1 WELL-POSEDNESS OF SECOND ORDER DIFFERENTIAL EQUATIONS WITH
2 MEMORY

3 RODRIGO PONCE

ABSTRACT. In this paper we give characterizations of the existence and uniqueness of Holder continuous
solutions of certain abstract integro-differential equation with memory in terms of a resolvent operator.
Moreover, we give necessary conditions in order to ensure the existence and uniqueness of mild solutions
on the real line.

4 1. INTRODUCTION

5 Let u(x,t) be the temperature of certain material of the point « € Q at the time ¢t € R, where Q C R
6 (n = 1,2,3) is a bounded open set in R™ with a smooth boundary 9. The temperature u(zx,t) in

7 homogeneous and isotropic media satisfies
(1.1) we(z,t) = kAu(x, t),

where A is the Laplacian and x > 0 is a constant, called the coefficient of thermal diffusion. This equation
describes sufficiently well the evolution of the temperature in different types of materials. However, this
description is not satisfactory in materials with fading memory, because in the equation (1.1) the thermal
disturbance at any point in the media is felt instantly at every other point. The heat conduction in
this kind of materials with fading memory was firstly discussed by Coleman and Gurtin [13], Gurtin
and Pipkin [15], and Nunziato [19] among others. In [15] the authors arrived to the heat equation with

memory

cugt(z,t) + a(0)ug(z, t) + /

— 00

t

o (t — s)ug(z, s)ds = B(0)Au(x, t) + /_ B'(t — s)Au(z, s)ds + F(z,t),

s where a(t) and 5(t) are positive functions, ¢ # 0 is a constant called the heat capacity and F is a suitable
o function. The function a is called the heat-flux relaxation, whereas the function b is known as the energy
10 relaxation function, see for instance [15] for more details. We notice that typical choices of functions «

1 and (3 are
m M
alt) = Zaz'e*pit, B(t) = Zﬁiefqit,
j=1 j=1

12 where g, B, pi,qi > 0. We observe that if A = 2@ A = 1(/(0)I = B(0)A), a(t) = Ma’(t), b(t)

c C

13 L[a(t) — B7H0)a/(0)B'(t)] and f(t) = F(-,t), then this equation can be written in the abstract form

c

t t

(12)  w(8) + M (t) + Au(t) + / a(t — ) Au(s)ds + / bt — s)u(s)ds = f(t) tER.

— 00 — 00

14 We remark that second order integro-differential equations arise in many fields of applied mathematics,
15 for example in the heat conduction in materials with fading memory, in the description of one-dimensional

16 longitudinal motions of a viscoelastic bar, among others, see for instance [26].
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2 RODRIGO PONCE

In this paper, we characterize the well-posedness in Holder spaces of the second order integro-differential
equation with memory

t t

(1.3) u” (t) + M (t) + Au(t) + / a(t — s)Au(s)ds + / b(t — s)Bu(s)ds = f(t), tE€ER,
— 00 — 00

where A € R, A: D(A) C X - X and B: D(B) C X — X are closed linear operators defined in a Banach
space X = (X, - ||x), the functions a,b € L!(R ) are suitable kernels and the function f belongs to the
Holder space C*(R; X). We also present necessary conditions for the existence and uniqueness of mild
solutions for equation (1.3). By well-posedness of equation (1.3) we understand that for all f € C*(R; X)
there exists a unique (classical) solution u € C*(R; X) for (1.3). We remark that the well-posedness
of differential equations is an important tool, because it allows the treatment of semilinear problems.
To achieve this, we use some results on vector-valued Fourier multipliers in the Hélder space C*(R; X)
(see [3]). We remark that based on results in [5] and [3] the existence and uniqueness of Holder type
solutions to second order differential equation have been considered by several authors. For example, for
the existence and uniqueness of Holder periodic solutions we refer to [8, 9, 10, 11, 12, 17, 20] and for the
existence and uniqueness of Hélder continuous in the real line we mention to [7, 18, 21, 23].

On the other hand, similar methods have been used by several authors to give necessary conditions for
the existence and uniqueness of periodic mild solutions of second order differential equations in Banach
spaces, see for instance [5, 6, 18, 25]. In the case of mild solution of second order differential equations
on the real line, we refer to [25, 27] and the references therein. However, to the best of our knowledge,
this problem has not been considered in the case of integro-differential equations in the form of (1.3).

In this paper we are able to give necessary and sufficient conditions in order to obtain the well-
poseedness of equation (1.3) in the Holder space C*(R; X) (0 < a < 1) in terms of the resolvent operator

N, == ((in)® + A(in) + (1 +a)A+b,B) "', neR.

Moreover, we introduce a concept of mild solution for (1.3) and we give necessary condition for the
existence and uniqueness of mild solutions to equation (1.3) in terms of the same resolvent operator N,,.

The paper is organized as follows. In Section 2, we review some results about vector-valued Fourier
multipliers in the Holder space C*(R; X). In Section 3, under suitable conditions on the kernels a and
b, we give a characterization of the well-posedness (or maximal regularity) of equation (1.3). In Section
4 we introduce a concept of mild solution to (1.3) and we give a necessary condition for existence and
uniqueness of such solutions. Finally, some examples are examined in Section 5.

2. PRELIMINARIES

For Banach spaces X and Y, B(X,Y") denotes the space of all bounded linear operators from X to Y.
If X =Y, we write simply B(X). Now, let 0 < a < 1 be fixed. We denote by C*(R; X) the space of all
X-valued functions f on R, such that

1) = f(S)

<
t—sl ~%

[[fllo = sup
t#s

If we define ||fllce = ||flla + [|f(0)]], then (C*(R;X),| - |[c~) is a Banach space. The kernel of
the seminorm || - [l on C*(R;X) is the space of all constant functions and the corresponding quotient
space C*(R; X) is a Banach space in the induced norm. We identify a function f € C*(R;X) with its
equivalence class

f={9€C*R;X): f—g= constant}.

In this way, C®(R; X) may be identified with the space of all f € C*(R; X) such that f(0) = 0. See
[3, Section 5].
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We also consider in this paper, the Banach space C**1(R; X), which consists of all u € C*(R; X) such
that v’ € C*(R; X) with the norm
[ullca+s = [[o[lco + [[u(0)]].

Analogously, C**2(R; X) denotes the space of all u € C?(R; X) such that u” € C*(R; X). In this case,
the norm is defined by

catrz = [[u"[lce + [lu'(0)]| + [[u(0)]].
Now, we denote by Ff, the Fourier transform of f, that is

[l

(FA)(s) = F(s) = / e f(t)dt,

R
for s € R and f € L'(R; X).
The Carleman transform of a function f, denoted by the symbol f(}), is defined by

/OO e MF(t), Rel > 0,
0
f) = 0
—/ e Mf(t), Red <0,

where f € L (R; X) is of subezponential growth, which means

loc

/ e~ f(t)||dt < 0o,  for each e > 0.

— 00

The Laplace transform of a function f € L{ _(R; X) is denoted by

loc

foy = /Oo e Mf(t)dt, Rel > w,

0

whenever the integral is absolutely convergent for Re\ > w. Observe that we use the same symbol for
the Carleman and Laplace transform but, this will not lead to confusion.

The relation between the Laplace transform of f € L'(R; X), f(t) = 0 for t < 0, and its Fourier
transform is

F(f)(s) = f(is), seR
When f € L*(R; X) is of subexponential growth, we have by [4, Chapter 4],

(2.1) Jim (f(o +1ip) = f(-o+ip)) = f(p), pER.

If a € LY(Ry), we will always identify a with its extension on R by letting a(t) = 0 for ¢ < 0. In such
way, when a € L(R, ), the Fourier transform a(p) makes sense for all p € R. Moreover, by (2.1) we have

lim & LN -
Jim a(o +ip) = alp)
and a(—o +ip) =0 for all ¢ > 0 and p € R by definition.
In what follows, we always assume that a(n) # —1, for all n € R, and we use the following notation:
a

An = (77)7 ne R.
Now, we recall the notion of regular kernels (see [26, p. 69]).

Definition 2.1. Let a € LL _(Ry) be of subexponential growth and k € N. The kernel a(t) is called

loc
k-regular if there is a constant ¢ > 0 such that

A [a(M)] ™| < ela(N)|, for all Re(A) >0,0<n <k
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4 RODRIGO PONCE

For the reader’s convenience, we summarize here from [26, Lemma 8.1] some properties of 1-regular
kernels.

Lemma 2.2. Suppose that b € L%OC(RJF) is of sub-exponential growth and 1-regular. Then
(i) b(ip) == limy_;, b(\) emists for each p # 0;
(i1) b(X) # 0 for each Re(\) >0, X # 0;
(i) bir) € WioZ® (R {0});

(iv) ob(ip)'| < cli(ip)] for a.a. pe R
We denote by L'(R,,t“dt) the set of all a € L{ (Ry) such that

(2.2) /OOO la(t)]tdt < oo.

Observe that as consequence such a is always in L'(Ry). Given v € C*(R; X) (0 < a < 1) and a €
LY(R,tvdt), we write

(2.3) (akv)(t) == /t a(t — s)v(s)ds = /OO a(s)v(t — s)ds.
—o0 0

From (2.2) the above integral is well defined. Moreover, it follows from the definition that
(2.4) if v e CY(R; X)) then aiv € C*(R; X) and ||a*v|o < ||lal1]|v]la-

Observe that with this notation, the Equation (1.3) can be written as

() + M/ (t) + Au(t) + (akAu)(t) + (bxBu)(t) = f(t), teR.

Let Q be an open set in R. By C$°(Q2) we denote the space of all C*°—functions in Q2 having compact

support in Q.

Definition 2.3. Let N : R\ {0} — B(X,Y) be continuous. We say that N is a C*—multiplier if there
exists a map L : C*(R; X) — CY(R;Y) such that

(2.5) /R(Lf)(S)(ftb)(S)dsz /(f(¢~N))(S)f(8)d8

R
forall f € C*(R; X) and all p € C*(R\ {0}).

Here (F(¢-N))(s) = [z e *'¢p(t)N(t)dt € B(X,Y). Observe that the right-hand side of (2.5) does not
depend on the representative of f because

/R (F(6N)(5))(s)ds = 2m(6N)(0) = 0.

Therefore, if L exists, then it is well defined. Moreover, left-hand side of (2.5) determines the function
Lf € C*(R;X) uniquely up to some constant (by [3, Lemma 5.1]). Moreover, if (2.5) holds, then
L : C*R;X) — C*(R;Y) is linear and continuous (see [3, Definition 5.2]) and if f € C*(R;X) is
bounded, then Lf is bounded as well (see [3, Remark 6.3]).

The following multiplier theorem is due to Arendt, Batty and Bu.

Theorem 2.4. [3, Theorem 5.3] Let N € C*(R\ {0}; B(X,Y)) be such that
(2.6) sup [N (t) ]| + sup [[tN" (£)[| + sup [ N" (£)]| < cc.
t#0 0 t#0

Then, N is a C"’—multiplier,

Ezample 2.5. Let X be a Banach space and 0 < a < 1. Define N(t) = I fort > 0 and N(t) = 0 for
t < 0. It follows from Theorem 2.4 that N is a C“-multiplier. The associated operator on C*(R; X) is
called the Riesz projection.
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MAXIMAL REGULARITY 5

Ezample 2.6. Let X be a Banach space and 0 < oo < 1. Define N(t) = (—isignt)l for t € R. Then N is
a C*-multiplier by Theorem 2.4. The associated operator on C*(R; X) is called the Hilbert transform.

Recall that a Banach space X has the Fourier type p, with 1 < p < 2, if the Fourier transform defines
a bounded linear operator from LP(R; X) to L?(R; X), where 1/p + 1/q¢ = 1. We notice that the space
LP(Q) with 1 < p < 2 has Fourier type p; a Banach space X has the Fourier type 2 if and only if X is
isomorphic to a Hilbert space; X has Fourier type p if and only if X™* has Fourier type p. Every Banach
space has Fourier type 1. A Banach space X is said to be B—convex if it has Fourier type p, for some
p > 1. Every uniformly convex space is B—convex. For more details of B-convex spaces, see for instance
[16].

Remark 2.7.

If X is B—convex, in particular if X is a UMD space, then the Theorem 2.4 holds if the condition
(2.6) is replaced by the weaker condition

(2.7) sup || N ()] + sup [[tN'(t)]| < oo,
t£0 t£0

where N € CY(R\ {0}; B(X,Y)), see [3, Remark 5.5].

Now, we recall the following results.
Lemma 2.8. [3] Let f € C*(R;X). Then f is constant if and only if [, f(s)(Fe)(s)ds = 0 for all
@ € CZ(R\ {0}).

Define id : R — C by id(s) = is.
Lemma 2.9. [3] Let 0 < a < 1, u,v € C*(R; X). Then, the following assertions are equivalent,

(i) u € C*MY(R; X) and v’ — v is constant;

(ii) [pv(s)F(p)(s)ds = [pu(s)F(id - ¢)(s)ds, for all p € CZ(R\ {0}).
Lemma 2.10. Let 0 < a <1, u,v € C*(R; X). Then, the following assertions are equivalent,

(i) u € C*2(R; X) and u” — v is constant;

(i1) [pv(s)F(p)(s)ds = [ u(s)F(1d? - ¢)(s)ds, for all ¢ € C>(R\ {0}).

The following Lemma, is a direct consequence of [18, Lemma 3.2].
Lemma 2.11. Let 0 < a < 1, v € C*(R;[D(4)]), u € C*(R; X) and a € L*(R4,t*dt). The following
assertions are equivalent,

(i) akAv — u is constant;

(i1) [pu(s)(Fo)(s)ds = [5 Av(s)F(asp)(s)ds, for all ¢ € C°(R\ {0}).

Let f € LY(R, (1 + |t|)~*dt; X), where k € Ng. We define Ff as a linear mapping from C°(R \ {0})
into X by

. FN = [ FOFEOE ¢ eCE®\{0),
The next lemma follows from [4, Theorems 4.8.1 and 4.8.2].
Lemma 2.12. Let f € LY(R, (1+[t|)~*dt; X), where k € No. Then f is constant if and only if (p, Ff) =
Jo F(8)(Fp)(s)ds =0 for all p € C*(R\ {0}).
3. C“-WELL POSEDNESS

In this section we study the well-posedness of equation (1.3) in the Holder space C%(R; X). Given a
kernel a and a closed operator A we define the space

CV(R; X) :={v e C*(R;[D(A)]) : Jw € C*(R; X) such that w — (a*Av) is constant}.
Now, we define the following solution space:
S := C*2(R; X) N C*(R; [D(A)]) N CT(R; X) N CYP(R; X).
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6 RODRIGO PONCE

Definition 3.1. We say that the equation (1.3) is C*-well posed if for each f € C*(R; X), there exists
a unique function u € S such that the equation (1.3) holds for all t € R.

Remark 3.2.

We notice that if (1.3) is C*-well posed, then it follows from the closed graph theorem that the map
L : C*(R;X) — &, which associates to the function f the unique solution w of (1.3) is linear and
continuous. Indeed, since A and B are linear closed operators, the space S endowed with the norm
lull == [[u"llce + AW |lce + [|Aullce + [[(akAu)||ce + [|(b+Bu)||c-

is a Banach space.
For a,b € Li (Ry) we define the resolvent set p, (A, B) as

Pan(A,B) = {pneC: (% + A+ (14 a(u)A+b(u)B) : D(A)ND(B) —» X
is invertible and (42 + A+ (1 +a(p))A + b(u)B) ™' € B(X)},
where a(-) and b(-) denote the Laplace transform of a and b respectively.
Proposition 3.3. Let a,b € L'(Ry,t*dt). Let A : D(A) C X - X and B : D(B) C X — X be
closed linear operators defined in a Banach space X with D(A) N D(B) # {0}. For n € R we write
Ny = ((in)* + X(in) + (1 + ay) A + an)fl . If the problem (1.3) is C*-well posed, then
(1) in € pap(A, B) for alln € R, and;
(i)
sup ||n? Ny || < co, suplla,AN,|| < oo and sup|b,BN,| < occ.
neRr neRr neR
Proof. Let n € R and suppose that
(3.1) [(in)? + A(in) + (1 + ay) A + by Blz = 0
where x € D(A) N D(B). Let u(t) = ez. Then, u is a solution to (1.3) with f = 0. In fact, since

(akAu)(t) = / t

— 00

o0
a(t — s)Ae"xds = ei"t/ a(v)e”"" Axdv = e""a, Az,
0

by (3.1) we have
u (t) + M/ (t) + Au(t) + (akAu)(t) + (b Bu)(t) = e [(in)? + A(in) + (1 + a,) A + b, Blz = 0.

From the uniqueness it follows that u = 0, which implies that z = 0. Therefore, [(in)? + A(in) + (1 +
ay)A + b, B] is injective.

Now, we shall prove the surjectivity. Let y € X. Let L : C*(R; X) — S be the bounded operator
which takes each f € C*(R; X) to the unique solution u of equation (1.3). Let n € R, f(t) = ™'y and
u = Lf. Note that for fixed s € R we have that vy (¢) := u(t + s) and va(t) := e“¥u(t) are both solutions
of (1.3) with g(t) = €**"f(t). By uniqueness v; = vq, that is, u(t + s) = e*"u(t) for all s,t € R. Let
x =u(0) € D(A) N D(B). Then, u(t) = ez and u satisfies the equation (1.3). Now, observe that

(akAu)(t) = e"™a,Ar and (biBu)(t) = e""b,Bx for all t € R.

In particular, (akAu)(0) = a,Az and (bkBu)(0) = b,Bz. Since u'(t) = (in)e"z and u”(t) = (in)?e""z
we obtain u/(0) = (in)z and u”(0) = (in)?z and thus,

We conclude that the operator [(in)?+ A(in) + (1 +a,) A+ b, B] is surjective and therefore [(in)*+ A(in) +
(1+a,)A+ b,B] is invertible.
On the other hand, by (3.2) we obtain z = N,y and therefore

INgyll = llzll = [ILf )] < LI O = NLIHIyll-
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Since y € X is arbitrary, we obtain that [(in)? + A(in) + (1 +a,) A+ b, B] ™! is a bounded operator for all
n € R, which means that {in},cr C pqob(A, B).

Let y € X. We first notice that for f(¢) = ™y the solution u to (1.3) is given by u(t) = ez, and
therefore u(t) = e N,y. Denote e, ® x to the function ¢ — (e, @ z)(t) := e""z. Since e, @ x|, =
~Yo|n|* |||, where vo = 2sup,~ ot~ *sin(t/2) (see [3, Section 3]) we have

Va2 Nyyll - = llen @ (in)* Nyylla

[u"lla < [lu"[lce < lullm

= Lflla <IN fllce < NN la + 1LFO))
= IEIGvalnl® + Dyl

Therefore, ||(in)2N,|| < ||L||(1 + v |n|~) and thus

sup [[(in)2 N, || < oc.
[n|>1

Since the function 1 — (in)?N,, is continuous in R, it follows from the compactness that

sup ||(in)*Ny|| < oo.
[n]<1

Therefore,
Sup In* Ny | < oo
On the other hand, since (b«Bu)(t) = e'"'b, Bx = ""'b, BN,y we have
Yaln|* [y BNyyll = llen ® by BNyy|la
= [@iBu)[la < [[(b3Bu)llce < |ulla
ILAa < ILI flles < TN e+ (L))

= LI (valnl™ + Dyl

We conclude analogously to the proof of sup,cp [|7*Ny|| < oo that sup, cg [b,BN,|| < co. A similar
computation shows that sup, cg [|a;, AN, || < occ.

O

The following Theorem is one of the main result in this paper, which shows that under an additional
hypothesis (the 2-regularity of kernel a) we can prove the converse of Proposition 3.3.

Theorem 3.4. Let a,b € L'(Ry,t*dt) be 2-reqular kernels. Let A : D(A) C X — X and B : D(B) C
X — X be closed linear operators defined in a Banach space X with D(A) N D(B) # {0}. For n € R we
write N,y := ((in)? + X(in) + (1 + ay) A + an)_l . Then, the following assertions are equivalent

(i) The equation (1.3) is C*-well posed;

(i1) {in}ner C pas(A, B) and

sup ||n° Ny || < co, suplla,AN,|| < oo and sup||b,BN,| < occ.
neRr neRr neR

Proof. (i) = (i%). It follows from Proposition 3.3.

(ii) = (i). For t € R, we define the operators N (t) := ((it)? + A(it) + (1 + a;) A + st)fl and M (t) :=
(it)2N(t). Observe that by hypothesis N € C?(R;B(X,[D(A) N D(B)])). We claim that N is a C°-
multiplier. In fact, the identity

(3.3) ((it)* +ixt + (1 +a) A+ b B)N(t) = I
implies that
(3.4) (14 a)AN(t) = —(it)2N(t) — iXN(t) — by BN (),
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8 RODRIGO PONCE

for all t € R. Note that if [¢| > 1 then (14+a;)AN(t) = —M(¢)+ %M(t) — by BN (t) and thus by hypothesis
supjy>1 | — M () + LM (t) — byBN(t)|| < oc. Since t —» N(t) is continuous, the compactness of [—1,1]
and the hypothesis imply that supj,<; | — (it)*N(t) — iXtN(t) — b:BN(t)|| < oo. Hence sup,ep [|(1 +
a;)AN(t)]| < oo.

On the other hand, the identity (3.3) implies (it)2N(t) = I —iXN (t)—(1+a;) AN (t)—b; BN (t) and thus
supjy>1 [V (?)]| < oc. Finally, we conclude by the continuity of N(t) on [—1, 1] that sup, < ||V (?)|| < oo.
Therefore, sup,cp || N (t)|| < co. A similar argument shows that sup,cp [[tN(t)|| < co. Moreover, from the
identity (3.4) we obtain sup,cp [|[AN(t)|| < oco.

Now, an easy computation shows that,

(3.5) N'(t) = —=N(t)[2i(it) + i\ + a; A + b, BN (t),
and
(3.6) N"(t) =2N(t)[—2t+i\+a; A+ b,BIN(t)[-2t +i\+ a, A+ V,BIN(t) — N(t)[-2+a; A+ b B]N(t).
The 2-regularity of a and b implies
[N @O < 22N @) + NEN @O + [la: AN (©)]| + [[be BN (B)]],

IEN"@N < 2AN@] 2IENO]+ N INE] + la AN @) + [0 BN @)]]°
HINOI 21N @) + [la AN (@) + [0 BN @©I] 4
for all £ € R. From the hypothesis we obtain that
(3.7) sup |[tN'(t)|| < oo and sup [|[£2N"(t)|| < oc.
teR teR

We conclude from Theorem 2.4 that N is a C-multiplier, with N € C?(R; B(X, [D(A) N D(B)])).
Next, we define the operator P € C?(R; B(X,[D(A) N D(B)])) by P(t) := (id* - N)(t). Observe that
by hypothesis sup,cp || P(t)]] < co. On the other hand,

P'(t) = 2i(it)N(t) + (it)*N'(t),
P"(t) = 2N (t) + 4i(it)N'(t) + (it)*N" (),
and
tP'(t) = 2(it)? N (t) + (it)*tN'(t),
2P (t) = =2t N(t) + 4(it)*tN' (t) + (it)*>N"(t).

The identities (3.5)-(3.6), and (3.7) imply that sup,cp ||(it)?tN'(t)|| < co and sup,cp ||(it)**N"(t)| <
oo. From hypothesis we conclude sup,cg [|[tP'(t)]| < oo and sup,cg [[t2P”(t)|| < oo. This implies that
P is a C*-multiplier by Theorem 2.4. Similar computations show that Q@ € C?(R; B(X,[D(A)])), R €
C?(R; B(X,[D(B)])) and S € C?(R; B(X, [D(A)ND(B)])) defined respectively by Q(t) := (1+a¢)AN(t)
and R(t) := b;BN(t) and S(t) := AtN(t) are C*-multipliers.

Let f € C*(R; X). Since N, P,Q, R and S are C*-multipliers, there exist w € C*(R; [D(A) N D(B)]),
v e C*R;[D(A)ND(B)]), w e C*(R;[D(A)]), z € C*(R; [D(B)]) and y € C*(R;[D(A) N D(B)]) such
that

(3.8) Amwﬂm®%=AfWrM®ﬂW&
(3.9) AMWH@@%=AH@PWH@M

(3.10) Aw®0®®%=4H%QWV@®
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(3.11) /Rx(S)(}'%)(S)dS:AF(¢4~R)(S)f(8)ds,

(3.12) / y(5)(Fés) (s)ds = / Flés - S)(s)f(s)ds,

for all ¢1a ¢27 ¢37 ¢4, ¢5 € CSO(R\ {0})
Letting ¢; = id® - ¢ in (3.8) we obtain from (3.9)

(3.13) /Rﬂ(s)]-'(id2 “p2)(s)ds = /Rv(s)(}"gbg)(s)ds

By Lemma 2.10 we have u € C*T2(R; X) and v(t) = @”(t) + yo, where yo € X.
Observe that w(t) € D(A)ND(B) and F(¢1 - N)(s)z € D(A)ND(B) for all x € X, ¢ € CZ(R\ {0}).
Now, we choose ¢1 = (1 +a.) - ¢3 in (3.8). Since A is a closed operator we have from (3.10)

(3.14) /R AT($)F((1 + as) - d3)(s)ds = /]R w(s)(Fos)(s)ds

From Lemma 2.11 we obtain 7 € C{*(R; X ) and w(t) = Au(t) + (akAu)(t) +y1, where y; € X. Similarly,
if g1 =b. - ¢4 in (3.8) we have from (3.11) (because B is a closed operator) that

(3.15) /R Bu(s)F(bs - ¢a)(s)ds = /R 2(8)(Foa)(s)ds

which implies @ € C%"(R; X) and (t) = (bxBa)(t) + y2, where y, € X. Finally, if ¢; = Aid - ¢5 in (3.8)
we have from (3.12) that

(3.16) / Ni(s)F(id - s (s)ds = /R y(5)(Fobs)(s)ds

which implies y(t) = \u'(t) + y3, where y3 € X.
Observe that (3.8)—(3.12) and the identity (it)2N(t) = I —iMN(t) — (1 + a;)AN(t) — by BN(t) imply

/ o(s)(Féo)(s)ds = / FGd® - by - N)(s)f(s)ds
R R
= /f(¢2 [I=Aid- N — (1+a.)AN — b.BN]f(s)ds
R
= [ Fos)s(sras - / F(62-S)(6)f()ds ~ [ Flon- Q) f(5)ds
R R R
—/]: ¢2-R S
_ / Fé)(s)f(s)ds — / y(5)(Fabo)(s)ds — /R w(s)(F)(s)ds
- [ als)Fon)s)as
R
Therefore,
(3.17) / [0(s) + y(s) + w(s) + 2(s)](Fba) (s)ds = / F)(s)/(s)ds.
R R

It follows from (3.17) and Lemma 2.12 that v(t) +y(¢) +w(¢) +2(t) = f(t)+ys where y, € X. Therefore
'’ (t)+ AT (t)+Au(t)+ (akAu) (t)+(b*Bu)(t) = f(t)+y, where y = ya—(yo+y1+y2+ys). Let u(t) = a(t)+=
where z = [(1 + ag)A + boB]~'y. Note that z is well defined because {in},ecr C pap(A4, B). We observe
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that u is a solution of (1.3). In fact, since (akAu)(t) = (a*Au)(t) + [~ a(r)zdr = (akAu)(t) + agz we
obtain
u"(t) = a'(t)
= f(t) = [\ (t) + Au(t) + (et Au)(t) + (b+Bu)(t)] +
) — M) — Ault) — (e AuD) — (5B — (1 + a0y — boBa -+
= f(t) = M/ (t) — Au(t) — (akAu)(t) — (b*Bu)(t).

On the other hand, since @ € C*(R; [D(A) N D(B)]) N C*+2(R; X) N CT*(R; X) N C%P(R; X) we have
u e C(R; [D(A)])NC*2(R; X)NCT*(R; X)NC%P(R; X) and therefore, u is a solution of equation (1.3).

In order to prove uniqueness, suppose that
(3.18) () + M/ (t) + Au(t) + (a*xAu)(t) + (bxBu)(t) =0, teR.
As in [18, Appendix A], for o > 0, we denote L,(u)(p) by L,(u)(p) := @(o + ip) — 4(—0 + ip), where
p € R. Take L, in (3.18). From [18, Proposition A.2.(iv)], we have
(3.19)
Lo (u")(p)+ A Lo () () + ALq (u) (p)+ Ad(o+ip) Lo (u) () + G (0, p) + Bb(o+ip) Lo (u) () + Gy (0, p) = 0,
with

lim | G{"(a,p)d(p)dp = lim GbB“(o, p)é(p)dp = 0,

o—01 Jp o—0t

for all ¢ € S(R), where

G (o, p)

I
/\
\8

@

”Hp)TdT) ef(JHP)SAu(s)ds

+ (/ 7)elo Zp)(8+7)d7'> Au(s)ds
0
- L

and GP(o, p) is defined analogously. By [18, Proposition A.2] (see also [23, Theorem 3.7]) we have
Lo (u')(p) = (0 +ip) Lo (u)(p) + 200(—0 + ip)

a(t U—Hp)TdT) el77)3 Au(s)ds,

and
Lo(u")(p) = (0 + )2 Lo (u)(p) + dipois(~ + ip) — 20u(0).

Then, (3.19) reads
(3.20)

(0 +p)? + Ao +ip) + (1 + alo +ip)) A+ Bb(o +ip)| Lo (w)(p) = H(o,p) = Gi(0,p) = GE" (0, ),

where H(o, p) is given by
H(o,p) := —4ipoiu(—o + ip) + 20u(0) — 2A\ot(—0 + ip).

From (3.20) we have
[(i9)? + Aip) + (1 + (i) A+ Bb(ip)] Lo(w)(p) + 5(0:p)Lo(u) (p) = H(z.p) ~ G*(z. ) ~ GF"(cp).
where

S(0.p) = (0 +ip)* = (i) + Mo +ip) = A(ip) + (alo +ip) — aip) A+ (b{o +ip) = b(ip))B| -

Since {ip},er C pa,p(A, B) we obtain,

Lo(u)(p) = H(a,p)R(ip) — G{"(o,p)R(ip) — Gy (0, p)R(ip) — S(o, p) R(ip) Lo (u)(p),
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where R(ip) denotes R(ip) := [(ip)2 + A(ip) + (1 + a(ip) A+ BE(’LP)} B
A similar argument to used in [18, Lemma A.4] shows that
lim [ (a(ip) — a(o +ip))AR(ip)Lo(u)(p)é(p)dp = 0,
c—0t Jr

and
lim [ (b(ip) — b(o +ip)) BR(ip) Ly (u) (p)$(p)dp = 0,

o—0Tt R
for all ¢ € S(R). Moreover, it is easy to show that
lim | ((o+ip)* = (ip)*) R(ip) Lo (u)(p)d(p)dp =0,  for k=1,2

c—0t Jr

for all ¢ € S(R). Hence,

o—0t

lim A S(o, p)R(ip) Lo (u)(p)(p)dp = O,

for all ¢ € S(R). Applying the dominated convergence theorem, we have

lim A H (o, p)R(ip)¢(p)dp = 0,

oc—0Tt

lim [ G“(o,p)R(ip)$(p)dp = 0,

oc—0t Jp
and

lim /R Gy (0, p)R(ip)$(p)dp = 0,

o—0t

for all ¢ € S(R).
Therefore, by [18, Proposition A.2.(i)] we conclude that

tim, [ Lo((p)é(p)dp = [ u(p)F(@)(p)dp =

oc—07t R R
for all ¢ € S(R).
The Lemma 2.12 implies that u is constant, that is, u(t) = « for all ¢ € R and some z € X. We claim
that = = 0. In fact, since u is a solution to equation (3.18) we obtain u(t) € D(A) N D(B) and

0=u"(t) + M (t) + Au(t) + (axAu)(t) + (b*Bu)(t) = Ax + agAzx + bgBx = (1 + ag) A + by B.
Since 0 € pq.»(A, B) we obtain that (14 ag)A + by B is an invertible operator and therefore x = 0, which
implies that u = 0. ]

Remark 3.5. If the Banach space X is B-convez (for example if X is a Hilbert or a UMD space), then
the same consequence of Theorem 3.4 holds if we consider to the kernels a and b as 1-regular instead
2-reqular kernels, because in the case, by Remark 2.7 the we just need to verify the condition (2.7) in
order to prove that the functions N, P,Q, R and S defined in the proof of Theorem 8.4 are C*-multipliers.

Corollary 3.6. In the context of Theorem 3.4, if condition (ii) is fulfilled, we have that the function
u verifies u”,u' Au,akAu,bkBu € C*(R; X). Moreover, there exists a constant C > 0 independent of
f e C¥R; X) such that

(321) ||UN||CO¢ + ‘)\| ||U/HCO¢ + ||AUHCa + ||a>(<A'LLHCo< + ||b*BUHCa g C”f”ca

Remark 3.7. The inequality (3.21) is a consequence of the closed graph theorem and known as the maximal
regularity property for equation (1.3).
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We deduce that the operator F defined by:
(Fu)(t) :==u"(t) + M/ (t) + Au(t) + (akAu)(t) + (b%Bu)(t), teR,
with domain D(F) = § is an isomorphism onto. In fact, by Remark 3.2 we have that the space S :=
Cot2(R; X) N C*(R; [D(A)]) N CY*(R; X) N C%P(R; X) becomes a Banach space under the norm
lullzr == llu"lloe + AW low + [ Aulloe + [[(atAu)oe + (| (bxBu) |-
Such isomorphisms are crucial in the study of nonlinear evolution equations (see [1]). Indeed, define the
Nemytskii’s operator N : § — C%(R; X)) given by N(v)(t) = f(t,v(t)) and the linear operator
T =F1C"R;X)—>S
by 7 (g) = u where u is the unique solution to linear problem
u'(t) + M (t) + Au(t) + (akAu)(t) + (b%Bu)(t) = g(t).

If we assume the assumption (i¢) in Theorem 3.4, then the operator 7 is bounded by Corollary 3.6.
To solve the semilinear problem
(3.22) u’(t) + M/ () + Au(t) + (a%Au)(t) + (bxBu)(t) = f(t,u(t)), teR

we need to show that the operator R : § — S defined by R = TN has a fixed point. For more details,
we refer to Amann [1, 2].

4. EXISTENCE OF MILD SOLUTIONS ON THE REAL LINE

Observe that by Corollary 3.6, the solution u to equation (1.3) is twice differentiable and has certain
regularity. However, in more general conditions it is interesting to study the existence of solutions to
(1.3) without this regularity. In this section, we introduce a concept of mild solution to equation (1.3)
and we give necessary conditions for the existence and uniqueness.

We define the functions ¢; and go respectively by g¢1(¢) = 1 and g2(t) = ¢ for all ¢ € R. The usual
convolution between the functions f and g, denoted by (f % ¢)(t), is defined by

(f*g)(t) = / F(t— 8)g(s)ds,

for all t € R. Observe that

(g1 % f)(t) = ; f(s)ds and (gz*f)(t)Z/O(t—S)f(S)ds,

and (g2 * f)(t) = (g1 * g1 = f)(t) for all t € R. By BUC(R, X) we denote the space of all bounded and
uniformly continuous functions on R with values in X equipped with the norm || - ||oo-

Definition 4.8. Let f € BUC(R, X). A function u € BUC(R, X) is called a mild solution to (1.3) if
(g2 * u)(t), (g2 * (a*u))(t) € D(A), (g2 * (bku))(t) € D(B), for allt € R and there exists y € X such that

u(t) = w(0)+ty+ Mu(0) — Ag1 *u)(t) — A(ge * u)(t) — A(g2 * (aku))(t)
(4.23) = B(ga * (bxu))(t) + (g2 * [)(1),
for allt € R.

We notice that the vector y in this definition is unique. Observe that if a(t) = b(t) = 0, for all ¢t € R
and A = 0, then this concept of mild solution is the same that in case of the second order problem
u’(t) + Au(t) = f(t), t € R, see [27].

Now, we consider the problem of the existence and uniqueness of mild solution to equation (1.3) on the
real line. On the space BUC(R, X) we define the linear operator £ : BUC(R, X) — BUC(R, X) which
takes a function f € BUC(R, X) into the solution © € BUC(R, X) of equation (1.3). If such solution
u is unique for each function f, then by the closed graph theorem L is a bounded operator. Moreover,
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we notice that if the mild solution u is twice differentiable, that is, u € C?(R, X), then u is a classical
solution to (1.3).

The next result gives necessary conditions for the existence and uniqueness of mild solutions to (1.3).
Its proof follows similarly to [27, Theorem 2.5].

Theorem 4.9. Let a,b € L*(R,). Let A: D(A) C X — X and B : D(B) C X — X be closed linear
operators defined in a Banach space X with D(A) N D(B) # {0}. Assume that for every f € BUC(R, X)
there exists a unique mild solution u € BUC(R, X) to equation (1.3). Then in € pa (A, B) for alln € R,

and there exists a constant M such that || [(in)? + A(in) + (1 + a,)A + b, B] ! || < M for alln € R.

Proof. We first prove that [(in)* 4+ A(in) + (1 + a,)) A + b, B] is surjective. We take arbitraries € R and
y € X. For s,t € R, we define the function f,(t) := " (t+5)y = ¢ fo(t) = fo(t + s) where fo(t) := e™y.
Since fs € BUC(R, X) there exists a unique mild solution us € BUC(R, X) to (1.3). We claim that

(4.24) us(t) = e Mug(t) = ug(s +t)

for all s,t € R. In fact, since uy is a mild solution to equation (1.3) with f, there exists ys € X such that
us(t) = us(0) + tys + Mus(0) — Algr * us)(£) — Aga * us)(t) — Aga * (akus))(t)

(4.25) —B(g2 * (bkus))(t) + (92 * f5) (1),

for all ¢+ € R. Multiplying both sides by e~ we obtain

t t
e Mug(t) = e Mug(0) + te” My, + Me M u,(0) — )\/ e My (r)dr — A/ (t —r)e” Puy(r)dr
0 0

fA/O (t — r)e " (aku,) (r)dr — B/o (t — r)e™"% (biug) (r)dr + /0 (t —r)e™™5 £ (r)dr.

Then, e~ "%u,(t) is a mild solution to (1.3) with fj, because

T

e~ (askug ) (r) = / a(r —w)e M u,(w)dw  and /0 (t —1)e™ " fo(r)dr = /0 (t —r)folr)dr.

From the uniqueness, we obtain e~ “u4(t) = ug(t) for all s,¢ € R and thus we get the first equality in
(4.24).
On the other hand, since ug is a mild solution of (1.3) with fy, where exists yp € X such that
uo(t) = wo(0) + tyo + Ao (0) — A(g1 * uo)(t) — A(ga * up)(t) — A(ge * (akug))(t)
—  B(ga2 * (bkug))(t) + (92 * fo)(t),
for all ¢ € R. Then
uop(s+1t) = uo(0)+ (s+t)yo + A(s + t)uo(0) — A(g1 * uo)(s + )
—A(g2 * uo)(s +t) — Alga * (akuo))(s + 1) — B(ga * (b*uo))(s + 1) + (g2 * fo)(s + 1),
and
up(s) = wo(0)+ syo + Asug(0) — A(g1 * uo)(s) — A(ga * ug)(s) — A(ga * (akug))(s)
= Bl(gz * (bxuo))(s) + (g2 * fo)(s),
which implies
up(s+1t) —uo(s) = tyo+ Mug(0) — A[(g1 * uo)(s +t) — (g1 *uo)(s)] — A[(g2 * uo)(s +t) — (g2 * uo)(s)]
Al(ga * (o)) (s + 1) — (g2 * (ak10))(s)] — Bl(ga * (bétuo))(s + 1) — (g3 * (biuo)) ()]
(4.26) + (92 % fo)(s + 1) — (92 * fo)(s)]-
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From (4.25) and (4.26) we have
[us(t) —uo(s +1)] = [us(0) — uo(s)] + t[ys — yo] + At[us(0) — uo(0)]
—Allgr * us)(t) = (g1 % uo) (s + 1) + (g1 * uo)(s)]
—A[(g2 * us)(t) — (g2 % uo) (s + 1) + (g2 * uo)(s)]

(4.27) —A[(g2 * (a%us))(t) — (g2 * (akuo)) (s + 1) + (g2 * (akuo))(s)]
—B[(g2 * (bkus))(t) — (g2 * (bkuo)) (s + 1) + (g2 * (b¥uo))(s)]
+[(g2 * fs) () = (g2 * fo) (s + ) + (92 * fo)(s)].

Let U(t) := us(t) — up(s + t). Easy computations show that

(g1 % us)(t) = (g1 % o) (s + 1) + (g1 % uo)(s) = (g1 x U)(?),
Al(g2 * us)(t) = (g2 % uo)(s + 1) + (92 % uo)(s)] = Algz * U)(t) — tA(1 * uo)(s),

Al(g2 * (akus))(t) = (g2 * (akuo))(s + 1) + (92 * (akuo))(s)] = A(ga * (a+U))(t) — tA(gy * (akuo))(s)
(and analogously for the operator B and the kernel b) and
[(g2 % fs)(t) = (g2 % fo)(s + 1) + (g2 * fo)(s)] = —t(g1 * fo)(s).
From (4.27) we obtain
Ut) = U(0)+t[ys —yo — Muo(s) +uo(0)) + Algr * uo)(s) + Algr * (akuo))(s) + B(gr * (bku))(s)
(g1 * fo)(s)] + MU(0) = A(g1 * U)(t) — A(ga * U)(t) — A(gz * (a#U))(t) — B(gz * (bxU))(%).

Therefore, U is a mild solution to the homogeneous equation v’ (t) + Au'(t) + Au(t) + (a%Au)(t) +
(bkBu)(t) = 0. By uniqueness, we conclude that U(t) = 0 for all t € R and therefore us(t) = uo(s + t).
The claim is proved.

Now, we take 2 = uo(0). By the claim, we have ug(t) = u(0+1) = ug(t +0) = e™ug(0) = ez, that
is, ug(t) = e™x. Note that ug(-) € C?(R, X) and therefore u is a classical solution of (1.3) with fo(¢),
that is

ug (t) + g (t) + Aug(t) + (akAug) (t) + (b*Bug)(t) = fo(t)
for all ¢ € R. In particular, if t = 0 then x € D(A) N D(B) and we obtain
e [(in)* + A(in) + (1 + ay) A+ by Bl = fo(0) =,

which implies that [(in) + A(in) + (1 + a,) A + b, B] is surjective for all n € R.

In order to prove the injectivity, let n € R and suppose that for x € D(A) N D(B)
(4.28) [(in)* + A(in) + (1 + ay) A + b, Blz = 0.
Let u(t) = e"z. Then, u is a classical solution (and then a mild solution) to (1.3) with f = 0, because
(akAu)(t) = ea, Az and (bxBu)(t) = €"'b, Bx. From (4.28) we obtain
(4.29) () + M (t) + Au(t) + (akAu)(t) + (bxBu)(t) = "*[(in)* + A(in) + (1 + a,) A + b, Blx = 0.
and from the uniqueness it follows that u(t) = 0 for all ¢ € R and thus 2 = 0. Therefore, [(in)? + A(in) +
(14 ay,)A+ b,B] is injective.

Finally, we take arbitrary n € R and z € X. Define y := [(in)> + A(in) + (1 + a,)A + b, B]"'z. Then
up(t) = ey is a classical solution to (1.3) with fo(t) = €™z, because
u” (t) + M/ (t) + Au(t) + (akAu)(t) + (b Bu)(t) = ™ [(in)? + A(in) + (1 + a,)A + b, Bly = "™z = fo(t).
On the other hand, observe that ||[(in)? + A(in) + (1 + an)A + b, Bl 'z| x = |lyllx = [|[uolleo and ||lz]|x =

| folloo- Since the linear operator £ is bounded we obtain

11in)? + Ain) + (1 + ag) A+ by B allx = [lyllx = l[uollo = 1L£folloc < ILI I folloo = I1£] 1] x-
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Therefore, there exists a constant M such that
I [(im)? + Aim) + (1 + ) A+ b, B] | < M,
for all n € R. ]

5. EXAMPLES

In this section we consider some applications of the results presented in the previous sections. We first
consider the second order equation

t t

(5.30) W) + Ml (1) + Aut) + / a(t — s) Au(s)ds + / bt — s)u(s)ds = f(t), tER,
where A € R, A is self-adjoint dissipative operator defined in a Hilbert space H, the kernels a,b € L'(R, )
are 2-regular and f € C*(R, H). We recall that a,, and b,, denote a,, = a(n) and by, = b(n) and we assume
that a, # 1 for all n € R.

Observe that if B = I, that is, B is the identity operator in H, then

M2 — \(in) — -1
30 () A+ (1 apa+ ) = o (PR )

2 e
= % and we suppose that p,, & o(A) for all n € R.
Suppose that Im(u,) # 0 for all n € R. Since A is a self-adjoint dissipative operator, then A is sectorial
operator with o(A) C (—o0, 0] and therefore there exists a constant M such that

(5.32) (g = A)7HI < M
for all n € R.

for all n € R. For each n € R, we write p,, :

Proposition 5.10. Assume the above conditions. Suppose that Im(u,) # 0 for alln € R.If f €
C*(R, H), then the equation (5.30) is C*-well posed.

Proof. According to Theorem 3.4 we need to prove that sup, g [|(in)2N,|| < 0o, sup, cp [|[ay AN, || < oo

and sup, g, [|by Ny|| < 0o, where Ny, := ((in)? 4+ A(in) + (1 + a,) A + b,,I)_1 :

In fact, since (1 + a,;)N, = —(u, — A)~' and A(u, — A)~' = p,(u, — A)~ — I we obtain by (5.32)
that
Mo Mn|*

2Nl = 0Ly = P, - )ty < 2
7 114 ay] n)i¥n 1+ a,| " = L 4ay| g @)% — Ain) — by|’

which is uniformly bounded. Therefore, sup, g [|(in)*Ny|| < oo.

lan|

On the other hand, the Riemann-Lebesgue lemma implies that e
n

i is bounded and therefore

|ay| |ay| -1 -1
= = — < — <
oy AN = 200+ ) AN | = 2 1A G = 4)7H < O (Ut gy — 4)7) < €1+ M),

for all n € R. We conclude that sup, cp [|a, AN,|| < co. Finally, we have

bl M _ M,
1+ ap] | = [(in)* = Alin) = by|’
which is uniformly bounded by the Riemann-Lebesgue lemma. Thus sup, g [|by Ny || < oo.

We conclude by Theorem 3.4 that (5.30) is C“-well posed, which means that for every f € C*(R, H),

there exists a unique solution u € S of equation (5.30). Moreover, by Corollary 3.6 the function u verifies
u’ v, Au, (akAu), (bku) € C*(R, H). O

|0y |6y 1
b, N, | = 1 N, = —A <
[ n n” ‘1+an|“( +an) n” ‘1+an|||(ﬂn )l <
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Now, for a, 8 > 0 we consider the following problem

¢
(5.33) u’(t,x) = —a/_oo e P9 Au(s, z)ds + f(t,x), tER,
u=0 inR x99,

where Q is a bounded domain in R with a smooth boundary d9. Clearly, the kernel b(t) = ae™?* is
2-regular (see [26, Proposition 3.3]) and b, = b(n) for all n € R. Let o, := Re(by,) = ﬁzaifrﬁ and
By == Im(b,) = ﬁ

Now, we notice that

— (e}
B+in

[(in)? ((in)*1 + by A) || = [l

2 2 -1
‘(’71 - A>
by

[bn]
If we take X = H~1(Q), then by [14, p. 74], there exists a constant M > 0 such that
M
I-A)Y<—
I - 8 <

whenever Rez > —c(1 + |Imz|), where ¢ > 0 is certain constant. If z = 7?/b, then the inequality
Rez > —¢(1 4 |Imz|) is equivalent to

(5.34) ay > —c(ai + B2+ [8y))
for all n € R. Since «, 8 > 0, then the (5.34) holds with ¢ = 1. Hence

2 —1
(=2) =
by 2
US|

L+ |
2 —1
n
r-4)
i | G,

b’l
for all n € R. We conclude that

sup || (in)((in)*1 + by A) ™| < oo
neR

<

)

which implies

<M

)

2 —1
<M and ||<’71A>
bn

On the other hand, since

)

2 —1
lon(n)1 +b,3) | = H (fr-a)
n

we obtain

sup [|by ((i)*1 + by A) | < oo
neRr

By Theorem 3.4 we conclude that (5.33) is C“-well posed.

REFERENCES

[1] H. Amann, Linear and quasilinear parabolic problems. Volume I: Abstract linear theory. Monographs in Mathematics,
vol 89., Birkhauser, Basel-Boston-Berlin, 1995.

[2] H. Amann, Operator-valued Fourier multipliers, vector-valued Besov spaces and applications, Math. Nachr. 186
(1997), 5-56.

[3] W. Arendt, C. Batty, S. Bu, Fourier multipliers for Hélder continuous functions and mazimal regularity, Studia
Math. 160 (2004) 23-51.

[4] W. Arendt, C. Batty, M. Hieber, F. Neubrander, Vector-valued Laplace transforms and Cauchy problems, Monogr.
Math., vol. 96, Birkh&user, Basel, 2001.

[5] W. Arendt, S. Bu, The operator-valued Marcinkiewicz multiplier theorem and mazimal regularity, Math. Z. 240
(2002), 311-343.



© ® N oA W N =

W oW oW W W WWWWWNNNRNRRERNNRNRNNER 2 2 2o s e s s
© ® N OO Br OO R OO0 XN A R DONRO©O®N O OAWN RO

NN
= S

MAXIMAL REGULARITY 17

[6] S. Bu, Mild well-posedness of vector-valued problems on the real line, Arch. Math. 95 (2010), 63-73.
[7] S. Bu, Holder continuous solutions for second order integro-differential equations in Banach spaces, Acta Math.

Scientia (2011), 31, 765-777.

[8] S. Bu, G. Cai, Solutions of second order degenerate integro-differential equations in vector-valued function spaces,

Science China Math. (2013), 56, 1059-1072.

[9] S. Bu, G. Cai, Well-posedness of second order degenerate integro-differential equations with infinite delay in vector-

valued function spaces, Math. Nachr., (2016) 289, 436-451. doi:10.1002/mana.201400112.

[10] S. Bu, G. Cai, Well-posedness of second-order degenerate differential equations with finite delay in vector-valued

function spaces, Pacific J. of Math. 288 (2017), 27-46.

[11] S. Bu, G. Cai, Holder continuous solutions of second order degenerate differential equations with finite delay, Results

in Mathematics, (2019), 74:55.

[12] S. Bu, Y. Fang, Periodic solutions for second order integro-differential equations with infinite delay in Banach spaces,

Studia Math. (2008), 184, 103-119.

[13] B. D. Coleman, M. E. Gurtin. Equipresence and constitutive equation for rigid heat conductors, Z. Angew. Math.

Phys. 18 (1967), 199-208.

[14] A. Favini, A. Yagi, Degenerate differential equations in Banach spaces, Pure and Applied Math.,215, Dekker, New

York, Basel, Hong-Kong, 1999.

[15] M. Gurtin, A Pipkin. A general theory of heat conduction with finite wave speeds, Arch. Ration. Mech. Anal., 31,

113-126, 1968.

[16] W. Johnson, J. Lindenstrauss, Handbook of the geometry of Banach spaces, Vol 1, North-Holland, Amsterdam, 2001.
[17] V. Keyantuo, C. Lizama, V. Poblete, Periodic solutions of integro-differential equations in vector-valued function

spaces, J. Differential Equations, 246 (3) (2009), 1007-1037.

[18] V. Keyantuo, C. Lizama, Hélder continuous solutions for integro-differential equations and mazimal regularity, J.

Differential Equations 230 (2006), 634-660.

[19] J. W. Nunziato. On heat conduction in materials with memory, Quart. Appl. Math. 29 (1971), 187-304.
[20] V. Poblete, Solutions of second-order integro-differential equations on periodic Besov spaces, Proc. Edin. Math. Soc.

56 (2007), 50, 477-492.

[21] V. Poblete, Mazimal regularity of second-order equations with delay, J. Differential Equations, 246, (2009) 261-276.
[22] V. Poblete, R. Ponce, Mazimal LP-regularity for fractional differential equations on the line, Math. Narch. 290

(2017), No. 13, 2009-2023.

[23] R. Ponce, Hélder continuous solutions for fractional differential equations and mazimal regularity, J. of Differential

Equations, 255 (2013), 3284-3304.

[24] R. Ponce, On the well-posedness of degenerate fractional differential equations in vector valued function spaces, Israel

J. of Math. 219 (2017), 727-755.

[25] R. Ponce, Mild solutions to integro-differential equations in Banach spaces, J. of Differential Equations, (2020), 269,

180-200.

[26] J. Priiss, Evolutionary integral equations and applications, Monographs Math., 87, Birkhduser Verlag, 1993.
[27] S. Schweiker, Mild solutions of second-order differential equations on the line, Math. Proc. Camb. Phil. Soc. (2000),

129-151.

UNIVERSIDAD DE TALCA, INSTITUTO DE MATEMATICAS, CASILLA 747, TALCA-CHILE.
E-mail address: rponce@inst-mat.utalca.cl



