DISCRETE SUBDIFFUSION EQUATIONS WITH MEMORY.

RODRIGO PONCE

ABSTRACT. In this paper, we study a discrete subdiffusion equation with memory. Based on the back-
ward operator and the theory of fractional resolvent families, we find a discrete fractional resolvent
sequence which allows to write the solution to this discrete subdiffusion equation as a variation of
constant formula.

1. INTRODUCTION

The problem of the heat conduction in materials with memory, was firstly studied by Coleman and
Gurtin [12] and Gurtin and Pipkin [21], where the authors deduced a differential equation of first order
with memory, which can be written in the form of

t
u'(t) = Au(t) —|—/ a(t — s)Au(s)ds + f(t), t >0
0
u(0) =z,

(1.1)

where A is a closed operator (typically is the second order operator) defined in a Banach space X, the
initial condition x belongs to X, a is a locally integrable kernel known as the heat relazation function,
and f is a suitable continuous function. Typical choices of kernels a are given by a(t) = p%e‘ﬁt, where
p €R, B> 0and > 0, see for instance [49]. The existence and uniqueness of solutions to equation (1.1)
has been widely studied in the last five decades, see for instance the monographs [17, 20, 49] and the
references therein. More concretely, it is well known that if a € WH1(Ry) (for instance for u > 1) and
A is the generator of a Cp-semigroup, then the problem (1.1) has a unique solution u, see for instance
[17, Chapter VI, Section 7]. But, if a ¢ W(R,) (for instance for 0 < u < 1), then the classical theory
of Cy-semigroups does not allow to ensure the existence of such solutions. However, if A generates a
resolvent family {S%(¢)}1>0 (see [15, 52]), then there exists a unique mild solution u to (1.1) given by the
variation of constants formula

t
(1.2) u(t) = Sa(t)x—i—/ St — 5)f(s)ds, ¢ > 0.

0

— —1
Here, the Laplace transform °, of S%(t) verifies S*(\) = 1++(>\) (1++()\) - A) for all A € C such that
1-&-+(>\) € p(A). We notice that if a(t) = 0 for all ¢ > 0, (that is, the problem of the heat conduction

without memory) then S%(t) is precisely the Cy-semigroup generated by the operator A.

On the other hand, in the last two decades, fractional calculus have been used in many mathematical
models to describe a wide variety of phenomena, including problems in viscoelasticity, signal and image
processing, engineering, fractional Brownian motion, fractional stochastic differential equations, econom-
ics, epidemiology and among others. See [9, 23, 26, 29, 44, 45, 51| and the references therein. More
specifically, the subdiffusion equation
{ Ofu(t) = Au(t) + f(t), t 2 0

(1.3) ) 2 o
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where A is a closed linear operator defined in X, z € X, f is a suitable continuous function and, for
0 < a < 1, 99w denotes the Caputo fractional derivative of u of order, has been studied both in abstract
and applied settings. The mild solution to (1.3) can be written again as a variation of constant formula:

(1.4) u(t) = Sa1(t)z + /0 Se,a(t —s)f(s)ds,

where, for a, 5 > 0, S,,5(t) is the fractional resolvent family generated by A which can be defined as
Sap(t) == % fv eAtAo‘*ﬁ()\a — A)~YdA, t > 0, where, 7 is a suitable complex path where the resolvent
operator (A* — A)~! is well-defined. We notice that the function S, g(t) corresponds precisely to a
generalization of the scalar Mittag-Leffler function, which is defined by E, g(2) := Y e 2°/T(ak+ ) =
ﬁ fHa et u=P(pu® — 2)~tdu, a, B > 0,z € C, where, Ha is a Hankel path, i.e. a contour which starts
and ends at —oo and encircles the disc || < |z|"/* counterclockwise.

Several different time discretizations of integro-differential equations with memory terms of convolution
type in the form of (1.1) have been considered by many authors in the last decades. For example, the
authors in [50] take the operator A as an unbounded positive-definite self-adjoint operator with dense
domain in a Hilbert space and the operator, in [43], the authors consider A as closed linear operator
in a Banach space satisfying the resolvent estimate ||(z — A)7!|| < Ms/(1 + |z|), for z € X5 = {2z #
0,|arg(z)| < 6} U {0} for some & € (i, 7), where Ms is a positive constant, and the kernel a verifies
appropriate conditions. See also [10, 11, 14] for a different approach to the scalar case. A typical kernel
satisfying such conditions is a(t) = pe™?* with p € R and 8 > 0, see [43, Section 2]. In the case of
the kernel a defined by a(t) = t*~!/T'(«), time discretizations in Banach spaces have been studied, for
example, in [42] for 0 < a < 1 (where A verifies the same resolvent estimate above) and in [13] for
1 < a < 2 (where A is a sectorial operator). Finally, very recently, in [38] the authors study a time
discretization of (1.1) where A is assumed to be the generator of a resolvent family {S®(t)};>o for the
discrete time step 7 = 1 via the Poisson transform [35].

In addition, there is a recent and extensive literature on time discretization of fractional differential
equations in the form of (1.3). See for instance [39, 40] for a classical point of view. In [5, 6, 16,
18] the authors study scalar fractional differential equations in the form of (1.3). The authors in [27]
study discrete maximal regularity of fractional evolution equations for the Caputo and Riemann-Liouville
fractional derivatives on Banach spaces with the UM D property. In [36, 37] the authors develop a method
based on operator-valued Fourier multipliers for the well possedness of fractional difference equations in
Banach spaces. On the other hand, in [2, 24, 35] the authors study the existence of solutions to fractional
difference equations (for 0 < a < 1) in the form of

(1.5) Vo™ = Au™, neN,

with the initial condition u’ = ug € X, where ¢V®u" is an approximation of the Caputo fractional

derivative 0fu(t) (at time t = n). By using a subordination principle and a discretization via the Poisson
transform ([35]), the authors define a discrete fractional resolvent family {S,(n)}nen, generated by the
operator A, and then the authors proved that the solution to this equation can be written in terms of
the resolvent {Sy(n)}nen,- The case 1 < a < 2 has been recently studied by using similar methods in
[4]. We notice that (1.5) corresponds to a time discretization of the fractional differential equation (1.3)
given by the Poisson transformation [35] for the discrete time step size 7 = 1. Finally, in [47] the author
studies time discretization to (1.3) for a time step size 7 > 0 and finds interesting connections between
{Sa,5(t)}+>0, a discrete fractional resolvent sequence {S;" g}neNo and the solution to discrete fractional
differential equations in the form of

(1.6) oV = Au™ + ", neN,

where «V®u™ is an approximation of the Caputo fractional derivative d2u(t) (at time ¢ = 7n). More
concretely, in [47] has been proved that the solution to (1.6) under the initial condition u® = z, is given by
the variation of constant formula u" = S 17 + 7(Sa.a * f)",n € N, where, for a, 8 > 0, and n € Ny, the



DISCRETE SUBDIFFUSION EQUATIONS WITH MEMORY 3

fractional resolvent sequence {S}, 5}nen, is defined by ST, 5 := = [ pr(t)Sa,p(t)dt, and for a fixed 7 > 0,
pr(t) =7 (L) L1, (Sawa* )" = X0 Sud f7 and f7 = [° pI(t)f(t)dt

On the other hand, the subdiffusion equation with memory

t
(1.7) Ofu(t) = Au(t) +/ k(t —s)Au(s)ds+ f(t), t >0
‘ 0
u(0) =z,
where 0 < o < 1, A is a closed linear operator defined in a Banach space X, z € X and & is suitable
kernel has been studied recently in [1, 30, 31, 32] and [48]. Again, the function x(t) = e #* tF( y Where
p>0and 0 < p < 1 corresponds to a typical example of such kernels. However, to the best of our

knowledge, there is not literature on time discretization of (1.7) for 0 < o < 1.
In this paper, we study the discrete subdiffusion equation with memory

n
(1.8) cVu™ = Au" + TZ K" Au 4+ f*, m €N,
j=0
under the initial condition u® = 2. Observe that this equation corresponds to a time discretization (for
a time step size 7 > 0) of (1.7) which can be obtained by multiplying the subdiffusion equation with
memory (1.7) by pI (t), and next integrating over [0, 00) (see Section 2). Based on the theory of fractional
resolvent families for linear and closed operators and on the properties of the function pf,(t) for a time
step size 7 > 0 (known as Poisson distribution), in this paper we study the existence and representation
of the solutions to problem (1.8). More precisely, we will show that the solution to equation (1.8) can
be written as a variation of parameter formula in terms of certain discrete fractional resolvent family
similarly to the case of the equation (1.6). We notice that for « = 1, ¢ V!u" corresponds to the backward
Euler difference (u™ — u"~!)/7 and therefore the discrete equation with memory (1.8) generalizes the
integro-differential equations proposed in [38, 42, 43, 50], and if k(¢) = 0 for all ¢t > 0 and 0 < « < 1,
then (1.8) corresponds to a time discretization of the fractional subdiffusion (1.1).

The paper is structured as follows. In Section 2 we recall the definition of resolvent families and
we give some preliminaries on continuous and discrete fractional calculus. In Section 3 we study the
discrete fractional subdiffusion equation with memory (1.8). Here, by assuming that A is the generator
of a resolvent family, we prove that the equation (1.8) under the initial condition u° = x has a unique
solution, which can be written as a variation of constant formula. Finally, in Section 4, assuming that
A = oI for some g > 0 or A is a self-adjoint operator on L?() (where Q C R¥ is a bounded open set)
with compact resolvent, we give an explicit representation of solutions to (1.8).

2. RESOLVENT FAMILIES AND CONTINUOUS AND DISCRETE FRACTIONAL CALCULUS

For a given a Banach spaces (X, || - ||), the Banach space of all bounded and linear operators from X
into X is denoted by B(X). If A is a closed linear operator defined in X, then p(A) denotes the resolvent
set of A and R(\, A) = (A — A)~! is its resolvent operator, which is defined for all A € p(A).

We say that a family of operators {S(¢) }+>0 C B(X) is exponentially bounded if there exist real numbers
M > 0 and w € R such that

1S@)| < Me“t, t>0.
In this case, the Laplace transform of S(t), S(\)z := Jo° e S (t)xdt, is well defined for all ReA > w.

Given a > 0, the function g, is defined by g4(t) := %, where T'(-) denotes the Gamma function.
We note that if a, 8 > 0, then go+p = ga * g3, where (f * g) is the usual finite convolution (f * g)(t) =
fo f(t —s)g(s)ds. For a locally integrable function f : [0,00) — X, we define the Laplace transform of f,

denoted by f( ) (or L(f)(N)) as
foy) = /w e Mf(t)dt, Rel >w
0

whenever the integral is absolutely convergent for ReA > w.
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Definition 2.1. Let A be a closed and linear operator defined in a Banach space X and a € L] (R,).
We say that A is the generator of a resolvent family, if there exist M > 0, w > 0 and a strongly continuous
function S® : [0,00) — B(X) such that ||S*(t)|| < Me** for all t > 0, {H%(A) : Red > w} C p(A) and for

all z € X,

1 A -1 %)
— A = —Atga .
T a0 (1+d(/\) ) x /0 e~ S (t)xdt, Rel > w

In this case, {S*(t)}i>0 is called the resolvent family generated by A.

Now, we notice that if A is the generator of the resolvent family {S(¢)}:>0, and c(t) = 1, b(t) :=
1+ (1*a)(t), then {S%(t)}+>0 corresponds to a (b, c)-regularized family according to [34]. This implies
that if @ = 0, then {S*(¢)}1>0 is the Cy-semigroup generated by A. Moreover, it is a well-known fact
that if A generates a resolvent family {S®(t)}¢>0, then solution u to (1.1) is given by the variation of
parameters formula (1.2).

Definition 2.2. Let A be a closed and linear operator defined on a Banach space X and r € L (R ).
Given o, > 0 we say that A is the generator of an («,f)-resolvent family, if there exist w > 0
and a strongly continuous function Sf 5 : (0,00) — B(X) such that Sj 5(t) is ezponentially bounded,

{H—ATQ(A) : ReA > w} C p(4), and for all x € X,

(2.9) 7 ( a

T+a00) \1+4

In this case, {S§; 5(t)}i>0 is called the (o, B)-resolvent family generated by A.

-1 00
- A) x = / e MGE s(t)zdt, Rel > w.
(A) 0 ’

We observe that if a = 8 = 1, then a (1, 1)-resolvent family {ST;(t)}:>0 corresponds to the resolvent
family {S*(¢)}+>0 according to Definition 2.1. Moreover, a closed linear operator A generates a unique
(a, B)-resolvent family, and if ¢(t) := ga(t) + (k * go)(t) and A is the generator of an («, S)-resolvent
family {S} 5(t)}i>0 then {Sf 5(t)}i>0 is a (¢, gp)-regularized family as well (according to [34]), and then
we can prove the following result, see [34] for further details. See also [1, Definition 2.3 and Remark 2.4]
and [3, Section 4]

Proposition 2.3. If a,8 >0 and A generates an («, B)-resolvent family {S} 5(t)}i>o0, then
Sk s(t)x
(1) lim L()

t—0t  ga(t)
(2) S5 s(t)x € D(A) and Sy, 5(t)Ax = ASY;, 5(t)x for all z € D(A) and t >0
(3) For all x € D(A),

=z, for all x € X,

¢
Shs(t)r = gs(t)r + /0 c(t — s)ASy, (s)zds,

(4) fg c(t — 5)Sh 5(s)zds € D(A) and

t
Sapt)r = gs(t)x + A/o e(t — S)Sg’ﬁ(s)xds,
forall x € X,
where c(t) := go(t) + (K * ga ) (1).
For o, 8 > 0 and z € C, the Mittag-Leffler function E, s is defined by
Eap(z) =) ———

ST+ 8)
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Given o > —1, 8 € C and z € C, the Wright function W, g is defined by

o0
2J

Wes(2) =D Aiai 7 5)

=0
If 8 >0, then for all z € C and o > —1, we have (see [41]) that

1 —x
W, - —Beprtzn g ,
8(2) =5 /Hau e 1
where H, denotes the Hankel path defined as a contour that begins and ¢ = —oo — ia (a > 0), encircles
the branch cut that lies along the negative real axis, and ends up at t = —oo +4b (b > 0), see for instance
[41].

Definition 2.4. [3, Definition 3.1] For 0 < a < 1 and 8 > 0, we define the function 1o g in two variables
by
Vap(t,s) = tP7TW_, g(—st*), t>0,s€C.

By [3, Theorem 3.2] it follows that if 0 < & < 1 and B8 > 0, then v, (¢, s) > 0 for ¢,s > 0 and
2.10 e Mo s(t, s)dt = A Pe=2"s for s,\ > 0.
( B
0

Moreover, there exists an interesting connection between S*(t) and S}, 4(t). In fact, let 0 < o < 1
and £ > 0, and let s € L{ (R.) be a given kernel and assume that there exist a € L}, (Ry) and v < 0

loc

and such that a(A®) = &(\) for all Re(\) > v. Suppose that A is the generator of a resolvent family
{S(t)}t>0- Then, A is also the generator of the (o, a + €)-resolvent family {S5 ,,.(t)}¢>o defined by

Spatet)r = / Yae(t,s)S(s)zds, t>0,x€ X
0

where 9 is the Wright type function given in Definition 2.4. Moreover, if ¢ > 0, then Sj . (t)z =
(ge * S§ o) (t), for all x € X and t > 0.

In particular, if we take ¢ = 0 and € = 1 — «, then we obtain the following subordination result.
Proposition 2.5. [48] Let 0 < a < 1. Let k € LL (Ry) be a given kernel. Assume that there exist

loc

a € Ll _(Ry) and v < 0 such that a(\*) = &()\) for all Re(\) > v. Suppose that A is the generator of

loc

a resolvent family {S®(t)}i>0 such that ||S%(t)|] < Me“" for all t > 0, where M,w > 0. Then, A is the
generator of the resolvent families {S§ ,(t)}i>0 and {S5 1(t)}¢>0 which are, respectively, defined by

(2.11) Sy a(t) ::/ Ya,0(t,s)S%(s)zds, t >0,
0
and
(2.12) Spa(t)x ::/ Ya1—al(t,s)S(s)xds, t>0.
0

We notice that if x(t) = 0 for all ¢ > 0, then a kernel a satisfying the above conditions is a(t) = 0
for all t > 0. Therefore, if A is the generator of a resolvent family {S*(¢)};>0 (with a = 0), that is, A
generates a Co-semigroup {T'(¢)};+>0, then A also generates the resolvent families

Spa(t)r ::/ Ya,0(t,s)T(s)xds, and S;,(t)x ::/ Ya,1—a(t,s)T(s)zds, t >0,
0 0

These last relations are known as subordination principles, see for instance [3, 7, 8, 28].
For 0 < o < 1, the Caputo fractional derivative of order « of a function f is defined by
t

2 F (1) = (g1-0 * F)(1) = / 01t — 5)'(5)ds.
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It is well known that if « = 1, then 8} = %. For further details on fractional calculus we refer to the
reader to [41]. Moreover, an easy computation shows that g, (\) = )\% for all Re(A) > 0 and applying the
properties of the Laplace transform, we obtain

(2.13) B F(N) = A2 f(N) = A*7Lf(0)

for 0 < a < 1. Here, the power A* is uniquely defined by A := |\|*e®8(N) | with —7 < arg(\) < 7.
Now, we review some details on discrete fractional calculus. We refer the reader to [19, 47] for further
details. We denote the set of all non-negative integers by Ny and the non-negative real numbers by R(J{.
Give 7 > 0 fixed and n € Ny, we define
t\" 1
(T) !’

An easy computation shows that p7(t) > 0, p7 (t) = 7~ 1p,(t/7) where p,(t) := e~t" /n!, and

EIES

pp(t) ==e"

/ pr(t)dt =1, forall ne€N,.
0

For a bounded and locally integrable function u : Rf — X, we define the sequence (u™),, (known as
Poisson transformation, see [35]) by

u” :z/ prn(Bu(t)dt, n € Ny.
0

We observe that for 7 > 0 small enough, the function p7,(t) behaves like a delta function at ¢,, :== 7n and
then, u™ corresponds to an approximation of u at ¢,.

Given the Banach space X, F (Rar ; X) denotes the vector space of all vector-valued functions v : Rar —
X. The backward Euler operator V. : F(R{; X) — F(R{; X) is defined by

n _ ,m—1
Vo= L, n € N.
.
For m > 2, we define recursively V7" : ]-'(Rar; X) — }—(RE,";X) as
m—1 n
(2.14) Ty { VT (Vo) n>m
0, n <m,

where V1 = V. and VY is the identity operator. The operator V™ is called the backward difference
operator of order m. It is easy to see that if v € ]-"(]Ra“; X), then

1 & (m o
m,\n _ -1 J,n—7 .
(Vi)' = = ;_o:(j>( Yo", neN

Now, we define the sequence
(2.15) kX (n) == 7'/ pr(t)ga(t)dt, n € Ng,a > 0.
0

An easy computation shows that
7T (a+n) I'a+n)

k& (n) = Tl (n+ 1) :Tr(n+1)ga(T), n € Ny, a > 0.

Definition 2.6. Let 0 < o < 1. The o' —fractional sum of v € F(R; X) is defined by

(2.16) (V%)™ = Z E*(n —j)v?, neNp.
=0

Definition 2.7. Let 0 < a < 1. The Caputo fractional backward difference operator of order a of v,
VY F(Ry; X) - F(R4; X), is defined by

(cVo)" = V=) (Viy)" neN.
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As in [19, Chapter 1, Section 1.5] we define by convention Z]‘_:ko v/ =0, for all k € N.

If « = 1, then the fractional backward difference operator ¢V® is defined as the backward difference
operator V.. From [47] we have that if 0 < @ < 1 and n € N, then ¢V*Th" = V*(V!v)", and
moreover, we have the following result that relates the Caputo fractional derivative and the Caputo
difference operator.

Proposition 2.8. Let0 < a < 1. Ifu : [0,00) — X is differentiable and bounded, then fo pr(t)0fu(t)dt =
cV*u™, for alln € N.

Thus, ¢V*v", corresponds to an approximation of the Caputo fractional derivative 02u(t) at the
point t,, = nr.
Now, given a family of operators {S(t)}>0 C B(X), we define the sequence

Sty = / o ()S(t)xdt, n e Np,ze X.
0

Similarly, if ¢ : R;. — C is a continuous and bounded function, we define ¢ := [ p7,(t)c(t)dt, n € Ny,
and the discrete convolution is defined by

(cxS)" Zc" kSk  neNy.

The next result summarizes several propertles of the sequences defined above. We refer the reader to
[35] and [47] for further details.

Proposition 2.9. Let 7 > 0 be fizred. Let {S(t)} >0 C B(X) be strongly continuous and Laplace trans-
formable such that S(1/7) exists.
(1) If c: Ry — C is Laplace transformable such that ¢(1/7) exists, then

/ pr(t)(e*x S)(t)xdt = T(cx S)"x, n €Ny, foralxeX.
0

(2) If0<a <1, then
/ Py (1) (ga * S)(t)xdt = Zk“n )S%2z, neNy, foralzeX.
0

(3) If f : Ry — X is Laplace transformable such that f(1/7) exists, then
/ pr)(S * f)(t)zdt = 7(S* f)'z =7 _S"I I, neN,.
0 =
Finally, we have the following Lemma.

Lemma 2.10. Let {S(t)}i>0 C B(X) be a family of exponentially bounded linear operators such that
S(1/7) exists. If f : Ry — X, a: Ry — C, and a(1/7) and f(1/7) exist, then

Plaxsc )= [0 i,
for all n € Ny, where (axS* f)" := (ax (S* f))". Moreover, (ax(S*[f))" = ((a*xS) f)™ for all n € Ny.

Proof. Since (a*S* f)(t) = (a*(S* f))(¢) for all £ > 0, the Proposition 2.9 and the definition of discrete
convolution imply that

/Ooop;(t)(a*s*f)(t)dt m(ax (S * f) _Tza”ks* —#Zwks*f) 2(ax (S* )",

for all n € Ny. O
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3. SOLUTIONS TO A DISCRETE FRACTIONAL DIFFERENTIAL EQUATION WITH MEMORY
Now, for 0 < a < 1, we consider the equation
n
(3.17) VUt = Au" + 7Y K" AW + 7, neN,

Jj=0

0

under the initial condition u” = z. The main result in this section is the following theorem.

Theorem 3.11. Let 7 > 0 and 0 < o < 1. Let A be the generator of an («,«)-resolvent family
{S5 o (t)}e>0 exponentially bounded with ||Sqq (t)|] < Me**. Ifx € X and f is bounded, then the fractional

difference equation (3.17) under the initial condition u® = z has a unique solution given by
(3.18) =Sl +71(S5 0% )",
for alln € N, where S§ 1(t) := (g1-a * S ,)(t) and

o0
e = / o ()% (b)dt.

Proof. As in the proof of [35, Theorem 4.4] it is easy to see that S;Tx € D(A) for all n € Ny and = € X.
From Proposition 2.3 we know that

al( )x—x—i—A/O e(t —s) S,l(s)xds:x—|—A(c*Sg7l)(t)x,

for allt > 0 and z € X, where c(t) = ga(t) + (k*ga) (). Multiplying this equality by p7 () and integrating
over [0, 00) we conclude (by Proposition 2.9) that

(3.19) Sr JS—SC+TAZCJ lSalx
1=0

for all 7 > 0 and z € X. Now, for all n € N we have by definition that

eV (SE )" = VT OVL(SE @) =k (n — §)(ViSE  x),

Jj=0

and by (3.19) we get
(ViSE z) = (S” dz— Sl e AZCJ Lrta — AZCJ gty
for all j > 1. Let R(t) := (c* S} 1)(t). By Proposition 2.9 we have

J
R’ ZTZCJ Lgrit

a,l

which implies that
o AItsr [ —'RJ:f/ n(t)(g1—a * R)(t)zdt.
Z (n- JZ ah = g (= Rz =2 | o0 R0
Since c(t) = ga(t) + (K * go) and (ga * g1—a)(t) = g1(t), we have by definition of R that
(g1-a * R)(t) = (g1-a * ¢ 55 1)(t) = (91 % S5.1) () + (91 % K % 55 1) (),
and then, the Proposition 2.9 implies again that
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[ r0as ROz = [ oo ss)@sdes [ oo S0
0 0 0

> kin =S5z + Y kr(n—j)(k* S, )
j=0 j=0

Since kl(n) = 7 for all n € N, and by Proposition 2.9

(fs’*Sg’l)jx:/ p; () (K * Sg 4 .’L'dt—TZIi] lSalx
0

we conclude that
Zkl “(n—j Zc] lS'/”lx = ZS”’lx—l—TZZmJ lSa 1.
7=01=0
Since Zj_:lo v? =0 for all [ € N, we can prove similarly that
n j—1 . n—1 ) n—1 7 _
Sk T stk = S st 33w st
=0 1=0 Jj=0 Jj=01=0

Hence,

n Jj—1
V(ST )t = AZkl *(n - j Zcﬂ Sple— A k(=) IS
j=1 =0

n—1 n—1 7
= AZ lmf ZSH’JCL'+TA ZZ&J lSaleZij*ng:llx
§=0 §=0 1=0 =0 1=0
= ASyTr+TA Z n"_jSZZ{x
j=0
= ASyTx+TA(k% S5 ) "x
for all n € N and x € X. Therefore
(3.20) cVSh )" = ASy e 4+ TA(k* S5 )"
On the other hand,
cV*(Saa* ")

VOIS x )"

= SR V(S S
j=0

_ l - -« s K j_l - -« s K Jj—1
= T;JkT (n—3)(Sh o /) T;/@ (n =) (S Y

By Proposition 2.9 we deduce that

(3.21) (Sasa* f) = %(Scm «f),

and, for all ¢ > 0 and x € X we have, by Proposition 2.3, that
Sg,a(t)aﬁ = ga(t)x + A(c* Sg’a)(t).r = ga<t)x + A(goc * Sg)a)(t)x + A(ga * K * S;7a)(t)x'

Hence

(S&,a * F)(t) = (9o * F) () + A(ga * Sp 0 * F)(E) + Alga * 5% S5 o % f)(D)-
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Multiplying this equality by p}(¢) and integrating over [0, 00) we get

(Sea ¥ 1)) = (ga * [ 4 A(ga % S5 o % [ + A(ga * % S5 o % f)7.
By Proposition 2.9, Lemma 2.10 and equation (3.21), this last equality is equivalent to

J J J
TSE o *fY =D kG =D +TAY K= D(SE o+ )+ TAY k(= D(kxSE, * £
=0 =0 1=0
Hence,

n J J
CV(SEar 1Y) = 2 DK )| S O+ AN KRG = (S )
§=0 1=0

=0

J
A K~ x5+ 1)

=0

n J—1 j—1
Y )| E kG 1= O ARG L= (S )
j=1

=0 =0
j—1
FTAD RS — 1= 1)(k* S5 * f)l} .
=0

As before, we can prove that

Zk‘lo‘n ji *G=0f Z Zklo‘n jZko‘j—l—l _TZfJ
1=0

3=0 =0

J n
k=) D kG = D(Shax ) =7 Y (Skax )
=0 j

=0 =0
n Jj—1 n—1
kl a Zkg‘j*l*l SK f) = (Sg,a*f)la
j=1 j=0
n 7 n
SR =) SR G — Dkx Sk ) =TS (kxS
§j=0 1=0 §=0
and
n j—1 n—1
SR = ) SR 1= Dk ek Pl =13 (5 kS5,
j=1 1=0 j=0
Hence,

n—1

oV (Saa* ") = ilzfﬂ Zfﬂ]M[Z( 1) -

n 77,—1
+7A [Z(n* Stax )= (kxS }
=0 j=

= %f"+A(S§7a*f) +TA(k xSy ,
for all n € N. Therefore,
(3.22) cVUT(Saax f)") ="+ TASS o x )" + T2 A(k * Soax )",
for all n € N.



DISCRETE SUBDIFFUSION EQUATIONS WITH MEMORY 11

By (3.20) and (3.22) we conclude that if u" := SVx 4 7(S§ , * f)", then
V") = oV (Satz+71(SE.x)")
= ASETE 4 Ak x S5 )+ TA(SE ok )" T2A(s kS5 )
A [ng?x + (kxS 1) " +7(Shax )"+ 72 (K * Sea* f)"} + fm.

This implies that
(3.23) cVA¥u")=Au" 4+ A [’T(FL* Sa)" + 72 (K * Se.a* f)"] + fm.

Now, we notice that

PSR A =AY 6 [S5e (S Y]
=0 =0
= TA(K*S5,)"w+ 1A Z K" (S0 * f)
j=0

= TA(K* S5 ) w+ T2 AR * S5 o * )"

Replacing this last equality in (3.23) we conclude that

V") = Au" 47 3 K A
§=0
which means that u™ solves the equation (3.17). The uniqueness, follows from the uniqueness of the
resolvent family {Sf ,(¢)}+>0 generated by A. O

In the next result we use the subordination principle given in Proposition 2.5.

Theorem 3.12. Let k € Li (Ry) be a given kernel. Assume that there exist a € Ll (R;) and v <0

loc

such that a(A\*) = &(X) for all Re(X) > v. Suppose that A is the generator of a resolvent family {S®(t)}+>0
such that [|S*(t)|| < Me** for all t > 0, where M,w > 0. Then, the solution to (3.17) under the initial
condition u® = x, is given by

u" =S +7(Sqa* )"

where
(3.24) SZ?:/ / pn(O)a1-a(t,s)S(s)dsdt  and SZ:Z:/ / pr () a0(t, s)S(s)dsdt.
o Jo o Jo

Proof. By Proposition 2.5, the operator A generates the resolvent families {S ; () }¢>0 and {S} ,(t)}>0
defined, respectively, by (2.11) and (2.12). Hence,

szta= [ on@SEa0edt= [ [ Ovas a9 (s)adsdt,
0 0 0

for all n € Ny, and x € X. Analogously,

S = / / 7 (£)ha.o(t, $)S%(s)zdsdt.
0 0

Therefore, the result follows from Theorem 3.11. O

Remark 3.13. Observe that if k(t) = 0 for all t > 0, then a(t) = 0 satisfies the condition in Theorem 3.12
and therefore {S(t)}1>0 corresponds to the Cy-semigroup generated by A. Thus, by [2, Theorem 3.5] the
operator A generates a discrete a-resolvent family according to [2, Definition 3.1] which coincides with
the discrete resolvent family { S5 fnen, defined in (3.24).
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Corollary 3.14. Let k € Li (R) be a given kernel. Assume that there exist a € Li (Ry) and v <0

loc loc

such that a(A\*) = &(X) for all Re(X) > v. Suppose that A is the generator of a resolvent family {S®(t)}+>0
such that [|S%(t)|| < Me“* for allt > 0, where M,w > 0. Then, the sequences { S5} fnen, and {Sm i }nen,
can be written as

K, 1 > an pn+1 e a
Sot = e /o A A (—T> Se(r)dr
and
Srn — 1 > a(n+1)71En+1 7& Sa( )d
a,o T T+l o r a,a(n+1) T rjar,

where, for p,q,r >0, E] (2) is the generalized Mittag-Leffler function defined by

—  (r);2’
E' (2) = E —>—  2eC,
pa(?) = J'T(pj +q)
where (1); denotes the Pochhammer symbol defined by (r); := %

Proof. In fact, by Theorem 3.12 and Fubini’s theorem, we have

i / h / P (O aralt, 1) S (r)dsdt = / h / T (D a_alt r)dt S () dr.

Now, by [1, Proposition 2.1], we have

/ O banaltr)dl = / C et (t) ()t
0 0

T n!
1

o0
_ 1
S A RO R T

1 1
_ an pn+1 e}
= o r EOMerl Tr .

And, similarly,

[e'e] - ]. aln _ n ]_ o

O

Remark 3.15. By [33, Formula (3.8) in Corollay 3.3] and [33, Corollay 3.3 (b)], we notice that the Wright
type functions Yo, and Yo,1—o n Theorem 3.12 can be written, respectively as

1 [ o
Ya,0(t,s) = f/ etpcost=sp™cosal  gin(tpsinf — spsinad + 0)dp,
T Jo
form/2 <0 < and
1 o0 [e3
Ya1—alt,s) = f/ potemspt cosalm=0)=tpcost  gin (tpsin @ — sp® sina(w — 0) + a(mw — 0)) dp,
T Jo

Jor 0 € (m — 5e,7/2).

In Theorem 3.12 and Corollary 3.14, we need to assume that the operator A is the generator of a
resolvent family {S®(¢)}+>0. In the following result, which is a direct consequence of [48, Theorem 3|, we
study such conditions. We recall that a linear operator A : D(A) C X — X is said to be w-sectorial of
angle 0 if there are constants w € R, M > 0 and 0 € (7/2,7) such that p(A) DXy :={z€C:2#w:
|arg(z — w)| < 0} and [|(z — A)7Y| < M/|z — w| for all € 5y ,. If A is O-sectorial of angle 6, we write
A € Sect(0, M). These operators have been studied widely, both in abstract settings (see for instance
[22]) and for their applications in the study of linear and nonlinear integro/differential equations, see for
example [13, 28, 46, 53].
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On the other hand, a kernel b € L (R, ) is called 1-regular (of constant c) if there is a constant ¢ > 0
such that

(3.25) IAB'(A)] < ¢[b(N)], forall Re(\) >0,

where () is the derivative of b(\) with respect to A. For further details and properties on regular
kernels, we refer the reader to [49, Chapter I, Section 3].

Proposition 3.16. Let A € Sect(d, M) be a sectorial operator, k € L (Ry) and & < o < 1. Assume
that there exist a € L (Ry) and v < 0 such that a(A\*) = &(\) for all Re(\) > v. Suppose that & is a
1-regular kernel and that the constant c in (3.25) satisfies (14 £)5 < 6. Then, the problem (3.17) under
the initial condition u® = x, has a unique solution.

Proof. By [48, Theorem 3|, the operator A generates a resolvent family {S%(¢)};>0. And, by Theorem
3.12 the equation (3.17) has a unique solution, which is given by (3.18), where the sequences {S} '} }nen,
and { Sy }nen, are given in (3.24). O

4. EXAMPLES

Suppose that A = oI for some ¢ > 0, and assume that p,u > 0, v € R\ {0} and % < a < 1. Let
k(t) = fyif(;; e~ P, Assume that f is a bounded function. Since

K" /00 o (t)k(t)dt
0

< i t\" 1 !
= 'y/ e |- — e Pldt
0 7) ! T(u)

_ 7 Tn+p /°° —(L4p)t
= T+ Jy © Gt (t)lt

ol 1
- Ty —
T - (n) (14 pr)ntu’

where k¥(n) is the sequence defined in (2.15), the homogeneous discrete subdiffusion problem (3.17)
under the initial condition u® = x reads

(4.26) V™ = ou™ + ’VQZ EE(n — j) w4+ f", neN.

1
= (14 pr)n—itn

Since the Laplace transform of #(\) = ﬁ, for all A > —p, the kernel a in Theorem 3.12 satisfying
a(A*) = v/(A+ p)*, is given by (see for instance [25, Formula (11.13)])

(4.27) a(t) =yt 'E" L (—pt¥), t>0.

If 0 < p < 3, then by [48, Section 3], the operator A generates the resolvent family {S®(t)}¢>0 given by
o i gt v _

(4.28) Se(t) = Z eJ / (t —s)leelt=o)g'a —1 gt (—ps=)ds
pard il Jo Ry

and, the solution to the problem

t
o' (t) = ou(t) + Q/ a(t —s)u(s)ds + f(t), t>0,
0
u(0) = x,
is given by u(t) = S*(t)x + (S * f)(t). Moreover, we have the following result.

Proposition 4.17. Suppose that o > 0, v € R and % <a<l. If0<p< %, then the unique solution u
to the scalar Problem (4.26) under the initial condition u® = z is given by
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(4.29)
Z . / / () Va,1-alt, 5)/ (s —r)lees=y 1E’fz W(—pré)xdrdsdt
z - 0 a’ o
+7 Q ’Y pn Ya,0(t s)/ (s —r)leels— T)riflE‘l” M( pra)fidrdsdt, n €N,

Jj=

where 1&%1_@, wa,o are given in Definition 2.4.

Proof. Since A generates the resolvent family {S*(¢)}+>0, by Theorem 3.12 we conclude that the solution
0 (4.26) is given

u" = S+ T(SEax )"

= /0OO /OOO p;(t)wa,l—a(t, S)Sa(s)dedt + T]zi;/ooo /Ooo p;;_j (t)r(/)ajo(t, S)Sa(s)dsdtfj’

which can be written as (4.29) by (4.28). O

Now, let —A be a non-negative and self-adjoint operator on the Hilbert space L?(f2), where Q c RY
is a bounded open set. Assume that A has a compact resolvent. Then —A has a discrete spectrum and
the corresponding eigenvalues satisfy 0 < A\; < Ao < -+ < A\, < -+ with lim, o Ay = 00.

If ¢, denotes the normalized eigenfunction associated with A, then {¢,, : n € N} is an orthonormal
basis for L?(€), and for all v € D(A) we can write

—Av = Z An (v, dn) L2 () Pn-
k=1

Proposition 4.18. Let A be an operator as above. Suppose that £(t) = v%e"’t, where v € R\ {0}.

Assume that f(t,) € L*(Q) for allt > 0. If0 < p < & and 5 < o < 1, then the unique solution u to the
semidiscrete Problem

(4.30) cVeu™(z) = +Zm" I AW () + f™(x)

where z € 0, under the initial condition u® = ug(x) and uy € L?(Y) is given by

[o olNNe o]

(4.31) wu" = — / / Pr(t)a,1-a(t, 8)X

m=1 =0

/(S_T) A S LB (o g b () drdsdt
0

+Tm§::1j§:z 1! /0 /0 Pr(t)ao(t, s)x

=0 =0

a

fO’f’ alln € N: where fO’f' me Na Uo,m = (Uo('>7 ¢m()>L2(Q and fm( ) = <f<t7 ')a ¢m<>>L2(Q)
Proof. Consider the problem

/ (5 — r)iemls=r) ke 1E/;Z i (—pr ) [ b () drdsdt,
0

t
ofu(t,x) = Au(t, x) +/ k(t — s)Au(s,z)ds + f(t,x), t > 0,z € Q

(4.32) ;
u(0,z) = up(x), =z €.
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Multiplying both sides of (4.32) by ¢,,(z) and integrating over 2 we obtain

00U (£) = — Aty (£) — A /0 K (t = ) (s)ds + fn(t), £ > 0,

Um (0) = g m,

(4.33)

for all m € N, where the functions ., ¢, and f,, are defined by w,(t) := (u(t,-), dm(-)) L2()s Yo,m =

(uo(+), dm () L2(y, and fr,(t) := (f(t,-), dm () L2(). Multiplying (4.33) by p;&t) and integrating over
[0, 00) we get

< 1
=0

By Proposition 4.17, the solution u?, to (4.34) under the initial condition u® = wg ,, is given by (4.29),
where p is replaced by —\,,, by up ., and f by fp,.

On the other hand, an easy computation shows that x is a 1-regular kernel of a constant p and
a(A*) = &(A) for all Re( ) > —p, where a is defined in (4.27). Since 0 < p <  and A € Sec(6, 1) for all
0 € (r/2,7), we obtain (1 + pu/a)f < 6. Since u(t,x) = > 071 um(t)¢m(x), we obtain for all z € 2 that

W)= [ sttt = Z/ (O (1)t Zuwm

which can be written as (4.31).
O
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