ON THE WELL-POSEDNESS OF DEGENERATE FRACTIONAL DIFFERENTIAL
EQUATIONS IN VECTOR VALUED FUNCTION SPACES.

RODRIGO PONCE

ABSTRACT. We characterize completely the well-posedness on the vector-valued Hélder and Lebesgue
spaces of the fractional degenerate differential equation D*(Mu)(t) = Au(t) + f(¢),¢ € R by using
vector-valued multiplier results in the spaces C7(R; X) and LP(R; X ), where A and M are closed linear
operators defined on the Banach space X, 0 < v < 1, 1 < p < 00, the fractional derivative is understood
in the sense of Caputo and « is positive.

1. INTRODUCTION

Let A and M be two closed linear operators defined on a Banach space X with domains D(A) and
D(M), respectively. In this paper, we study the maximal regularity of solutions for the following degen-
erate (also called Sobolev) type differential equation

(1.1) D(Mu(t)) = Au(t) + f(t), teR,

where the domains of A and M satisty D(A) N D(M) # {0} and the fractional derivative for o > 0 is
taken in the sense of Caputo, the function f : R — X belongs to certain vector valued function space
S(R, X).

A large number of partial differential equations arising in physics and applied sciences such as in the
flow of fluid through fissured rocks, thermodynamics and shear in second order fluids or in the theory
of control of dynamical systems can be expressed by the model in the form of (1.1). The most typical
example is when A = A is the Laplacian and M = m is the multiplication operator by a function m(z),
then the degenerate differential equation (in case av = 1) describes the infiltration of water in unsaturated
porous media, in which saturation might occur. See [20] for further details.

A detailed study of linear abstract Sobolev (or degenerate) type differential equations (1.1) (in case
a € N), has been described in the monographs by Favini and Yagi [23] and by Sviridyuk and Fedorov
[33].

We notice that the well-posedness of degenerate differential equations has been recently studied. The
first order problem, that is, when a = 1 by S. Bu [13] in the Holder continuous function spaces C7(R; X)
(0 < v < 1) (see also [30]). Whereas the well-posedness in the periodic Lebesgue spaces LP([0, 27]; X)
(where 1 < p < oo and X is a UMD Banach space) can be found in [12, 25] and [26].

On the other hand, the well-posedness of the second order degenerate problem, that is, the case a = 2,
has been studied in the periodic L? spaces LP([0,27]; X), the periodic Besov spaces B, ([0, 27]; X), the
Triebel-Lizorkin spaces F; ([0, 27]; X) and the Holder continuous function space C7(R; X), by S. Bu and
G. Caiin [11, 14] and [15]. See also [32] for the case LP(R; X) and [12] for the delay equation. Finally, and
very recently, S. Bu and G. Cai characterize completely the well-posedness of the third order equation
[16] in the spaces LP([0,2n]; X), B, ,([0,27]; X), and F ([0, 27]; X). We notice that the main tool in
the study of the well-posedness of the degenerate differential equations are operator-valued multiplier
theorems established in [2, 4, 5] and [17].

We notice that, the problem of characterize the well-posedness (or maximal regularity) of abstract
fractional differential equations has been studied intensively in the last years for 0 < a < 2, in case
M = I, (the identity operator) in [8, 9, 10, 24, 28] and [29] in the spaces LP([0,2x]; X), LP(R; X) and
C7(R; X). On the other hand, we observe that even though the change of variable v(t) = Mu(t) reduces
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the problem (1.1) to the multivalued fractional differential equation

(1.2) D%v(t) € Lo(t) + f(t), teR,

where L = AM~! and D(L) = M(D(A)) and therefore the equation (1.1) can be written formally as
equation (1.2), that is, the the fractional differential equation studied in [8, 9, 10, 24, 28] and [29], we
can not apply the results in the above mentioned papers to problem (1.2) to obtain the well-posedness
of equation (1.1) because this results are valid only in the single-valued case.

In this paper, we study the well-posedness (or the maximal regularity property) of the equation (1.1)
in the Holder spaces C7(R; X) (0 < v < 1), and the Lebesgue-Bochner LP(R, X) without assuming that
M has bounded (or compact) inverse.

The paper is organized as follows. Section 2 collects the preliminaries and some results about Caputo
fractional calculus. Section 3 is devoted to the C7-well-posedness of equation (1.1), that is, the well-
posedness in the Holder continuous function space C7(R; X) where 0 < v < 1 and X is a Banach space.
We remark that in the results obtained in this section, there is not conditions on commutativity of A
with M, or in the existence of bounded inverse of A or M. In Section 4 we study the well-posedness (or
maximal regularity) of equation (1.1) in the Lebesgue space LP(R; X) where 1 < p < oo and X isa UMD
space. Finally, in Section 5, we give some examples.

2. PRELIMINARIES

Let X and Y be Banach spaces. We denote by B(X,Y) be the space of all bounded linear operators
from X to Y. When X =Y, we write simply B(X). For a linear operator A on X, we denote domain
by D(A) and its resolvent set by p(A). By [D(A)] we denote the domain of A equipped with the graph

norm.
The M -modified resolvent set of A, par(A), is defined by

pm(A) ={ eC:(AM —A): D(A)AND(M) - X
is invertible and (AM — A)~' € B(X,[D(A) N D(M)])}.
We denote by F f the Fourier transform of f, that is

(FF)(s) = F(s) = / e f(t)dt,

R
for s € R and f € L'(R; X).
The Laplace transform of a function f € L{ (Ry; X) is denoted by

fo) = /OO e Mf(t)dt, Rel > w,

0
whenever the integral is absolutely convergent for Re\ > w. The relation between the Laplace transform
of f € LY(R; X), f(t) =0 for t <0, and its Fourier transform is

F(f)(s) = flis), s€eR.
For f € L (R; X) of subexponential growth, that is

loc

/ e—clt] IIf(®)]|dt < oo,  for each € > 0,

we denote by f(\) for the Carleman transform of f :
Jo o e Mf(t)dt, Red >0,
fo={"
— [T e Mf(t)dt, ReX<O.
Observe that we use the same symbol for the Carleman and Laplace transform but, this will not lead to
confusion.

Given a > 0, the Liouwville fractional integrals of order a, D_* f and D[ f are defined, respectively,
by

(2.1) D= f(t) ::/_ (t;(‘g_lf(s)ds, teR,
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and

—a L > (S B
(22) DI f(t) / o
A sufficient condition for that the fractional integrals (2.1) and (2.2) exist is that f(¢) = O(|t|~*~¢) for
€ > 0 and t — co. Integrable functions satisfying this property are sometimes referred to as functions of
Liouville class, see [27].
The Caputo left and right-sided fractional derivatives, corresponding to those in (2.1) and (2.2) are
defined, respectively, by

o . (o ar _ t (t_s)n—a—l "
(23 D2 ()= D"V s = [ e s
and
(24 D £10) = (-1 D ) = o [ E I i sy,

where t € R, f € C"(R; X) and n = [a]. Here [«] denotes the the smallest integer greater than or equal
to a.

It is known that Difﬁ = Di(Di) for any «, 8 € R, where D = Id denotes the identity operator and
(=1)"D? = D™ = 4= holds with n € N. See [27].

In what follows, we refer to the Caputo left-sided fractional derivative, D¢ f, as the Caputo fractional

derivative of order a > 0 of f and we write D®f := D f. For example, for the function e** we have

DM = X7  and  DYM = X%, Re > 0.
The Caputo left and right-sided fractional derivatives are adjoint in the sense of the following lemma.

Lemma 2.1. [29] If D*f and D %g exist, then

/f(t)g(t)dt:/D“f(t)D;"‘g(t)dt.
R R

3. C7-WELL-POSEDNESS

Let 0 < v < 1. We denote by C7(R; X) the space of all X-valued functions f on R, such that
1f(t) — f(s)

|
fll+ :=sup < 0.
” H’Y tts |t— 3|a
If we define || f||cv == || flly + | f(0)]], then C7(R; X) is a Banach space under the norm || - ||¢~.
The kernel of the seminorm || - ||, on C7(R;X) is the space of all constant functions and the cor-
responding quotient space C7(R; X) is a Banach space in the induced norm. We identify a function
f € C7'(R; X) with its equivalence class

f={g€C'(R;X): f—g= constant}.

In this way, C7(R; X) may be identified with the space of all f € C7(R; X) such that f(0) = 0. See
[2, Section 5].

For n € NU{0}U{oc}, C™(R; X) denotes the set of X-valued functions which are n-times differentiable
on R.

For a > 0, let C*7(R, X ) be the Banach space of all u € C"(R, X), n = [a], such that D*u exists
and belongs to C7(R, X) equipped with the norm

lulcan = ID%ullcr + Y [|ID*u(0)]].

Jj=1

Let 2 C R be an open set. By C°(Q2) we denote the space of all C°°—functions in {2 having compact
support in €.
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Definition 3.1. Let M : R\ {0} — B(X,Y) be continuous. We say that M is a CY—multiplier if there
exists a mapping L : CY(R; X) — CY(R;Y) such that

(3.1) /(Lf)(S)(f¢)(S)d$Z/(f(¢'M))(8)f(S)dS
R R
forall f € C"(R; X) and all p € CZ(R\ {0}).

Here (F(¢- M))(s) = [ e tp(t)M(t)dt € B(X,Y). Observe that the right-hand side of (3.1) does
not depend on the representative of f since

/R (F(6M)(s))(s)ds = 2m(6M)(0) = 0.

Therefore, if L exists, then it is well defined. Moreover, left-hand side of (3.1) determines the function
Lf € C7"(R; X) uniquely up to some constant (by [2, Lemma 5.1]). Moreover, if (3.1) holds, then
L: C'R;X) — CY(R;Y) is linear and continuous (see [2, Definition 5.2]) and if f € CV(R;X) is
bounded, then Lf is bounded as well (see [2, Remark 6.3]).

The following multiplier theorem is due to Arendt, Batty and Bu [2, Theorem 5.3].

Theorem 3.2. Let M € C%(R\ {0}, B(X,Y)) be such that
(3.2) sup [|M(8)]| + sup M’ (£)]] + sup [[£2M” (£)]] < oo
t#0 0 t#0

Then, M is a CY—multiplier.

Ezample 3.3. Let X be an Banach space and 0 < v < 1. Define N(t)=1 fort >0 and N.(t) =0 for
t < 0. It follows from Theorem 4.17 that N is a C7-multiplier. The associated operator on CY(R; X) is
called the Riesz projection.

Ezample 3.4. Let X be an Banach space and 0 < v < 1. Define N(t) = (—isignt)I fort € R. Then N is
a CY-multiplier by Theorem 4.17. The associated operator on CY(R; X) is called the Hilbert transform.

Remark 3.5.

Recall that a Banach space X has the Fourier type p, with 1 < p < 2, if the Fourier transform defines
a bounded linear operator from LP(R; X) to LY(R; X ), where 1/p 4+ 1/q = 1. As examples, LP(§)), with
1 < p < 2, has Fourier type p; the Banach space X has the Fourier type 2 if and only if X is isomorphic
to a Hilbert space; X has Fourier type p if and only if X* has Fourier type p. Every Banach space has
Fourier type 1. A Banach space X is say to be B—convex if it has Fourier type p, for some p > 1. Every
uniformly convex space is B—convex.

If X is B—convex, in particular if X is a UM D space, then M € C*(R\{0}, B(X,Y)) is a C? —multiplier
if the condition (3.2) is replaced by the weaker condition

(3.3) sup [|M(8)[| + sup LM (1) < oo,
t#£0 t#0

see [2, Remark 5.5].

We conclude this section with the following Lemmas.
Lemma 3.6. [2| Let f € C7'(R;X). Then f is constant if and only if [, f(s)(Fe)(s)ds = 0 for all
p € CZ(R\A{0}).
Lemma 3.7. [29] Let 0 < v < 1, u,v € CY(R; X) and a > 0. Then, the following assertions are
equivalent,

(1) ue C*Y(R; X) and D%u — v is constant;

(i1) [pv(s)F(p)(s)ds = [ u(s)F(Id™ - ¢)(s)ds, for all p € C*(R\ {0}).

As in [2] we define the map id : R — C by id(s) = is. The function id* is defined by id®(s) = (is)*,
where (is)® = |s|*e™2 %8"(*) (here sgn(s) denotes the sign of s).

Now, we consider the degenerate fractional differential equation
(3.4) D*(Mu)(t) = Au(t) + f(t), teR,

where A : D(A) C X — X and M : D(M) C X — X are closed linear operators defined on X, with
D(A)ND(M) # {0}, and f € C"(R; X),0 <y < 1.
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Definition 3.8. We say that the equation (3.4) is C7-well posed if, for each f € C7(R; X), there exists
a unique function u € CY(R; [D(A) N D(M)]) such that Mu € C*7(R; X) and the equation (3.4) holds
for allt € R.

We define the set
H*'(R;[D(M)]) = {ueCR;[D(M)]): D exists and Fv € C7(R; X)
such that v = D¥(Mu)}.
Remark 3.9.

Observe that if (3.4) is C7-well posed, it follows from the closed graph theorem that the map L :
C'(R; X) = CY(R;[D(A) N D(M)]) N H*7(R; [D(M)]) which associates to the function f the unique
solution u of (3.4) is linear and continuous. Indeed, since A, M are closed operators, we have that the
space H := C7(R; [D(A) N D(M)]) N H*Y(R; [D(M)]) endowed with the norm

[ullz = [[D*(Mu)llcv + [[Aullov + [[ullc
is a Banach space.

We begin with the following result.

Proposition 3.10. Let A: D(A) C X — X, M : D(M) C X — X closed linear operators defined on a
Banach space X satisfying D(A) N D(M) # {0}. Suppose that the problem (3.4) is C7-well posed. Then,
(1) (is)* € ppm(A), for all s € R, and
(i1) sup ||(is)* M ((is)*M — A)~ || < oo.
seR

Proof. Let s € R and suppose that
(3.5) ((is)*M — A)x =0
where x € D(A) N D(M). Let u(t) = e**'z. Then, u is a solution to (3.4) with f = 0. In fact, since
D¥(Mu)(t) = (is)*e** Mz (see [27, p. 248]) we have by (3.5)
Au(t) = et Ax = ™' (is)*Ma = D*(Mu)(t).
Hence, by uniqueness it follows that w = 0, that is, x = 0. We conclude that ((is)*M — A) is injective. Now
we prove the surjectivity, let y € X. Let L: C"(R; X) — C7(R; [D(A)ND(M)])NH*"(R; [D(M)]) be the
bounded linear operator which takes each f € C7(R; X) to the unique solution u of equation (3.4). Let
s €R, f(t) = ey and u = Lf. Take so € R fixed. We have that vy (t) := u(t + so) and va(t) := e**0%u(t)
are both solutions of (3.4) with g(t) = e™*0°f(¢). Hence, v1 = v, that is, u(t + sg) = e®*0su(t) for all
so,t € R. Let z = u(0) € D(A) N D(M). Since u(t) = e’z solves the equation (3.4) for all t € R, we
have in particular for ¢ = 0, that,
(3.6) ((is)*M — A)z = (is)*Mu(0) — Au(0) = D*(Mu)(0) — Au(0) = f(0) = y.
Therefore ((is)*M — A) is surjective for all s € R. By (3.6), we have z = ((is)*M — A)~! and thus
I(Gis)* M — A) =yl = Nzl = [w©)] = ILLO) < ILIIF O] = I LIy,

for all y € X. We conclude that ((is)*M — A)~! is a bounded operator and therefore (is)® € pys(A) for
all s e R\ {0}.

On the other hand, by (3.6) we have u(t) = e*((is)*M — A)~'y. Denote by e; ® = the function
t = (es ® z)(t) := e'**z. Since ||es @ z||y = C,|s|||z||, where C, = 2sup,- ¢ 7 sin(t/2) (see [2, Section
3]), we have

Cyls | (is)* M ((is)* M — A)~y]| [(is)“es @ M((is)*M — A)~y|ly = [ D*(Mu)],

[ Mul|ger < [IL| | fllc
LIl + DIyl

[Vl

Hence,

(is)* M ((is)*M — A) "yl < | L]l (1 +CHs|77) [lyll-
Thus (is)*M((is)*M — A)~! is a bounded operator for every s € R\ {0}. It remains to show that
0 € pp(A). If s = 0 then f is the constant function y, and the corresponding solution to (3.4) is the
constant function —A~ty € D(A) N D(M). Therefore

A7 Yl = (O] < lull e @sipany < ILI e @x) = LI,
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and thus, 0 € pp(A). We conclude that (is)* € par(A) for all s € R, and (is)*M((is)>M — A)~!is a
bounded operator for every s € R. The proof is complete.
]

In the following Theorem we prove a converse of Proposition 3.10.

Theorem 3.11. Let 0 < y < land1 < a < 2. Let A: D(A) C X - X, M:DM)C X - X
closed linear operators defined on a Banach space X satisfying D(A) N D(M) # {0}. Then, the following
assertions are equivalent

(i) The equation (3.4) is C7-well posed;

(i1) (is)* € par(A) for all s € R and sup||(is)*M ((is)*M — A)~1|| < oc.

seR

Proof. (ii) = (i). For s € R, we define the operator N(s) := ((is)*M — A)~1. Observe that by
hypothesis N € C?(R; B(X,[D(A) N D(M)])). We claim that N is a C“multiplier. In fact, since 0 €
pum(A), we have that A~! is bounded (seen as an operator from X to [D(A) N D(M)]). The identity
(is)*MN(s) — I = AN(s) shows that A~1((is)*MN(s) — I) = N(s) and therefore, by hypothesis we
obtain sup,cp ||V (s)|| < co. On the other hand,

sN'(s) = —a(is)*MN(s)N(s),

s2N"(s) = —afa — 1)(is)* M N (s)N(s) — 2(is)* M N (s)sN'(s).
The hypothesis we have sup,cp ||(is)*MN(s)|| < co and the above identities, show that

sup||sN'(s)|| < oo and  sup||sN"(s)|| < oo.
seR seR

We conclude from Theorem 4.17 that N is a C7-multiplier.
Define S(s) := (id* - M N)(s), where id*(s) = (is)* and s € R. Observe that by hypothesis S €
C*(R; B(X)) and sup,cg [|S(s)|| < oo. Moreover,

s5'(s) = «a(is)*MN(s) — a(is)*MN(s)(is)* M N(s)
= aS(s) — aS(s)S(s).

We conclude that sup,cp [[sS”(s)|| < oc. Since (s57(s)) = S”(s) +s5'(s) and s5'(s) = aS(s) —aS?(s) we
obtain that s25”(s) = asS’(s) —2aS(s)sS’(s) — sS'(s) and therefore sup,p ||s2S” (s)| < oc. Hence, from
hypothesis sup,cp |[S(s)|| < oo, sup,cg ||s57(s)]| < oo and sup,cg |[s25”(s)|| < co. We conclude that S
is a C7-multiplier by Theorem 4.17.

Let f € C7(R; X). Since N and S are C7-multipliers, there exist @ € C7(R; [D(A) N D(M)]), and
v € C7(R; X) such that

(3.7) / (s)(Fo) (s)ds = / F(o- N)(s)f(s)ds.

(35) [ v = [ Fo-s)@) s,
for all ¢, € C®(R\ {0}). Take ¢ = id® - ¢ in (3.7). We obtain using (3.8)
(3.9) [ a7 g)s)ds = [ Fa g N1,
for all g € C(R\ {0}).
On the other hand, observe that w(t) € D(A) N D(M) and F(¢- N)(s)z € D(A)ND(M) for all z € X,

¢ € C(R\ {0}). Using the fact that M is closed with D(A) N D(M) # {0}, we have from (3.7), (3.8)
and (3.9) that
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.
= [ druFGan o) - A [ Fo ()
_ / Maa(s) Fid® - o)(s)ds — / Flp- AN)(s)f(s)ds
_ AMWS 4 - )(s w—/F [d*MN — T])(s) f(s)ds
_ /RMa(s id - ) (s ds—/}'ap1d“MN ds+/f f(s)ds

I
S
=
=l
a

Q

ds—M/ F(p-id)( ds—l—/]: I)(s)f(s)ds

= / Flp (s)ds.
R

Therefore,
(3.10) /RMﬂ(s)]:(id“ ~p)(s)ds = A/Rﬂ(s)}"(go)(s)ds + /R}"(go -I)(s)f(s)ds,
for all p € C*(R\ {0})

Moreover, from (3.8) and (3.9) we have
(3.11) / Mu(s)F(1d™ - p)(s)ds = / Fle-S)(s)f(s)ds = /Rv(s)(}'gp)(s)ds

Since w € CY(R; [D(A) N D(M)]) and D(A) M) # {0}, we have that Mu € C7(R; X). It follows

from (3.11) and Lemma 3.7 that D*(Mu) = v + Y1 where y1 € X. From (3.10) and (3.11) we have

/ o(5)F(p)(s)ds = A / () F() (s)ds + / Flo-1)(s)f(s)ds.
R R R

From Lemma 3.6 we obtain v = Au + f + ya where yo € X. Therefore D*(Mu) = Au + f + ys with
Y3 = y1 + y2. Let u(t) = u(t) + x where x = A~ 1y3. Note that x is well defined since iR C pps(A). Since
u € CY(R;[D(A) N D(M)]) N H*7(R; [D(M)]) we have u € C7(R; [D(A) N D(M)]) N H*Y(R; [D(M)]).
Since the fractional derivative (in the sense of Caputo) is zero, an easy computation shows that u satisfies
the equation (3.4). The uniqueness follows similarly to [29, Theorem 3.7]

(i) = (41). Follows from Proposition 3.10. |

By Remark 3.5, we have the following result.

Theorem 3.12. Let 0 <y <land0<a<1. Let A:D(A)CX - X, M:DM)C X — X closed
linear operators defined on a B-convex space X satisfying D(A) N D(M) # {0}. Then, the following
assertions are equivalent
(i) The equation (3.4) is C7-well posed;
(i1) (is)* € par(A) for all s € R and sup||(is)*M ((is)*M — A)~1|| < oc.
seR

Corollary 3.13. In the context of Theorem 3.11, if condition (ii) is fulfilled, we have D*(Mu), Au €
CY(R; X). Moreover, there exists a constant C > 0 independent of f € CV(R; X) such that

(3.12) [|D*(Mu)||cvrsx) + || Aullor®x) < Cllfllem @ x)-
Remark 3.14.

The inequality (3.12) is a consequence of the Closed Graph Theorem and known as the mazimal
reqularity property for equation (3.4). We deduce that the operator S defined by:
(Su)(t) = D*(Mu)(t) — Au(t)
with domain
D(S) = H*(R; [D(M)]) N C7 (R; [D(A) N D(M))]),
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is an isomorphism onto. In fact, by Remark 3.9 we have that the space H := C7(R;[D(A) N D(M)]) N
H*Y(R;[D(M)]) becomes a Banach space under the norm

ulla = [Juller @x) + 1D (Mu)l]en @x) + [|Aullor@x)-

We remark that such isomorphisms are crucial for the handling of nonlinear evolution equations (see [1]).
Indeed, assume that X is a Banach space and A, M satisfy the condition (¢7) in Theorem 3.11. Consider
the semilinear problem

(3.13) D*(Mu)(t) = Au(t) + f(t,u(t)), teR.
Define the Nemytskii’s superposition operator N : H — C7(R; X) given by N(v)(t) = f(¢,v(t)) and the
bounded linear operator

T:=S"1:C"R;X)—H
by T(g) = u where w is the unique solution to linear problem

DY(Mu)(t) = Au(t) + g(t), t>0.

Then, to solve (3.13) we need to show that the operator R : H — H defined by R = TN has a fixed
point. For more details, we refer to H. Amann [1], H. Brill [7] and A. Rutkas and L. Vlasenko [31].

4. LP-WELL-POSEDNESS

Let 1 < p < 0co. We denote by LP(R; X) the Banach space of all functions f : R — X such that

1= ( [ IIf(t)II”dt>1/p < oo.

For o > 0, we define W*P(R; X) as the Banach space consisting of all v € LP(R; X), for which there
exists v/, u”,...,u™ € LP(R; X), n = [a], such that

/ u(t)Do(t)dt = / Dou(t)é(t)dt
R R

for all ¢ € D(R).

Thus, if u € LP(R; [D(A) N D(M))]) is a weak solution of equation (1.1), i.e.

/ Mu(t) D6 (1)dt = / (Au(t) + f(1))dt
R R
for all ¢ € D(R), then Mu € W*P(R; X) and D*(Mu) = Au + f.

We denote by D(R; X) the space of X-valued C*°—functions with compact support on R. §'(R; X) =
B(S(R); X) is the space of all tempered distributions. Then the Fourier transform F on S'(R;X) is
defined by

(Fu, ¢) = (u, 9),
where u € §'(R, X) and ¢ € S(R). If we identify S(R; X) with a subspace of §'(R; X) by letting

(u, 6) = / w(t)p(t)dt, &€ SR),

for all u € S(R; X), then 4 = Fu, i.e.,

[ utiteyie = [ aots)as,

for all u € S(R; X), ¢ € S(R). Thus F : S'(R; X) — S’'(R; X) is an isomorphism extending the isomor-
phism u — @ on S(R; X). See [1] for more details.

Definition 4.15. Let X,Y be Banach spaces, 1 < p < oco. A function M € C®(R; B(X,Y)) is an
L% y—multiplier if there exists a bounded operator T' : LP(R; X) — LP(R;Y) such that for all f €
FID(R; X)

TfeSMR;Y), and (Tf)(s)=M(s)f(s), seR.
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Definition 4.16. A family of operators T C B(X,Y) is called R-bounded if there is a constant C > 0
such that for all Ty,....,T, €T, x1,....,xn € X, n € N,

1| 1|
(4.14) / > ri®)Tay| dt<C / > i)yl dt,
o ||5io o |5
J Y J b'e
where (r;) is a sequence of independent symmetric {—1,1}-valued random variables on [0,1], e.g. the
Rademacher functions r;(t) = sgn(sin(277t)). The smallest such C' is called R-bound of T and we denote
it by Ry(T).

We note that in a Hilbert space every normbounded set T is R-bounded. Several properties of R-
bounded families can be founded in [22]. For the reader’s convenience, we summarize here from [22,
Section 3] some results.

(a) If T C B(X,Y) is R-bounded then it is uniformly bounded, and

sup{||T|| : T € T} < R,(T).
(b) The definition of R-boundedness is independent of p € [1, 00).
(¢) When X and Y are Hilbert spaces, T C B(X,Y) is R-bounded if and only if T is uniformly

bounded.
(d) Let X,Y be Banach spaces and T,S C B(X,Y) be R-bounded. Then

T+S8S={T+S5:TeT,5eS}

is R-bounded as well, and R,(T + ) < R,(T) + R,(S).
(e) Let X,Y, Z be Banach spaces, and 7 C B(X,Y) and S C B(Y, Z) be R-bounded. Then

ST={ST:TeT,SeS}
is R-bounded, and R,(ST) < R,(S)R,(T).

(g) Let X,Y be Banach spaces and T C B(X,Y) be R-bounded. If {ay}rez is a bounded sequence,
then {oT : T € T} is R-bounded.

The following operator-valued multiplier theorem is due to Weis [34, Theorem 3.4].

Theorem 4.17. Let X,Y be UM D-spaces and 1 < p < oo. Suppose that M € CH(R; B(X,Y)), and that
the sets

{M(s):s €R} and {sM'(s):s e R},
are R-bounded. Then M is an L&Y—multiplier.

We recall that a Banach space X is said to be UMD, if the Hilbert transform is bounded on L?(R, X)
for some (and then for all) p € (1,00). Here the Hilbert transform H of a function f € S(R, X), the
Schwartz space of rapidly decreasing X-valued functions, is defined by

Hf := %PV(%) * f.

These spaces are also called HT spaces. It is a well known that the set of Banach spaces of class HT
coincides with the class of UMD spaces. This has been shown by Bourgain [18] and Burkholder [19].
Some examples of UM D-spaces include the Hilbert spaces, Sobolev spaces W, (), 1 < p < oo, Lebesgue
spaces LP(Q, ), 1 < p < oo, LP(Q, 1; X), 1 < p < oo, when X is a UM D-space. Moreover, a UM D-
space is reflexive and therefore, L(, 1), L>°(Q, i) (in the case infinite dimensional) and C*([0, 27]; X)
are not UM D. More information on UM D spaces can be found in [18, 19].

Let A: D(A) C X — X, M : D(M) C X — X closed linear operators defined on a Banach space X
satisfying D(A) N D(M) # {0}. We consider the following fractional differential equation

(4.15) D*(Mu)(t) = Au(t) + f(t), teR,
where 1 < a <2 and f € LP(R; X).

Definition 4.18. Let 1 < p < o0. For f € LP(R; X), we call u € LP(R; X) a solution of equation (4.15)
if ue W*P(R; X) N LP(R; [D(A) N D(M)]) and u satisfies equation (4.15) for a.e. t € R.
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Definition 4.19. We say that the equation (4.15) has mazimal LP-regularity if for each f € LP(R; X)
there exists a unique solution u of equation (4.15).

Remark 4.20.

Observe that if equation (4.15) has maximal LP-regularity, it follows from the closed graph theorem
that the map L : LP(R; X) — W*P(R; X) N LP(R; [D(A) N D(M)]), which associates to f the unique
solution u of equation (4.15) is linear and continuous.

Indeed, since A is a closed operator, we have that the space H := W*P(R; X )N LP(R; [D(A)ND(M)))
endowed with the norm

lullg = [|1D%(Mu)|[Lr + [|Aul[zr + [l 20
is a Banach space.

Proposition 4.21. Let 1 < p < oo, and f € F 1 (R; X), and u € LP(R;[D(A) N D(M))]). Assume that
(is)* € pap(A) for all s € R. The following assertions are equivalent.

(i) u € WP(R; X) and u is a solution of equation (4.15);
(it) u € S(R; [D(A) N D(M))]) and a(s) = ((is)*M — A)~1f(s) for s € R.

—

Proof. (ii) = (i). Observe that D*(Mu)(s) = (is)*Mif(s), for all s € R. In fact, since DS (e~ ") =
(is)®e~%! for all s € R, we obtain by Lemma 2.1 that

(is)* Mi(s) = /

(is) e~ Mu(t)dt = / ¢~ DO (M) (£)dt = Do Mu(s).
R

R

Since A is a closed operator we get @(s) = Ai(s) and (D*Mu — Au)"(s) = ((is)*M — A)i(s) = f(s),
for all s € R. We obtain D*(Mu) — Au = f.

(1) = (i1). Let u € LP(R; [D(A)ND(M)]))NW*P(R; X ) be a solution of equation (4.15). Take ¢ € S(R)
and define Ry;(A4,s) := ((is)*M — A)~!, s € R. From Lemma 2.1 and Fubini’s theorem, we obtain

/R¢(s) Ry(A,s)f(s)ds = /R¢(s) RM(A7S)/Re_iStf(t)dtds

/gb(s) RM(A7S)/e_iSt[DO‘(Mu)(t)—Au(t)]dtds
R R

/gb(s) RM(A7S)/(Mu)(t)Di(e_iSt) — 7" Au(t)dtds
R R

/R 6(s) Rag(A, s) /R ((i5)" M — A)u(t)e="*"dtds

/Rcé(s)/Ru(t)e_iStdtds

/Ru(t) /R¢(s)e_” dsdt
- /R w(t)d(b)dt.
Therefore, identifying LP(R; [D(A) N D(M)]) with a subspace of S’'(R;[D(A) N D(M)]) by letting
w.6) = [ o(votat,
R

for v € LP(R; [D(A) N D(M)]) and ¢ € S(R). From the identity above, we have that @(s) = ((is)*M —
A)~1f(s), for all s € R, and Fu = ((i-)*M — A)~' f(-) € D(R; [D(A) N D(M)]). Hence u € S(R; [D(A) N
D(M))). O

For g > 0 we define the following weighted LP and Sobolev spaces on R with values in the Banach spaces

X
LE(R; X) := {f : R = X measurable : ||f|5, < oo},

WP (R; X) :={f : R — X measurable : f, f,..., f* € L3(R; X)} with n = [a],
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1
e s = ([ 1o 507ar) " s the o i 2585 ) Wl 157 -5 15l
is the norm in Wg"*(R; X).
As in Definition 4.18, for f € LE(R; X) we call u € Li(R; X) a solution of equation (4.15) if u €
W P(R; X) N L(R; [D(A) N D(M)]) and u satisfies equation (4.15) for a.e. t € R.
Further, we define the following mapping
IRX) - LP(R;X)
u — @, where a(t):= e Pltlu(t).
The function ~ is an isomorphism between L7 (R; X) and LP(R; X).

Lemma 4.22. [28] If a, 3 > 0, then

D*(e B\tlf — Bl Z ( ) —sgn(t)B)" D f(t), teR,

where () = —a(o‘fl)"é;(afkﬂ).

The following lemma establishes a connection between solutions in L”(R; X) and solutions in L7 (R; X).

Lemma 4.23. (28] Let 1 <p < o0, 8 >0 and f € L(R; X). Thenu € W™ (R; X)NLE(R; [D(A) N D(M)])
is solution of equation (4.15) if and only if w € W*P(R; X)NLP(R; [D(A) N D(M)]) is solution of

(4.16) D*(Ma)(t) = Au(t) + f(t) + e~ ﬁltz( > —sgn(t)8)F Dk (PHa(t)).

We notice that this result includes the cases of first and second order treated in [32] (for M =I). In
fact, let f € LE(R; X). If o = 1, then u € L(R; X) is solution of u'(t) = Au(t) + f(t) if and only if
@ € LP(R; X) is solution of

u'(t) = Aa(t) + f(t) — Bsgn(t) a(t).
and if a = 2, then it follows that u € Lj(R;X) is solution of u”(t) = Au(t) + f(t) if and only if
@ € LP(R; X) is solution of

" (t) = Au(t) + f(t) — B alt) — 2sgn(t) @'(1).
See [32, Chapter 3] and [32, Chapter 6] for « = 1 and « = 2, respectively.

Lemma 4.24. Assume that the operators A and M commute. If the equation (4.15) has mazimal
LP-regularity, then there exists 8 > 0 such that for all f € LY (R'X) there exists an unique solution
u € WP (R; X)NLG(R; [D(A) N (M)]) of equation (4.15) and the solution operator Lg : Lj(R; X) —
WP (R; X)NLY(R; [D(A) N D(M)]) is bounded.

Proof. Let f € Lj(R; X). From Lemma 4.23 we obtain that u € Wg""(R; X)NLE(R; [D(A) N D(M)]) is
solution of equation (4.15) if and only if & € W*P(R; X)NL?(R; [D(A) N D(M)]) is solution of equation
(4.16). Define the mapping T : W*P(R; X) — W*P(R; X)NLP(R; [D(A) N D(M)]) by

ng =1L (_hg) )

where L is the solution operator of equation (4.15) and for a given function g, hy denotes the function

— Bl Z < > sgn ﬂ)kﬂleafk(eﬁ\ﬂg(t)).

From Lemma 4.22 in follows that hy, € LP(R; X), hence T} is well-defined and is a bounded operator.
Moreover, MTg = TgM. In fact, because M is a closed operator, an easy computation shows that hyrg =
Mhgy. Moreover, if u = L(f) and v = L(M f) then D*(Mu) = Au+ f and D*(Mv) = Av+M f. Therefore
MD*(Mu) = AMu+ M f and since M is a closed operator, D*(MMu) = MAu+ M f = AMu+ M f,
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that is, L(M f) = Mu. Since L(M f) = v, the uniqueness implies that Mu = v. We conclude that
ML(f) = Mu=v=LM(f), which means that M and L commute. Now, observe that

MTgg = ML(=hg) = LM(=hy) = L(—Mhgy) = L(—hng) = Ts(Mg).
On the other hand, by (4.16) we have

DO((1+ BTy)(Ma)(t) = DO (Ma)(t)+ BD*(TMa)(2)
= Aa(t) + F() + Bhalt) + BD* Ty Ma)(t
= Aa(t) + F() + Bha(t) + BD*(M(T5m)(¢)
— Aa(t) + F#) + Bhalt) + BD(ML(~ha))(0)
= Aa(t) + f(t) + Bha(t) + BIAL(=ha)(t) — ha(t)]
= Au(t)+ f(t) + )(®)

BIAL(—hg
Ala(t) + BL(=ha) ()] + f(t)
AL+ BTg)a(t) + f(1).
Therefore, L(f) = (1 + B1p)u. If 8 is small enough, then (1 + 87}) is invertible. For this 3, we get that
Mgf = ()" (1+BTp) ' L(f),
and by the closed graph theorem, the operator Mg which takes f € Lg(R; X) into the unique solution
u € W' (R; X)NL (R; [D(A) N D(M))]) of equation (4.15) is a bounded operator. O

The main result in this section is the following theorem.

Theorem 4.25. Assume that X is a UM D-space and 1 < p < oco. If the operators A and M commute,
then following assertions are equivalent.

(1) Equation (4.15) has mazimal LP-reqularity;

(i1) (is)* € par(A) for all s € R and the set {(is)*M((is)*M — A)~L}ser is R-bounded.

Proof. (i) = (ii). Assume that equation (4.15) has maximal LP-regularity. Let s € R and suppose
(4.17) ((is)*M — A)z =0,
for z € D(A) N D(M). Let u(t) := ¢’*'z. Then u € Wg""(R; X) N LE(R; [D(A) N D(M))) for all 8 > 0.
Observe that u is a solution to equation (4.15) with f = 0. In fact, D%u(t) = (is)®e**'x (see [27, p. 248]).
Moreover, by (4.17) we have

Au(t) = et Ax = e (is)* Mz = D*u(t).
Choosing the number 8 > 0 given in Lemma 4.24, we obtain by uniqueness that « = 0, that is, z = 0.
Hence ((is)*M — A) is injective.

Now, we prove the surjectivity. Let y € X be arbitrary. Let s € R and 8 be small enough as
in Lemma 4.24. Let f; defined by fi(t) := e*'y. Clearly f; € Lj(R;X). Let Mg : LE(R; X) —
W P(R; X) N Li(R; [D(A) N D(M)]) be the bounded operator which takes each f € Lj(R;X) to the
unique solution u of equation (4.15).

Let u = Mgfs. For fixed r € R we have that vi(t) := u(t + r) and va(t) := e*"u(t) are both
solutions of (4.15) with g(t) = e¥" f,(t). Hence, v; = vy, that is, u(t + r) = e**"u(t) for all r,t € R. Let
x = u(0) € D(A) N D(M). With r = —t we obtain u(t) = e**'x for all ¢+ € R. Since DYu(t) = (is)%e*'z
we have D%u(0) = (is)*z and therefore,

((i8)*M — A)x = D%u(0) — Au(0).
Since u(t) satisfies the equation (4.15) for all ¢t € R, we obtain,
(4.18) ((is)*M — A)x = D*u(0) — Au(0) = f5(0) =y,
which means that ((is)*M — A) is surjective for all s € R. Moreover, by (4.18) we obtain that for all
yeX,
I(Gis)* M — A) "yl = ]l = [u(©)] = IMpfo0) < [|Malllf:(O)] = Mgy,
that is, ((is)*M — A)~! is a bounded operator. We conclude that (is)* € pps(A) for all s € R.
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Now, we shall prove that {(is)*M ((is)*M — A)~! : s € R} is an R-bounded set. Since the solution op-
erator L of equation (4.15) is bounded, we have that if f € F~1(R; X) thenu = Lf € S(R;[D(A)ND(M)])
(see Proposition 4.21) and 4(s) = I/I}’(s) = ((is)*M — A)~1f(s), for all s € R. Therefore, the function
N :R — B(X;[D(A) N D(M))) given by N(s) = ((is)*M — A)~! defines an Lg’(;[D(A)ﬁD(M)]—multiplier.
We get that {N(s) : s € R} is R-bounded (see [21, Proposition 1]). Since A : D(A) — X is an isomor-
phism we obtain that {AN(s) : s € R} R-bounded. The identity (is)*MN(s) = I + AN(s) implies that
the set {(is)*M ((is)*M — A)~! : s € R} is R-bounded.

(ii) = (i). Define the operator N(s) := ((is)*M—A)~!, where s € R. By hypothesis N € C*(R; B(X, [D(A)N
D(M)])). We claim that {N(s) : s € R} is a Lg(’[D(A)mD(M)]—multiplier.

In fact, the hypothesis and the identity (is)*MN(s) — I = AN(s) show that {N(s) : s € R} is
R-bounded. Since

sN'(s) = —a(is)*MN(s)N(s),
for all s € R, we get as consequence that {sN'(s) : s € R} is R-bounded. By Theorem 4.17, {N(s) : s € R}

is an LI;( (D(A)ND( M)]—multiplier. Thus, there exits a bounded operator

T: LP(R; X) — L”(R; [D(A) N D(M)])
such that for f € F7'D(R; X), u :=Tf € S(R; [D(A) N D(M)]) and a(s) = ((is)*M — A)~' f(s) for all
s € R. The Proposition 4.21 implies that u is a solution of equation (4.15). Observe that,

lull e ®ipynpan) < (TN llze@:x)-

Now, let f € LP(R; X) be an arbitrary function. Then there exist f, € F~!D(R; X) such that f, — f
in LP(R; X). Let u,, = T'f,,. Then wu,, is a solution of equation (4.15) for f,. Moreover u,, — u :=T'f in
LP(R; [D(A) N D(M)]). By Lemma 2.1 we get for each ¢ € D(R) that

[ Cune) + £ue)o0de = [ D 0w 000t = [ Mun()D5 o011
R R R

If n — oo then by Lemma 2.1 we obtain that u is a weak solution of equation (4.15) and therefore
D*(Mu) = Au+ f, that is, the equation (4.15) has the maximal LP-regularity property.
To see the uniqueness, suppose that

(4.19) DY(Mu)(t) = Au(t), teR,
with u € W*P(R; X) N LP(R; [D(A) N D(M)]).
A easy computation shows that the Carleman transform of fractional derivative of u satisfies
n—1
Dou(A) = x*a(A) — Y u®(0)A*7F, for ReX # 0, n = [al].
k=0
Taking Carleman transform in (4.19), we get

n—1
(A*M — A)a(N) = Z u™ (0)A*"17F | for ReX # 0, n = [a].
k=0

Since (is)* € pa(A) for all s € R, it follows that the Carleman spectrum @ of v is empty and therefore
u =0 (see [3, Theorem 4.8.2]).
O

Corollary 4.26. Let H be Hilbert space and let A: D(A) C H— H M : D(M) C H— H closed linear
operators such that A and M commute. Then, the following assertions are equivalent for 1 < p < co.

(1) Equation (4.15) has mazimal LP-reqular;
(i) (is)* € par(A) for all s € R and sup ||(is)* M ((is)*M — A) 7| < occ.
seR

Corollary 4.27. In the context of Theorem 4.25, if condition (ii) is fulfilled, we have that D*Mu,
Au € LP(R; X). Moreover, there exists a constant C > 0 independent of f € LP(R; X) such that

(4.20) [D*(Mu)|l e r;x) + [ Aull Lo, x) < CllflLr®:x)-
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For y € X and r € R, we define f,.(t) := e'"ty. Is clear that f,. € L (R; X) for all r € R since

1/p
152l = [ eat) Il = o

Theorem 4.28. Let A be a linear operator on a Banach space X. Assume that equation (4.15) has
maximal LP-reqularity for equation (4.15) for some p € (1,00). Then (is)® € pyp(A) for all s € R and
there exists a constant C' > 0 such that

lyl| -

C
is)*M — A)7H| < ——— R.
1((2s) =1 s S
Proof. As in the proof of Theorem 4.25 we have that (is)* € ppr(A) for all s € R. Let s € R and y € X.
Since ((is)*M — A) is bijective, there exists z € D(A) such that
((is)*M — A)z = y.

Let 8 be small enought as in Lemma 4.24. From proof of Theorem 4.25 we have that for f,(t) := e®'y,
the unique solution of equation (4.15) is u,(t) := e**tz. Moreover,

luslig.p = Cop ll2]-
Let n = [«]. Observe that

luslls.p = Copllzll
luillsr = IslCsy |2l
luillsp = IsI’Caplzl
lu{llgp = Is|"Cop 2l
By Lemma 4.24 we have
(L4 s+ Is* + o+ 151" Copllzll = Nusllop + lullsp + -+ [ul g

= ||us||W;*’(R;X)OLZ(]R;[D(A)HD(M)})
= [IMpfsllwg»@x)ncs@ipanoan)
< IMsllfelles @
= CCgpllyl.
Therefore
< C
L+ |s| 4+ |s]2 4+ ...+ |s|”
C
1+ |s|@

I((is)* M — A)~"y|

lyl

Iyl

5. EXAMPLES
Ezample 5.29.
Let 1/2 < o < 1. We consider the problem

(5.21) % —Au = f(t,x), nRxQ

(5.22) v = 0, inRx9Q,

where Q is a bounded domain in R" with a smooth boundary 99, m(x) > 0 is a given measurable
bounded function on 2 and f is a function on R x €.
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Let M be the multiplication operator by m. We notice that if m vanishes in a measurable subset of
Q, then M~! is an unbounded operator. If we take X = H~1(2) then by [6, p.38] (see also references
therein), we have that there exists a constant ¢ > 0 such that

1M (2M — A)~H| <

1+ Izl’
whenever Rez > —c¢(1 + |Im(z)]). In particular, if z = (is)® = |s| e 58n() that is, z = (is)® =
5% (cos () +isin (Z2)) is s > 0 and z = (is)* = |s|* (cos (Z) — isin (52)) fors<(). Slnce/2<a§1
we obtain that cos (”7“) > 0 and sin ( ) > 0, obtaining that
M((is)*M — A) || < ——
1M ((is) ) ”—14ﬁﬂa’

for all s € R.
imaginary axis we have ||M(itM — A)71] < for all ¢ € R. Therefore, we conclude by Theorem
g Yy 1+|f| 9 Yy

4.25 that the equation (5.21) is C“-well posed. Thus, given f € C*(R x Q; X) there exists a unique
solution u to problem (5.21) which satisfy (m(z)u)’, Au € C*(R x Q; X).

Ezxample 5.30.

Let P be a densely defined positive selfadjoint operator defined on a Hilbert space X with P > 6 > 0.
Let M =P —¢ withe <4, and let A = — Zf:o a; P* with a; > 0, a;, > 0, and k > 2 is an integer. From
[23, p. 73] we have that there exists a constant ¢ > 0 such that

1 c
- <
MM - A<

whenever Rez > —¢(1 + [Im(z)|). Thus, in the imaginary axis we have ||[M (itM — A)~Y|| <
t € R. Hence, in this conditions the equation (4.15) is C'*-well posed.
Ezxample 5.31.

For (z,t) €  x R where Q = (0,1), consider the problem
4

0 02 0
(5.23) &(1—5p)m%w = e t) + flab)
(5.24) u = 0, in 92 xR.

In the space X = L?(Q2), let P = 8 2 with domain D(P) = H?(Q) N H}(2). Observe that P is a
positive selfadjoint operator in X. If M = P + I, and A = — P2, then the equation (5.23) can be written
in the form of (4.15). By Example 5.30, the equation (5.23) is C*-well posed.

Ezample 5.32.
Consider the problem

1+|t\ for all

(5.25) %(% + 1) (t,x) = —a%u(t,x) —ku(t,z)+ f(t,z), teR,xel0,7]
(5.26) u(t,0) =u(t,m) = 882 (t,0) = aa su(t,m) =0, teR

where a is positive constant and —2a < k < 4a. In X = Cy([0,7]) = {u € C([0,7]) : u(0) = u(m)} take
K the realization of 53—:2 with domain

D(K) = {u e C*([0,n]) : u(0) = u(r) = %U(O) = %u(ﬂ') =0}.

IfM=K+1I,and A =aM + (k — a)l, then the equation (5.25) can be written in the form of (4.15).

By [6, p-39] or [23] we have, as in the above example:
|[M(itM — A)7H| < —
1+ |t]
for all ¢ € R. Therefore, by Theorem 4.25 the equation (5.25) is C*-well posed, that is, for all f €
)

C*(R x [0,7]; Co([0,7])) there exists a unique solution u of (5.25) with maximal regularity § 6 g e C*(Rx

[0, 7; Co ([0, 7))
XXXXXXXXXXXXXXXXXX
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