  we obtain
that u, (t) := (u(t,-), #n(-)) £2(0) is a solution of the scalar-valued problem

a?un(t) = _)\nun(t) t >0,
(542) { Un(O) — UO,n,
where uo, = (uo(+), ¢n(-))r2(0), for alln € N. The solution to (5.42) is given by u, () = Ea,1(—Ant®)uo,n =:
o 1(t)uo,n, where {S% 1 (t) }+>0 is the resolvent family generated by A, := —\,, (this is possible thanks to

the fact that A,, is the generator of a Cy-semigroup, see Section 2). For simplicity, we take A,, = 1 and
tuy, (t)
Un (t)—uo,n

uo,n, = 1. According to Theorem 3.4 and Remark 3.5, the plots in Figure 1 correspond to
t — 0% for different values of «.
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0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
t

FIcure 1. Plot of 0 < o < 1 close to 0.

2 Now, we consider 1 < « < 2 and the Problem (1.6) for the operator A described above. For each
3 eigenvalue A, the solution to the corresponding scalar-valued problem is given by (see (1.7))

un(t) = Ea’l(—Anta)uO’n + tEa,g(—)\nta)uLn = Sg’l(t)uo,n + S’Z’z(t)ul,n, n € N.

1+\/1+4 t2ull (t)

un (t) —ug p—tul pn

4 In the next Figure 2, we use Theorem 4.8 and Remark 4.9, to plot t — 5 close to
5 t =0 for different choices of 1 < o < 2. We use here A\,, =1 and ug,, = 1,u1,, = 2.

1.2

11

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
t

FIGURE 2. Plot of 1 < @ < 2 close to 0.

6 Now, we consider the fractional differential equations for the Riemann-Liouville fractional derivative
7 (1.8) and (1.9). We first consider 0 < o < 1. By (1.10), the solution to the corresponding Problem (1.8) is
8 given by

Un (t) =t Eq o (=AMt )tgn = SZ o (t)ugn, 1 €N.

o In Figure 3, and according to Theorem 3.6 and Remark 3.7, we plot ¢t —

10 We take different values of o and A\, = 1.
1 Now, we consider 1 < a < 2. The solution to the corresponding Problem (1.9) for its eigenvalue is

un(t) = ta72Ea,a—1(_)\nta)u0,n + tailEOc,a(_Anta)ul,n = Sg,a—l(t)uom + Sg,a(t)ula"’ n e N.

% for small values of t.
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0.9

— a=0.3
0.87 — a=0.5

0.71 — a=0.7
0.6
0.5
0.4+
0.34

0.14

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
t

FIGUure 3. Plot of 0 < o < 1 close to 0.

t(g1*un)(t)

Coa v} () for small values of t. We

In the next Figure 4, using Theorem 4.10 and Remark 4.11, we plot
take different values of o and \,, = 1.

1.9

— a=12
1.81 — a=14

s 1.54

1.41
1.3—/\
1.2
0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

t

FIGURE 4. Plot of 1 < o < 2 close to 0.

We emphasize that the spectral setting presented in these examples isolates an specific (but any) eigen-
value of a self-adjoint operator A, which reduces the abstract system to a scalar framework. While this
is highly valuable for our reconstruction formulas, these illustrations do not fully capture the complete
functional-analytic elements of the abstract operator-theoretic framework developed in Sections 3 and 4.

Ezxample 5.13.

Now, in the space X = ¢?(N), consider the weighted-shifted operator A(z1,xs,...) = (0, 7121, 272, ...),
where © = (zp)ren € X, and (7)ken is a given sequence of real numbers with |ri| < M for all k € N.
Then, A is a linear bounded operator (not self-adjoint) with ||A|| < M, and therefore, it generates an
(a, B)-resolvent family {S 5(t)}i>0 such that S, 5(A) = A*#(A\* — A)~L. Since 4 is a bounded operator,
we may choose |\| large enough such that

R B AN > 1,
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Therefore, the explicit expression to S, (t) is given by
> tan+ﬁ—1

= — A" X.
“— T(an+p) &S

o0
Sap(t)r = Z Jantp(t) A"z
n=0
Using mathematical induction, we deduce that, for each = (xx)ken, the sequence A"z = ((A™x))ren iS
given by

(5.43) (A"z); = (Frk—1Tk—2--Tk—n) Th—n, HL0<n<k-—1
' F 0, it n >k,

and therefore, for each = = (zx)ken € X,

k—1
(S5 (B)@)k = 95K+ ats(t)(AT)k+g20+5()(A%T)k+ o = Y Ganss(O)(Fh-1Tk—2.Th—n)Th—p, k EN.
n=0

On the space X, consider the fractional differential equation for the Caputo fractional derivative,

{agu(t) = Au(t) t>0,

(5.44) w(0) .

where z is a fixed element in X. Let u(t;z) = S,,1(t)x be the solution to (5.44). According to Theorem
3.4, to find « from the known solution u(¢; x), we need to compute the limit

* (tu'(t; )
t-0+ z*(u(t; ) — )’

for an x € D(A) and an z* € X* with «*(Ax) # 0.
As for any v > 1, g/ (t) = gy-1(t), observe that (with 5 = 1),

(u(t; ) — )k = gas1(t)(A2)g + goar1(t)(A%2)g + ...
and
(' (;2))k = ga(t) (A2, + g2a () (A%2)i + ..
Let 2* € /2(N). By the Riesz Representation Theorem,

z*(v) = kawk = (v,2)p2(y), ¥ € L3(N),
k=1

where z = (zx)gen is the sequence representing «*. Thus, by (5.43)

x(u(t;z) —x) = Z zip(u(t; z) — )y
k=1

=21 (Gat1()(AT)1 + g2at1(t)(A%2)1 + ...) + 22 (Gas1(t) (AT)2 + goas1(t)(A%2)2 + ...) +

= 29 (Jat+1(t)r121) + 23 (gat1(t)T222 + goat1(B)rorizs) + ...

= (F(al—l—l)zﬂlxl + ﬁzsrzxz + F(#a_‘_l)z?ﬁrﬂlxl + ) :
Similarly,
¥ (tu (7)) = at® (Zzﬁm + #237“23?2 + 2LZ37"27"1951 + ) :
Ia+1) Ia+1) I'2a+1)
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Since Ax = (rg—1ZK—1)k, the condition z*(Ax) # 0, is equivalent to

(5.45) > are_1mio # 0,

k=1
where, by definition, we take x¢o = 0. Therefore, if (5.45) holds, then
x* (tu! (t; x))
t—o+ o*(u(t;w) —x)

We observe that, if 2 = e; = (1,0,0,...), then Az = (0,71,0,...) = 71e2. Choosing x* € £?(N) represented
by z = eq, we get
x*(Azx) = (ries, e2)pm) = 1.
Thus, if r; # 0, then the condition (5.45) is easily met.
This example demonstrates that the abstract framework developed in this paper successfully identifies
the parameter a across diverse contexts, extending well beyond the classical self-adjoint setting and offering
a novel contribution to the literature.

Acknowledgements. The author thanks the reviewer for the detailed review and suggestions that im-
proved the previous version of this paper.
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