EXISTENCE OF MILD SOLUTIONS TO NONLOCAL FRACTIONAL CAUCHY
PROBLEMS VIA COMPACTNESS.

RODRIGO PONCE

ABSTRACT. In this paper we obtain characterizations of compactness for resolvent families of operators
and as applications we study the existence of mild solutions to nonlocal Cauchy problems for frac-
tional derivatives in Banach spaces. We discuss here simultaneously the Caputo and Riemann-Liouville
fractional derivatives in the cases 0 < a <1l and 1 < o < 2.

1. INTRODUCTION

The nonlocal initial conditions were introduced to extend the classical theory of initial value prob-
lems. Nonlocal conditions describe more appropriately some natural phenomena because they consider
additional information in the initial conditions.

The existence of mild solutions to semilinear Cauchy problems with nonlocal conditions has been
studied by several authors in the last two decades. See for instance [3, 5, 7, 10] and the references cited
therein.

On the other hand, many authors have studied recently the existence of mild solutions to abstract
fractional differential equations with nonlocal conditions by using the theory of resolvent families of
operators as well as some fixed point results. See [2, 4, 6, 11, 13, 20, 21, 24, 27, 28, 29, 31, 32, 33] and
the references therein for more details.

Let A be a closed and linear operator defined on a Banach space X, ug,u; € X, T' > 0 and suppose
that f,p,q are suitable continuous functions. In what follows, we will denote by Df* and D¢, to the
Caputo and Riemann-Liouville fractional derivatives, respectively. Now, for ¢ € [0,7] we consider the
following nonlinear fractional differential equations with nonlocal conditions

(1.1) Difu(t) = Au(t) + f(t,u(t)), w(0) = p(u) + uo,

and

(1.2) Du(t) = Au(t) + f(t,u(®)), (91— * u)(0) = p(u) + uo,

in case 0 < a < 1; and

(1.3) Diu(t) = Au(t) + f(t,u(t), u(0) =p(u)+uo, u'(0)=q(u)+u,

and

(L4)  Dout) = Au(t) + F(t,u(), (g2 *u)(0) = p(u) + o, (g2 + ) (0) = q(u) +us,

incase 1 <a<2.
By using the Laplace transform it is easy to see that the mild solution to problems (1.1)—(1.4) are
respectively given by

(1.5) u(t) = Sa1(t)(uo+ p(u)) —|—/0 Sa,a(t —s)f(s,u(s))ds,

2010 Mathematics Subject Classification. 34A08; 45N05; 47D06; 34K30.

Key words and phrases. fractional differential equations; mild solutions; nonlocal conditions; compactness; fractional
resolvent family.

This research was partially supported by FONDECYT Grant #11130619.

1



2 RODRIGO PONCE

(1.6) u(t) = Sa,a(t)(uo + ( / Sa,a(t —s)f(s,u(s))ds,

in case 0 < a < 1; and

(L7) ult) = Saa(t)(uo+p(w) + Saa(t)(ur +olu / Sualt = 5)f (5, u(s))ds,
and

(18)  ult) = Suact(t)(uo + p(u) + Saa(t)(ur +qlu / Suvat — )f(s,uls))ds,

in case 1 < o < 2. Here, for a, 8 > 0, {Sq,5(t) }i>0 is the resolvent family generated by A (see definition
below, Section 2).

The existence of mild solutions to problems (1.1)-(1.4) has been studied by many authors in the
last years. For example, in case 0 < a < 1 we refer to the reader to [11, 13, 32, 33] (for the Caputo
fractional derivative) and to [20] (for the Riemann-Liouville fractional derivative), that is, the problems
(1.1) and (1.2), respectively. On the other hand, in case 1 < a < 2, the existence of mild solutions to
the Caputo fractional Cauchy problems with nonlocal conditions (1.3) has been considered in [15, 24],
and the references therein, and to the best of our knowledge, the nonlocal Riemann-Liouville fractional
Cauchy problem (1.4) has not been addressed in the existing literature.

A common assumption in many of the above mentioned papers to obtain the existence of mild solutions
to problems (1.1)—(1.4) is that A generates a compact analytic semigroup {T'(t)};>0, or A generates a
compact fractional resolvent family {Sq 1(t)}i>0, (see the definition below) because the compactness of
{T'(t) }+>0 (or {Sa1(t)}e>0) allows to apply, for example, the Krasnoselskii fixed point theorem.

According to the variation of constants formulas (1.5)—(1.8) we observe that if we have a compactness
criteria of S, (t) (for suitable o and 8) we will be able to apply some fixed point techniques to obtain
the existence of mild solutions to problems (1.1)—(1.4). For example, to prove the existence of mild
solutions to problem (1.3) the authors in [24, Theorem 1.2] assume that the operators Sy 1(t), Sa,2(t) and
Sa,a(t) generated by A are compact for all t > 0. However, there are not completely clear conditions on A
implying the compactness of Sq 1(t), Sa,2(t) and Sq «(t) for all ¢ > 0, because there is not a compactness
criteria for S, g(t), when «, 8 > 0. Therefore, we notice that the compactness of S, 5(t) gives a powerful
tool to obtain existence of mild solutions to problems (1.1)—(1.4).

The compactness of S, g(t) it is well known in some special cases. For example, if « = 8 = 1, then
S1,1(t) is compact for all ¢ > 0 if and only if Sy ;(¢) is norm continuos and (A — A)~! is compact for
all A € p(A), because {S1,1(t)}+>0 corresponds to a Cy-semigroup. See [22, Theorem 3.3, Chapter 2]. If
a = =2, then Sy 5(t) is compact for all ¢ > 0 if and only if (A\* — A)~! is compact A € p(A), because
{S2,2(t) }+>0 is the sine family generated by A, see [25]. In case 0 < o < 1, the compactness of S, 1(¢) has
been studied by using subordination methods, that is, the operator A is supposed to be a generator of a
compact semigroup, see [23]. On the other hand, if A is an almost sectorial operator and the resolvent
(A* — A)~! is a compact for all A € p(A), then S, 1(t) is compact for all ¢ > 0, (see [26]), and very
recently, was proved that if S, 1(¢) is norm continuous, then S, 1(¢) compact for all ¢ > 0 if and only
if (A\* — A)~1 is compact for all A € p(A). See [9, 18]. Finally, in case 1 < a < 2 the characterization
of compactness asserts that S, o(t) is compact for all ¢ > 0 if and only if (\* — A)~! is compact for all
A € p(A), see [18, Theorem 3.5].

In this paper, we study the existence of mild solution to the nonlocal fractional Cauchy problems (1.1)—
(1.4). Our approach relies on the compactness of resolvent family {S, 5(t)}+>0 for suitable o, 8 > 0, as
well as some fixed point techniques. We remark that we study simultaneously the nonlocal fractional
Cauchy problem for the Caputo and Riemann-Liouville fractional derivatives.

The paper is organized as follows. The Section 2 gives the Preliminaries. Section 3 is devoted to the
norm continuity and compactness of S, () for t > 0. Here, we give characterizations of the compactness
of S, g(t) for t > for suitable o, 5 > 0. In Section 4 we study nonlocal fractional Cauchy problems for
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the Caputo fractional derivative. We give some results on the existence of mild solutions to Problems
(1.1) and (1.3). The Section 5 treats nonlocal fractional Cauchy problems for the Riemann-Liouville
fractional derivative. Here, we study the existence of mild solutions to Problems (1.2) and (1.4). Finally,
the Section 6 is devoted to some applications.

2. PRELIMINARIES

Let (X,| - ||) be a Banach space. We denote by B(X) the space of all bounded linear operators
from X into X. If A is a closed linear operator on X we denote by p(A) the resolvent set of A and
R(X\, A) = (A — A)~! the resolvent operator of A defined for all A € p(A).

We recall that a strongly continuous family {S(¢)}:>0 C B(X) is said to be of type (M,w) or is
ezponentially bounded, if there exist two constants M > 0 and w € R such that ||S(¢)|| < Me™* for all
t>0.

Now, we review some results on fractional calculus. For p > 0, define

tht
t>0
t) = IN(ON
gu() { 0, t<0,

where T'(+) is the Gamma function. We define gy = dp, the Dirac delta. For p > 0, n = [] denotes the
smallest integer n greater than or equal to p. As usual, the finite convolution of f and g is defined by

(f % 9)(t) = [ f(t — 5)g(s)ds.

Definition 2.1. Let a > 0. The a-order Riemann-Liouville fractional integral of u is defined by
t
J%u(t) := / Jo(t — s)u(s)ds, t>0.
0

Also, we define J%u(t) = u(t). Because of the convolution properties, the integral operators {J*},>0
satisfy the semigroup law: J®J# = J**+# for all o, 5 > 0.

Definition 2.2. Let a > 0. The a-order Caputo fractional derivative is defined

Ditu(t) ::/ Gn—a(t — s)u'™(s)ds,

0
where n = [a].

Definition 2.3. Let a > 0. The a-order Riemann-Liouville fractional derivative of u is defined

n t
D%u(t) := cclit"/o In—al(t — s)u(s)ds,

where n = [a].
We notice that if « =m € N, then D]® = D" = j;.
Throughout this paper we use the notation Df* and D to the a-fractional derivative of Caputo and
Riemann-Liouville, respectively.

Ezxample 2.4. If a, 8 > 0, then
N gagB _ _T(B+D) La+p
i) " = F(a(+ﬂ+§)t :
.s a _ _I'(g+1 —a _ Do
iii) Dgert = p?t2~%e1 3_q(pt).

We observe that the Riemann-Liouville derivative operator D® is a left inverse operator of J¢ but not
a right inverse, that is,

DeJ%u(t) = u(t),
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and

n—1

(JEDYu(t) = u(t) = > (gn-a * w)* (0)gas14k-n(t),
k=0

n = [a]. On the other hand, the Caputo derivative operator Dy satisfies
Dy J%u(t) = u(t),

and

n—1

(J*Dyu(t) = u(t) = Y u™ (0)grs (1).
k=0

If we denote by f (or L(f)) to the Laplace transform of f, we have the following properties for the
fractional derivatives

n—1
(2.1) Dou(N) = A%0(A) = > (gn—a *u) P (0)A"1F
k=0
and
- n—1
(2.2) Dgu(X) = X*a(A) = Y u® (o) 17k,
k=0
where n = [a] and A € C. For , 8 > 0 and z € C, the generalized Mittag-Leffler function is defined by
o0 k
z
eap(z) = _
8(2) ];O T(ak + f)
The Laplace transform £ of the Mittag-Leffler function satisfies
L0 e p(p")N) = S5 0 € CoRed > ],

Definition 2.5. Let A be closed linear operator with domain D(A), defined on a Banach space X, and
a, B > 0. We say that A is the generator of an («, B)-resolvent family, if there exist w > 0 and a strongly
continuous function Sy g : [0,00) = B(X) such that {S,,5(t)} is exponentially bounded, {\* : ReA > w} C
p(A), and for all v € X,

AN —A) T = / e S, p(t)xdt, Rel > w.
0

In this case, {Sq,p(t) }1>0 is called the (o, B)-resolvent family generated by A.

We notice that the Definition 2.5 corresponds to the concept of (a, k)-regularized families introduced
in [16]. In fact, if a = g, and b = g then the function ¢ — S, g(t), is a (ga, gg)-regularized family.
Moreover, the function S, g(t) satisfies the following functional equation (see [14, 19]):

Sa,,B(S)(ga * Sa,,@)(t) - (goc * Sa,ﬂ)(s)sa,ﬂ(s) = 96(3)(9a * Sa,B)(t) - gﬂ(t)(ga * Sa,ﬂ)(s)v
for all ¢, s > 0. On the other hand, if an operator A with domain D(A) is the infinitesimal generator of
the (a, B)-resolvent family S, 5(t), then for all x € D(A) we have

Sap(t)r — gp(t)x

t—0+ Ja+p (t) '
For example, the case S71(t) corresponds to a Cy-semigroup, Sa1(t) is a cosine family, whereas S 2(t)
is a sine family. Finally, if § = 1, then S, 1(¢) is the a-resolvent family (also called the a-times resolvent
family) for fractional differential equations. We notice that in the scalar case, that is, when A = pI,
where p € C and I denotes the identity operator, then by the uniqueness of the Laplace transform
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Sa.5(t) corresponds to the function t°~te, 5(pt®). Finally, let 0 < a < 1 and 3 > . Define {S, 5(t)}+>0
by

S (t)f(s) == / (5 — Mg palt,r)dr,

where s € Ry, f € L'(R,) and the function ¢, (¢, 7) is defined by

(2.3) ap(t,r) =" W y(—=rt7%), a>0,b>0,
where W_,5(2) == >0°, W;Lwrb) (2 € C) denotes the Wright function. Then, {S, g(t)}i>0 is an

(v, B)-resolvent family on the Banach space X = L!'(R,) generated by A = —%. See [1, Example 11].
The proof of the next result follows as in [14, 16].

Proposition 2.6. Let o, 3 > 0 and let {Sq g(t) }i>0 C B(X) be an (a, B)-resolvent family generated by
A. Then the following holds:

(1) Sap(t)r € D(A) and S, g(t)Ax = AS, g(t)z for all x € D(A) and t > 0.
(2) If x € D(A) and t > 0, then

(2.4) Sa,p(t)r = gs(t)x +/0 ga(t — 8)ASq g(s)xds.

(3) Ifz € X andt >0, then fg ga(t — 8)Sa,p(s)xds € D(A), and

Sa,p(t)r = gs(t)r + A/o Jo(t — $)Sa,p(s)xds.

In particular, Sq,g(0) = g3(0)1.
Finally, we recall the following results.

Theorem 2.7 (Mazur Theorem). If K is a compact subset of a Banach space X, then its convex closure
conv(K) is compact.

Theorem 2.8 (Krasnoselskii Theorem). Let C' be a closed conver and nonempty subset of a Banach
space X. Let Q1 and Q2 be two operators such that
i) If u,v € C, then Qru+ Qv € C.
i) Q1 is a mapping contraction.
iil) Q2 is compact and continuous.

Then, there exists z € C' such that z = Q12 + Q2z.
Theorem 2.9 (Schauder’s fixed point Theorem). Let C' be a nonempty, closed, bounded and convex

subset of a Banach space X. Suppose that I' : C — C' is a compact operator. Then I' has at least a fixed
point in C.

Theorem 2.10 (Leray-Schauder Alternative Theorem). Let C' be a convex subset of a Banach space X.
Suppose that 0 € C. If T' : C'— C is a completely continuous map, then either I' has a fized point, or the
set {x € C:x = A'(x),0 <\ <1} is unbounded.

3. CONTINUITY AND COMPACTNESS OF S, g(t).

In this section we study, for all ¢ > 0, the norm continuity (continuity in B(X)) and the compactness
of Sq,5(t) for given «, 8 > 0.

Proposition 3.11. Let a > 0 and 1 < 8 < 2. Suppose that {Sa s(t) }i>0 is the (o, B)-resolvent family of
type (M,w) generated by A. Then the function t — S, g(t) is continuous in B(X) for all t > 0.
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Proof. Let 1 < 8 < 2. Observe that for all ReA > 0,

1

= 51 ATHAY — A) 7t = L(gp—1 * Sa1) (V).

L(Sap)(N) = AP -4~

We conclude by the uniqueness of the Laplace transform that S, g(t) = (gs—1 * Sa,1)(t), for all ¢ > 0.
Take 0 < ty < t1. Then

Sap(t1) = Sapsto) = (981 % Sa,1)(t1) — (gs—1* Sa,1)(to)
_ / " gs1(ty — 1) Sua (r)dr + / g5 (tr = 1) — g51(to — )] S (r)dlr
to 0
=: Il + IQ.

Since 8 > 1, we have g3(0) = 0 and we obtain

t1

t1
L] < / gp—1(tr = P)|Saa()lldr <M [ gg_1(ty —r)e“ dr = Me*" gg(t1 — to),
to tO

and therefore ||I1|| — 0 as t; — ¢o.
On the other hand,

112l

IN

to
[ -1t = 1) = gamalto = ) (r)
0

IA

to
Mevt /0 lgs—1(t1 —r) — gg—1(to — r)|dr

to
= Me*t /0 lgs—1(t1 —to +7) — gg—1(r)|dr.

Since 1 < 8 < 2 we obtain that the function r +— gg_1(r) is decreasing in [0, 0co) and therefore gg_1(r) —
gp—1(t1 —to + 1) > 0, for all » > 0, obtaining

to
Il < Me" /0 [95-1(r) = gp—1(t1 — to +7)]dr = Me*"[gs(to) — ga(t1) + gs(ts — to)].

Therefore, || I2]] = 0 as t1 — to. We conclude that S, g(t) is norm continuous, for 1 < 8 < 2.
On the other hand, if § = 2, then by the uniqueness of the Laplace transform, we obtain that

t
Sa2(t)x = (91 % Sa,1)(t)x = / Se1(r)zdr,
0
for all € X. Take 0 < tg < t;. Then

t1
[Sa2(t1)x — Sa2(to)z| < / [Sax(r)zlldr < Me*™ |[z]|(t — to),

to

for all z € X. Therefore ||Sa,2(t1) — Sa.2(to)| — 0 as t1 — to. O

Lemma 3.12. Suppose that A generates an (o, §)-resolvent family {Sa g(t) >0 of type (M, w). If v >0,

then A generates an («, 8+ 7y)-resolvent family of type (w—]\f,w .

Proof. By hypothesis we get for all ¢ > 0,

t t
g+ SapdOl < M [ gt = s)erds < Met [, (g)eds

Mev?
wY

< Me“’t/ g(8)e™ % ds =
0
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Therefore (g, * Sa,g)(t) is Laplace transformable and for all A > w, we have

1
L(gy * Sa,p)(A) = )\7/\”6()\“ — AT = AT = A) T = L(Sa ) (V)
We conclude that A generates an («, 8 + v)-resolvent family of type (w—%, w) . O

Definition 3.13. We say that the resolvent family {Sq g(t) >0 C B(X) is compact if for every t > 0,
the operator Sy p(t) is a compact operator.

In what follows, we will assume that {S,, g(t)}¢>0 is strongly continuous for all «, 8 > 0.

Theorem 3.14. Let a« > 0, 1 < 8 < 2 and {S4 5(t) }i>0 be an (o, B)-resolvent family of type (M,w)
generated by A. Then the following assertions are equivalent

1) Sa,5(t) is a compact operator for all t > 0.

i) (u— A)~' is a compact operator for all p > w'/*.

Proof. (i) = (ii) Suppose that the resolvent family {S, g(t)}¢>0 is compact. Let A > w be fixed. Then
we have

AT — A)71 :/ e S, p(t)dt,
0
where the integral in the right-hand side exists in the Bochner sense, because {S, s(t)}+>0 is continuous
in the uniform operator topology (by Proposition 3.11) we conclude that (A*— A)~! is a compact operator
by [30, Corollary 2.3].
(ii) = (i) Let t > 0 be fixed. Assume that 1 < 3 < 2. Since 8 > 1, it follows that gs_1 € L} [0,00)
and therefore, by [12, Proposition 2.1] we obtain

w+iN P
e / eM(gp—1 % Sa1)(N)dA = (g1 * Sa,1)(t) = Sa5(t),
w—iN

in B(X). Therefore,
1
— / MNTRNY — A) TN = S, 6(t), t>0,
r

27

where T' is the path consisting of the vertical line {w + is : s € R}. By hypothesis and [30, Corollary 2.3],
we conclude that S, 5(t) is compact for all & > 0 and 1 < 3 < 2. Now, we take § = 2. Observe that in
B(X) we have

1 w+iN o
lim L / (g1 % St ) (NN = (g1 % Sat)(t) = Saa(t),

N—oo 27T'L w—iN
by [12, Proposition 2.1], and as in case 1 < § < 2 we conclude that S, 2(t) is compact for all t > 0. O
By Theorem 3.14 we have the following Corollary.
Corollary 3.15. Let 1 < a <2 and {Sa,o(t)}i>0 be an (o, a)-resolvent family of type (M,w) generated
by A. Then the following assertions are equivalent
i) Sa.a(t) is a compact operator for all t > 0.
i) (u— A)~' is a compact operator for all p > w'/«.

Proposition 3.16. Let 1 < o < 2, and {S4 1(t) }1>0 be the (o, 1)-resolvent family of type (M, w) generated
by A. Suppose that Sy 1(t) is continuous in the uniform operator topology for allt > 0. Then the following
assertions are equivalent

1) Sa,1(t) is @ compact operator for all t > 0.

i) (u— A)~' is a compact operator for all p > w'/®.
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Proof. (i) = (ii) Suppose that that the resolvent family {Sq 1(t)}i>0 is compact. Let A > w be fixed.
Then we have

A — 4! :/ e NS, (t)dt,
0

where the integral in the right-hand side exists in the Bochner sense, because {Sy.1(¢) }+>0 is continuous in
the uniform operator topology, by hypothesis. Then, by [30, Corollary 2.3] we conclude that (A% — A)~!
is a compact operator.

(i) = (i) Let t > 0 be fixed. Since 1 < a < 2, it follows that go_ € L{, [0, 00) and therefore, by [12,
Proposition 2.1] we obtain

) 1 w4iN P
Jim o [ S YA = (20 S )0 = S0
in B(X). Therefore,
1

Atya—1/ya -1
— AL — A) LA = S, (1), ¢ >0,
27m’/F€ ( ) a(t)

where T' is the path consisting of the vertical line {w + is : s € R}. By hypothesis and [30, Corollary 2.3],
we conclude that S, 1(¢) is compact. O

Proposition 3.17. Let 3 < a <2, and {Sa,a—1(t)}1>0 be the (o, o — 1)-resolvent family of type (M, w)
generated by A. Suppose that S o—1(t) is continuous in the uniform operator topology for allt > 0. Then
the following assertions are equivalent

1) Sa.a—1(t) is a compact operator for all t > 0.

ii) (u— A)~! is a compact operator for all p > w'/<.

Proof. (i) = (i) It follows as in the proof of Proposition 3.16
(i1) = (i) Let t > 0 be fixed. Since o > 3/2, it follows that g,_s € Li _[0,00) and therefore, by [12,

loc
Proposition 2.1] we obtain

1 w+iN —
lim 7/ M (Gag * S0, 1)NAA = (g3 * g 1)(t) = Saa-1(1),
N—oo 27t J 4N ’ -’ 2 : |
in B(X). Therefore,
1
7/ eAt)\afl()\a — A)71d>\ = Sa,a—l(t)’
r

211

where T is the path consisting of the vertical line {w +is : s € R}. By hypothesis and [30, Corollary 2.3],
we conclude that S, o—1(t) is compact. O

The proof of the next result follows similarly to Proposition 3.16, because for 1/2 < a < 1 we have

) 1 w+IiN e P
Jim o [ M B )N = (a0 )0) = St

in B(X) and ¢ > 0 by [12, Proposition 2.1].
Proposition 3.18. Let 1/2 < o < 1, and {Sqa,a(t)}i>0 be the (o, a)-resolvent family of type (M,w)

generated by A. Suppose that Sa q(t) is continuous in the uniform operator topology for allt > 0. Then,
the following assertions are equivalent

1) Sa.a(t) is a compact operator for all t > 0.
i) (u— A)~' is a compact operator for all p > w'/«.
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Remark 3.19. Let eg > 0 be fized. If g < a < 1, then by [12, Proposition 2.1] we have

w+iN o
lim L/ N eAt(gafso * Sa,e) (N)AA = (Ga—co * Sa,ee)(t) = Sa,alt),
in B(X). Therefore, as is Proposition 3.18, if a > &g, where €9 > 0, A generates the (o, a)-resolvent
family {Sa.o(t) >0 of type (M,w) and Su.o(t) is norm continuous for all t > 0, then Su.q(t) is a
compact operator for all t > 0 if and only if (\* — A)~1 is a compact operator for all X\ > W'/ The same
conclusion holds if g < a < 2, where g9 > 1 is fized and {Sq,a—1(t) }1>0 is the (o, o — 1)-resolvent family
of type (M,w) generated by A, which is norm continuous for all t > 0.

4. NON-LOCAL FRACTIONAL CAUCHY PROBLEMS. THE CAPUTO CASE.

In this section we consider the non-local problem for the Caputo fractional derivative

Dgu(t) = Au(t)+ f(t,u(t)), tel:=I[0,T]
(4.5) w(0) +p(u) = wug
(0) +alw) =

ug,ur € X, 1 <a <2, T>0and A is a closed linear operator defined on X which generates the («, 1)-
resolvent family {Sq 1(¢)}+>0. The nonlinear function f : [0,7] x X — X is continuous and the nonlocal
conditions p,q : C(I,X) — C(I, X) are also continuous functions. We recall also that the derivative Dg
denotes the Caputo fractional derivative.

The mild solution to problem (4.5) is given by

ut) = Saa(t)(uo —p(u)) + Sa2(t)(ur — q(u)) +/O Sea(t =) f(s,u(s))ds, ¢ €[0,T].

By the uniqueness of the Laplace transform, it is easy to see that the mild solution to the fractional
non-local Problem (4.5) can be written as

(4.6)  u(t) = Saa(t)(uo —p(w)) + (g1 * Sa1)(t)(ur — q(u)) +/0 (Ga—1 % Sa,1)(t = 5)f (s, u(s))ds,

for all ¢ € [0, T).
We assume the following

e H1. The function f satisfies the Carathéodory condition, that is f(-,u) is strongly measurable
for each v € X and f(¢,-) is continuous for each t € I :=[0,T].
e H2. There exists a continuous function p : I — Ry such that

[fEw) < p@®)ull, Vtel, ueC(,X).
e H3. The functions p,q : C(I,X) — C(I, X) are continuous and there exist L,, L, > 0 such that
Ip(u) = p()I| < Lpllu=vll, lla(u) = q@)|| < Lgllu — vl|, Vu,v € C(I, X).
We have the following existence results.

Theorem 4.20. Let 1 < o < 2. Let A be the generator of an («, 1)-resolvent family {Sa.1(t)}i>0 of type
(M,w). Suppose that (A\*—A)~" is compact for all X > w'/*. [ Me T |pllooT < 1 and (Me*TL, + MeT L) <

wo—1

1, then, under assumptions HI1-H3, the Problem (4.5) has at least one mild solution.

Proof. Let B, :={u e C(I,X) : ||u|]| <r}, where

Me“T (Jfuoll + [lp(u)])) + & e (lurll + lla(w)])
1 — Al

wa—1




10 RODRIGO PONCE
On B, we define the operators I'y,I's by
M) (t) = Saa(®)uo — p(u)] + (g1 * Sa,1) () (w1 — q(u)) ¢ €[0,T]

(o)1) : = / (Go1 % Sa1)(t — 5) f(5,u(s))ds, ¢ € [0,T],

and u € B,.. We shall prove that I := I'y +T'5 has at least one fixed point by the Krasnoselskii fixed point
theorem. We will consider several steps in the proof.
Step 1. We will see that if u,v € B, then I'yu + I'sv € B,.. In fact, by Lemma 3.12 we have

[(Tyu)(t) + (T20) ()] <

< San1 @ lluo = p(w)ll + (g1 * Sa )] [ur = g(u)]| +

/0 1(ga—1 % Sa1)(E = 8)|| 1/ (s,v(s))llds

< Me(luoll + lp(w)l) + e (| + () +
[ Wgacs + S = 9l v(5) s
< M (ol + @)D + Ze T (unl + ol + oy [0 (o) (o) s

w M w Mrewt ‘ —ws
< Me T(IIUoII+Hp(u)II)+U€ Tl [l + llg()]) + o1 /Oe pu(s)ds

w M Mre“T
< M (Jluoll + o)) + —-e“" (luall + lla() ) + == llulloT = 7.

Hence I'yu + I'sv € B, for all u,v € B,.
Step 2. I'; is a contraction on B,. In fact, if u,v € B,., then

ITru(®) =Tro@)] < [[Saa @] lp(w) = p)]| + [1(91 * Sa1) (@) lg(u) = g(v)]|

M
Me Lp|lu — o] + —e* Lyflu = o]

A

IN

IN

M
(Me“’TLp + we“’TLq) [l — vl

Since (Me“TL, + Me“TL,) < 1, we conclude that I'; is a contraction.

Step 3. I's is completely continuous.

Firstly, we prove that I's is a continuous operator on B,.. Let u,,u € B, such that u,, = u in B,. By
Lemma 3.12 we get

[Taun(t) — Tau(t)]| < /0 [(ga—1 % Sa1)(E = )£ (5, un(s)) = f(s,uls))lds

< T [ e o) = fsuls) s
ewT t

< T [ )]+ (o) s
rMe*T [t

< MM / (s)ds.
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We notice that the function s — pu(s) is integrable on I. By the Lebesgue’s Dominated Convergence
Theorem, fot Il f(s,un(s)) — f(s,u(s))||ds — 0 as n — oco. Since u,, — u we obtain that I'y is continuous
in B,.

Now, we will prove that {T'su : u € B,} is relatively compact. By the Ascoli-Arzela theorem we
need to show that the family {['su : v € B} is uniformly bounded and equicontinuous, and the set
{Tau(t) : u € B,} is relatively compact in X for each t € [0,T]. In fact, for each v € B, we have (as in
Step 3) that |Taul < 240 u]|o and therefore {T'yu: u € B,} is uniformly bounded.

we

In order to prove the equicontinuity, let v € B,., and take 0 < t5 < t; <T. Observe that

[Tau(ty) = Tau(ta)[| - < / 1 1(ga—1 % Sa1)(t1 = ) f (s, u(s))|ds

ta

T / 1 (Gt * Sacn) (b1 — ) — (g1 % S )(t2 — 5)) F(s. u(s)) s
= Il +IQ

Observe that for I1, by Lemma 3.12 we have

MeUJT t _ws M,rewT
e [ et lds < S et~ ),
ta

Il < wafl

and therefore limy, _,;, I; = 0. For Iy we have

L < / (Gt * San) (t — 8) — (Goer * S ) (t2 — )£ (5. u(s)) s

IN

/O ()G * Sat) (11 — ) = (gas * Stz — )] u(s) s

IN

r / ()1 (G * 1) (tr — 8) — (g * St ) (b2 — 5)][ds.

Observe that

wT

B (ot * St ) (B2 — ) — (g * Sat)(t2 — )| < 2o () € ML R),

we

and by Lemma 3.12, (go—1 * Sa,1)(t) = Sa,«(t) for all t > 0. Moreover, by Proposition 3.11 we have that
Sa,o(t) is norm continuous and therefore if t1 — t2, then (ga—1 % Sa,1)(t1 — ) — (ga—1 *Sa,1)(t2 —s) = 0
in B(X). We obtain by the Lebesgue’s dominated convergence theorem that limy, ¢, Iz = 0. Therefore,
{T'2u : u € B,} is an equicontinuous family.

Finally, we prove that H(t) := {Tou(t) : w € B,} is relatively compact in X for each t € [0,T].
Obviously, H(0) is relatively compact in X. Now, we take ¢ > 0. For 0 < £ < ¢ we define on B, the
operator

(C5u)(): = / Gt * St )(t — 5) (s, u(s))ds.

The hypotheses implies the compactness of (go—1 * Sa.1)(t) = Sa,o(t) for all £ > 0 (by Lemma 3.12 and
by Theorem 3.14) and therefore the set Ko := {(ga—1 * Sa,1)(t — s)f(s,u(s)): v € B,,0<s<t—¢}is
compact for all € > 0. Then conv(K.) is also a compact set by Theorem 2.7. By using the Mean-Value
Theorem for the Bochner integrals (see [8, Corollary 8, p. 48]), we obtain that

(T5u)(t) € teonv(K,), for all ¢ € [0,T).



12 RODRIGO PONCE

Therefore, the set H(t) := {(T5u)(t) : v € B,} is relatively compact in X for all € > 0. Now, observe
that

020 = 5001 < [ Wgam = Sua)e = )5 uts))lds
< M [ e

Since the function s — e~“*pu(s) belongs to L([t — ¢,t],Ry) we conclude by the Lebesgue dominated
convergence Theorem that

timn [(Tyu)(t) — (T5u) ()] = 0.

Therefore the set {I'2u(t) : u € B, } is relatively compact in X for each ¢ € (0,7]. By the Ascoli-Arzela
theorem, the set {I'yu : u € B,} is relatively compact. We conclude that I'y is a completely continuous
operator. Hence, by the Krasnoselskii Theorem 2.8 we have that I' = I'y 4+ I's has a fixed point on
B,., which means that the nonlocal problem (4.5) has a mild solution and the proof of the Theorem is
finished. |

The proof of the following result uses the Schauder fixed point theorem. We notice that here we will
assume that S, 1(f) is continuous in the uniform operator topology for all ¢ > 0. Moreover, we have a
weaker condition on the parameters M,w and T.

Theorem 4.21. Let 1 < a < 2. Let A be the generator of an (o, 1)-resolvent family {Sa1(t)}i>0 of
type (M,w). Suppose that (A\* — A)~1 is compact for all X > w'/®, Sa1(t) is continuous in the uniform
operator topology for all t > 0, and Me“T ||u||ooT < 1. Then, under assumptions HI1-HS3, the Problem
(4.5) has at least one mild solution.

Proof. We define the operator I' : C'(I, X) — C(I, X) by
Tu)(t): = Saa(t)[uo = pw)] + (g1 * Sa1) () (w1 — q(u))
b [ o e St 9 F(su)ds, 1e 1= 0.7
0

Choose
_ Me“T(|Juoll + Ip(w)l]) + LT (Jlu || + llg(w)])

1 - T '

wo—1
Let B, :={u € C(I,X) : ||u|| < r}. We shall prove that I' : B, — B, has at least one fixed point by the
Schauder fixed point theorem. As in the proof of Theorem 4.20 it is easy to see that I' sends B, into B,.,
and I' : B, — B, is a continuous operator.
We claim that {T'u : v € B, } is relatively compact.
Indeed, as in the proof of Theorem 4.20 it is easy to see that {T'u : w € B,.} is uniformly bounded. On
the other hand, to see the equicontinuity, let u € B,., and take t1,t; € I with 0 <ty < t; <T. We have

[Tu(ty) = Tu(tz)]| <

< (San (1) — S (t2)) (o — P+ 1| (91 % S 1) (1) — (91 % Son)(£2)) (11 — ()]
+ / (gt * Sa)(t1 — ) F (s, uls) | ds

ta

+ / 1 (G * ) (s — 5) — (g1 % Sat) (2 — 5)) F(5,u(s))]ds
I+ 1+ I3+ 1.



MILD SOLUTIONS TO NONLOCAL PROBLEMS 13

Observe that for I; we have

I < [Sa1(t1) = Saa (t2)]ll[(wo = g(w))]-
(

By hypothesis, using the norm continuity of Sq,1(t), we obtain that lim¢, 4, I; = 0.
The Lemma 3.12 implies (g1 * Sq,1)(t) = Sa,2(t) for all ¢ > 0 and by Proposition 3.11 we have that
(g1 * Sa,1)(t) is continuous in B(X), and hence

Iy < [(g1 % Sa.1)(t1) = (91 % Sa1) (£2) || (wo — g(w))[| =0,

as t1 — to. On the other hand, I3, I, — 0 as t; — to as in the proof of Step 3 in Theorem 4.20. Therefore,
the set {T'w: u € B,} is equicontinuous.

Finally, we will prove that {Tu(t) : v € B, } is relatively compact for all ¢ € [0,T]. Clearly, {T'u(0) :
u € B,.} is relatively compact. Now, we take ¢t > 0. For each 0 < € < t we define the operator

(Tu)(t) : = Sa’l(g)/o _E(ga,l % Se1)(t —s—¢)f(s,u(s))ds.

The hypothesis and Proposition 3.16 show that S, 1(t) is compact for all ¢ > 0 and therefore the set
H.(t) :== {(T5u)(t) : u € B,} is relatively compact in X for all € > 0. Now, observe that

By Proposition 3.11, (gq—1 * Sa,1)(t) is norm continuous for all ¢ > 0 and therefore

Sun(€) / (Gor # San)(t — 5 — ) (s u(s))ds — / (Gt * St (b — 5)f(s,u(s))ds

< 7‘/ e ||Sa,1(5)(ga—1 * Sa,l)(t — S — é‘) — (ga—l * Sa71)(t _ S)HM(S)dS.
0

1Sa,1(€)(ga-1 * Sa1)(t —s —€) — (ga—1* Sa1)(t — )| = 0, as € — 0.
On the other hand, since

M2e2eT Me*T
—w(-+e) —w-
—e + €

wo‘fl we—

[Sa,1()(ga1 * Sa,1)(t = =€) = (da1 * Sa,)(t = )| <

b

and the function s — M:fijT e~wiste) 4 %e’“s belongs to L'(I,Ry) we conclude by the Lebesgue
dominated convergence Theorem that

liH(l) Sa@(g)/ 76(ga_1 % Sq1)(t—s—¢)f(s,u(s))ds — / 78(9(1—1 % Se1)(t — 8)f(s,u(s))ds|| = 0.
E—r 0 0
As in the proof of [9, Theorem 4.1] we get
1in(1) ‘ Sa}l(fs)/ _s(ga,l % Se1)(t —s—¢)f(s,u(s))ds — / (ga—1 * Sa1)(t — 8) f(s,u(s))ds|| =0,
E—r 0 0

and therefore the set {fot(ga_l *Sq1)(t—8)f(s,u(s))ds : u € B, } is relatively compact for all ¢ € (0,T.
The compactness of S, 1(t) and (g1 * Sa,1)(t) = Sa,2(t) (by Lemma 3.12 and Theorem 3.14) imply that
{Tu(t) : w € B,} is relatively compact in X for each ¢t € (0,T]. By the Ascoli-Arzela theorem, the set
{Tu : w € B,} is relatively compact. We conclude that I' is a compact operator on B,. Hence, by the
Schauder (Theorem 2.9) we have that I" has a fixed point on B, and therefore the nonlocal problem (4.5)
has a mild solution. O

Remark 4.22. We notice that the norm continuity of Sa1(t) for 0 < a < 1 and t > 0 it follows, for
example, if {Sq 1(t) hi>0 is analytic (see [9, Lemma 3.8]), or if A is an almost sectorial operator (see [26,
Theorem 3.2]).
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Now, we consider the non-local problem for the Caputo fractional derivative

D{u(t) = Au(t)+ f(t,u(t)), tel:=][0,T]
.7 { w(0) +p() = o

w € X, 1/2 < a< 1, T >0 and A is a closed linear operator defined on X which generates the
(o, )-resolvent family {Sq o () }e>o0.
The mild solution to problem (4.7) is given by

W) = Sen(t)(uo —p(u)) + / Sualt — 8)f(s,u(s))ds, t€[0,T].

It is easy to see (by using the uniqueness of the Laplace transform) that the mild solution to the problem
(4.7) can be also written as

t
(4.8) u(t) = (g1-a * Sa,a)(t)(uo — p(u)) +/ Sa,alt —s)f(s,u(s))ds, tel0,T].
0
The proof of the following result follows similarly to Theorem 4.20 and therefore, we omit it.

Theorem 4.23. Let 1/2 < a < 1. Let A be the generator of an (o, a)-resolvent family {Sa.o(t)}i>0
of type (M,w). Suppose that (\* — A)~' is compact for all X\ > w'/*, and Sa,a(t) is continuous in
the uniform operator topology for all t > 0. If Me*T||u|lT < 1, and WMQ e*TL, < 1, then, under
assumptions H1-H3, the Problem (4.7) has at least one mild solution.

5. NON-LOCAL FRACTIONAL CAUCHY PROBLEMS. THE RIEMANN-LIOUVILLE CASE.

In this section we consider the non-local problem for the Riemann-Liouville fractional derivative

Du(t) = Au(t) + f(t,u(t)), te€l0,T]
(5.9) (92— *u)(0) +p(u) = uo
(92-a ¥ u)'(0) +q(u) = wua,

where ug,u; € X, 1 < a < 2 and A is a closed linear operator defined on X. Assume that A generates
an (o, a — 1)-resolvent family given by {Sa a—1(t)}t>0. Taking Laplace transform in (5.9) we obtain by
(2.1) that

u(t) = Sa,a—1(t)(uo — p(w)) + Sa,a(t) (w1 — q(u)) + /0 Saal(t — ) f(s,u(s))ds,t € [0,T].

The uniqueness of the Laplace transform implies that the mild solution « to problem (5.9) is also given
by

t
u(t) = Sa,a—1(t)(uo — p(u) + (91 * Sa,a—1)(t) (w1 — q(u)) +/ (91 % Saa—1)(t = ) f(s,u(s))ds,
0
for all ¢ € [0, T).
Theorem 5.24. Let 1 < a < 2. Let A be the generator of an (o, « —1)-resolvent family {Su,a—1(t) >0 of

type (M, w). Assume that the resolvent (A\*—A)~" is compact for all X > w'/*. If (Me‘”TLp —+ %eWTLq) <
1 and Mt liellooT < 1, then, under assumptions H1-H3, the Problem (5.9) has at least one mild solution.

w

Proof. Let B, :={u e C(I,X) : ||u|]| <r}, where

MeT (Jluo | + [Ip(w) ) + 2T (]| + la(w)])
1= M T
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On B, we define the operators I'y,I's by
(L) (t) : = Sa,a—1()uo — p(w)] + (g1 * Sa,a—1) () (w1 —q(u)) ¢ €[0,T]
Ca)): = [ 5 Suan)lt=9)f(su)ds, ¢ 0.T],

and u € B,.. We shall prove that I := I'y +T'5 has at least one fixed point by the Krasnoselskii fixed point
theorem. We will consider several steps in the proof.
Step 1. We will see that if u,v € B, then I'yu + I'sv € B,.. In fact, by Lemma 3.12 we have

[(Tru)(t) + (Ta0) ()] <
< NSaa—1@) luo = p(w)ll + (g1 * Sa,a—1) (O] [lur = g(u)]| +

/0 1(91 % Sa,a—1)(t = 8)[|[[f (s, 0(s))[|ds

IN

w
MreT

w

Me?!(Juoll + [p(w)]) + — € (llur || + llg(w)ll) + /O e p(s)ds

w M w
< M (fuoll + [lp(w)) + —-e" (]| + llg(w)ll) + tllocT = 7

Hence I'yu + I'yv € B, for all u,v € B,.
Step 2. I'; is a contraction on B,.. In fact, if u,v € B,., then

ITru(t) =Tro@)] < [1Saa-1@Hp(w) = p@)I+ (91 * Saa1) (Bl lg(u) — g(@)]

M
Me“ Lyllu— o] + —e* Ly[lu = o]

A

IA

M
<Me“’TLp + we“TLq> lw —v].

Since (Me“TLp + %e‘”TLq) < 1, we conclude that I'; is a contraction.

Step 3. I's is completely continuous.

As in the proof of Theorem 4.20 it is easy to see that I's is a continuous operator and the set {T'su :
u € B} is uniformly bounded.

To prove the equicontinuity, let u € B,., and take 0 < t5 < t; < T. Observe that

[Tau(ts) = Taulta) | < [ g1+ Snama)(ts = 5)(s.u(s)ds

to

T / (91 % Saat) (s — 5) — (g1 % Saat)(tz — 5)) F(s, u(s))||ds
0
I + Is.

To estimate I; we notice that
MewT

I <

R Myre<T
[ e uluts)lds < et~ )

to W

and therefore limy, 4, I; = 0. For I5 we have

I < /O g1 % Sevam1) (b1 = 8) = (91 % o) (b2 — ) [1£(5, u(s) s

IN

/0 ()19 % St — 3) — (g1 * St (b2 — $)]| [[us) s

IN

7‘/0 CH()(91 % Saa1) (b1 — 8) = (g2 % Saa1)(t2 — ) [ds.
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Observe that

MewT

(g1 * Sasa—1)(t1 = +) = (91 * Sa,a—1)(t2 — )| < 2 u(-) € L'(I,R),

and by Lemma 3.12, (g1 * Sq,a—1)(t) = Sa,«(t) for all t > 0. Moreover, by Proposition 3.11 we have that
Sa,o(t) is norm continuous and therefore if t1 — t2, then (g1 % So,a—1)(t1 — ) — (91 * Sa,a—1)(t2 —s) = 0
in B(X). We obtain by the Lebesgue’s dominated convergence theorem that limg, ¢, Iz = 0. Therefore,
{Tqu : u € B,} is an equicontinuous family.

Finally, the compactness of (g1 * S, a—1)(t) = Sa,«(t) for all ¢ > 0 (by Lemma 3.12 and Theorem 3.14)
implies that {Tau(t) : u € B} is relatively compact in X for each ¢ € [0,T] (as in the proof of Theorem
4.20). We conclude that I's is a completely continuous operator and by the Krasnoselskii Theorem, the
operator I' = I'y 4+ I's has a fixed point on B,., which means that the nonlocal problem (5.9) has at least
one mild solution. (]

In the next result, we consider a weaker condition on the parameters M,w and T. However, we need
to assume here the norm continuity of Sy, o—1(t) for 3/2 < a < 2.

Theorem 5.25. Let 3/2 < o < 2. Let A be the generator of an (c, a—1)-resolvent family {Sa,a—1(t) }i>0
of type (M,w). Assume that (\* — A)™' is compact for all X > w'/® and Sy o—1(t) is continuous in the
uniform operator topology for allt > 0. I MCT“)THMHOOT < 1, then, under assumptions H1-H3, the Problem
(5.9) has at least one mild solution.

Proof. On B, we define the operator

Tu(t) := Sa,a-1(t)(uo = p(u)) + (91 % Saa—1)() (1 — g(w)) + /0 (91 % Saa-1)(t = 5) f(s,u(s))ds,

where t € [0,7] and

Me“T (Jluoll + [lp(w) ) + HreT (JJual + lla(w)l)

1= MET T

The proof follows the same lines of Theorem 4.21. We give here only the details on the relatively
compactness of {T'au(t) : uw € B} in X for each ¢ € [0,T]. The Theorem 3.14 implies that (¢1%Sa,a—1)(t) =
Sa.a(t) is compact for all £ > 0 and therefore the set {fot(gl * Sq.a—1)(t —8)f(s,u(s))ds : v € By} is
relatively compact for all ¢ € [0, 7] (as in the proof of Theorem 4.20). On the other hand, the hypothesis
and Proposition 3.17 imply that S, o—1(t) is compact for all ¢ > 0 and thus the set {T'u(t) : v € B, } is

relatively compact for all ¢ € [0,T]. The existence of a fixed point to I', and therefore of a mild solution
to problem (5.9), follows from the Schauder Theorem. O

Now we discuss the existence of mild solutions to the nonlocal fractional Cauchy problem for the
Riemann-Liouville fractional derivative in case 0 < o < 1

(5.10) { D>u(t) = Au(t)+ f(t,u(t)), te€][0,T]
' (g1-a*u)(0) +p(u) = wuo

where ug € X, and A is a closed linear operator defined on X. We assume that A generates an (a, «)-

resolvent family given by {Sq o (t)}+>0. By using the Laplace transform in (5.10) it is easy to see that

Mﬂ:%a@wrmWD+ASMﬁ*ﬁﬂ&Mm@,tENTL

Theorem 5.26. Let 1/2 < a < 1. Let A be the generator of an (o, a)-resolvent family {Sa,qo(t)}i>0
of type (M,w). Assume that (A\* — A)~' is compact for all X > w'/*, and S, o(t) is continuous in the
uniform operator topology for all t > 0. If Me*T||ul|T < 1 and Me*TL, < 1, then, under assumptions
H1-H3, the Problem (5.10) has at least one mild solution.
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Proof. Let

Me“T (o]l + [lp(w))

T T Me T[T

If we define on B, the operators I'y,I's by
(Tru)(t) : (t)[uo —p(u)] t€[0,T]
(Tou)(t / Seaa(t —s)f(s,u(s))ds, te][0,T],

for u € B,, then as in the proof of the previous theorems, it is easy to see that if u,v € B,, then
I'u+T'yv € B,, and T’y is a contraction on B,. Moreover, I's is continuous on B,, {T'yu : u € B,.} is
uniformly bounded and {T'su : u € B, } is an equicontinuous family. Finally, the compactness of Sy o (t)
(see Proposition 3.18) and by using a similar method as we did in the in the proof Theorem 4.20 (Step
3) we prove that H(t) := {Tqu(t) : u € B,} is relatively compact in X for each ¢ € [0,7]. Thus, by
the Ascoli-Arzela theorem, the set {T'ou : w € B,.} is relatively compact and hence T’y is a completely
continuous operator. By the Krasnoselskii Theorem we conclude that I' = I'y + I'y has a fixed point on
B,, and therefore the nonlocal problem (5.10) has at least one mild solution. g

6. APPLICATIONS

In this section, we give some applications. As consequence of the previous results we have the following
results.
Consider the semilinear problem

Du(t) = Au(t)+ J>2f(t,u(t)), tel:=][0,T)
(6.11) u(0) +p(u) = wug
u'(0)+q(u) = wuq,

where ug,u; € X, J>~ denotes the Riemann-Liouville fractional integral operator, f : [0,T] x X — X
and p,q: C(I,X) — C(I,X) are continuous.

Let A be the generator of an («, 1)-resolvent family {Sq 1(t)}i>0. Then it is well known that the mild
solution of (6.11) is defined by means of the variation-of-constant formula

u(t) = Sa,1()[uo — p(uw)] + (91 * Sa1)(t)[ur — q(w)] +/O (91 % Sa,1)(t = ) f (s, uls))ds, tel.

We remark that the case 0 < a < 1 was recently studied in [18, Section 4]. On the other hand, we notice
that the case v/(0) = 0 and ¢ = 0 has been recently studied in [17, Section 4] by assuming the relatively
compactness of the set K := {Su,1(t — s)f(s,u(s)) : we C(I,X),0 <s <t}. The Proposition 3.16 shows
that Sq1(¢) is compact for all ¢ > 0 and by using the Leray-Schauder Alternative Theorem (see Theorem
2.10) it is easy to prove (as in Theorem 4.21 and [17, Theorem 4.4]) the following result. We omit the
details.

Theorem 6.27. Let 1 < o < 2. Let A be the generator of an (a,1)-resolvent family {Sq1(t)}e>0 of
type (M,w). Suppose that (A\* — A)~' is compact for all X > w'/®, S, 1(t) is continuous in the uniform
operator topology for allt > 0. Then, under assumptions H1-HS, the Problem (6.11) has at least one mild
solution.

Now, we consider the Riemann-Liouville fractional Cauchy problem
Deu(t) = Au(t) + J>f(t,u(t)), te[0,T)

(6.12) (92-a * u)(0) + p(u) uo
(92-a *u)'(0) + q(u) = w,
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where ug,u; € X, 1 < a < 2 and A is a closed linear operator defined on X. Assume that A generates
an (o, a — 1)-resolvent family given by {Sa,a—1(t)}¢>0. The mild solution to problem (6.12) is given by

u(t) = So,a-1()(uo = p(u)) + Sa.a(t)(ur — g(uw)) + /O Sa2(t =) f(s,u(s))ds, t € [0,T],

which is equivalent (by the uniqueness of the Laplace transform) to

u(t> = Sma*l(t)(u() - p(u)) + (91 * Souafl)(t)(ul - q(u)) + /O (93704 * Sa,afl)(t - s)f(s,u(s))d&

for all ¢t € [0, T].

The Proposition 3.17 shows that S, o—1(t) is compact for all £ > 0 (and 3/2 < a < 2) and by using the
Leray-Schauder Alternative Theorem it is easy to prove (as in Theorem 5.25 and [17, Theorem 4.4],[18,
Theorem 4.1]) the following existence result. We omit the proof.

Theorem 6.28. Let 3/2 < o < 2. Let A be the generator of an (o, a—1)-resolvent family {Sa,a—1(t) }i>0
of type (M,w). Assume that the resolvent (\* — A)~! is compact for all X > w'* and S, o—1(t) is
continuous in the uniform operator topology for allt > 0. Then, under assumptions H1-H3, the Problem
(6.12) has at least one mild solution.

We end this section with an example.
Ezxample 6.29.

Consider the following problem
2
D¢u(t,z) = %u(t,x) + f(tu(t,x)), (t,z)€0,1] x [0,n],
u(t,0) =wu(t,7) =0, telo0,1],
w(0,2) + > 1y apu(t,z) = up(z), =€ 0,7,

where 1/2 < a < 1, ar, € R, n € N. Let X = L?([0,7]) and consider the operator A : D(A) C X — X
defined by D(A) :={v e X :v e H*([0,7]),v(0) = v(r)} and for u € D(A), Au := %.

It is well known that A generates a compact and analytic (and hence norm continuous for all ¢ > 0)
Co-semigroup {T'(t)}:>0 on X such that | T(t)|] < 1 for all ¢ > 0. Since A generates a Cp-semigroup,
that is, an (1,1)-resolvent family, we obtain by [1, Corollary 14 and Theorem 3] that A generates the
(o, av)-resolvent family {Sq. (%) }+>0 defined by

(6.13)

Se,a(t)r = / Va0t 8)T(s)xds, t > 0,z € X,
0

where @40 is the stable Lévy process of order a defined by (2.3). Since T'(¢) is norm continuous, it is
easy to see that S, (t) is norm continuous for all ¢ > 0 and the positivity of ¢, (see [1, Theorem 3])
implies that Sy, (t) is of type (1,1). On the other hand, the compactness of T'(¢) implies that (A* — A)
is compact.

We notice that the problem (6.13) can be written in the abstract form (4.7). Define the functions
f:00,1] x D(A) = X and p: D(A) — X by

e tu(t, )
4+t)(1+u(t,z))’

ftu(t,x)) = p(u)(x) := Zaku(t,az).
k=1

Assume that >, ax| < ;. We observe also that in this case we have p(t) = i—;i, T=M=w=1, and
L, = ||¢|lco = 1/4 (see the notation in Theorem 4.23).

It is easy to check the assumptions H1-H3 and the hypotheses in Theorem 4.23 and therefore, the
problem (6.13) has a mild solution.



MILD SOLUTIONS TO NONLOCAL PROBLEMS 19

Analogously, we can consider the Riemann-Liouville case

(6.14)

2
Du(t,z) = %u(hx) + f(tu(t,x)), (t,z)€]0,1] x [0,n],
u(t,0) =wu(t,7) =0, te]lo0,1],
(G1—a *u)(0,2) + > p_, apu(t,z) = up(z), =€ [0,x].

Under the same assumptions, we have by Theorem 5.26 that the problem (6.14) has a mild solution.

6.1.

Conclusions. In this paper, we obtain conditions implying the compactness of the family {S, 5(¢) }+>0-

As consequence, we obtain several results on the existence of mild solutions to nonlocal fractional Cauchy
problems to the Caputo and Riemann-Liouville fractional derivatives.
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