SUBORDINATION PRINCIPLE FOR SUBDIFFUSION EQUATIONS WITH
MEMORY.

RODRIGO PONCE

ABSTRACT. In this paper we study the existence of mild solutions to subdiffusion equations with memory

t

() Opu(t) = Au(t) +/ Kk(t — s)Au(s)ds, t>0

0
u(0) = =z,

where 0 < a < 1, A is a closed linear operator defined on a Banach space X, the initial value = belongs

to X and k is a suitable kernel in L}OC(R+). First, we find a subordination formula for the solution

operator of (x) and then we study its connection with the existence of mild solution to the first order
diffusion equation with memory.

1. INTRODUCTION
In the problem of the heat conduction, the classical model reads as

w=MNu+f, in D:=QxJ
(1.1) u(z,t) =0, on 0D xJ
u(z,0) =up(x), in

where ) is a bounded domain in RY, (N = 1,2,3), J = (0,7], T > 0, f is a suitable function (known
as the forcing term), A > 0 is the thermal diffusion coefficient, A is de Laplacian operator defined in
certain domain, ug(x) is the initial temperature at point x €  and 99 denotes the boundary of Q. In
homogeneous and isotropic media, this model gives a good prediction of the temperature u(z,t) at time ¢
in any x point of 2. However, in some materials, such as materials with fading memory, particularly at low
temperature, this model is not completely satisfactory. Moreover, in this model the thermal disturbance
at any point is propagated instantly to everywhere of the domain, which is in general unrealistic. The
theory of heat conduction in such materials was firstly studied by Gurtin and Pipkin [14] where the
authors, after a linearization, arrived to the model given by the Volterra equation

(1.2) u’(((;f)) = Au(t) +/0 a(t — s)Au(s)ds + f(t), t >0

where A is a closed operator (typically is the Laplacian operator), a is a locally integrable kernel known
as the heat relaxation function, and f is a suitable continuous function. The mild solution to equation
(1.2) it is well known: if A is the generator of a resolvent family {R%(¢)};>0 (see [12]), then the solution
u to (1.2) is given by the variation of constants formula

(1.3) u(t) = R“(t)x+/0 ROt — s)f(s)ds, t>0,
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where the Laplace transform * of R*(¢) satisfies

~ 1 A

B =1m <1+d()\) A)
for all A € C such that #(/\) € p(A). The existence of mild solutions to equations with memory has
been widely study in the last decades, see for instance [13, 17, 32, 31, 33] and the references therein. We
notice that if a(t) = 0 for all ¢ > 0, (that is, the heat equation without memory) then R*(t) corresponds
to the Cy-semigroup generated by A.

In the last two decades, the theory of fractional differential equations has been a subject of great interest

in many areas of mathematics, physics, mechanics, chemistry and biology, see for instance [18, 20, 24, 25].
In particular, recently the subdiffusion equation with memory in porous media

¢
(1.4) Ofu(t) = Ault) —|—/ k(t — s)Au(s)ds+ f(t), t >0

: 0

u(0) =z,

where 0f'u denotes the Caputo fractional derivative of u, 0 < oo < 1, x € X, and & is suitable kernel has
been studied in [21, 22] and [23]. Moreover, very recently, the authors in [1] have obtained interesting
results on the study of the existence and uniqueness of mild solutions to (1.4) for k(t) = e”’t% where
p>0and 0 < pu < 1.

On the other hand, if a(t) = x(¢t) = 0 for all ¢ > 0 in equations (1.2) and (1.4), then there exists an

interesting relation (known as subordination principle, see for instance [2, 5, 6, 7]): if A is the generator
of a Cy-semigroup {T'(t)}+>0, then A it also generates the a-times resolvent family {S,(¢)}+>0 given by

(1.5) Sa(t)z = / O, (r)T(rt*)adr, t>0,z€ X,
0

where ®,, is the Wright type function ([24, Appendix F])

- (=2)" / Ep—
D, (2) = = AT et T dp,
(2) ZO nll(—an+1—«) ~ pooe a

where « is a contour which starts and ends at —oo and encircles the origin once counterclockwise, see for
instance [5, Chapter 3]. This interesting property implies (in case a = k = 0) that if A is the generator
of a Cy-semigroup {T'(t)}+>0, then the solution to (1.4) is given by

u(t) = Sa(t)z + /0 P,(t —s)f(s)ds,

where {Sq(t)}+>0 is the fractional resolvent family given in (1.5) and {P,(f)}+>0 is the family defined by
(see [19, Theorem 3.1])

P,(t) = a/ t*Yrd, ()T (rt™)dr, t> 0.
0

The subordination principles are useful to study parabolic as well as hyperbolic problems, see for
instance [29, Chapter I, Section 4]. In this paper, we study the problem of the existence of mild solutions
to the subdiffusion equation with memory (1.4) and its connection with the existence of mild solution to
the diffusion equation with memory (1.2) via a subordination principle. More precisely, in this paper we
prove that if A is the generator of a resolvent family {R%(¢)};>0 (associated to the equation (1.2)) then
a subordination principle, allows to prove that A is also the generator of a fractional resolvent family
{R.(t)}+>0 and then, the solution to (1.4) can be written using a variation of parameters formula (as in
(1.3)) in terms of {R(t) }+>o0-
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2. RESOLVENT FAMILIES AND A SUBORDINATION PRINCIPLE

Given a Banach spaces (X, || - ||), we denote by B(X) to the Banach space of all bounded and linear
operators from X into X. For a closed linear operator A on X, p(A) denotes the resolvent set of A and
R(M\, A) = (A — A)~! is the resolvent operator of A which is defined for all X € p(A).

A strongly continuous family of linear operators {S(¢)}:>0 C B(X) is said to be exponentially bounded
if there exist constants M > 0 and w € R such that ||S(t)| < Me®*t, for all ¢t > 0.

Definition 2.1. Let A be a closed and linear operator defined on a Banach space X and a € L} (R}).
We say that A is the generator of a resolvent family, if there exist M > 0, w > 0 and a strongly continuous
function R® : [0,00) — B(X) such that |[R*(t)|| < Me“" for allt > 0, {\: ReA > w} C pa(A) and for all

z e X,

1 A - >
- A = “MR(t)xdt, Rel
T a0y (1—!—&()\) ) x /0 e " R(t)xdt, Rel > w,

where

—1
pa(A) == {u eC: (J&(u) - A) is invertible and <1+M&(’u) - A) is bounded} .

In this case, {R*(t)}1>0 is called the resolvent family generated by A.

If A is the generator of a resolvent family {R*(t)}t>0, ¢(t) := 1 and b(t) := 1 4 (1 % a)(t), then
{R*(t) }+>0 is a (b, ¢)-regularized family according to [27], and in particular, if @ = 0, then the resolvent
family {R®(t)};>0 corresponds to the Cy-semigroup generated by A. It is a well-known fact that if A
generates a resolvent family {R*(¢)};>0, then solution u to (1.2) is given by the variation of parameters
formula

(2.6) ult) = Ra(t)x+/0 RO(t — s)f(s)ds, t>0.

Given a > 0, we define the function g, as go(t) := %, where I'(+) is the Gamma function. We note
that if ., 8 > 0, then goys = 9o * g3, where (f * g) denotes the usual finite convolution (f * ¢)(t) =
fot f(t—s)g(s)ds. For 0 < a < 1, the Caputo fractional derivative of order « of a function f is defined by

2 F(t) = (g1oa * F)(t) = / 1t — 5)f'(s)ds.

An easy computation shows that if « = 1, then 9} = %. For more details, examples and applications on
fractional calculus, we refer to the reader to [24, 25].

For a locally integrable function f : [0,00) — X, we define the Laplace transform of f, denoted by f())

(or L(f)(A)) as
fy = / e M f(t)dt,
0
provided the integral converges for some A € C. An easy computation shows that g, (A) = )\% for all

Re(A) > 0 and applying the properties of the Laplace transform, it is easy to see that

(2.7) O f(N) = X*F(N) = X271 (0)

for 0 < a < 1. Here, the power A* is uniquely defined by A := |X\|*¢?8(N) | with —7 < arg(\) < .
For 0, 8 > 0 and z € C, the Mittag-Leffler function E, g is defined by

& k

Eaplz) =Y =

prt T(ak+8)"
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Given oo > —1, 8 € C and z € C, the Wright function W, s is defined by

Sk

Wa,p(z) := kZ:O kT (ak + B)

If 8 > 0, then for all z € C and a > —1, we have (see [24]) that

1 —a
W, - —Beptzn~" g
)= g [ e

where H, denotes the Hankel path defined as a contour that begins and t = —oo —ia (a > 0), encircles
the branch cut that lies along the negative real axis, and ends up at t = —oo+14b (b > 0), see for instance
[24].
Definition 2.2. [2, Definition 3.1] For 0 < o < 1 and 8 > 0, we define the function 1, g in two variables
by

Vap(t,s) == tPTW_ g(—st*), t>0,s€C.

By [2, Theorem 3.2] it follows that if 0 < @ < 1 and 8 > 0, then 1, g(t,s) > 0 for t,s > 0 and
(2.8) / e Mo p(t, s)dt = AFe™ A" for 5,A > 0.
0

Definition 2.3. Let A be a closed and linear operator defined on a Banach space X and k € LIIOC(R+).

Given «,8 > 0 we say that A is the generator of an («,)-resolvent family, if there exist w > 0
and a strongly continuous function R}, 5 : (0,00) — B(X) such that Rf 4(t) is ezponentially bounded,

{H)\Ta()\) : Rel > w} C p(A), and for all x € X,

(2.9)

A A% A o e
T (1_'_/%()\)— ) xz/o e Ry, 5(t)xdt, Rel > w.

In this case, {R, 5(t)}i>0 is called the (o, B)-resolvent family generated by A.

We notice that if a = = 1, then a (1, 1)-resolvent family { Rf ;(t)}+~0 is a resolvent family according
to Definition 2.1.

If b(t) := ga(t) + (K * ga)(t) and A is the generator of an (a, 8)-resolvent family {Rf;, 5(t)}i>0 then
{R5 5(t)}i>0 is a (b, gp)-regularized family as well (according to [27]), and we have the following result,
see [27]. See also [1, Definition 2.3 and Remark 2.4] and [2, Section 4]

Proposition 2.4. If a, 3> 0 and A generates an («, B)-resolvent family { Ry, 5(t)}i>o0, then
~ ()
(1) m a,ﬁ( )
t—0+ gg(t)
(2) R; 5(t)x € D(A) and Rf, 5(t) Az = AR, 5(t)z for all z € D(A) and t >0
(3) For all x € D(A),

=z, for all x € X,

o) = gp(t)r + / b(t — s)AR;, 5(s)xds,
0
(4) fot b(t — s)Ry;, 5(s)xds € D(A) and

t
RS () = gp(t)e + A /O b(t — )R (s)eds,

forall x € X,
where b(t) = ga(t) + (K * ga)(t).

The next result gives a subordination theorem for (c, 3)-resolvent families.



SUBORDINATION PRINCIPLE 5

Theorem 2.5 (Subordination). Let 0 < a < 1 and € > 0. Let A be the generator of a resolvent family
{R*(t)}+>0 and k € L} (Ry) be a given kernel. Suppose that |R*(t)|| < Me*t for all t > 0, where
M,w > 0. Assume that there exist a € L, (Ry) and v < 0 and such that a(A\*) = &(\) for all Re(\) > v.
Then, A is the generator of the (o, a + €)-resolvent family {Rf, ., .(t)}+>0 defined by

(2.10) R e xf/ Yae(t, s)R*(s)zds, t>0,x€ X

where 1o is the Wright type function given in Definition 2.2. Moreover, if € > 0, then
(211) RZ,a+s(t)x - (gE * RZ,Q)(t)xa
forallz € X andt > 0.

Proof. The exponential boundedness and strong continuity of { R} ,,.(t)}¢>o follows as in the proof of
[2, Theorem 4.5]. See also [29, Chapter I, Section 4]. We give here only the details in order to prove
that { R} ,..(t)}¢>0 given by (2.10) defines an (c, o + ¢)-resolvent family. In fact, since a(A*) = A(\) for
all Re(A\) > v and {R*(t)}+>0 is an exponentially bounded resolvent family, by (2.8) we can apply the
Fubini’s theorem, and by the same equation (2.8) we obtain

/0°° VR e (Dt = /O”e—m ( /O""%(t’sma(s)x ds) »
/ ) ( / "Myt s)dt> R (s)xds
= A7 / MR (s)ads

B 1+a(A“) (1+AaCZAa) _A?_lf
= :&) <1+)\Z(A) ‘A) v

for all A such that H’\Ta(/\) € p(A). The identity (2.11) follows directly from the properties of the Laplace

transform, concluding the proof. |

Corollary 2.6. Let 0 < o < 1. Let A be the generator of a resolvent family {R*(t)}+>0 and r € L (Ry)
be a given kernel. Suppose that |[R%(t)|| < Me*t for all t > 0, where M,w > 0. Assume that there exist
a € L, (R}) and v < 0 such that a(A\*) = &(\) for all Re(\) > v. Then, A is the generator of the
resolvent families { Ry, ,(t)}i>0 and {RY | (t)}+>0 which are, respectively, defined by

(2.12) Ry, () —/ Ya,0(t, s)R*(s)xzds, t >0,

and

(2.13) a1 (t)r = /OO Ya,1—a(t,s)R(s)zds, t>0.
0

Moreover, if [ is Laplace transformable, then the unique mild solution to Problem (1.4) is given by

(2.14) u(t) = Ry (t)r+ /0 Ry, o (t —s)f(s)ds.

Proof. For 0 < a < 1, we observe that (2.12) and (2.13) follow with ¢ = 0 and ¢ = 1 — , respectively, in
the Subordination Theorem 2.5.
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On the other hand, the Laplace transform of Rf; ,(t) and R, ;(t) are respectively given by

— 1 A& -1 — Aol e -1
ol = 19500 (1+%(A) _A> and Roa )= 15750 <1+/%(A) _A> ’

for all X such that ; ()\) € p(A). Taking Laplace transform in both sides of (1.4) we obtain by (2.7) that

i Ao % o 1 A 7
N =17 (1+f-c(/\) _A) IR <1+’%(A) _A) o

which implies that w is given by (2.14), by the uniqueness of the Laplace transform. O

We notice that by [26, Formula (3.8) in Corollay 3.3] and [26, Corollay 3.3 (b)], the Wright type
functions 14,0 and ¥4,1—o in Corollary 2.6 can be written, respectively as

1 o0 (e
Ya0(t,8) = — / etpeost=sptcosal gin(tpsind — spsinafd + 0)dp,
T Jo
for 7/2 < 6 < w and
]. o0 (o3
(2.15) Yai1-alt,s) =— / po LTt cosalm=0)=tpcosd . gin (tpsin§ — sp® sina(m — 0) + am — 0)) dp,
T™Jo

for 6 € (7 — 5, m/2). Moreover, since

o L1 X N
Ra7l()‘) = Ao+ I%()\) (1 n I%(A) - A) = glflx()‘)Raﬂ()\)

we obtain, by the uniqueness of the Laplace transform, that Rgl(t) can be written as
gl(t) = (glfa*Rga)(t)v t > 0.

On the other hand, we notice that in the Hypotheses of Theorem 2.5, given a kernel k € L (Ry)
we need to find a kernel a € L (R;) such that a(A*) = &(\) for all Re()\) > v. Now, we show some
examples of such kernels.

Ezample 2.7. If v € R, p,u > 0, and k(t) = ~ve —pti F(u) then &(\) = H, for all X\ > —p, which means
that the kernel a needs to verify a(A*) = v/(A + p)*, that is a(\) = ey . By [16, Formula (11.13),
P
p.13] we conclude that
(2.16) a(t) = yt="LBY , (—pt=),
where, for p,q,r >0, E] (2) is the generalized Mittag-Leffler type function defined by
= ()
E; = —2=— z€eC,
pal?) = ZO 3T (pj +q)
where (1); denotes the Pochhammer symbol defined by (r); = Fff(j)j) The kernel k (known as the relax-

ation kernel) appears in problems of viscoelasticity or heat conduction with memory, see for instance [9)
and [29, Chapter I, Section 5]. Fractional differential equations in the form of (1.4) with this kernel have
been recently studied in [3, 8, 30]. In particular, if u =1, then k(t) = ve *t, and therefore

a(t) = ’}/t‘—‘%_lEi7l (—pt%).
This exponential kernel k(t) typically appears when one consider Mazwell materials in viscoelasticity
theory. In that context, the parameters v and p are given by v = 7 and p = 7/w, where T corresponds

to the elastic modulus of the material and w to the coefficient of viscosity, see for instance [10] and [29,
Chapter II, Section 9].
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Remark 2.8. We remark that, very recently, the authors in [1] have studied the existence and uniqueness
of local and global mild solutions, blow up and critical nonlinearities for

Ofu(t) = Au(t) +/0 k(t — s)Au(s)ds + f(t,u(t)), t € [0,T]
u(0) =z,

(2.17)

where T > 0, —A is a sectorial operator defined in a Banach space X, x € X, f is a continuous function
and k(t) = —e"’t%, where p > 0 and 0 < p < 1. More concretely, in [1, Theorem 1.1 the authors
proved that A generates the resolvent families {S(t)}+>0 and {R(t)}+>0 given by

L[ A+ )" XN+ p)* -
t) = — —A dr, t
() 2m'/re A+p)r—1 \(A+p+—1 , >0,

and

L[ (e (ANt -
R(®) 2mi /Fe A+pH =1\ A+pr—-1 dr >0,

(where T is a suitable Hankel’s path) which correspond, respectively, to the resolvent families {RY, ., (t)}¢>0
and {Rf 1(t)}¢>0 given in Corollary 2.6.

On the other hand, in order to have the conclusions in Theorem 2.5 we need to find conditions on the
operator A and on the kernel x implying that A is the generator of a resolvent family {R*(¢)};>0. Now,
we study such conditions.

A linear operator A: D(A) C X — X is said to be w-sectorial of angle 0 if there are constants w € R,
M >0 and 6 € (7/2,7) such that p(A) D Sp, :={2€C:2z#w:|arg(z —w)| <0} and

(2.18) (z—A)7Y < M for all z € Sp,.
|z = wl ’
In order to simplify the presentation of the results, we assume that w = 0. In that case, we write
A € Sect(0, M) and we denote the sector Sy as Sp. These operators have been studied widely, both in
abstract settings (see for instance [4, 15]) and for their applications in the study of linear and nonlinear
integro/differential equations, see for example [11, 19, 28, 34].
From (1.2) we now consider the homogeneous problem

(2.19) w'(t) = Auft) +/O a(t — s)Au(s)ds, t >0

u(0) =z,

where A with domain D(A) is a densely defined linear sectorial operator on the Banach space X, z € X
and the kernel a € Li (R.) satisfies a(A\*) = #()) for all Re(\) > v. It is easy to verify that (2.19) is

loc
equivalent to the integral equation

(2.20) u(t) =x + /Ot c(t — s)Au(s)ds, t >0,

where ¢(t) := 1+ (1 % a)(¢), and by [29, Chapter I], the well-posedness of (2.19) (or equivalently, the
integral equation (2.20)) is equivalent to the existence of the resolvent {R*(¢)};>0. In this case, for each
x € X, the unique mild solution to (2.19) is given by

(2.21) u(t) = R*(t)z, t>0.
Definition 2.9. [29, p. 69] Let k € N. Let b € L (R,) be of subexponential growth, which means

loc

/ e €t |b(t)|dt < oo,  for all e > 0.
0
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The kernel b(t) is called 1-regular (of constant c) if there is a constant ¢ > 0 such that

(2.22) D' ()] < elb(N)], for all Re(\) >0
where b'(X) is the derivative of b(\) with respect to \.
Remark 2.10.

We notice that if b is a 1-regular kernel of constant ¢ < 1 with b(\) # —1 for all A € C, then |1|_l;(b’\()>\|)| <1
for all Re(\) > 0. In fact, let A = re’® with 0 < ¢ < Z and r > 0. For g()) := b()\) we have

arg (l;()\)) Im(In(g( —Im/ —ln (re' dt—Im/ Jire™ dt.

re”

Since b is a 1-regular kernel, there exists a constant ¢ > 0 such that [Ab'(\)] < ¢|b()\)], for all Re()) >
and we obtain
it|

? g (rett)ire T
\arg( (A )>|<I /0 Wdt§c¢§§,

which implies that Re(b(\)) > 0 for all Re(A) > 0 and therefore |1| % <1, for all Re(\) > 0.

Theorem 2.11 (Generation). Let A € Sect(0, M) be a sectorial operator. Suppose that b is a 1-regular
kernel with b(\) # —1 for all Re(\) > v, where v < 0. If the constant ¢ in (2.22) satisfies (1 +¢)5 <0,
then A is the generator of a resolvent family {R®(t) }+>o0-

Proof. Define h(\) =
that ¢ > 0. Then

[N 'Lt
arg )1 = Im(In(h( = Im/ —In(h(re™))dt = Im/ Wiire ire
1+5b(N) h(re

An easy computation shows that

1+b()\) . We write A = re’® with [¢| < Z and r > 0. We notice that we may assume

M) _ AV (N)

h() 1+b(N)

[ PE1 ( pit
o —2 ) Zm / g rettret) ) gy
14+b(N) 0 1+ b(reit)
The 1-regularity of b, the hypothesis and Remark 2.10 imply that

A o, _clbtrety .
arg<1+l§()\)> = Hl/o <1+|1+B(reit)|>d (1+C)¢<(1+c)2 0.

-1
This inequality shows that h(\) € Sy and thus the function H given by H(\) := 1+£()\) (1+£(>\) - A)

and therefore

is well-defined. Since A is a sectorial operator, we obtain
NI < [R[[I(R(X) = A)7H] < M.
On the other hand, since

2y AN B o, A
NZH'(\) = 1+I;(/\))\H(/\) (AH(N)) (1 1+5(A))’

the 1-regularity of b implies that

IN2H' (V)| < MMJFW (1 + M) <cM+ (1+c¢)M?.
|1+ b(N)| |1+ b\
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Therefore,
N+ [IAZH (V)] < (1+ ) (M + M?) =: M,
for all Re(A) > 0 and by [29, Proposition 0.1] we conclude

Myn!
IH®O)| < 22 5 e Noy A > 0,

)\n—i-l7
and thus, for every p > 0 we obtain
Afﬂﬂ
HMO))| < —"—, neNyA>u
IHOW S Gy, neNod>
Finally, from the generation Theorem [29, Theorem 1.3] we conclude that A is the generator of a resolvent
family {R°(t)}s>0 such that ||[R(¢)|| < Myett for all t > 0. O

Lemma 2.12. Let x € Ll (R.) be a given kernel. Suppose that 5 < oo < 1 and there exist a € Li, (R;.)
and v < 0 such that a(A*) = &(X\) for all Re(A) > v. Then k is a 1-reqular kernel if and only if a is a
1-reqular kernel.

Proof. Suppose that k is a 1-regular kernel. If a is not a 1l-regular kernel, there exists A\g € C with
Re(Ag) > 0 such that

[Ao@’(Xo)| = nla(No)l,

for all n € N, Taklng n — oo we obtain a(AO) = 0. For this Ay we have two options: Re(/\oé) < 0 or

Re(A§ ) > 0. If Re(A\§) < 0, then Re(—=A§ ) > 0 and therefore Re((—A§)®) > 0 (because a < 1). If we
1

write A\g = ¢’ with 0 < ¢ < Z then we obtain (—A§)® = re(® o™i Since 0 < ¢ < Z, I < a < 1 we

obtain 7 < ¢ 4+ ar < 3F, Wthh is impossible because Re((—)\o1 )*) > 0. Therefore, Re(/\O ) >02>v. We
notice that a(A*) = #()) for all Re(\) > v if and only if a(\) = #(A#) for all Re(A= ) > v and therefore
0=a(\) = /%()\Oé), which means that 4 has a zero in the open right halfplane, a contradiction, because
k is a 1-regular kernel (see [29, Section 3.2, p.69]).

Conversely, if a is a 1-regular kernel, then there exists a positive constant ¢ such that |Aa’(\)] < c|a(N)]
for all Re(\) > 0. Since 1 < a < 1 we conclude that if Re(\) > 0, then Re(A%) > 0 > v and |A&/(N)| =
[A%a/(A%)| < cla(A?)] = ¢[(A)]- 0

Remark 2.13. An easy computation shows that the kernels k given in Example 2.7 are 1-reqular and
therefore (by Lemma 2.12) the corresponding kernels a € Li (R4.) are 1-regular as well (3 < a < 1) and
satisfy the hypotheses in Generation Theorem 2.11.

We notice that if k € L{ (R4 ) is a 1-regular kernel, then there exists ¢ > 0 such that [A&'(A)| < ¢|#(\)]
for all Re(\) > 0 > v. Moreover, if § < o < 1, then the kernel a satisfying a(A*) = &()) for all Re()) > v
is 1-regular as well, and therefore there exists d > 0 such that |\a’(\)| < d|a()\)| for all Re(\) > 0 > v.
Thus [Aa'(\)| = LAGE (A=)] < £[k(A%)| = £]a()\)], which implies that d < <. Since #()\) = a(\*), we
obtain, similarly, that |A&'(\)| = a|A%d' (A*)] < ad|a(A*)] = ad|&(N\)| and therefore ¢ < ad. We conclude
that x is a l-regular kernel of constant ¢ > 0 if and only if a is a 1-regular of constant .

On the other hand, for the given kernel x € L] (R, ), in the Subordination Theorem 2.5 we need to
assume the existence of @ € L] (Ry) and v < 0 such that a(A\*) = &(\) for all Re(\) > v and that
A is the generator of a resolvent family {R*(¢)}+>0. The existence of such kernel a is closely related to
completely positive and Bernstein functions (see for instance [29, Chapter I, Section 4]). The Generation
Theorem 2.11 shows that if A € Sect(f, M) and the constant c verifies the condition (14 £)7 <6, then
A generates a resolvent family {R”(¢)};>0, and therefore, the Lemma 2.7 and Corollary 2.6 imply that
if £ <a<1landk € L (Ry)isa lregular kernel, then A is the generator of the resolvent families
{R5 o (t)}e>0 and { Ry, 1 (t)}i>0 defined, respectively, by (2.12) and (2.13).
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We conclude that in order to study the existence of mild solutions to Problem (1.4) for a given 1-regular
kernel k € L] _(R.) we only need to find the kernel a € L] (R;) and v < 0 satisfying a(A*) = &()\) for

loc
all Re(A\) > v. The above conclusions are summarized in the next result.

Theorem 2.14. Let A € Sect(6, M) be a sectorial operator, r € Li (Ry) and 3 < a < 1. Assume
that there exist a € Ll (R}) and v < 0 such that a(A\*) = #()\) for all Re(\) > v. Suppose that k is a
1-regular kernel and that the constant c in (2.22) satisfies (14 <)% < 0. If f is Laplace transformable,

then the Problem (1.4) has a unique mild solution u given by

t
ut) = RBiy0o+ [ R 9)f(s)ds
0
where { Ry, 1 (t)}i>o0 and {Rf ,(t)}t>0 are given in Corollary 2.6.

3. EXAMPLES
In this section, we consider some examples of the operator A and we obtain the explicit solution to
(1.4).

3.1. The case where A = oI and «(t) = 7?(;; e~ Pt. Suppose that A = oI for some o > 0, and assume

that p, > 0,7 € R\ {0} and £ < a < 1. The homogeneous initial value problem (1.4) reads

¢
O u(t) = ou(t) + ﬂ/ e P (t — s Lu(s)ds, t>0,

(3.23) (1) Jy

u(0) = z.

If Re(A) > 0, then
o
MO _ A _
KL A +pl

which means that k is a 1-regular kernel with constant ¢ = pu. The Example 2.7 shows that there exist a
kernel a € L{ (Ry) and v := —p < 0 such that a(A*) = &()) for all Re(\) > v, and therefore, the Lemma
2.12 implies that a is a 1-regular kernel as well (with constant £). On the other hand, we notice that A is
a sectorial operator of angle ¢ for all 6 € (m/2,7) and thus for 0 < p < 3 we have (1+4/a)% < 6. By the
Generation Theorem 2.11, the operator A generates a resolvent family {R®(t)}+>0 and by Subordination
Theorem 2.5 A is also a generator of an (a, 1)-resolvent family { R} ;(t)}+>0. Therefore, the solution u

to (3.23) is given by u(t) = Rg (t)x for all ¢ > 0. We notice that in this case, R} ;(t) can be found
explicitly. In fact, since a(\) = /(A= + p)* and A generates the resolvent family {R%(t)};>0, then
= 1 A - A% 4 ) 1 1
Ra()\) = _ < _ — A) = . (A= + Pl) = =5
1+a(A) \1+a(A) MM +p) — o(As +p)t—yo  (A—0)1—

(A=) (A& +p)»

Since
Yo

‘ (A= 0)(A= + p)*

<1,

for A large enough, we obtain that

iy N~ @ v\
)= 2 = gy ((Aé +p)”> ’

k=0

and by [16, Formula (11.13), p.13] we conclude that

kA k t
k=0 :

a’l o
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and therefore, the solution u to (3 23) is given by (see Corollary 2.6)

oo

(3.24) u(t) = Ry, 1 (t)x = / Ya1-alt,s) / (s — r)keels—m) *_1E’fkm( pra)adrds,
k=0 o

where 1, 1_4 is given in (2.15). We have proved the following result.

Proposition 3.15. Suppose that o > 0, v € R and % <a<l. IfO<pu< %7 then the unique solution u
to the Problem (3.23) is given by (3.24).

3.2. The case of a self-adjoint operator and k(t) = 71‘( )e —rt, Now, suppose that —A is a non-

negative and self-adjoint operator on the Hilbert space L2(Q2) where 2 C R¥ is a bounded open set.
If the operator A has a compact resolvent, then —A has a discrete spectrum and its eigenvalues satisfy
0< A <A< <A <0 and limy, 0 Ay, = 00.

Denote by ¢,, to the the normalized eigenfunction associated with \,,. It is well known that {¢, : n € N}
is an orthonormal basis for L2(€2), it is also total in D(A) and for all v € D(A) we have

—Av = Z A (v, dn) L2 Q)¢n

As a consequence of Proposition 3.15, we have the following result.

Corollary 3.16. Let A be an operator as above. Suppose that k(t) = v%e"’ﬂ where v € R\ {0}. If

O<pu< % and % < a < 1, then the unique solution u to the Problem
t

Otu(t,x) = Au(t,x) + / k(t — s)Au(s,z)ds, t > 0,
0

w(0, ) = uo(z),

where x € Q and ug € L*(Q) is given by

oo oo k)\k . “k . )
(3.26) u(t,x) = / VYa1-alt,s / (s — )k ST EHE  (—praYug(z)drds, t>0,
n—= lk 0 o

(3.25)

where o 1—-q 15 given in (2.15).

Proof. Let A be as above. Consider the problem
t
u'(t, z) = Au(t, ) —|—/ a(t — s)Au(s,z)ds, t > 0,z € Q
(3.27) 0
u(O) = Uo (.’L‘),
where a is given by (2.16). Multiplying both sides of (3.27) by ¢, (x) and integrating over {2 we obtain
that w,(t) := (u(t), dn)r2(0) is a solution of the system

t
ul, (t,x) = —Apup (t,z) — )\n/ a(t — s)up(s,x)ds, t >0,z € Q,
0

un(07 1‘) = uO,n(I)a

where 1o, = (1o, ¥n)r2(), for all n € N. Then, the solution to (3.28) is given by u,(t,z) = R*(t)ug(x),
t >0,z €, where R%(t) is given by

OO k/\k . .
R*(t) / Ya,1—alt,s / (s —r)keels=m) *_1E’f ui (—pre)drds.

(3.28)

o’ a

Since k is a 1—regular kernel with a(A*) = &()) for all Re(A) > —p and A is a sectorial operator of angle
0 for all 6 € (7/2,7) and 0 < p < 3 we conclude by Theorem 2.14 and Proposition 3.15 that the solution
to (3.25) is given by (3.26) and the proof is finished. O
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