ASYMPTOTIC BEHAVIOR AND REPRESENTATION OF SOLUTIONS TO A
VOLTERRA KIND OF EQUATION WITH A SINGULAR KERNEL

RODRIGO PONCE AND MAHAMADI WARMA

ABSTRACT. Let A a densely defined closed, linear w-sectorial operator of angle 6 € [0, %) on a
Banach space X, for some w € R. We give an explicit representation (in terms of some special
functions) and study the precise asymptotic behavior as time goes to infinity of solutions to
the following diffusion equation with memory: u'(t) = Au(t) + (k * Au)(t), t > 0, u(0) = wuy,
associated with the (possible) singular kernel (t) = ae‘Bt%, t > 0, where a € R, a # 0,
B>0and 0 < p<1.

1. INTRODUCTION

In the present paper, we consider the following Volterra kind of system
t

u'(t) = Au(t) +/0 K(t — s)Au(s)ds, t > 0, (1.1)
u(0) = uo,

where A with domain D(A) is a densely defined linear sectorial operator on a Banach space X, ug
is a given function in X and the possible (singular) kernel x is given by

et
Kk(t) = ce™ P

, t>0, (1.2)

with @ € R, @ # 0, 3> 0 and 0 < g < 1. We mention that the kernel x € L], ([0,0)), and also

belongs to L*((0,00)) if 8 > 0, but it is not in Wlicl([(), 00)) if 0 < p < 1. Tt is straightforward to
verify that the system (1.1) is equivalent to the integral equation:

u(t) =uo + /Ot (I1+1xk)(t—s)Au(s)ds, t>0. (1.3)

By [20, Chapter I], the well-posedness of the system (1.1) (or equivalently, the integral equation
(1.3)) is equivalent to the existence of a family of bounded linear operators (S} 5(t))i>0 on X,
which we shall call («, 8, u)-resolvent family, verifying the following properties:

e S 5(0) =1 and S} 4(-) is strongly continuous on [0, cc).

o Sl 5(t)x € D(A) and S, 4(t)Azx = ASY 4(t)z for all z € D(A) and t > 0.

e For all z € D(A) and ¢ > 0, the resolvent equation holds:

Sh () =x+/0t (L+1xk)(t —s)ASE 5(s)z ds. (1.4)

In that case, for every uy € X, the unique (mild) solution of (1.1) is given by
u(t) = S 5(t)uo, t>0. (1.5)
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We give the idea how to get (1.5) without further details. In fact, uniqueness of solutions is easy
to establish. If u(¢) and Sg, B(t) are exponentially bounded, then taking the Laplace transform of
both sides of the first equation in (1.1), we get that

a
Aa(N) —u(0) = Au(\) + ———— Au(N).
(A) —u(0) (A) Ox o)y (A)
Thus

A+ +a < AR
A+ B~ A+ +a
where we have set

A) ) =l () - 4)a) =w, (10

(A+B)" AA+B)"
A)i=— — - = Ag(A).
IN = 5 it a Ot ra - IV
Note that g(\) and h(\) are well-defined for all A with Re(A) > 0. Taking also the Laplace
transform of both sides of (1.4) with = ug we get that

and h()\) :=

~ 1 1 kN =
Sé:,,e()\)ue = XUO + ()\ + 7()\ )> AS&B()\)U(].

Calculating, we obtain that

A+B)F+a [ AA+B)* an _ -1 A =
e (I 4) 82y = 0] () — 4) 82, = (1D

It follows from (1.6) and (1.7) that if h(X\) € p(A), then

B(3) = 8%, (Vo = g0) () — A) o, (18)

Now taking the inverse Laplace transform of (1.8) we get that the unique (mild) solution of (1.1)
is given by (1.5). For more details on this topic we refer to the monograph [20].

Next, we assume that the system (1.1) is well-posed and we denote by Sf;ﬁ the associated
(a, B, p)-resolvent family. Throughout the remainder of the paper, without any mention, the
norms are taken in the Banach space X.

Definition 1.1. We shall say that Sg’ﬁ is exponentially bounded, or of type (M,©), if there
exist two constants M > 0 and w € R such that

IS5 5D < M, Vi >0. (1.9)

The resolvent family Sgﬁ will be said to be uniformly exponentially stable if (1.9) holds with
some constants M > 0 and w < 0.

As we have mentioned above, the well-posedness of the system (1.1) and many other properties
of resolvent families have been intensively studied in the monograph [20]. Similar problems have
been also considered in [1, 3, 4, 7, 12, 14, 15, 18, 19] and their references. The asymptotic behavior
as time goes to oo of solutions to some similar integro-differential equations in finite dimension
involving kernels as the one in (1.2) have been also investigated in [21].

Fractional order operators have recently emerged as a modeling alternative in various branches
of science and technology. In fact, in many situations, the fractional models reflect better the
behavior of the system both in the deterministic and stochastic contexts. They usually describe
anomalous phenomena. A number of stochastic models for explaining anomalous diffusion have
been introduced in the literature; among them we mention the fractional Brownian motion; the
continuous time random walk; the Lévy flights; the Schneider grey Brownian motion; and more
generally, random walk models based on evolution equations of single and distributed fractional
order in space. In general, a fractional diffusion operator corresponds to a diverging jump length
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variance in the random walk. We refer to [3, 7, 8, 9, 11] and the references therein for the derivations
and applications of fractional partial differential equations.
The main concerns in the present paper are the following:

(1) Study the precise asymptotic behavior as time goes to infinity of solutions to the system
(1.1). That is, we would like to characterize

inf {Ez € R such that the estimate (1.9) is satisﬁed}.

Of particular interest will be to find some precise conditions on the parameters o, 3, p
and the operator A that shall imply the uniform exponential stability of the family 5’57 8
and hence, of solutions to the system (1.1).

(2) Find an explicit representation of solutions to the system (1.1) in terms of some special
functions. The Mittag-Leffler functions and its generalizations will be the natural candi-
dates.

We mention that if 4 = 1 and 8 > 0in (1.2), that is, k(t) = ae™??, then the asymptotic behavior
of the associated resolvent family has been completely studied in [2] by using some semigroups
method. See also [6, Chapter VI, Section 7] where the well-posedness of the system (1.1) for a
general kernel x € W11((0,00)) has been obtained by using again the method of semigroups.

One of our concerns is to extend the results contained in [2] to the case 0 < p < 1, where the
method of semigroups cannot be used. Note that in our situation, x ¢ Wli)’cl([O,oo)). Ifg=0
and 0 < p < 1, then it is well-known (see e.g. [5, 17, 11, 13, 18] and their references) that
the corresponding (a, 0, p1)-resolvent family is never uniformly exponentially stable. In this case,
solutions may decay but only at most polynomial. We shall see here that the situation is different
if 8 > 0. More precisely, assuming that the operator A is w-sectorial of angle 8 (see Section 2
below for the definition) for some w < 0, 0 <6 < 7, where 0 < u < < 1, and that § +w <0,
we obtain the following result:

(a) If @ > 0, then the family is uniformly exponentially stable with w = —f.
(b) If @« < 0 and a+B* > |, then the family is exponentially bounded with exponential bound

w=- (ﬁ — (aw)ﬁ). This will imply the uniform exponential stability of the family if in
addition B*t! > aw.

These results are contained in Theorems 2.3 and 2.4 below.

The rest of the paper is structured as follows. In Section 2 we state the main results where
some generation results of («, 8, p)-resolvent families and the precise asymptotic behavior as time
goes to infinity of the resolvent family have been obtained. Section 3 contains the proof of the
generation theorem. In Section 4 we give the proof of the asymptotic behavior as time goes to
infinity of the resolvent family. Finally in Section 5, assuming that A = pI for some p € R, or A is
a self-adjoint operator on L?(2) (where  C RY is a bounded open set) with a compact resolvent,
we obtain an explicit representation of solutions to the system (1.1) (and hence, of the associated
resolvent family) in terms of generalized Mittag-Leffler functions.

2. MAIN RESULTS

Let X be a Banach space with norm || - ||. For a closed, linear and densely defined operator A
on X, we denote by o(A) and p(A) the spectrum, and the resolvent set of A, respectively.

The operator A is said to be w-sectorial of angle 6, if there exist 6§ € [0,7/2) and w € R such
that

w+ = {w+)\, )\E(C:|arg()\)|<9+g}Cp(A),
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and there is a constant M > 0 such that one has the estimate

I =4~ < Ve {w+ )\ {w}.

M
A —wl|’
If w = 0, then we shall only say that A is sectorial of angle 6. More details on sectorial

operators can be found in [6, 10] and the references therein.
In this section we state the main results of the paper. We start with the generation theorem.

Theorem 2.1. Leta € R, a # 0, >0 and 0 < p < 1. Assume that any one of the following
two conditions holds.

(a) a >0 and A is a sectorial operator of angle p .
(b) a <0, a+p" > |al and A is a sectorial operator of angle 7.

Then, A generates an («, 8, u)-resolvent family (5576(15)),520 of type (M, w) for every & > 0.
Corollary 2.2. Leta € R, a #0, 5> 0,0 < p <1 and w € R. Assume that any one of the
following two conditions holds.

(a) a >0 and A is an w-sectorial operator of angle 7.
(b) a <0, a+p* > |a| and A is an w-sectorial operator of angle pu7 .

Then, A generates an («, 3, u)-resolvent family (557B(t))t20 of type (M,w) for some @ > 0.

As we have mentioned above, the asymptotic behavior, as time goes to infinity, of the resolvent
family for the case = 1 has been completely studied in [2]. Therefore, we shall concentrate on
the case 0 < pp < 1.

The following estimates of the resolvent family is the second main result of the paper.

Theorem 2.3. Leta € R, a#0,8>0,0< pu< <1 andw < 0. Assume that 8+w < 0. Then
the following assertions hold.

(a) If « > 0 and A is w-sectorial of angle [1%, then there exists a constant C > 0 such that the
resolvent family (S* ,(3(t))t20 generated by A satisfies the estimate

1S5 5(®)]| < Ce™?, Vi>0. (2.1)
b) Ifa <0, a+p* > |al, and A is w-sectorial of angle %, then there exists a constant C > 0
H3
such that the resolvent family (Szﬁ (t))i>0 generated by A satisfies the estimate
_1
IS5 5(1)]| < C (1 + awttth) em Bl -y ¢ > g, (2.2)
We conclude this section by considering also the case g+ w > 0.

Theorem 2.4. Let a > 0, > 0,0 < pu <1 and w < 0. Assume that B +w > 0. If A is an
w-sectorial operator of angle g, then there exists a constant C > 0 such that the resolvent family
(Sgﬁﬁ(t))tzo generated by A satisfies the estimate

IS5 sl < Ce*, ¢ >0. (2.3)

3. PROOF OF THEOREM 2.1 AND COROLLARY 2.2

Before given the proof of the generation theorem, we need some intermediate results. First, we
recall the following fundamental result taken from [20, Chapter I, Theorem 1.3].

Theorem 3.1. Let w € R and a € L (]0,00)) satisfy

loc

/OO e “Ha(t)| dt < oo. (3.1)
0
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Let A with domain D(A) be a linear operator on X with dense domain. Then A generates a
resolvent family (associated with a) of type (M,w) on X if and only if the following two conditions
hold.

(a) a(\) #0 and ﬁ € p(A) for all A > w.
-1
(b) The mapping A — H()\) := + (I - ﬁ()\)A) satisfies the estimate

A
Mn!
(n) e > —
[[H™ (M) < Do) A>w, neNy:=NU{0},
where H™ (\) = ‘g;f (A), and M > 0 is a constant.

The following result will be also useful.

QMEB_ for all A with Re(A) > 0.

Lemma 3.2. Leta €R, 320, 0 < p <1 and define g(\) == 35574

Then the following assertions hold.
(a) If a >0, then |g(N)| <1.

W I
(b) If a < 0 and a+ B* > |af, then |g(N)| < aﬁw < %

Proof. Let « € R, 8 >0and 0 < pu < 1.
(a) This assertion is obvious.
(b) Now, assume that o < 0 and 8* 4+ o > |a|. Observe that

a o

lg(N)| = l—m S1+|()\+6)H—BM+(Q+5H)\' (3.2)
We claim that
Re[(A+ B)" — 8#] > 0 for all Re(A) > 0. (3.3)
We show first that
Re[(A + 8)"] > (Re(A) + B)* for all Re(A) > 0. (3.4)

Indeed, let z := A+ 3. We have to show that Re(z#) > (Re(z))*, that is, |z|* cos(0u) > (|z| cos(6))",
where Re(z) = |z|cos(f) with |0] < F. Let f(u) := cos(uf) — cos”(6), 0 < p < 1. Then
f" (1) = —0% cos(ub) — (In(cos(0)))? cos”(f) < 0 forall 0 < pu < 1,

and this implies that f is a concave function. Since f(0) = f(1) = 0, we have that the graph of
f is above the straight line joining the points (0, f(0)) = (0,0) and (1, f(1)) = (1,0). This implies
that f(p) > 0 for all 0 < g < 1. Thus, cos(uf) > cos#() for all 0 < p < 1, and we have shown
(3.4). The claim (3.3) follows from (3.4).

On the other hand, since by assumption o + 8* > |a| > 0, it follows from (3.3) that

[Re[(A+ B)" — B" + (a+ H)]| > a + B, (3.5)

Using (3.5), we get from (3.2) that

|| B+ B+
by <1_|_ — <7,
lg(MI < a+ B a+ R T ol

and the proof is finished. O
We also need the following result.

Lemma 3.3. Leta € R, a#0, 8>0,0< u <1 and define the function

h(\) = m, AEC, Re(A) > 0. (3.6)

Assume that any one of the following two conditions holds.
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(a) a>0.
(b) @ <0 and o+ p* > |af.
Then

[arg(h(N))| < (1 + p)| arg(A)]- (3.7)

Proof. Let h be given by (3.6) where A = re? with |§] < Z and r > 0. Without any restriction we
may assume that § > 0. Then

/ 7,t
arg(h(re')) = Im(In(h( —Im/ —In(h(re* dt—Im/ W{re Ztre dt. (3.8)
h(ret
Moreover a simple calculation gives
R(\) ap ) ( A )
A =1+ .
h(X\) ((A+ﬁ)“+a A+ B
(a) Assume that o > 0. Then
R(N) ! A
A <1 <1 . 3.9
‘ hV |~ +”’(A+B)ﬂ+a N (39)
Using (3.9) we get from (3.8) that
[N IAVISR T AN IAVNSR 1 0
K (re't)ire K (re't)ire
1 _— < _— < 1 < (1
m/o el _/0 Fo dt_/o( )t < (14 )6,

and we have shown (3.7).
(b) Now assume that a < 0 and 8" + a > |«|. Then using (3.5) we get that

e o A ol
A <1+ <1+ <1+ 3.10
R R R e | e EL R s TEER (310
It follows from (3.8) and (3.10) that
0 11 (e pit) ;. it 0| B/ (1t pepit 0
B (re't)ire / B (re't)ire / e
I ——dt| < —|dt < 1 dt < (1 0.
m/o h(re’) “Jo | h(re®) =Jy P Tart s 1+ )
We have shown (3.7) and the proof is finished. O

Proof of Theorem 2.1. First notice that if we compare with Theorem 3.1, then
a(t) = (1+1xk)(t), t>0,

so that its Laplace transform is given by

l+2(>\) _ Q4P ta

A A AN+ B)H

It is clear that for every @ > 0 we have that

J, e tewran= [ e im0 ae <o
0 0

Hence, we have to show that the two conditions in Theorem 3.1 are satisfied. It is easy to see that
under the assumptions (a) or (b) we have that a(\) # 0 for all A with Re(\) > 0.
Next, we claim that
1 A(A "
Loy AAEH
a(\) A+ B)H+a
It follows from Lemma 3.3 that in both cases (a) and (b), we have that

h(A) € S=p forall A with Re()) > 0.

G =

p(A) for all A with Re(X) > 0. (3.11)
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This implies that the function H(\) = g(\)(h()\) — A)~! is well defined, where g()\) is given by
A+ B h(A
Joy e OEB A
A+ P+« A
Since A is a sectorial operator of angle 75 (in both cases (a) and (b)), we have that there exists a
constant M > 0 such that for all A with Re(A) > 0,

- [h(M)]
IO = )] [[(:3) = 4)71 | < M e = . (3.12)
Moreover a simple calculation gives that in both cases,
NEH'(\) = AH (V) — s gAH () — A H(V)?
— 153 P HOA)? + 9N HA ) pxds-
Note that in the case (b) we have that o + * > (1 + p)a + * > |a] + pa > 0. Since the function
g is bounded (by Lemma 3.2), using (3.12), we get that there exists a constant M; > 0 such that

IN2H'(N)|| < M; for all A with Re()\) > 0. (3.13)
Combining (3.12)-(3.13) we get that there exists a constant M > 0 such that
INHN)|| + |NV2H' (V)| < M for all A with Re()\) > 0. (3.14)
By [20, Proposition 0.1], the estimate (3.14) implies that
n Mn!
|H™ ()] < T YA >0, n€Ng =NU{0}. (3.15)
From (3.15) we also have that for every @ > 0,
Mn!
(n) e o
IHOO < g, VA>3 ne o
Finally, it follows from Theorem 3.1 that the operator A generates an («, 3, u)-resolvent family
(S5 5())i>0 of type (M,w) and the proof is finished. O

Proof of Corollary 2.2. Assume that o > 0, or & < 0 and a+ " > |af, and that A is w-sectorial
of angle 7. The claim follows from the decomposition A = (wl + A) — wl, using Theorem 2.1
and the perturbation result of resolvent families contained in [16, Corollary 3.2]. The proof is
finished. O

We make some comments about the results obtained in Theorem 2.1 and Corollary 2.2.

Remark 3.4. We notice that even if we assume that the operator A is w-sectorial for some w < 0,
then uniform exponential stability of the family (S} 5(t))¢>0 cannot be derived from Theorem 2.1
and Corollary 2.2. In fact, the integral condition (3.1) on the kernel a(t) = (1 + 1 % x)(t) is only
satisfied for @ > 0. Therefore some new ideas are needed in the study of the uniform exponential
stability of the family which is one of the main goals of the present paper.

4. PROOF OF THEOREMS 2.3 AND 2.4
In this section we give the proof of Theorems 2.3 and 2.4.

Proof of Theorem 2.3. Let >0, € R, a#0,0< p<p<1and w <0.
(a) Since A is w-sectorial of angle 0 < § < 7, it follows from Theorem 2.1 and Corollary 2.2
that A generates an (a, 3, u)-resolvent family (S}, 5(¢)):>0. Recall the function / given by

A(A+ B)H

h(\) == O+prta
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-1
We have that for every A € C such that h()\) € w + Xy, the resolvent (%I - A) exists

and the Laplace transform of SJ 5(t) is given by

- A+ B)¥ < A+ B)* )‘1
St () = ( I1-A . 4.1
0.5 A+B)r+a \(A+ B+« (1)
By the uniqueness of the Laplace transform, it follows from (4.1) that
Sh 5(t) = e PGl 4(t) for all t >0, (4.2)

where the Laplace transform of Ggﬁ (t) is given, for all A € C such that h(A — 8) € w + Xy, by

- A (A= B)AF -
H — _
GQ)B(A)—)\N+Q< jV— A) .

We notice that h(\) € w + Sy if and only if A(\) € w + Sy, where

7 N = B)
h(A=B) =h(A) = ——.
(A= B) =h(N) = S
For all A € C with E(A) € w + Yg, there exists a constant M > 0 such that we have the estimate
(A — B)M ! M MM + a
——I1-A < = . 4.3
< M+ o S lo=mn T e — (B + w)M — awl (43)
A 4o

Note that aw < 0 and by hypothesis —(w + 8) > 0. Let
g(t) ==t ¢t >0.

We exploit some ideas from the proof of [5, Theorem 1]. Recall that A is w-sectorial of angle
¢ = p7. Using the inversion formula for the Laplace transform, we get that

Gh 5(t) . LeAt ol ((Aﬁ))\MIA)_ldA, (4.4)

T omi M+a\ Mta
where +y is a positively oriented path whose support I" is given by
r:.= {)\ € C: M belongs to the boundary of B%, t > 0},
g(t
where for § > 0,
Bs := {6+ X9} U Sy,

and

™ ™

So={reC: larg(V) < 6}, (W15 <o<F+0. (4.5)

We claim that for all such A given in (4.5), we have h(\) € w+ Xg. Firstly, notice that if w <0,
hence —w > 0, then

larg(h() — w)| < |arg(R(A))]- (4.6)

Secondly, we take A = re’® in the above sector. If Re(\) > 0, then the hypotheses and Lemma
3.3 imply that (recall that |arg()\)| < 7)

0
[arg(h(A))] < (1 + p)larg(N)] < (1 + )5
Since A is as in (4.5), it follows from the preceding inequality that
|arg(hOV)] < (14 ) arg V)| < (1+u)F < & < 5 +0.

Thus, as w < 0, using (4.6) we can deduce that h(\) € w + Xp.
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Now, assume that Re()\) < 0 and A belongs to this sector. First, we assume that o > 0 and
0<p< % Let z :== A+ 8 = Re'. Since 8 > 0, we have that 0 < ¢ = arg(z) = arg(\ + ) <
arg(\) = ¢o < 7. A simply computation gives

A+ 2t R*™ 4 aRFcos(pp) + aRMsin(pp)i
A+B8)Fr+a  zh+a R2t 4+ 2aRM cos(pp) + a2
It follows from this identity that
tm (55 in(op)
zHt+a O SIn
= e =: p(R).
Re (ija) + acos(pp)

Since a > 0 and 0 < p < 1, it follows that the function p(R) is differentiable for all R > 0 and
—apsin(pup) R
(B + acos(p)”

From the assumptions on the parameters o and p we obtain p’(R) < 0 for all R > 0, which implies
that p is a decreasing function. Thus,

P'(R) =

() < p(0) = tan(i) = S 20 — THET,

Since arctan(-) is an increasing function, it follows that

B Im (z z“a) I ipp )
arg ( ad ) — arctan [ — 2/ < arctan (m(e)) = arg(e"") = pu < parg(A).

M+« Re (zuz:a) Re(eiH)
Hence,
AA+B)E N (A + B~ -
arg <()\+,8)/+a> = arg(}) + arg (M)“Jroé) < arg(A) + parg(A) = (1 + p)arg(A).

On the other hand, if @ > 0 and % < p < 1, then we notice that we may assume that 0 < ¢ < 7.
An easy computation gives
Im(2* +a)  RFsin(pu)
Re(z* +a)  RHcos(pu) + a

=:q(R)
and

Ri~ sin(pp)
(R# cos(pp) + ) —
for all R > 0, which means that ¢ is an increasing function, and therefore ¢(R) > ¢(0) = 0. Hence,

¢(R) =au

)

Im(z* + «)
Re(zt + o) —
Thus,

arg((A + B)* + a) = arg(z" + ) = arctan <W+a)> >0

Re(z* + «)
Since g > 0, we have that

arg < AN+ B)H

D+ i+ a) = arg(A) + parg(A + ) —arg (A + B)" + o) <arg(A) + parg(A) = (1 + plarg(X).
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In both cases, we get
( AN+ B
arg [ ———-—
A+B)H+a
Therefore, if arg(\) < 7, then proceeding as above we get that

AN+ B
arg <()\—|—ﬂ)“+a

) < (14 parg(A).

)<O+mg<¢<g+&

Using (4.6) again, we can then conclude that h(\) € w + ¥y and the proof of the claim is
finished.

We have shown that the representation of S} ;(¢) (and therefore the representation of G}, ,(t)
given in (4.4)) is meaningful.

Next, we split the path ~ into two parts 7; and 2 whose supports I'y and I's are the sets
formed by the complex numbers A such that A**! lies on the intersection of I' and the boundaries
of ﬁ + X and Sy respectively, that is,

I'h=In {1
g(t)

Thus, T'=T1 UTy and G}, 4(t) = I1(t) + I2(t), for t > 0, where

u _ I -1
I(t) : 1/6“ A <(A AA I—A) d\, j=1,2.
Vi

+ E@} and Ty =TN{S4}.

= i A+ A+

Next, we estimate the norms ||I1 (¢)|| and [|I2(¢)]].
Using (4.3) and (4.4) we get that for every t > 0,
X

M
<M At
|mum_2ﬁlje|AM1w+wMumj

Let Amin be the complex A € C such that Im(\) > 0, and AT — (8 + w) M\ — aw| = dist(L, aw),
where L in the line passing through the point (ﬁ, 0) and the intersection of I'y and I's. Then,
for A € I';y we have that

‘ |d. (4.7)

1 < g9(t)
AL — (B + w) A — aw| ~ cos(0)(1 + alw|g(t))’

It follows from (4.7) and (4.8) that for every ¢ > 0,
M 9(t)

<o [ 1
2m cos(0)(1 + alwlg(t)) /.,

t>0. (4.8)

[11(2)]

(4.9)

Recall that
T

T -
gV <6< S +0 < (14+7)
Therefore the contour can be chosen such that
(h+1)5 <|agW*) <o < Z+0< (1+7)

Thus, letting ¢ = |arg()\)|, we have that § < ¢ < %g It follows from (4.9) that (note that
cos(p) < 0) for every t > 0,

M g(t) /°° ( ¢
<M scos(p)t < - .
1@ < 27 cos(0)(1 + ajw|g(t)) Jo ¢ shds < 1+ ajw|g(t) (410
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Similarly, if A € 'y, then

1 < 1 < g(t) £ 0
AL — (B + W) — aw| — | AT — aw| ~ |cos(8)| '
Hence, there exists a constant C' > 0 such that
M g(t) / At /Do
L) < — A#[dN] < Cg(t scos(@tgnds = O, t > 0. 4.11
IO < 57 ey I < Co0) [ e @tstas = ¢, 1> (411)

It follows from (4.10) and (4.11) that there exists a constant C' > 0 such that

G s <C [1 + Vi>0. (4.12)

1+ aw|g(t)} ’
The estimate (2.1) follows from (4.2), (4.12) and the strong continuity of the resolvent family on
[0,00). The proof of part (a) is complete.

(b) Now assume that o < 0 and a+ " > |a|. We proceed similarly as in part (a) by considering
again the same function g(t) = t**1 ¢ > 0. But here we set

1 -
I :Fﬂ{anrg(t)JrEg} and Ty:=TN{S4}.

First, we need to show that in this case, h()\) € w+ Xy for all X := rei®0 in this sector. We proceed
similarly as in part (a). If Re(\) > 0, then by Lemma 3.3 h()\) € w + Xy as in the proof of part
(a). Now, if Re(\) < 0 and A belongs to this sector, we take again z := A+ 3 = Re'¥ and we recall
that

A+B) 2t R*™ 4+ aRFcos(pp) + aRM sin(pp)i
A+B)r+a  zt+a R2# + 2aRM cos(pp) + a?

Since the assertion is true for all Re(\) > 0, we may assume that 7 < ¢ < 7. We claim that

@ p
m( z >Re( z ><0
P 4+ « 2k 4+«
for all R > 0. In fact,

zH zH aR* sin(pp)[R* + a cos(pu))]
Im Re = .
2t + « 2t + (R 4+ 2aR* cos(pp) + a2)?

Since @ < 0 and § < ¢ < m, we have that R* + a cos(pu) > 0 for all R > 0. Therefore,

aR*" sin(pu)[R* + o cos(pu)] < 0

and the claim is proved. We can deduce that
In
Im (z Z +a)

Re (Zf_’;a>

< 0.

Thus,

u
oK Im (z“z+o¢>
arg =arctan | ———= | <0,

2k 4+«

which implies that

AA+B" N A+ 8)" T
ok (G5 o) ) o0 (g ) <) < () < o
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Using (4.6) again, we can conclude that h(\) € w+ Xy. This implies that the representation (4.4)
of G%, 5(t) is also valid in this case.
On I'y, we have that

1 1 9(t)
< < t>0 4.13
AL — (w+ )M —aw| — M —aw| ~ cos(f)’ - (4.13)
and there exists a constant C' > 0 such that
1
APt < O (aw + g(t)) : (4.14)
It follows from (4.14) that on I';, we have that for every ¢ > 0,
e < et < (Ctlowt e )T rplow) T (4.15)
Using (4.13), (4.14) and (4.15) we get that for every ¢t > 0,
C g(t) ( 1 > e 1
L] < = aw + —— | elew)” t/—d)\. 4.16
IR0 < 5o (v + =15 [ (4.16)
Since
1 nt1
lenght(y1) < C <aw + g(t)> , t>0,
and on I'y (by using the law of sines),
L\
[A| > {cos(@) (aw + g(t))] , t>0,
it follows from (4.16) that for every ¢ > 0,
1
IR0 < C[1 -+ awg(n)] el ™. (4.17)

Next, we consider the integral I5(¢). Let z; and z; be the intersection points of the boundary of
aw + ﬁ + Xp and Sy, for which we have

\)\“H —(Ww+ M —aw| > \)\“H — awl| > |cos(9)||zt], A€ Ta,

and

1
ze| > C aw+>, t>0
= ( o)

The same bounds are also valid for the conjugate z; of z;. Letting v2(s) = se?, s > 0 (recall that
cos(p) < 0), we get that for every t > 0,

I <57 [ 1o = A
2 —27 /., AL — (w + B)A — aw
1 At
< e AH] |dA
T 2msin(9)|2] J,, e AT 1A
1 [oe]
< Cth+ / etcos(gp)ss,u ds
1+ awg(t) Jo
C

SHng(t)' (4.18)
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It follows from (4.17) and (4.18) that for every ¢t > 0,

IG5 (@) < C 1+ awg(t)] e ™. (4.19)

Now, the estimate (2.2) follows from (4.2), (4.19) and the strong continuity of the resolvent family
on [0,00). The proof is finished. O

Proof of Theorem 2.4. Let « >0, 5> 0,0 < p <1 and w < 0. Assume that §+w > 0. By
using the same notation as in the proof of Theorem 2.3 (part (a)), we have that

1 A (A= B ! .
() = — At IT—A) d\ =1,2 4.20
J() 27‘(7:[“6 )\“Jroz( A+ o > v B ( )

where 7 := 741 + 72 is the contour defined in the proof of Theorem 2.3 (part (a)). We recall that
1
9(t)

Now, we fix t > (. Since A is w-sectorial and aw < 0, we have that the integral I;(t) is bounded
as follows:

Flzrﬂ{ —|—S@} and FQZFH{qu},

M AH
L] < =— At d\
IO < 52 [ 1 S a1
M At A
< = d\
= o . |€ ‘ )\M+1_(6+W))\H | ‘
M [, 1
= ——|d}|.
2 L oy
Since v, (s) = sei?, it follows that for ¢t > 3 (recall that cos(¢) < 0)
M [eS) e’ cos(¢)t
i< | —ds
0 (s = cos() (B+w))? + (8 +w)? sin®(¢)
Mecos® (@) (B+w)t /00 e cos(p)t d
_me T
T —eos(@)(B+) (/72 4 (8 + w)2 sin®(p)
Fw)t oo
< ]\M)/ eT cos(@)B g
m(B +w)sin(e) Jo
< CelPtert, (4.21)

Proceeding similarly, we get that there exists a constant C5 > 0 such that
| Io(t)|| < CoePTt Vi > 8. (4.22)

If t € [0, 8], then the strong continuity of S¥ ;(t) implies that G% ;(t) is strongly continuous for all
t € [0, 8]. Using the uniform boundedness principle and the compactness of [0, 5], we can conclude
that G, 5(t) is uniformly bounded in [0, 5], that is,

1G% 5] < C3, te0,8]. (4.23)

Since S+w > 0 by assumption, combining (4.21)-(4.22) and (4.23), we can deduce that there exists
a constant C' > 0 such that

IG% 5(1)]] < CelPT)t v 1 > 0.
We have shown the estimate (2.3) and the proof is finished. 0
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5. EXPLICIT REPRESENTATION OF RESOLVENT FAMILIES

In this section, we consider particular examples of operators A and give a more explicit (than
the one in (1.5)) representation of the resolvent family associated with the system (1.1) in terms
of some special functions and we also investigate their precise exponential bound.

5.1. The case A = pl. Here, we assume that the operator A is given by A = pI for some p € R.
Hence, the system (1.1) becomes

t
u'(t) = pu(t) + ﬂ/ e P (t — ) Lu(s)ds, t >0,
0

L'(w) (5.1)

u(0) = up.
We have the following explicit representation of solutions.

Proposition 5.1. Let a € R, a #0,0< u < 1,8 >0 and A = pl for some p € R. Assume that
a>0, ora<0 and a+ " > |a|. Then the strongly continuous exponentially bounded resolvent
family Sgﬁ associated with the system (5.1) is given by

e k41
St s(6) = e (p+ BFFEST L (aptth), £ 0, (5.2)
k=0
provided that the series converges, and where
(oo}
k+n)lz"
gty = ( C 5.3
u+1,k+1(2) nz:%n!klf(n,u—i—k—l—n—l—l)’ zel, (5.3)

denotes the generalized Mittag-Leffler function.

Proof. Let a € R, a # 0,0 < p <1, 8 >0 and A = pl for some p € R. Assume that o > 0,
or a < 0 and a+ " > |al. It follows from Corollary 2.2 that there exists a strongly continuous
resolvent family S¥ ; of type (M,&) (for some @ > 0) such that the unique solution of (5.1) is
given by (1.5). In addition, we have that the Laplace transform of S ;(t) is given by

Gh (N = A+ 5 Re()) > &. (5.4)
P A+ B = (p+ B)(A+ B — ap’
Using the properties of the Laplace transform, we have that
Sha(t) = e—BtGgﬁ(t), (5.5)

for some function G, ;(t) whose Laplace transform is given for Re(\) > w + 3 by

~ I
" A

G = yarr = (p+ BN —ap

(5.6)

Since

(p+ B)A*
At —qp




ASYMPTOTIC BEHAVIOR 15

for |A| large enough, we have that
A A
NFL—(p+B)M —ap [yl — ap][1 — LB

ArFl—ap

I R W o <) AO SR N (2 o o) A
> >

et - ap £ At qplk [+l — qp]k+1

ag,ﬁ()‘) =

k=0

Z p_|_ 6)k>\2 k+1)p

)\(k+1)u )\M"Fl _ ap]k+1

Taking the inverse Laplace tmnsform7 we get that (see e.g. [11, Formula 17.6))
= A\2(k+1)p
/\(k+1)p[)\p+1 _ Oép]k+1

where B 1Y) , is the generalized Mittag-Leffler function given in (5.3). We have shown that

k+1
(t)=t E£L+1 ])c—‘,-l( thrl)a

pt+1,k+
- k+1
Gl () = D (0+ BB (ot ). (57)
k=0
Now (5.2) follows from (5.5) and (5.7). The proof is finished. O

We have the following result as a direct consequence of Theorem 2.3.

Corollary 5.2. Leta € R, a #0, 0 < p <1, 8 >0, A = pI for some p < 0 and assume in
addition that p + 8 < 0. Then the following assertions hold.

(a) If a > 0, then there exists a constant M > 0 such that
IS5 50|l < Me™Pt, Vit > 0. (5.8)
(b) If a <0 and a + B* > ||, then there exists a constant M > 0 such that
1
1S5 4()]| < M (14 aptht) emB=len) T8y ¢ >, (5.9)

Proof. This is a particular case of Theorem 2.3, since A is w-sectorial of angle 6 for every 0 < 6 < 3
withw =p < 0and w+ 8= p+ B <0 by assumption. The proof is finished. a

In the following remark, we show that if u = 1, then one recovers some of the results obtained
in the references [2, 15].

Remark 5.3. Let u =1 and A = pI for some p < 0. It follows from (5.6) that

. A
Ghs(\) = .
28N = T R ap

Let
D := (p+ B)* +dap.
We have the following three situations.

(i) If D > 0, then let Ay := % VD and A = % VD Using partial fractions, we get that
N 1 A Ao
Gl s(\) = —= - .
o,p() MD(A—Al A—M)

p—l—,@—l—\/ﬁ o+8+VD, p+ﬂ—\/ﬁep+52—mt
- 2VD 2vD ’

This implies that

Gop(t) =

Vit>0,
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so that

Sl () p+,6+\/ﬁpﬂ+ft ,0+5 \/>pﬁxﬁ
0 2VD 2vD

In that case, one has uniform exponential stability if and only if

p—B+(p+B8)%+4ap<0.

LYt >0.

(i) If D =0, then
A 1 p+p 1

This implies that

Gop(t) = <1+'°J;”Bt> Ve >0,

so that
p+ 5 =8
Sas(t) = (1+ 5 >62t7VtZQ
In that case, one has uniform exponential stability if and only if
p—p5<0.

(iii) Now if D < 0, then let \g := % V=D and N = £H8=V=D “ —=. Proceeding as above we get

that for every t > 0,
1 - — _pEB — 8,
Saﬁ(t) = (cos (mt) Zm sin (\/7Dt)) e

so that, one has uniform exponential stability if and only if

— B <0.

5.2. The case of a self-adjoint operator. We assume that — A is a non-negative and self-adjoint
operator with compact resolvent on the Hilbert space L?(£2) where  C R¥ is a bounded open
set. Since —A is non-negative and self-adjoint with compact resolvent, we can deduce that it has
a discrete spectrum which is formed of eigenvalues. Its eigenvalues satisfy 0 < Ay < Ay < --- <
Ap < --+ and limy, oo A, = 00. We denote the normalized eigenfunction associated with A, by ¢,.
Then {¢,, : n € N} is an orthonormal basis for L?(Q2) and the set is also total in D(A). Observe
also that for every v € D(A) we can write

—Av = Z An{V, n) L2(2) Pn-

We have the following result as a direct consequence of Proposition 5.1.

Corollary 5.4. Leta € R, a# 0,0 < pu <1, 8> 0 and let A be as above. Assume that o > 0,
or a <0 and o+ B* > |a|. Then the strongly continuous exponentially bounded resolvent family
S g associated with the system (1.1) is given by

S840 = e 3 38— MBI (Cad ), 120 510)
n=1 k=0

provided that the series converges.
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Proof. Let A be as above. Multiplying both sides of (1.1) by ¢, (z) and integrating over the set
we get that for every n € N, the function w,(t) := (u(t), #n)r2(q) is a solution of the system

o
ul (1) = =Aptn (t) + — / e P9 (t — )Ly, (s)ds, t >0
(1) Jo (5) (5.11)
up (0) = ug,n,
where g, = (o, n)r2(q). It follows from Proposition 5.1 that
un(t) =S¥ 5 (Do, V>0, (5.12)
where for every n € N,
_ k+1
St an(®) =P (B = MBS L (—an ), Vit > 0. (5.13)
k=0
Since
u(t,z) =Y un(t)pn(x), V>0, v €Q,
n=1
we have that
u(t,z) =Y S o (Duondn(x), V>0, z€Q, (5.14)
n=1
so that Sgﬁ is given by the expression in (5.10). The proof is finished. O

We conclude the paper with the following result.

Corollary 5.5. Let a € R, a #0,0< pu <1, >0 and let A be as above. Assume that the first
eingenvalue Ay > 0 and that B — A1 < 0. Then the following assertions hold.

(a) If a > 0, then there exists a constant M > 0 such that
ISE 5(B)]| < Me™P*, Vit >0. (5.15)
(b) If a <0 and a + B* > |a|, then there exists a constant M > 0 such that

IS8 5 ()] < M (1= adp#F) e BTy > g, (5.16)

Proof. This is also a particular case of Theorem 2.3, given that by assumption, the operator A is
w-sectorial of angle ¢, for every 0 < § < 3, with w = —A; <0, and that 8 +w = — A; <0. The
proof is finished. |
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