Holder continuous solutions for fractional differential
equations and maximal regularity

Rodrigo Ponce
Universidad de Talca, Instituto de Matemdtica y Fisica, Casilla 747, Talca-Chile.

Abstract

We characterize the existence and uniqueness of solutions of an abstract frac-
tional differential equation with infinite delay in Holder spaces.
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1. Introduction

In this paper, we consider the following fractional differential equation with
infinite delay

DPu(t) = Au(t) + /t a(t — s)Au(s)ds + f(t), t eR, (1.1)

— 00

where A is a closed linear operator defined on a Banach space X, a € L*(R, ) is
a scalar-valued kernel, f € C%(R; X), 0 < a < 1, and the fractional derivative
for 8 > 0 is taken in the sense of Caputo.

Fractional differential equations have been used by many researchers to ad-
equately describe the evolution of a variety of physical and biological processes.
Examples include studies in electrochemistry, electromagnetism, viscoelasticity,
rheology, among other. See, for instance [1, 26, 31] and [34] for further details.

When 8 =1 in equation (1.1), we obtain the equation with infinite delay

t
u'(t) = Au(t) + / a(t — s)Au(s)ds + f(t), teR. (1.2)
—0o0
Equations of this kind arise, for example, in the study of heat flow in ma-
terials with memory as well as in some equations of population dynamics or in
viscoelasticity. In such applications the operator A is typically the Laplacian,
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the elasticity operator, the Stokes operator, or the biharmonic A%, among other.
See [38] and [40, Chapter III, Section 13] for further details.

In [4], Arendt, Batty and Bu study the existence and uniqueness of Holder
continuous solutions to equation (1.1) in the case =1 and a = 0, that is,

u'(t) = Au(t) + f(t), teR. (1.3)

These authors introduce the notion of C“-multipliers and prove an operator-
valued Fourier multiplier theorem for Holder spaces on the line. As a conse-
quence, the authors obtain a characterization, by means of a simple resolvent
estimates of the underlying operator, of the well-posedness of (1.3), in the sense
that there exists a unique classical solution to equation (1.3) in Holder spaces.

Using the results of Arendt, Batty and Bu ([4]) about vector-valued Fourier
multipliers, some characterizations of the existence and uniqueness of solutions
(on the real line) for several classes of equations in Holder spaces, have been
obtained in the last years. See [12, 18, 30, 39] for further information.

Existence of Holder continuous solutions to fractional differential equations
in the form of (1.1) have been studied for example, by Clement, Gripenberg
and Londen using the method of the sum of Da Prato and Grisvard [16]. See
moreover El-Sayed and Herzallah [21, 22, 23] and references therein. Other ap-
proaches to the existence and uniqueness of solutions to fractional differential
equations can be found, for example, in [6, 9, 13, 17, 20, 32]. The obtained re-
sults give sufficient conditions to the existence and uniqueness of Holder contin-
uous solutions to equations in the form of (1.1), but leaves as an open problem
to characterize the existence and uniqueness of Holder solutions to fractional
differential equations.

Characterizations of the existence and uniqueness of solutions to the lin-
ear problem (1.1) have been studied only on periodic vector-valued Lebesgue
spaces, L5 _(R; X), 1 < p < oo, (where X is a UMD space) and in the scale of
periodic Besov spaces B ([0, 27]; X) (and therefore on periodic Hélder space
C*([0,27]; X)) by Bu [10, 11]. The main tool in these results are two operator-
valued Fourier multipliers theorems of Arendt and Bu [5, 7] on periodic vector-
valued spaces L5 _(R; X), 1 < p < oo, and B, ,([0,27]; X). Using these results
on operator-valued multipliers, other fractional differential equations on periodic
vector-valued spaces have been recently studied in [29, 33]. In all these results
is obtained a relation between the existence and uniqueness of solutions to frac-
tional differential equations and the R-boundedness of a sequence of operators
(see [19, 27, 41]).

In this paper, we apply the method of operator-valued Fourier multipliers on
the line (see [4]) to characterize the well-posedness (or maximal regularity) of
the fractional differential equation (1.1) in C*(R; X), the vector-valued Holder
spaces for 0 < a < 1. More specifically, we show in Theorem 3.7 that if a is a
2-regular kernel, then the problem (1.1) is C®-well posed if and only if
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where @ denotes the Fourier transform of a, (more precisely of their extension
to R by setting them equal to 0 on (—oc, 0)).

We notice that, here the operator A is not necessarily the generator of a
Cy-semigroup and there is not any restriction on the Banach space X.

It is remarkable that in the scalar case, that is A = pI, where p € R\ {0},
and a = 0, we have that the unique Hélder solution to fractional differential
equation

DPu(t) = pu(t) + f(t), t €R,

is explicitly given by

ult) = / (t— )" Bpp(plt — 5)°)f(s)ds, tER,

— 00

where Eg g denotes the Mittag-Lefller function. See Example 5.13 below.

The paper is organized as follows. In Section 2, we review some results
about vector-valued Fourier multipliers and we recall the definition and some
basic properties on fractional calculus. Section 3 is devoted to our main result
(Theorem 3.7), where a characterization of the well-posedness (or maximal reg-
ularity) of equation (1.1) is obtained under some suitable assumptions on kernel
a. In Section 4, the equation DPu(t) = AVu(t) + f(t), where v > 0, is studied
as a particular case of equation (1.1). Finally, some examples are examined in
Section 5.

2. Preliminaries

Let X and Y be Banach spaces. We denote by B(X,Y) be the space of all
bounded linear operators from X to Y. If X =Y, we write simply B(X). Let
0 < a < 1. We denote by C*(R; X)) the space of all X-valued functions f on R,

such that
1£@) = FG _

flla := sup
|| Ha ths |t_5|a

If we define || f||ce == || flla+]1£(0)]], then C¥(R; X) is a Banach space under
the norm || - ||ca.

The kernel of the seminorm || - ||, on C*(R; X) is the space of all constant
functions and the corresponding quotient space C (R; X) is a Banach space in
the induced norm. We identify a function f € C*(R;X) with its equivalence
class

f={9€C*R;X): f—g= constant}.

In this way, C*(R; X) may be identified with the space of all f € C*(R; X)
such that f(0) = 0. See [4, Section 5].

For n € NU {0} U {o0}, C™"(R; X) denotes the set of X-valued functions
which are n-times differentiable on R.



Given B > 0, the Liouville fractional integrals of order 3, D:'Bf and Djrﬁf
are defined, respectively, by

t _ 4)B-1
DA f(t) ::[ (tr(g)f(s)ds, teR, (2.1)
and s o] (S_t)ﬁ—l

A sufficient condition for that the fractional integrals (2.1) and (2.2) exist is
that f(t) = O(Jt|=%~¢) for € > 0 and t — oc. Integrable functions satisfying this
property are sometimes referred to as functions of Liouville class, see [36].

The Caputo left and right-sided fractional derivatives, corresponding to those
in (2.1) and (2.2) are defined, respectively, by

n t —_s n—pB—1
DPf(t) = D:<"*ﬂ>c%n (t) = /_ (tI‘(n)—ﬂ) £ (s)ds (2.3)

and

m oS} _ f\n—pB-1
DA f0) = (-1 D G p0 = (1 [ C e s, (2
where t € R, f € C"(R; X) and n = [f]. Here [5] denotes the the smallest
integer greater than or equal to 8. More details of Caputo fractional calculus
can be found in [31, Section 2.4] and [14].

We notice that the Caputo fractional calculus can also be applied to functions
not belonging to the Liouville class (see [36, p. 237]). For example, if g and h
are measurable functions on R such that D;B g exists and h = D;B g a.e., then
we set Dih =g.

It is known that D™ = DY (DY) for any 3, € R, where DY. = Id denotes
the identity operator and (—1)"D?} = D" = 4= holds with n € N. See [36].

In what follows, we refer to the Caputo left-sided fractional derivative, D? 7
as the Caputo fractional derivative of order 3 > 0 of f and we write DPf :=

D? f. For example, for the function e we have

D:Be’\t =APeM and DPeM = )\'Be/\t, ReX > 0.
For B > 0, let C*#(R, X) be the Banach space of all u € C™(R, X), n = [3],
such that DAu exists and belongs to C*(R, X) equipped with the norm

cos = | DPullce + Y IDPu(0)]].
j=1

[[ul

We denote by Ff the Fourier transform of f, that is
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for s € R and f € L'(R; X).
Let 2 C R be an open set. By C2°(€2) we denote the space of all C'>°—functions
in 2 having compact support in Q.

Definition 2.1. Let M : R\ {0} — B(X,Y) be continuous. We say that M is
a C*—multiplier if there exists a mapping L : C*(R; X) — C*(R;Y) such that

[an@FEeeas = [ (- ) s (2:5)

R
forall f € C*(R; X) and all p € C°(R\ {0}).

Here (F(¢-M))(s) = [p e “'p(t)M(t)dt € B(X,Y). Observe that the right-
hand side of (2.5) does not depend on the representative of f since

/R (F(OM) () (3)ds = 20(6M)(0) = 0.

Therefore, if L exists, then it is well defined. Moreover, left-hand side of (2.5)
determines the function Lf € C*(R;X) uniquely up to some constant (by [4,
Lemma 5.1]). Moreover, if (2.5) holds, then L : C*(R; X) — C*(R;Y) is linear
and continuous (see [4, Definition 5.2]) and if f € C*(R; X) is bounded, then
Lf is bounded as well (see [4, Remark 6.3]).

The following multiplier theorem is due to Arendt, Batty and Bu [4, Theorem
5.3].

Theorem 2.2. Let M € C?(R\ {0},B(X,Y)) be such that

sup || M (t)|| + sup [[¢M’ (8)[| + sup [ M" ()]| < oo. (2.6)
t£0 t£0 t£0

Then, M is a C*—multiplier-.
Remark 2.3.

Recall that a Banach space X has the Fourier type p, with 1 < p < 2, if the
Fourier transform defines a bounded linear operator from LP(R; X) to LY(R; X),
where 1/p+ 1/q = 1. As examples, LP(2), with 1 < p < 2, has Fourier type p;
the Banach space X has the Fourier type 2 if and only if X is isomorphic to a
Hilbert space; X has Fourier type p if and only if X* has Fourier type p. Every
Banach space has Fourier type 1. A Banach space X is say to be B—convex if it
has Fourier type p, for some p > 1. Every uniformly convex space is B—convex.

If X is B—convex, in particular if X is a UM D space, then the Theorem
2.2 holds if the condition (2.6) is replaced by the weaker condition

sup || M (t)|| + sup [[tM'(t)]| < oo, (2.7)
t£0 t£0

where M € C1(R\ {0}, B(X,Y)), see [4, Remark 5.5].



Let 0 < a < 1. We denote by L'(R.,t*dt) the set of all a € L{ (Ry) such
that

/00 la(t)|t*dt < oco. (2.8)
0

Observe that as consequence such a is always in L'(R).
Given v € CY(R; X) (0 < a < 1) and a € LY (R, t*dt), we write

(akv)(t) := / a(t — s)v(s)ds = /000 a(s)v(t — s)ds. (2.9)

—0o0

From (2.8) the above integral is well defined. Moreover, it follows from the
definition that

if v € C¥(R; X) then aiv € C*(R; X) and |la%v|o < |lal/1]|?] a- (2.10)

The Laplace transform of a function f € Ll (R; X) is denoted by

f\) = /Ooo e MF(t)dt, Re) > w,

whenever the integral is absolutely convergent for ReA > w. The relation be-
tween the Laplace transform of f € L'(R; X), f(t) = 0 for t < 0, and its Fourier
transform is

F(f)(s) = flis), seR.

For f € L _(R; X) of subexponential growth, that is

loc

/ e—cltl If()||dt < oo,  for each € > 0,

we denote by f()\) for the Carleman transform of f :

Jooe M f(t)dt, Red >0,

fo) =
f_ e Mf(t)dt, Re) <O0.

Observe that we use the same symbol for the Carleman and Laplace transform
but, this will not lead to confusion.
When f € L*(R; X) is of subexponential growth, we have by [8, Chapter 4],

Jim (f(o +ip) = f(—o+ip) = flp), peR. (2.11)
If a € LY(R,), we will always identify a with its extension on R by letting
a(t) = 0 for t < 0. In such way, when a € L'(R,), the Fourier transform a(p)
makes sense for all p € R. Moreover, by (2.11) we have

lim a(o 4+ ip) = a(p)

o—0t



and a(—o +ip) =0 for all ¢ > 0 and p € R by definition.
In what follows, we always assume that a(n) # —1, for all € R, and we use
the following notation:

a, :=a(n), neR.
Now, we recall the notion of regular kernels (see [40, p. 69]).

Definition 2.4. Let a € L (Ry) be of subexponential growth and k € N. a(t)

loc
1s called k-regular if there is a constant ¢ > 0 such that

A [a(M)] ™| < ela(N)|, for all Re(X) > 0,0 <n <k

For the reader’s convenience, we summarize here from [40, Lemma 8.1] some
properties of 1-regular kernels.

Lemma 2.5. Suppose that b € L (Ry) is of sub-exponential growth and 1-
reqular. Then R

(¢) b(ip) == limx_y;, b(N) exists for each p # 0;

(i7) b(X) # 0 for each Re(\) >0, X # 0;

(i) bli-) € Wi (R \ {0));

(iv) |plb(ip))'| < clb(ip)| for a.a. p € R.
By L'(R, (1+]t])~*dt; X) we denote the space of all functions f € L (R; X)

loc
such that [p || f(¢)]|(1+ [¢])"*dt < oo for some k € Ny := N U {0}. Note that
LY(R; X) C LY(R, (1 + [t|)~*dt; X) for all k € Ny. See [8, Section 4.8].
Observe that if f € C*(R; X) then || f(t)]| < ¢(1+]¢|*) for a suitable constant
c. Therefore, f € L*(R, (1 + |t|)~*dt; X) for some k € Ny.
Let f € LY(R, (1 + [t|)~*dt; X), where k € Nyg. We define Ff as a linear

mapping from C°(R\ {0}) into X by

(o, Ff) = / fOFS) Dt o € C2R\{0}).

The next lemma follows from [8, Theorems 4.8.1 and 4.8.2].

Lemma 2.6. Let f € LY(R, (1+[t|)~*dt; X), where k € Ny. Then f is constant
if and only if (o, Ff) = [z f(s)(Fep)(s)ds =0 for all p € C(R\ {0}).

3. A characterization

In this section, we characterize the C“-well posedness of the following frac-
tional differential equation

t

DPu(t) = Au(t) + / a(t — s)Au(s)ds + f(t), teR, (3.1
where A : D(A) C X — X is a linear and closed operator, a € L*(R,,t%dt),
B >0,and f € C*(R,X),0< o < 1. As in [4] we define the map id : R — C



by id(s) = is. The function id? is defined by id?(s) = (is)?, where (is)? =
|s|ﬁe%msgn(s) (here sgn(s) denotes the sign of s).

The Caputo left and right-sided fractional derivatives are adjoint in the sense
of the following lemma.

Lemma 3.1. If DPf and D;Bg exist, then

/ f()g(t)dt = / D f(t)D P g(t)dt.
R R

Proof. By Fubini’s theorem

t _ g)8-1
[oo [ (tr(ﬁ)f(s)dsdt

R 00 )
® (t—s)871
Rf(s)/s 7F(5) g(t)dtds

= /f(s)D;Bg(s)ds.
R

/ g(t)D~ (1)t
R

Therefore, we obtain

/R F(t)g(t)t = / D f(t) D5 g (t)dt.

The following Lemma is a generalization of [4, Lemma 6.2].

Lemma 3.2. Let0 < a <1, u,v € C*R; X) and 8 > 0. Then, the following
assertions are equivalent,

(1) u € C*P(R; X) and DPu — v is constant;

(ii) [ v()F(9)(s)ds = [ u(s)F(id” - ¢)(s)ds, for all € C(R\ {0}).

Proof. (i) = (i1). Let ¢ € C(R\ {0}). Observe that using Fubini’s Theorem,
we have for ¢t € R,

e’} s — B—1
DPFGA - $)(t) = /t (F(’g)f(idﬁ-qs)(s)ds

- 7(5_25)[371671.“ ir\2o(r)drds
| [ S et
oo ,.B—1
— v e T (VB b (W) dvdr
L] %5 (i) 6(r)dvd

o ,B=1 ‘
- /]R/O r(g)e’“”k‘”(z’r)%(@]dvdr
(Fo)(t)




Hence, for t € R we have D7° F(id®-¢)(t) = (F¢)(t) and thus F(id”-¢)(t) =
Dﬁ}"(qb)(t). Therefore, by hypothesis and Lemmas 2.6, 3.1, we obtain

/ v(s)(Fop)(s)ds = / DPu(s)DP F(id? - ¢)(s)ds = / u(s)F(id? - ¢)(s)ds.
R R

R

(i1) = (i). Let ¢ € C°(R\{0}) and ¥ (s) = ¢(s)/(is)?. An easy computation
shows that F(¢)(s) = F(id” - ¥)(s) = D (Fy)(s).

Since u € C%(R; X) there exists k € Ng such that u € L(R, (1+[t|)~*dt; X).
Take ko € N with kg > k + 3. We claim that DAy € LY(R, (1 + [t|)~*odt; X). In
fact, by Fubini’s theorem, by [36, p. 249] and Lemma 3.1 we have

/Dﬁ YL+ [t)Fodt = k°+5 /Dﬁ (1 + [t]) = Prko) gt

(k0+5) v —(B+ko)
) /R(t)(l+|t|) ko) gt

Since u € LY(R, (1 + [t|)~*dt; X) we conclude that
k
/ IDPu(t)| (1 + [t~ dt < M/ (@)1 + [t]) =) ar
R

I'(ko + B)
['(ko)

D[ ol ) tds < .
On the other hand, by the Lemma 3.1 we obtain
@70 = [veFO@E = [ w76 o)s
[ D2 (Fo s
[ D Fo s = (6. FD ).

We conclude that (¢, F(v — DPu)) = 0 for all ¢ € C2°(R\ {0}), and therefore
v — DPuy is constant by Lemma 2.6. O

The following Lemma, is a direct consequence of [30, Lemma 3.2].

Lemma 3.3. Let 0 < o < 1, v € C*R;[D(4)]), v € C*(R; X) and a €
LY (R, t*dt). The following assertions are equivalent,
(1) akAv — u is constant;

(i) fRu(s)(}"gb)(s)ds = fR Av(8)F(asp)(s)ds, for all p € C(R\ {0}).

Definition 3.4. We say that the equation (3.1) is C*-well posed (or has max-
imal regularity) if, for each f € C*(R;X), there exists a unique function
u € C%(R; [D(A)])NC¥B(R; X), such that the equation (3.1) holds for allt € R.

Remark 3.5.



Observe that if (3.1) is C*-well posed, it follows from the closed graph theo-
rem that the map L : C%(R; X) — C%(R; [D(A)])NC*#(R; X), which associates
to f the unique solution w of (3.1) is linear and continuous. Indeed, since A
is a closed operator, we have that the space H := C*(R;[D(A)]) N C*#(R; X)
endowed with the norm

lullzr == [|1D ulloe + [[Aull e + [lakAul ca + [|ull oo
is a Banach space.

Proposition 3.6. Let A: D(A) C X — X be a closed linear operator defined
on a Banach space X and § > 0. Suppose that the problem (3.1) is C*-well
posed. Then,

(1) (in)” € p(A) for alln € R, and

1+ay,
(#i) sup M (W - A) B < 0.
ner |1 +a, \1+ay,
Proof. Let n € R and suppose that
((in)? — (1 +a,)A)z =0 (3.2)

where x € D(A). Let u(t) = e™x. Then, u is a solution to (3.1) with f = 0. In
fact, DPu(t) = (in)Pe™x (see [36, p. 248]). Moreover, by (3.2) we have

Au(t) + (akAu)(t) = e (1 + a,) Az = " (in)Pz = DPu(t).
Hence, by uniqueness it follows that w = 0, that is, x = 0. We obtain that

((in)? — (1 +ay)A) = (1+ay,) (ift)j] — A) is injective. Therefore, (glﬁ‘)j) — A)

is injective.

In order to show the surjectivity, let y € X. Consider the bounded operator
L: C%R; X) — C*(R;[D(A)]) N C*A(R; X) which takes each f € C*(R; X)
to the unique solution u of equation (3.1). Let n € R, f(t) = ey and u = Lf.
Then, for fixed s € R we have that v1(t) := u(t+s) and va(t) := e™*u(t) are both
solutions of (3.1) with g(t) = e**" f(t). Hence, v = vy, that is, u(t+s) = e*"u(t)
for all s,¢t € R. Let x = u(0) € D(A). Then, u(t) = ez (i.e. u(t) =u(t+0) =
v1(t)) satisfies the equation (3.1). Now, observe that

(akAu)(t) = e""a, Az, t€ER.

In particular, (a%Au)(0) = a,Az. Since DPu(t) = (in)? ez we have DPu(0) =
(in)Pz and therefore,

((in)? — (1 + ay))A)z = DPu(0) — Au(0) — a, Au(0).
Since u(t) satisfies the equation (3.1) for all t € R, we obtain,

((in)ﬁ —(1+ay)A)z = Dﬁu(O) — Au(0) — a, Au(0) = f(0) = y. (3.3)

10



Therefore ((in)? — (1 + a,)A) = (1 + a,) (gfgi — A) is surjective. Thus, we
(i

in)? . .. . .
1]:31 — A) is surjective. Since A is a closed operator, we have
n
(im)”

TFay © p(A) for all n € R.

By (3.3) we have u(t) = e ((in)? — (1 + a,)A)'y. Denote e, @ z the
function ¢t — (e, ® z)(t) := e"z. Since |le; @ z||a = Va|n|*||z|, where v, =
2sup,~ ot~ *sin(t/2) (see [4, Section 3]) we have

Yalnl* @) () = L+ a) A7yl = lleg @ (@) ()" = (1 +ag)A) " 'ylla
= | DPulla < [ID%ullce < |lullcas
= N Lfllces < LI fllce
LA e =+ 11O
= [IZlI(valnl™ + Dyl
Therefore, ||(in)?((in)? — (14a,)A) 7| < [|L]|(1+~51|n|~*) and in consequence
SUp|, <1 1(in)P((in)? — (1 + a,)A) "] < co. By continuity it follows that

)

conclude that (

IN

sup

= sup |(in)” ((in)” — (1 + a;)A) 7| < co.
neRrR neR

O

The following Theorem is the main result in this paper, which shows that
under an additional hypothesis (the 2-regularity of kernel a) we can prove the
converse of Proposition 3.6.

Theorem 3.7. Let A: D(A) C X — X be a linear closed operator defined on
Banach space X and a € L'(R,t*dt). Suppose that the kernel a is 2-reqular
and satisfies sup, g |fa”\ < 00. Then, the following assertions are equivalent

(7) The equation (3.1) is C“-well posed;
. . —1
(in)” ((m)" B A)

v (in)?
A Il R and s
) 1+an€p( ) for alln € R an Zlelg 1+ ay \1+a,

< 0o0.

Proof. (ii) = (i). For t € R, define the operator N(t) := ((it)? — (1 +a;)A)~".
Observe that by hypothesis N € C?(R; B(X,[D(A)])). We claim that N is a
Cemultiplier. In fact, the identity (it)°N(t) = (1 + a;)AN(t) + I and the
hypothesis imply that sup,cg ||V (¢)|] < co. On the other hand,

N'(t) = —=N(t)[if(it)°~! — a,A]N(t), and

N"(t) = 2N@®)[if(it)’ " — afAIN()[iB(it)" ! — a; AIN(t)
—N®)[*B(8 - 1)(it)° 2 — af AIN(2).

Hence,
[N ()] < BlI(it)" N ()] + [la: AN (B)]],

11



1N < 2B2[IN@)I - 1) N (@)]* + 2B]IN () (i) N (t)ar AN ()| +
28N (£)a: AN () (it) "N (t)|| + 2N (@)I] - |aeN (#)]* +
BB =11 - [IN(@) (@) N (@)l + N (H)ac AN (1)]].

From the identity (it)° N(t) = (14+a;) AN (t)+1 we have that sup,cp [la; AN ()| <
oo and from the 2-regularity of a we obtain that

sup [[tN'(t)|| < oo and sup |[t*N"(t)] < oo.
teR teR

We conclude from Theorem 2.2 that the operator N is a C’O‘—multiplier, with
N € C?(R; B(X, [D(A))])).

Define the operator S € C%(R; B(X)) by S(t) := (idﬁ - N)(t). Observe that
by hypothesis sup,cp ||S(t)|| < 0o. On the other hand,

S'(t) = iB(it)" TN (t) + (it) "N’ (t),
S"(t) = B(B — 1)i*(it)* 2N (t) + 2iB(it)? ' N'(t) + (it)° N"(t),
and
tS'(t) = B(it)° N (t) + (it)’tN'(t),
28" (t) = B(B — 1)(it)° N (t) + 2B(it) "tN'(t) + (it) " N" (¢).
Hence, from hypothesis we conclude sup, g [|t5()|| < oo and sup,¢p [|t2S” ()| <

oo. Thus, S is a C'a—multiplier by Theorem 2.2. A similar computation shows
that T € C?(R; B(X)) defined by T'(t) := a; AN(t) is a C*multiplier.

Let f € C*(R; X). Since N,S and T are C*-multipliers, there exist w €
C*(R;[D(A)]), v € C*(R; X) and w € C*(R; X) such that

[ae)Foeds = [ Fo M) f(s)ds (3.4)
R R
[eeFaes = [ Fio )6 f(s)ds, (35)
R R
[ w)Fu s = [ Fw 1)) (3.6)
R R
for all ¢, 0,1 € C=(R\ {0}). Letting ¢ = id” - ¢ in (3.4) we obtain from (3.5)
/ (s)F(id? - ) (s)ds = / o(8)F () (5)ds. (3.7)
R R

By Lemma 3.2 we have @ € C*#(R; X) and Du(t) = v(t) + yo, where yo € X.
Observe that u(t) € D(A) and F(¢ - N)(s)z € D(A) for all z € X, ¢ €
C*(R\ {0}). Now, choosing ¢ = a. - ¢ in (3.4) we have from (3.6)

R

/Aﬁ(s)f(as ~p)(s)ds = / w(s)F(p)(s)ds. (3.8)
R
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From Lemma 3.3 we obtain w(t) = (a%Aw)(t) + y1, where y; € X. Observe that
(3.4), (3.5),(3.6),(3.7) and the identity, (it)°N(t) = (1 + a;)AN(t) + I imply

/v@f@mms: /n@f@ﬂwmms
R R
/ F(id? - o - N)(s)f(s)ds

/.7-' [T+ (1 +as)AN])(s)f(s)ds

/]: ds—i—A/R]:(go-N)(s)f(s)ds—&-

| Fe-n) s

/f ds—i—A/R () F () (s)ds +
[ w7 s)as

Therefore,

/ v(s)F ds—/]: ds+A/ u(s ).F(cp)(s)ds—l—/ w(s)F(p)(s)ds.
R R

(3.9)

It follows from (3.9) and Lemma 2.6 that v(t) = f(t) + Au(t) + w(t) + y2

where y, € X, and therefore DAu(t) = Au(t) + (a%Au)(t) + f(t) + y, where

Y =yo+ Y1+ yo. Let u( ) = u(t) + x where z = [(ag + 1)A]~'y. Note that z

is well defined since (“7) € p(A) for all n € R. We observe that u is a solution

of (3.1). In fact, since the fractional derivative (in the sense of Caputo) of a
constant is zero, we have

DPu(t) = DPu(t)
= Au(t) + (a*Au)(t) + f(t) — (a0 + 1) Az +y
Au(t) + (axAu)(t) + f(2).
On the other hand, since u € C%(R;[D(A)]) N C*#(R; X) we conclude that

u € C%(R; [D(A)]) NC*P(R; X) and therefore, u is a solution of equation (3.1).
To see the uniqueness, suppose that

DPu(t) = Au(t) + (akAu)(t), t€R. (3.10)

As in [30, Appendix A], for ¢ > 0, we denote L, (u)(p) by Ls(u)(p) = @(o +
ip)—u(—o+ip), where p € R. Take L, in (3.10). From [30, Proposition A.2.(iv)],
we have

Lo(DPu)(p) = Ao +ip)La(u)(p) + G2"(0.p) + AL, (w)(p),  (3.11)
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with
lim [ G“(a,p)b(p)dp =0,

c—0t Jr

for all ¢ € S(R), where
0 0o
Gf“(o, p) = / (/ a(T)e(U“p)TdT) e*("“‘p)sAu(s)ds

—0o0 —S

0 -5
+ / </ a(T)e(U_ip)(sJ”)dT) Au(s)ds
—o0 0
0 o] ) )
/ </ a(T)e_(”“p)TdT) el77P)% Au(s)ds.
—oo 0

A simply computation, shows that the Carleman transform of fractional deriva-
tive of u satisfies

DBu(N) = Ma( Z EO0)AP17F for ReA # 0, n = [f].
Hence,
Lo(DPu)(p) = (0+ip)° Ly (w)(p) + (0, p)i( = +i) Zc@ (o, p)u (0),
where c(0, p) = (0 +ip)? — (—o +ip)?. Denote Hps(a, p) by
Hg(o,p) = ca(o, p)i(—0o +ip) — ZCB 1-k(o, p)ul® (0).

From (3.11) we have
(0 +ip)’ = (L +alo +1ip))A) Lo(u)(p) = G (0, p) — Hs(o, p).

Since g:’_]()li € p(A) for all n € R, we obtain,

Lo(u)(p) = G:?u(U’ p)RP - Hﬁ(a? p)RP -
(a(ip) — a(o + ip) AR, Lo(u) (p) —
(o +ip)? = (ip)”) RyLo(u)(p),
where R, denotes R, = ((ip)? — (1 +a(ip))A)~L.
A similar argument to used in [30, Lemma A.4] shows that
Jim [ (@(in) ~ alo + i0) AR, La(w)(p)o(p)dp = O

for all ¢ € S(R). Applying the dominated convergence theorem, we have

lim [ G2“(o, p)R,¢(p)dp = 0,

oc—0t Jr
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for all ¢ € S(R). As in [30, Lemma A.4], we can show that

i [ Haloup)Ryd(p)dp = 0
R

o—0t

and
lim [ ((o+ip)® = (ip)”) Ry¢(p)dp = O,

oc—0t Jr

for all ¢ € S(R). Therefore, by [30, Proposition A.2.(i)] we obtain

tin, [ Low)(p)o(o)dp = [ u(p)F@)(p)dp =0,
oc—0+ R R

for all ¢ € S(R). We conclude from Lemma 2.6 that u is constant, that is,

u(t) = x for all t € R and some z € X. We claim that = 0. In fact, since that

u is solution of (3.10) we have

0 = DPu(t) = Az + (akAz)(t) = (1 4 ao) Az,

Since % € p(A) for all n € R, we conclude that x = 0 and therefore u = 0. O

Remark 3.8. When the underlying Banach space X is B-convez, we may replace
the assumption that the kernel a is 2-reqular in Theorem 3.7, by the weaker
condition that a is an 1-reqular kernel. This follows from Remark 2.8 and the
proof of Theorem 3.7.

We notice that, on periodic vector-valued Lebesgue spaces, L5 _(R; X), 1 <
p < oo, (where X is a UMD space) and in the scale of periodic Besov spaces
B, ,([0,27]; X), analogous results to Theorem 3.7 have been obtained [11, 28].

Corollary 3.9. In the context of Theorem 3.7, if condition (ii) is fulfilled, we
have that DPu, a%Au, Au € C*(R; X). Moreover, there exists a constant C > 0
independent of f € C*“(R; X) such that

IDPullce + [lakAullce + |Aullce < C| fllca- (3.12)
Remark 3.10.

The inequality (3.12) is a consequence of the closed graph theorem and
known as the mazimal regularity property for equation (3.1).
We deduce that the operator S defined by:

(Su)(t) := DPu(t) — Au(t) — /t a(t — s)Au(s)ds, teR,

— 00

with domain
D(S) = C*F(R; X) N C*(R; [D(A))),

is an isomorphism onto. In fact, by Remark 3.5 we have that the space H :=
C*(R; [D(A)]) N C*A(R; X) becomes a Banach space under the norm

lullzr = |D%ullco + || Aullca + |lakAullca + [|ufco.

15



We remark that such isomorphisms are crucial for the handling of nonlinear
evolution equations (see [2]). Indeed, assume that X is a Banach space and A
satisfy the condition (#7) in Theorem 3.7. Consider the semilinear problem

DPu(t) = Au(t) + /t a(t — s)Au(s)ds + f(t,u(t)), teR. (3.13)

— 00

Define the Nemytskii’s operator N : H — C%(R;X) given by N(v)(t) =
f(t,v(t)) and the bounded linear operator

T:=S':C*R;X)— H
by T(g) = u where w is the unique solution to linear problem

DPu(t) = Au(t) + / a(t — s)Au(s)ds + g(t).

— 00

Then, to solve (3.13) we need to show that the operator R : H — H defined by
R =TN has a fixed point. For more details, we refer to Amann [2, 3].

4. Well-posedness of a particular abstract equation
In this section, we consider the following equation
DPu(t) + Avu(t) = f(t), tER, (4.14)

where A is a sectorial operator, 0 < 8 < 2, and v > 0. The well-posedness to
this class of equations have been studied in [15] and [29].

We begin with some preliminaries on sectorial operators. We recall that a
closed, densely defined operator A is sectorial of angle 6 € (0,) if 0(A) C Xs,
and for every ¢’ € (4, )

sup [|2(z — A) M| < o0,
z€C\ X4/

where X5 := {z € C : |arg z| < 0}. For a sectorial operator, define the sectorial
angle w(A) by

w(A) :=inf{é € (0,7) : A is sectorial of angle ¢}.
For every ¢ € (0, 7) we put

HOO(Z(S) = {f : 25 —C: ”fHoo < OO},

1 2
He (Z5) := {fGHOO(Zg):3€>OSuCh that sup |f(z)‘ J;Z
z2€Xs

€
<oo}.

If A is a sectorial operator of angle 6 € (0,7), then

Da(f) = f(A) = = [ f()(z— A)dz

211 )P
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defines a functional calculus from H§°(Xs/) into B(X) for every ¢ > 4. This
functional calculus may be extended in a natural way in order to define the
fractional powers A for every € > 0, see [25, 35].

A sectorial operator A admits a bounded H> functional calculus of angle
0 € [w(A), ) if the functional calculus on H§° (X5 ) extends to a bounded linear
operator on H>(Xs) for every §' € (4, ).

The well-known examples for general classes of closed linear operator with
a bounded H®*° calculus are

1. normal sectorial operators in a Hilbert space;

2. m~accreative operators in a Hilbert space;

3. generators of bounded Cy-groups on L,-spaces;

4. negative generators of positive contraction semigroups on L,-spaces.

The main result of this section is the following.

Theorem 4.11. Let A be a sectorial operator which admits a bounded H
functional calculus of angle w € (O, %(1 - g)) on a Banach space X, where

0< B <2 If0 € p(A), then (4.14) C*-well posed.

Proof. Follow the same lines of [29, Theorem 4.6]. Since w € (O, %(1 - g)),

there exists 6 > w such that 6 < Z(1 — g) For each z € ¥5 and t € R, define

F(it,z) = (it)?((it)? + z7)~!. Note that % belongs to the sector E’;—B—kéw

where % + 0~ < 7. Hence the distance from the sector Xxs 5y 0 —1s always
2

positive. Therefore, there exists a constant M > 0 independent of ¢ € R and

z € Xg, such that
1

‘”(ﬁﬂ

< M.

|F(it,z)| =

Since A is invertible and admits a H> functional calculus, the operators ((it)?+
A7)71 exist for all ¢+ € R. Thus, by Theorem 3.7 with a = 0, we have that the
equation (4.14) is C*-well posed. O

We recall that a linear operator A defined on X is called non-negative if
(—00,0) € p(A) and and there exists M > 0 such that

IANAN—=A)"Y <M, forall \<O,

and A is said to be positive if it is non-negative and if, in addition, 0 € p(A).
See [35] for further details.

Since each self-adjoint, positive operator admits a bounded H*® calculus of
angle 0, we obtain the following Corollary.

Corollary 4.12. Let A be a selfadjoint, positive operator defined on a Hilbert
space H and 0 < B < 2. Then for every f € C*(R; H) there exists a unique
u € C*(R; [D(A)]) N C¥A(R; H) such that (4.14) holds for all t € R.
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5. Examples

We conclude the paper, with some applications of the previous results.
Ezxample 5.13.
If A= pI, where p € R\ {0}, and a = 0 in equation (3.1) we obtain
DPu(t) = pu(t) + f(t), teR. (5.15)
Clearly, (in)? € p(A) for all n € R and

sup [[((in)” = pI)~!|| < oo.
neR

Hence, by Theorem 3.7 the equation (5.15) is C*-well posed. Observe that the
solution to (5.15) is given by

u(t) = / (t— s)’B_lEgyg(p(t — s)*g)f(s)ds7 teR, (5.16)

— 00

where, for a,b > 0, E, ; denotes the Mittag-Leffler function

Z zeC.
k:oF b+al<:

In fact, we notice that the Fourier transform of (5.16) is given by the product
of the Laplace transform of t*~1Es 5(pt?) (evaluated in the imaginary axis)
and the Fourier transform of f. Then, an easy computation, shows that it
coincides with the Fourier transform of the given equation (5.15). Observe that
by Corollary 3.9, u and D?u belong to C*(R; X).

Ezample 5.14.

For0 < g <1,v>0and 0 <4 <1 consider the problem

Dfu(t, ) = Au(t,x +6/ =) Au(s, x)ds + f(t,z), teR,

=0 inR x99,

(5.17)
where 2 is a bounded domain in R™ with a smooth boundary 9. This class
of fractional diffusion equation has been introduced in physics by Nigmatullin
[37] to describe diffusion in special types of porous media. Clearly, the kernel a

is 2-regular (see [40, Proposition 3.3)), ay = a(n) = iniv and Yﬁ)lﬂ € p(A) for
all n € R. Let oy = 2+n2 and f, = ;122 the real and imaginary part of a,,

respectively. We recall that, if we take X = H~1(Q2), then by [24, p. 74], there
exists a constant ¢ > 0 such that

Cc

I-A) Y < ——
T =87 < 1
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whenever Rez > —c(1 + |[Imz|). Thus, we have that in X = H~1(Q), the in-
equality

) (o)1 = 1+ a)2) ) = {2 H(f?jﬁf—A)l <e 61y
holds if
() s m(EL)), e

for all € R and where ¢ > 0 is a suitable constant. Since (in)® = |7]|ﬁe"TBisgn(")
(where sgn(n) denotes the sign of i) we have that (5.19) is equivalent to

NP [(1 4 o) cos(dy) + By sin(dy)] > —c((1+ay)? + B+

nl°[(1 + ay) sin(dy) — B, COS(dn)Dy

(5.20)

where d,, = 7 fsgn(n). Since 0 < < 1 we have that cos(d,) > 0. Now, observe

that if » > 0, then 8, < 0 and sin(d,) > 0, therefore 3, sin(d,) < 0. Similarly,

Bnsin(d,) < 0 for n < 0. Thus, the inequality (5.20) holds, in particular for

¢ = 1. Hence, in X = H~1(2), we obtain from (5.18) and Theorem 3.7 that

the problem (5.17) is C* well-posed. Moreover, the solution u of (5.17) satisfies

DPu, Au € C*(R; H~1(Q2)). In particular, if § = 0 we obtain that, the fractional
diffusion equation

Dfu(t,z) = Au(t,z) + f(t,x), (t,7) ERxQ
u=0 inR x 99,

is C*-well posed.
Erample 5.15.

Consider the problem
0%u
Dﬁu(;v,t) = @(%t) + f(x,1) (5.21)
u(0,t) = u(mw,t) =0,

with x € [0,7],t € R and 8 > 0. Let X = L?[0, 7] and define A := 0‘9—;, with
domain D(A) = {g € H?[0,n] : g(0) = g(m) = 0}. It is well known that A
generates an analytic Cop- semigroup T'(t) on X and o(A) = {-n? : n € N}.

If B =2, then (in)® & p(A) for all n € R and therefore, by Theorem 3.7 the
problem (5.21) is not C*-well posed.

Acknowledgements

The author wish to thank the referee for many valuable suggestions in order
to improve a previous version of this paper.

19



References

1]

2]

O. Agrawal, J. Sabatier, J. Tenreiro, Advances in fractional calculus,
Springer, Dordrecht, 2007.

H. Amann, Linear and Quasilinear Parabolic Problems. Volume I: Abstract
Linear Theory. Monographs in Mathematics, vol 89., Birkh&user, Basel-
Boston-Berlin, 1995.

H. Amann, Operator-valued Fourier multipliers, vector-valued Besov spaces
and applications, Math. Nachr. 186 (1997), 5-56.

W. Arendt, C. Batty, S. Bu, Fourier multipliers for Hélder continuous
functions and maximal regularity, Studia Math. 160 (2004) 23-51.

W. Arendt, S. Bu, The operator-valued Marcinkiewicz multiplier theorem
and mazimal regularity, Math. Z. 240 (2002), 311-343.

B. Ahmad, S. Sivasundaram, Some ezistence results for fractional integro-
differential equations with nonlinear conditions, Commun. Appl. Anal. 12
(2008), (2), 107-112.

W. Arendt, S. Bu, Operator-valued Fourier multiplier on periodic Besov
spaces and applications, Proc. Edin. Math. Soc. 47 (2) (2004), 15-33.

W. Arendt, C. Batty, M. Hieber, F. Neubrander, Vector-Valued Laplace
transforms and Cauchy problems, Monogr. Math., vol. 96, Birkhauser,
Basel, 2001.

E. Bazhlekova, Fractional evolution equations in Banach spaces, Ph.D. The-
sis, Eindhoven University of Technology, 2001.

S. Bu, Well-posedness of equations with fractional derivative, Acta Math.
Sinica (English Series) 26 (7), (2010), 1223-1232.

S. Bu, Well-Posedness of Fractional Differential FEquations on Vector-
Valued Function Spaces, Integr. Equ. Oper. Theory 71 (2011), 259-274.

S. Bu, Hélder continuous solutions for second order integro-differential
Equations in Banach spaces, Acta Math. Scientia 2011, 31B (3):765-777.

S. Bu Bu - Well-Posedness of Equations with Fractional Derivative via the
Method of Sum, Acta Math. Sinica (English Series) 28 (1), (2012), 37-44.

P. Butzer, U. Westphal, An access to fractional differentiation via fractional
difference quotients, 116-145, in Lecture Notes in Math. 457, Edited by B.
Ross, Springer, Berlin, 1975.

R. Chill, S. Srivastava, LP-Mazximal regularity for second order Cauchy
problems, Math. Z. 251 (4) (2005), 751-781.

20



[16]

Ph. Clément, G. Gripenberg, S. Londen, Hdélder regularity for a linear frac-
tional evolution equation, in Topics in nonlinear analysis, 69-82, Progr.
Nonlinear Differential Equations Appl., 35, Birkh&user, Basel, 1999.

Ph. Clément, S. Londen, G. Simonett, Quasilinear evolutionary equations
and continuous interpolation spaces, J. Differential Equations 196 (2004),
(2), 418-447.

C. Cuevas, C. Lizama, Well posedness for a class of flexible structure in
Hélder spaces, Math. Problems in Engineering Vol. 2009, Article ID 358329,
13 pages, doi:10.1155/2009/358329.

R. Denk, M. Hieber, J. Priiss, R-boundedness, Fourier multipliers and prob-
lems of elliptic and parabolic type, Mem. Amer. Math. Soc. 166 (788), 2003.

S. Eidelman, A. Kochubei, Cauchy problem for fractional diffusion equa-
tions, J. Differential Equations 199 (2004), (2), 211-255.

A. El-Sayed, M. Herzallah, Continuation and mazimal regularity of
fractional-order evolution equation, J. Math. Anal. Appl. 296 (2004), (1),
340-350.

A. El-Sayed, M. Herzallah, Continuation and mazimal reqularity of
fractional-order evolutionary integral equation, Int. J. Evol. Equ. 1 (2005),
(2), 179-190.

A. El-Sayed, M. Herzallah, Continuation and mazimal reqularity of an ar-
bitrary (fractional) order evolutionary integro-differential equation, Appl.
Anal. 84 (2005), (11), 1151-1164.

A. Favini, A. Yagi, Degenerate differential equations in Banach spaces, Pure
and Applied Math., 215, Dekker, New York, Basel, Hong-Kong, 1999.

M. Haase, The functional calculus for sectorial operators, Operator Theory:
Advances and applications, 169, Birkduser Verlag, Basel, 2006.

R. Hilfer, Applications of fractional calculus in physics, Edited by R. Hilfer.
World Scientific Publishing Co., Inc., River Edge, NJ, 2000.

T. Hytonen, R-boundedness and multiplier theorems, Helsinki University of
Technology Institute of Mathematics Research Reports, 2001.

V. Keyantuo, C. Lizama, Fourier multipliers and integro-differential equa-
tions in Banach spaces, J. London Math. Soc. 69 (3) (2004), 737-750.

V. Keyantuo, C. Lizama, A characterization of periodic solutions for time-
fractional differential equations in UMD spaces and applications, Math.
Nachr, 284 (4) (2011), 494-506.

21



[30]

V. Keyantuo, C. Lizama, Hoélder continuous solutions for integro-
differential equations and mazimal regularity, J. Differential Equations 230
(2006), 634-660.

A. Kilbas, H. Srivastava, J. Trujillo, Theory and applications of fractional
differential equations, North-Holland Mathematics studies 204, Elsevier
Science B.V., Amsterdam, 2006.

M. Li, C. Chen, F. Li, On fractional powers of generators of fractional
resolvent families, J. Funct. Anal. 259 (2010), (10), 2702-2726.

C. Lizama, V. Poblete, Periodic solutions of fractional differential equations
with delay, J. of Evolution Equations, 11 (2011), 57-70.

F. Mainardi, Fractional Calculus and Waves in Linear Viscoelasticity: An
Introduction to Mathematical Models, Imperial College Press, 2010.

C. Martinez, M. Sanz, The theory of fractional powers of operators, North
Holland Mathematical Studies, 187, Elsevier, Amsterdam, London, New
York, 2001.

K. Miller, B. Ross, An Introduction to the Fractional Calculus and Frac-
tional Differential Equations, Wiley, New York 1993.

R. Nigmatullin, The realization of the generalized transfer equation in a
medium with fractal geometry, Phys. Stat. Sol. B 133 (1986), 425-230.

J. Nunziato, On heat conduction in materials with memory, Quart. Appl.
Math. 29 (1971), 187-304.

V. Poblete, Mazimal reqularity of second-order equations with delay, J.
Differential Equations, 246, (2009) 261-276.

J. Priiss, Evolutionary Integral Equations and Applications, Monographs
Math., 87, Birkhauser Verlag, 1993.

L. Weis, Operator-valued Fourier multiplier theorems and mazimal Lp-
regularity, Math. Ann. 319, (2001) 735-758.

22



